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Measurements of Turbulence in the Upper Atmosphere 


By J. S. GREENHOW anp E. L. NEUFELD 


Jodrell Bank Experimental Station, University of Manchester 
Communicated by A. C. B. Lovell; MS. received 30th January 1959 


Abstract. ‘The structure of turbulence in the 80-100 km region above the earth 
has been investigated by the simultaneous measurement of wind velocities at two 
points along a meteor trail. The fall off in correlation between the wind velocities 
at the two points, as their separation is increased, has been used to obtain a measure 
of the eddy size. ‘The turbulence is found to be distinctly anisotropic, the vertical 
scale of the large eddies being 7 km whilst their horizontal extent is of the order of 
150km. The size of the smallest eddies is found to be approximately 50m. 
Mean wind shears of 10 msec-!km~ are found with a maximum of 140m _ sec! 
km~!. No significant difference between day and night time turbulence is found. 


§ 1. INTRODUCTION 


HE visual observation of noctilucent clouds and persistent meteor trains has 

shown that turbulent winds exist at heights of 80-100km. These events 

are rare, and it is difficult to make quantitative measurements of turbulence 
using such effects. 

Radio echo observations, on the other hand, have provided a powerful method 
of investigating both the uniform and irregular winds in the 80-100km region 
(Greenhow 1950, 1952, 1954, Elford and Robertson 1953, Greenhow and Neufeld 
1955a). Mean wind speeds of the order of 30 msec“! are observed, yet at any 
instant the velocities at points separated by a few kilometres may differ by as much 
as50msec-!. Turbulent winds of r.m.s. velocity 25 msec~t are generally present, 
even when the mean wind speediszero. Similar results have been obtained by the 
photographic observations of bright meteors (Liller and Whipple 1954). 

This paper describes an experiment designed to investigate the turbulent 
structure by the simultaneous measurement of wind velocity at two points of 
variable separation in space. The fall off in correlation between the velocities as 
the separation of the points is increased gives a measure of the large scale eddy size, 
whilst the difference between the velocities gives the magnitude of the wind shear. 


§ 2. 'TECHNIQUE 
2.1. Use of Two Stations 


The measurement of wind velocity simultaneously at two points in space may 

be achieved by observation of the drift of two points on the same meteor trail. In 

order to obtain radio echoes from different parts of the same trail it is necessary to 

employ widely spaced receiving stations. Therefore, in addition to the home 

station at Jodrell Bank, one of two remote stations at Siddington (3-6km to the 
East) and at the Cat and Fiddle Inn (20 km to the East) was used. 
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, the 

In figure 1, consider any meteor travelling along the pau re ea a ii 
specular reflecting properties of meteor trails, the echoes receive met ee 
come from points X and Y respectively. If V is the velocity of t ree 5 Teen 
the time taken for it to travel from X to Y, the separation Use uses Bien 
echoing points is XY=VT. 


Remote 
Station 


Home 
Station /. 


PET a 


Figure 1. Diagram illustrating the reception of radio echoes from a single trail at two 
receiving stations. 


A narrow beamed transmitting aerial will restrict the majority of echoes to 
approximately easterly azimuths. In this case, the height separation Ah between 
X and Y for a meteor trail at any inclination to the vertical east-west plane is given 


by 


ane Lod). 


Fa OS SS oe (1) 
where dis the distance between O and C, and E the elevation of the echoing points. 

It can be seen that VT may vary between zero for a vertical trail or for one at 
right angles to the vertical east-west plane, and d/2 for a horizontally travelling 
meteor in the east-west plane. Ah, however, is zero for both these cases and. 
reaches a maximum at E=45°. For the Siddington spacing the maximum value 
of Ah is 0-9 km and for the Cat and Fiddle it is 5 km. 

For this system echoes at O should always be received before those at C with a 
time difference T’ between reception of the echoes. (The efficiency of the system 
is shown by the fact that only 5% of the echoes were received at C before appearing 
at O. ‘This shows that side-lobes of the aerial system were of negligible impor- 
tance.) A few random coincidences due to the two separate meteor trails were 
also obtained, but these could be distinguished by differences in range and were 
rejected. 

The velocity V of the meteor is obtained to an accuracy of about + 20%-by 
measuring the rate of rise of echo amplitude as the meteor crosses the specular 


reflecting point and, in the cases of the slower meteors only (due to the low 
pulse repetition frequency used), from the diffraction fluctuations (Davies and 
Ellyett 1949). | : 
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The elevation £ is obtained to within 2 or 3° from the range and height of the 


echo, the height being estimated from the echo decay times (Greenhow and 
Neufeld 1955 b), 


2.2. Apparatus 


A coherent pulse transmitter was situated at the home station (O in figure 1) 
and operated at a pulse repetition frequency of 300 per second witha 30 usec pulse 
length. The peak power was 50kilowatts and the frequency 36:3 Mc/s. The 
transmitting aerial pointed eastward over the remote stations and consisted of an 
array of four Yagis inclined at 45° to the horizontal, giving a beamwidth of + 25° 
to the first zero. The receiving aerials at the home station and at the remote 
station (C in figure 1) consisted of identical single half-wave folded dipoles with 
reflectors, looking eastward. These aerials were horizontally polarized and were 
at heights of half a wavelength above the ground. 

Measurements of wind velocity entail the comparison of the phase of successive 
echo pulses with a reference signal of fixed phase (Greenhow 1954). Thus it was 
necessary to preserve the phase of the echo signal received at the remote station, 
while transmitting it to the home station by radio link for phase comparison with 
the transmitted wave. 

The receiver at C was a conventional superheterodyne, the local oscillator 
being crystal controlled. The final stage of the i.f. amplifier was coupled directly 
to an aerial, and the undetected signal transmitted back to O. To preserve 
coherency it was also necessary to send back the local oscillator frequency, so that 
the original 36-3 Mc/s could be reproduced. The local oscillator frequency F 
was chosen so that its second harmonic lay within the i.f. bandwidth of the receiver 
at C. Thus the second harmonic of the local oscillator was also transmitted to O 
via the same transmitting aerial and receiver output. 

At O the second harmonic continuous wave signal was frequency divided and, 
after re-combining with the incoming i-f. signal, a signal coherent with the original 
36:3 Mc/s signal was obtained. Beyond this point the receiving and phase 
measuring systems were similar to that used for single station work (Greenhow 
1954). 

switched pre-amplifier enabled echo pulses received at O and C to be accepted 
alternately. After passing through the same amplifying, phase reference and 
video channels, they were recorded on switched beam cathode ray tubes. The 
recording system was similar to that described previously apart from the beam- 
switching. Alternate pulses from O and C thus appeared at 150 pulse repetition 
frequency on the upper and lower traces of each tube respectively as shown in 
figure 2. Tube K shows the range of the echoes, 50 km markers also appearing 
on the trace. ‘Tube L shows the amplitudes of the echoes received at O (upper 
trace) and at C (lower trace). The markers at the base of the signals correspond 
to 1/50 second. The time difference between the amplitude maxima for echo 
P at O and Cis T=0-05second. The velocity of the meteor calculated from the 
rate of rise and range is V=24km sec~!. The mean elevation of the reflecting 
points, obtained from the range R=190km and duration of the echo, is 30°. 
Hence, VT=3-4km and Ah=2:1km. Tube M shows the changes in phase 
of the echoes at O and C and enables the wind velocities to be calculated. The 
reference signal at M is in phase quadrature with that at N so that the direction of 
the drift—to or from the station—can be determined (Manning, Villard and 

A2 
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Peterson 1950). This echo shows a drift of 0-0 m sec! for the home station and 
55 msec—! for the remote station, a wind shear of 26msec™? kms The wind 
shear of 4msec-!km~-! determined from echo Q is very much less than this, as 
the two velocity measurements differ by only 16 msec? over a height difference 


of 4km. 


§ 3. RESULTS 
3.1. Correlation between Velocities at the two Echoing Points 


3.1.1. Definition and determination of correlation coefficients. 


In order to obtain a measure of the largest eddy size it is necessary to find 
statistically the correlation between the velocities at two points in space, and to 
observe how the correlation falls off as the separation of the points is increased. 
The separation corresponding to zero correlation coefficient gives an estimate of 
the eddy size. 

Apart from the turbulent winds present there are also the quasi-steady 
horizontal components. In order to allow for these, the mean horizontal wind a 
during one hour is obtained by averaging all the measured velocities. ‘The 
deviations of the individual wind velocity components at O and C from the radial 
components iy of the steady wind along their directions are then obtained for each 
echo pair in that hour. 

This gives values for the turbulent wind components 


bug = tr — Up and bug = ty — Ug 
where uo, ug are the velocities at O and C respectively and éw, and du, their devia- 


tions from the mean component wr. 
The lateral correlation coefficient g is then given by 


_ —_ Bbup dug 
a (LSu92Ldu2)!/2 eee eee (2) 
and the experimental error in g is 
1—g? 
5g = (n—1)12 eee e ee (3) 


where m7 is the number of values of Su, duly. 


3.1.2. Variation of correlation coefficient with spatial separation. 


Approximately 600 echo pairs were obtained between the home and Cat and 
Fiddle stations and 300 pairs for the home and Siddington stations. For 
Siddington a mean separation VT of 0-67 km was taken, while for the Cat and Fiddle 
eight different separations between 0-6 and 7:8km were used. A list of separations 
VT and corresponding values of correlation coefficient is givenin thetable. gis 
plotted against VT in figure 3 (a). 

g is seen to decrease as VT increases up to a separation of approximately 6km. 
For separations greater than this g remains constant at 0-2. For the case of iso- 
tropic turbulence, g would be expected to fall off steadily to zero and then become 
slightly negative, as the separation is increased. This behaviour is apparently 
not observed for turbulence in the 80-100 km region. In order to investigate any 
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anisotropy, the variation of g with vertical separation, irrespective of horizontal 
separation, will now be potsidered. 


Correlation Coefficient g as a Function of Spatial Separation and Height 
Separation of Pairs of Reflecting Points 


(1) (2) (3) (4) (5) 
0-6 0-25 39 0-96 +0-01 
0-67+ 0-43+ 319+ 0:92+ +0-01+ 
1:5 0-6 76 0-85 +0-02 
2-5 1:3 88 0-63 + 0:04 
3:5 2:2 101 0-51 +0-05 
4-5 3:3 104 0-34 +0-07 
5-5 4.3 86 0-22 +0:09 
6:5 45 44 0-22 +0-11 
7:8 4.3 7 0-28 +0-08 


(1) Separation along a trail VT (km); (2) height differences Ah (km); (3) number of 
values (7); (4) correlation coefficient g; (5) error ing. + Siddington. 


3.1.3. Variation of correlation coefficient with height separation. 


As shown in § 2.1. the maximum possible height differences for pairs of meteor 
echoes are observed for meteor trails at an elevation of 45°. At elevations below 
45° both the spatial and vertical separations fall to zero. Above 45°, on the other 
hand, although the spatial separation continues to increase to a maximum of 10 km 
for a horizontally travelling meteor, the height separation Ah decreases to zero. 

If g is now plotted against Af the correlation curve of figure 3 (5) is obtained. 
The three points corresponding to VT =5-5, 6-5, 7-8km show no significant 
differences in their values of AA (i.e. 4-5 km) and the unusual behaviour of the 
correlation curveisremoved. Extrapolation of the curve in figure 3 (b) shows that 
the vertical extent of the eddies is approximately 7km. The behaviour of the 
correlation curve in figure 3 (a) can thus be explained if the fall off in correlation 
with horizontal separation is less rapid than with vertical separation. 

Because of this slow fall off in correlation horizontally, compared with the 
vertical fall off, it is difficult to make an accurate estimate of the horizontal dimen- 
sions of the eddies. However. if echo pairs of the same height difference but 
different spatial separations are compared, an estimate of the rate of fall off in 
correlation horizontally may be made. This shows that there is a 75°% probability 
that the horizontal extent of the eddies exceeds 60km with a most probable 
size of the order of 150km. This is an order of magnitude greater than the 
vertical depth. (Further evidence for the existence of eddies of this type will be 
given ina later paper on large scale wind systems. ) 


3.1.4. Diurnal variation of turbulence. 


The variation of g with height separation for daytime and night time is shown 
in figure 4. The mean curve of figure 3 (b) is superimposed for comparison. In 
view of the errors of measurement, there are no significant differences between the 
two sets of points andthe meancurve. Thus the scale of turbulence is appreciably 
the same during the night as during the daytime. Similarly, the observed wind 
shears do not differ significantly between day and night. 
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Ah (km) 


Figure 4. Variation of correlation 
coefficient g with height 


e hee t¥ Sei peek LS ote of SP difference during day and 

Ah (km) night. The mean curve of 

Figure 3. Variation of correlation co- figure 3 is shown for com- 

efficient g with (a) spatial separation parison with the day and 
VT, (b) difference in height Ah. night time points. 


3.1.5. The small scale turbulence. 

The separation over which the correlation falls significantly from unity gives 
a measure of the smaller eddies. In particular the dissipation length parameter A 
is given by fitting a parabola of the form 


1 2 
pete a hag (4) 


to the first part of the correlation curve. Although the large scale turbulence is 
distinctly anisotropic, the anisotropy will decrease for smaller eddy sizes. If the 
smaller eddies of scale \ are isotropic, then the value of A can be derived from 
figure 3(a). If some degree of anisotropy is still present, this value will give a 
lower limit for A. : 
The dissipation length parameter A may be used to relate the scale of the 
smallest eddies 7 to that of the largest eddies L, using the relation (Townsend 1956) 


Fe TS SE a ee GP see ae Pap (5) 
Ais found to be 2-4km and for a value of L of 150 km, » is approximately 50 metres. 


3.2. Dependence of Turbulent Velocity upon Mean Wind Shear and 
Mean Wind Speed 


The turbulent velocities cover a wide spectrum from large positive to large 
negative values. The r.m.s. turbulent velocity V can be calculated from values 
of duo? and Ldu,? (§3.1.1) and the mean values are found to be 28 m sec-1 
for daytime and 23 m sec~ for night observations, with an average of 25 m sec7}, 
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A search was made for any dependence of r.m.s. turbulent velocity upon 
(1) mean hourly wind speed at a given height (ii) height gradient of the mean 
hourly wind speed. Scatter diagrams relating the turbulent wind velocity 
to wind speed and wind gradient are given in figure 5(a) and (4). It can be 
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Figure 5. Scatter diagrams showing lack of correlation between r.m.s. turbulent velocity 
and (a) mean wind speed, (6) mean height gradient of wind. 


seen that there is no variation of r.m.s. turbulent velocity for variations of mean 
wind speed from 0 to 50 m sec~*; thus even when the mean wind speed Is Zero 
turbulent velocities as high as 40 m sec? are observed. Similarly, there is no 
dependence of turbulent velocity upon height gradient of the mean see un 
negative gradients of 1 m sec~1 km7 up to positive gradients of 3 m sec! km-, 
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3.3. Wind Shears 


In the previous section we have been concerned only with the scale of the 
turbulence and the r.m.s. velocities. The wind shears associated with the 
turbulence will now be considered. 750 pairs of echoes for the Siddington 
base-line have been used to investigate the velocity differences across a mean 
height separation of 0-43 km. A histogram of the wind shears measured in this. 
way, expressed in m sec"? km~, is shown in figure 6. ‘The velocity differences 
are taken irrespective of sign. Wind shears between 0 and 140 msec~ are 
observed, with a median value of 10m sec-tkm™?. Of the 750 shears, 7% 
are greater than 36 m sec"! km~™ and approximately 1% greater than 
72sec. Kine 
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Figure 6. Wind shears in m sec~t km- Figure 7. Variation of log (ug —Ug)ay 
measured over a height separation of with log Ah. (ug—Ug)ay is a 
0:43 km: continuous lines, radio echo m sec! and Ah is in heen. 
observations ; broken lines, photo- 
graphic meteor observations. 


The wind shear is not independent of the height difference, as the mean velocity 
difference between two points is not a linear function of the height separation 
Clearly a wind shear of 30 m sec! km~' could not persist over a very large er: 
range. ‘The echoes obtained for the Cat and Fiddle baseline have therefore been 
used to plot similar histograms of velocity differences for height separations 
up to 4:0 km. The variation of the mean velocity difference (wj—ug),,. with 
Ah can then be investigated, and log (wy—1wg),, is plotted against Keys in 
figure 7. A smooth curve has been drawn through the points. For the case of 
isotropic turbulence, Kolmogoroff’s spectrum law (1942) is expected to hold 
for large values of Reynolds number, where Reynolds number is given b 
R=(LV/v) where L is the eddy size and v the kinematic viscosity. In thie 
eee ae es saa i Hence R~2x10*. We would thus expect the 

olmogoroff Law to be obeyed. izsa i | 
a oRe US Von Weizsicker (1949) has shown that if the 

It thus appears from the broken line in figure 7, th 
follow Kolmogoroff’s law closely. This aaah as Benes ae the 
distinctly anisotropic nature of the eddies discussed in 83.1. ie 
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A , 
3.4. Comparison with Other Observations 


From the photographic observation of the distortion occurring in the trains 
of bright meteors, Liller and Whipple (1954) have investigated turbulence in 
the 80 to 100 km region. Estimates of the scale of the larger eddies are similar 
to those discussed in § 3, but figures quoted for the wind shear are considerably 
larger than the median value of 10 m sec-! km~! found by radio observations. 
An average maximum wind shear of 50 msec! km~ is ‘given. However, if 
the Liller and Whipple plots of wind velocity against height are analysed to give 
values of the wind shear over the same separation as the Siddington echo pairs 
(0-43 km) the dotted histogram in figure 6 is obtained. It can be seen that 
there is very little difference between the two histograms. Thus the figure of 
50 m sec“! km~! is somewhat misleading unless it is borne in mind that such a 
shear may only be observed at one point along an individual meteor trail, which 
may be 30 km in length. Thus the probability of observing a wind shear as. 
high as 50 m sec! km“, at any given time and place, is less than 0-05. 


§ 4. Discussion 


It has been shown that the region between altitudes 80 to 100 km is extremely 
turbulent. The large scale turbulence is anisotropic, the vertical scale being 
of the order of 7 km while the horizontal scale is of the order of 150 km. In 
this height region there exists a high positive temperature gradient. Thus it 
would be expected that turbulence would be severely inhibited and that conditions 
would be quite stable. ‘The presence of such intense irregular winds is therefore 
surprising. ‘The energy associated with the turbulence of r.m.s. velocity 
25 m sec™! is of the same order as the uniform wind components, which have 
similar velocities. However, at times when the mean wind speed is zero, the 
r.m.s. velocity is still as high as 25 m sec~ and on these occasions all the energy 
is associated with the turbulent winds. Similarly, there is no correlation between 
the degree of turbulence and the mean wind shears, as might be expected. Thus. 
the turbulence is of a very unusual form and this is shown by the extremely 
anisotropic nature of the large eddies. Vertical wind components are extremely 
small and it is only possible to set an upper limit of 1 to 2 msec for the r.m.s. 
vertical velocities. Vertical mixing is therefore largely inhibited, although the 
wind velocities in horizontal planes separated by only 0-4 km may differ by up to: 
20 msec-1. In view of these observations it seems likely that the large flat 
eddies are caused by horizontal disturbances, due for example to horizontal 
temperature gradients, while the vertical turbulence remains severely damped. 
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The Production of Ice Crystals by Large Adiabatic Expansions of Water 
Vapour 


By J. MAYBANK anp B. J. MASON 
Imperial College, London 


MS. received 5th March 1959 


Abstract. ‘The numbers of ice crystals produced by the explosive expansion of a 
small volume of moist air have been determined for various values of the terminal 
temperature and supersaturation. In clean air crystals, formed by spontaneous 
condensation followed by homogeneous crystallization, appeared only when the 
supersaturation exceeded 400% and the terminal temperature fell below —40°c. 
Thereafter, the crystal concentration continuously increased up to a maximum of 
4 x 10®/cm® and not to about 10!1/cm® as reported by Schaefer. The appearance 
of crystals at temperatures above —40°c in room air may be attributed to the 
presence of ice nuclei. No evidence was obtained for a sudden increase in the 
crystal production or a change in their mode of formation at about —65°c as 
suggested by expansion chamber experiments of other workers. 


§ 1. INTRODUCTION 
HESE experiments, in which ice crystals were produced by the explosive 
| expansion of a small volume of moist air, were carried out for the 
following reasons: 

(i) To ascertain whether a new phase transition occurs when water-saturated 
air is suddenly cooled below — 60°C, i.e. well below the — 40°c limit associated with 
the homogeneous nucleation of micron-size water droplets. Suggestions that 
ice crystals may be formed direct from the vapour phase have arisen from the 
experiments of Sander and Damkohler (1943), Rau (1954), and Pound, Madonna 
and Sciulli (1955). 

(ii) To check whether rapid expansions of small volumes of moist air can 
produce ice crystals in concentrations of order 1011/cm* as reported by Schaefer 
(1954). 

In precipitating water vapour by rapid expansions in cloud chambers, Sander 
and Damkohler, and also Pound, Madonna and Sciulli reported that, until terminal 
temperatures of —62°c to —65°c were reached, the condensate appeared as 
spherical particles but, at lower temperatures, as a cloud of angular, glittering ice 
crystals. Sander and Damkohler suggested that either the crystals were formed 
by direct sublimation of ice from the vapour, or that —62°c represented the 
crystallization temperature of what, at higher temperatures, had been liquid drop- 
lets. Pound et al. suggested that because homogeneous nucleation of liquid water 
droplets at — 40°c had been well established, the particles appearing between this 
temperature and — 65°c were frozen spheres which had not developed crystalline 
faces. A similar suggestion was made earlier by Mason (1952) to account 
for the appearance of iridescent mother-of-pearl clouds which occur at tempera- 
tures of about — 80°c inthe stratosphere. Although the cloud chamber operators 
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report a change in the optical properties of the fog, with the pipe glittering 
crystals below —65°c, they do not observe a marked increase in particle concen- 
tration. Onthe other hand, Rau (1954) reported that when samples of atmospheric 
air were cooled isobarically to low temperatures in a mixing-cloud chamber, the 
crystal concentration, which remained steady at about 200/cm® from —40°c to 
—65°c, thereafter rose rapidly to about 104/cm’. 


§ 2, EXPERIMENTAL PROCEDURE 


Asmall volume, 3 cm’, of air, sealed in a pressure capsule, was rapidly expanded 
to atmospheric pressure into a water-saturated environment held either at — 10°C 
or —20°c. Using room air, and also clean, filtered air in the capsule, the total 
number of ice crystals produced was determined for various values of its initial 
temperature, pressure, and water-vapour content, the final temperature and 
nominal supersaturation being calculated on the assumption of adiabatic expansion. 


Figure 1. Apparatus used to detect ice crystals produced by adiabatic expansions. 


The apparatus is shown in figure 1. One end of the brass pressure capsule C 
was connected through a valve V to a compressed air supply, the other end being 
sealed with a thin metal or plastic diaphragm D which could be suddenly shattered 
by aspring-fired striking pin S. The capsule was sealed into the lid of a cylindrical 
brass chamber B, 30cm high x 10 cm diameter, the air in which was saturated with 
water vapour evaporated from an electrically heated, water-soaked gauze G. The 
whole chamber was immersed in a thermostatically controlled refrigerator, the air 
inside it being stirred by a small fan F and maintained at a fairly uniform temper- 
ature recorded by the thermocouple T,.__A second thermocouple T, measured the 
initial temperature of the air sample in the pressure capsule. 

In a typical trial, the capsule was sealed with a diaphragm, filled with air to the 
desired pressure, and allowed to attain temperature equilibrium with the rest of the 
chamber. With the vaporizer on, the collectors in position and the valve closed, 
the striker was released. 

Ice crystals produced by the expansion grew in the water-saturated environ- 
ment and, with the fan off, settled to the bottom of the chamber where they were 
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collected and counted. Sampling was continued for at least three minutes after 
the expansion, by which time they had all reached the collectors. At least three 
trials were carried out for each set of conditions. 

Subsidiary tests established that no crystals were produced by the action of the 
striker and the fan which, in any case, were coated with glycerol to prevent frost 
formation. Nor were crystals detected after the passage through the supercooled 
cloud of the shock wave produced by exploding the capsule just outside the 
refrigerator. It could therefore be assumed that the crystals appearing in the 
main tests were produced only by expansion and cooling of the air samples. 

The relatively low concentrations of crystals produced by small expansions were 
collected in a dish of supercooled sugar solution in which they quickly grew to 
visible size and were easily counted (see Bigg 1956). With larger expansions, the 
sugar solution was replaced by glass slides on which the average number of crystals 
per mm* were counted under a microscope placed in the refrigerator. When the 
crystal concentrations were so high that more than 10 crystals, 3-10 win diameter, 
appeared on | mm?, successive slides were exposed until all the crystals had settled. 
Very little coagulation and overlap of crystals was observed on the slides, and loss 
of crystals by evaporation, which occurred only within a few millimetres of the 
chamber walls, was less than 5°, and was allowed for. The total count per unit 
area of collector, multiplied by the base area of the chamber, and divided by the 
capacity of the capsule, gave the number of crystals produced by each cubic 
centimetre of the original air sample. 


§ 3. RESULTS 


The number of ice crystals produced by 1 cm? of air, initially at temperature T, 
and the pressure p,, after adiabatic expansion to temperature 7, and a fixed 
pressure p., where log T,/T,=0-286 log p,/p., may be related to either the final 
temperature or the initial pressure. Another relevant parameter is the nominal 
saturation ratio attained at the end of the expansion, given by Sn=e,P/€s py, 
where ¢, is the initial vapour pressure of the air sample and e, the equilibrium vapour 
pressure relative to ice at the finaltemperature T,. In large expansions, producing 
high concentrations of crystals, the maximum supersaturation actually achieved 
will be much lower than this nominal value because of the abstraction of vapour by 
the growing crystals. In calculating the final temperature, allowance has been 
made for warming of the air by the release of latent heat of sublimation; with final 
temperatures of — 40°c, this correction amounts to 2-3°c under the conditions of 
the present experiments. 

The numbers of crystals produced by a sample of room air, initially saturated 
relative to ice at either —10°c or —20°c, and expanded from various initial 
pressures to atmospheric pressure are shown in figure 2. Crystal production 
increases rapidly as the initial pressure increases from 1-2 to 2-0 atmospheres but 
thereafter becomes constant at about 4 x 10®/cm. Schaefer’s results, which are 
shown for comparison, are greatly different in that they show maximum concen- 
trations of nearly 1014/cm%. 

It is, however, more instructive to plot the crystal numbers against the final 
temperature reached at the end of the expansion, as in figure 3.. The number of 
crystals produced by the expansion of room air, which is not very sensitive to the 
initial temperature, increases rapidly from about 10?/cm? at —30°c toa maximum, 
steady value of 4x 108/cm?® at final temperatures below —60°c. Expansion of 
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moist, filtered air produced no crystals until the terminal temperature fell below 
—40°c beyond which the numbers increased rapidly to reach the same maximum 
limiting value as belore. When the air was dried to about 10% relative humidity 
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Figure 2. The number of ice crystals pro- Figure 3. The number of crystals pro- 
duced by adiabatic expansions of moist duced as a function of the final tempera- 
air from various initial pressures. ture attained by the expansion. 


at — 10°c, crystals did not appear until the final temperature fell below — 50°c, at 
which stage it achieved four-fold supersaturation and allowed condensation to 
commence on small ions. 


§ 4, Discussion OF RESULTS 


Expansion of clean, filtered air produces ice crystals only if the supersaturation 
exceeds values at which condensation can occur either spontaneously or on ions, 
and if the terminal temperature falls below —40°c. ‘This is strong evidence that 
the crystal formation is a two-stage process—condensation followed by homo- 
geneous nucleation of the tiny droplets at temperatures below —40°c. The 
appearance of ice crystals at temperatures above —40°c in room air may be 
attributed to the presence of ice nuclei. 

Although nucleus concentrations of order 10?/cm} active at. —30°c are rarely 
observed in the free atmosphere (Mason 1957), such concentrations are present in 
our laboratory, through the generation of artificial ice nuclei. 

Schaefer’s claim that up to 10! crystals/cm* are produced by the method of 
this experiment is not confirmed. His result is indeed surprising because, with 
increasingly large expansions, the concentration of droplets in cloud chambers 
reaches a maximum limiting value, observed by Frey (1941) and calculated by 
Mason (1951) to be about 3 x 10®/cm, as a consequence of the supersaturation 
being limited by the release of latent heat and the abstraction of water vapour by 
the growing droplets. On the other hand, our maximum crystal concentrations of 
4 x 10°/cm accord very well with these facts and support the view that the crystals 
resulted from the freezing of supercooled droplets. 

In attempting to account for the large discrepancy between the present results 
and those of Schaefer, his technique, by which compressed air was suddenly 


released by shattering a small glass bulb, may be criticized on the following 
grounds, 
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After shattering of the glass capsule, air from the high pressure line continued 
to escape through a small orifice and, at the end of his paper, Schaefer admits that 
this produced copious ice crystals. We have confirmed this by testing a copy of 
the system described by Schaefer. Moist air, initially at room temperture and 
4 atmospheres pressure, after expansion through the orifice of about 200 p dia- 
meter, produced about 108 crystals/sec in a supercooled cloud at —10°c. Left 
on for only 10sec, the jet produced about as many crystals as could be formed by 
explosion of the pressure capsule ; in Schaefer’s experiment, in which the volume 
of the exploding bulb was only 0-1 cm3, the crystals may have been formed almost 
entirely by the expanding jet. 

His method of determining ice crystal concentrations of up to 10/mm? by visual 
estimation of their average separation, in only a very small volume of the cloud, is 
not considered reliable. Furthermore, his assertion that ice crystals were formed 
only when the final temperture fell below — 40°c does not tally with his tabulated 
experimental data. For example, he reports that crystal production of 109/cm? 
was achieved by the expansion of air initially at 1-7 atmospheres and 25°c to 
atmospheric pressure; under these conditions, adiabatic expansion would produce 
a final temperature of only —16°c. 

With regard to Rau’s (1954) work, figure 3 fails to show a sudden increase in 
crystal production as the terminal temperature falls below —65°c. Rau’s experi- 
ment is different in that a sample of atmospheric air was cooled isobarically by 
injecting it into a pre-cooled chamber. As the air cooled, condensation of water 
vapour upon atmospheric nuclei produced droplets, few of which froze until the 
temperature fell below —40°c, when crystals appeared in concentrations of about 
200/cm*. With the chamber held at a temperature well below —40°c, cooling 
beyond that point was probably sufficiently rapid to release vapour at a rate faster 
than it could condense on to the growing particles and the walls of the chamber. 
The supersaturation would therefore rise and allow condensation, followed be 
immediate freezing, on the smaller nuclei. It is suggested that these conditions 
were obtained when Rau’s chamber temperature was below —65°c, and were 
responsible for the rapid increase in crystal numbers which he observed below this 
temperature. 

The observations of Sander and Damkohler and of Pound e¢ al. that expansion 
of clean, particle-free air to six-fold supersaturation produced glittering ice crystals 
below about —65°c, but not at higher temperatures, is not easy to explain. In 
our experiments, which differed essentially only in that there was much more time 
available for particle growth, there was a gradual increase in the eS 
crystals via the freezing of droplets as the temperature fell from —40°c to —65 C. 
The non-appearance of glittering crystals in the cloud chambers between —40°c 
and —65°c is therefore most readily explained by the particles failing, in the short 
time available, to develop faces large enough (d>1,) to facilitate specular 
reflection. Since for a given degree of supersaturation, the flux of vapour mole- 
cules towards a growing crystal is less at low temperatures, a more rapid growth to 
visible size at these temperatures would seem to require an over-compensating 
increase in the accommodation coefficient of the growing ice surfaces. 

But whatever be the true explanation of the change in the visual appearance of 
the condensate below —65°c in the cloud chambers, there appears to be no 
evidence nor necessity to assume that this temperature marks a new phase transi- 
tion by which crystals form by direct sublimation of the vapour. It does not seem 
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likely that molecules will condense directly into the ice lattice without first going 
through the less ordered liquid structure. 
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Abstract. An investigation has been made of the expansion coefficient of two- 
dimensional lattices—ionic lattices and the close packed hexagonal lattice with 
central forces. A survey has been made of the Griineisen constants y, of a 
representative set of vibrations in reciprocal space. From these a set of functions 
are constructed from which the variation of the Griineisen constant y can be 
calculated, and which also permit one to see the reasons for the variation. It is 
shown that the ionic lattices are characterized by a large spread in y, values, this 
being in the main due to the lower of the two frequency branches. In the 
hexagonal lattice the distribution of y, values is, in comparison, very limited and 
the Griineisen assumption of a single constant can be justified in this case. 


$ 1. INTRODUCTION 


N the theory of the expansion of crystals, an important part is played by the 
] Griineisen relation 


where V is the volume of the solid, Cy the heat capacity, x the compressibility, 
8 the volume expansion coefficient and y is a constant. ‘This relation can be 
derived from thermodynamic considerations if certain assumptions are made 
as to the properties of the vibrations of the solid. The more general result 
which is also well known and is derived in standard textbooks is that a relation 
of the form (1) holds where, however, y is not a constant, but is defined in the 
following manner: : 
ee ate tet ale tanh . (2) 
~ LE(hv[kT) 


where y,= —d (logy)/d (log V), £ is the Einstein function for the heat capacity 
of a linear oscillator of frequency v, and the summation is taken over all frequencies. 
In the limit of low frequencies y tends to a constant yp, as has been indicated 
by Born (1923) and discussed recently in more detail by Barron (1955), while 
at high temperatures the value y,, is an average over all y, values for the lattice. 
The form of y(T) between these limits depends on details which cannot be 
described in a simple manner. ta gientbear ; 
There are two comparatively simple assumptions about the y, values under 
which the relation (1) would hold. The first is that all y, values are equal. 
Though this appears to ‘be most unlikely, it does in fact occur in the case of the 
linear chain with nearest neighbour forces between the particles. Here the 
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frequencies are known to be given by the expression v=v,)|sin |, where ¢ has 
a set of discrete values. The quantities y,’= —d(log v)/d(log r), where r is 
the distance between neighbouring particles, are hence independent of the 
frequency. 

One can next proceed to the assumption that that distribution function of 
y, values is sharply peaked around an average value, and then the relation will 
hold to a good approximation. 

A second assumption depends on forming a quantity y, which is the average 
value of y, taken between neighbouring frequency contours. Then (2) can be 
written as (Blackman 1957) 

oe Sye(v)E(hy[RT)dv (2a) 
fp(v)E(hv/kT )dv 


where p(v) is the distribution function for the frequencies. If this y, value is 
independent of the frequency, the relation (1) will also follow. Since this is a 
less stringent condition than a constant y, value, it seems a reasonable one to 
assume as a starting point. A graph of y, against frequency allows one to judge 
the behaviour in a convenient manner, as a straight line parallel to the frequency 
axis means that the Griineisen relation holds exactly. 

So far the theoretical data on the behaviour of lattices is rather meagre. The 
only case in which y(T) has been examined in some detail is that of a face centred 
cubic lattice with short-range central forces (Barron 1955). The value of yp 
and the high temperature part of the y(7T) curve from a value of T/0,,~0-15 
onwards were obtained. In this the properties of the secular determinant of the 
frequencies were used and neither the vibrational spectrum nor the individual 
y, values were needed. While the investigation is not complete, the analysis 
does suggest that the total variation of y(7) is not likely to be more than a few 
per cent, in the case where a Lennard-Jones potential is used. It was also shown 
that the main part of the y, value for any of the vibrations is independent of 
frequency and it is therefore probable that one is dealing here with a case in 
which each frequency branch will contribute a sharply peaked function to the 
distribution of y, values. ‘The total distribution will then have a small spread 
about a mean value. The y, curve in this case would also show little variation 
in magnitude and the y(T7’) curve even less since this is obtained as a weighted 
average (cf. (2a@)) over the y, curve. 

A partial investigation has also been made (Barron 1957, Blackman 1957) 
of ionic. crystals of the rocksalt type. Here the study of y, values in the elastic 
region shows a very large variation from large positive values to appreciable 
negative values. It does not seem likely that a single y, value would be a good 
approximation in this case and a complete examination would certainly be 
instructive. ; 

Such experiments as have been carried out on alkali halides (Adenstedt 193 6) 
suggest changes of about 25%, in the y values (these decreasing with temperature) 
but measurements do not extend to really low temperatures and there is a 
reason to suppose that the limit of change has been reached at the lowest measured 

values. 

In order to obtain a better understanding of the relation between the 
y(T) curves and the dynamical quantities y,, an examination has been made of 
two-dimensional lattices for which a complete survey can be obtained without 


eel 
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a very lengthy set of calculations. The lattices examined are of two types: 
(a) the ionic lattice consisting of a square array of alternately positive and negative 
ions, (6) the hexagonal lattice with a short-range central force interaction. ~The 
results of these investigations should provide the basis for a good qualitative 
picture of what happens in corresponding three-dimensional lattices. 

The general formula (2) will apply in two dimensions if appropriate changes 
are made in the definition of the y, values. In three dimensions one can write 
y, in the form — 4d(log v)/d(log r), where r is a characteristic lattice distance. 
In two dimensions the corresponding quantity will be — 3d(log v)/d(log r). 


§ 2. THE ‘TWO-DIMENSIONAL Ionic LaTTICcE 


In this type of lattice the ions, of equal mass, are distributed as on the cube 
face of rocksalt. The vibrational properties and the vibrational spectrum of 
this lattice have been worked out by Smollett (1952) and need only brief comment. 
If M is the mass of an ion and » the frequency it follows that 


4n®@Mv? = 4{ — (Aga t+ Ayy) + [(Ane—Ayy)? +4 Any?) vec eee (3) 
h MyM, 4 
asia pe SCS Md Capen 3) ae a (4) 
MMs ap 


Here $3 is the second derivative of the potential energy of a pair of ions, 
one in the cell of index zero and the other in the cell whose index is (m,, m,). 
The Coulomb part of the interaction has the form e?(—1)™*™|r,n,|—1, 
where r,,,,, 18 the vector distance of the two particles, and the repulsive part 
of the interaction the form 5|r,,,,,,|—”. The unit vector s is the wave vector 
and t=27/A, where X is the wavelength. 

The methods of evaluating the Coulomb part of the lattice sums (4) have 
been discussed by Smollett and Blackman (1951) and the numerical values of 
the A,, (Coulomb) have been tabulated by Smollett (1951) for a representative 
set of points in reciprocal space. 

These values have been used by the author and the corresponding values. 
for the repulsive interaction were obtained by direct summation. ‘The y, values 
were obtained by differentiating (3) with respect to 7, where r is the closest 
distance between positive and negative ions. The equilibrium conditions for 
the lattice are used after this procedure has been carried out. It is also necessary 
to calculate the frequencies. The required quantities were evaluated for all the 
points in reciprocal space used originally by Smollett with the value of n=9, 
and the same frequency contours were used, i.e. fourteen contours in the lower 
frequency branch and sixteen in the upper frequency branch. 

The y, values at low frequencies were evaluated separately. Here the 
value depends on the direction of propagation of elastic waves in the two- 
dimensional elastic continuum and not on the frequency itself. If we write 


Paci cr? reer sat)) 
where c is the velocity, it follows that 
eset = -- 75 (5) (6) 
YFP dr 4 dr\F ets se) 


Lire 
-— i eer-y 


where p=M/r? is the density in the two-dimensional case. 
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The value of y? will of course depend on the elastic constants in terms of which 
pc can be expressed, and for each direction of propagation there will be two 
values of y°. The elastic constants have the following form (Smollett and 


Blackman 1951): s , 
e 


2 b 

C= 02285 ee ae (7) 
e b 

cu = 10475 — 7-19. 


The parameter 6 can be eliminated after the appropriate differentiations have 
been carried out. The potential energy per ion has the form 


2 
@=—1-616— + sete (8) 


see eee 


and the condition d®/dr=0 gives the equilibrium condition for the lattice. 
Typical values of y° are given for certain special directions in the lattice; n= 9. 


Direction Elastic Constant ye 
[10] Cas — 0-076 
[10] Cy 4-00 
[11] (C11 — Cig) 4-50 
[11] 3 (C11 + C12 + 2C44) 2:30 


The average value which is again termed y, is obtained by numerical integra- 
tion of the y,° values in reciprocal space. It follows from (6) and (2) that in the 


two-dimensional case 
Me vio do i d@ 9 
a i ee aes) (9) 


where c; is a function of the angle @ in reciprocal space. 
The y, values (for each frequency branch) which lie between given neigh- 
bouring frequency contours are averaged and these averages produce the curves 


y,?, y,” as a function of frequency. Here the index (1) refers to the lower 
frequency branch, the index (2) to the upper frequency branch. The y, value 
needed in the calculation of y(7) (see (2.)) is the average obtained from all the 
y, values in both branches associated with the two frequency contours. In 
addition, the distribution function of the y, values was found. This is denoted 
by f(y,) where J f(y,)dy, is the total number of vibrations in a frequency branch, 
the indices (1) and (2) being used, as before, to distinguish between the two 
frequency branches. 

The results of the calculations for the ionic lattice with n=9 are plotted in a 
set of diagrams. Figure 1 shows the variation of y, and of y © with frequency, 
figure 2 that of y,. It will be seen that y,® does not vary much from a constant 
value, while the deviation of, is considerable. The upper frequency branch, 
index (2), contains vibrations which are mainly longitudinal, the lower frequency 
branch those which are mainly transverse. The singularities in the y, curves 


are associated with the logarithmic infinities in the vibrational spectrum (Smollett 
1952). 


r 
ve 
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Using these curves and the vibrational spectrum one can calculate the y value 
(see (1)) as a function of temperature (figure 3). The reduced temperature 
T/@, is used, 6) being the Debye temperature obtained from the elastic constants 
for the two-dimensional lattice. The small dip in the curve at low temperatures 
follows from the corresponding larger feature in the y,® curve. The general 
tendency is, however, an increasing y value with temperature with a total variation 


of about 20%. 
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Figure 1. Variation with frequency of the Figure 2. Variation with frequency of 
the averaged y, value of the two- y, value for the two-dimensional 
dimensional ionic lattice with n=9, ionic lattice. 
(a) for the lower frequency branch, 
(6) for the upper frequency branch. 
The frequency is in arbitrary units. 
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Figure 3. The Griineisen parameter as a function of the reduced temperature (ionic 
lattice, n=9). 0) is the Debye temperature deduced from the elastic constants. 
(Yo = 2°90). 


The distribution function for the y, values can also be obtained from the same 
data. It is instructive to consider the individual distribution functions f(y,®), 
f(y,™) for the two frequency branches. ‘These are shown in figures 4 and 5, 
where again it is the ‘transverse’ branch for which a very broad distribution 
isfound. The longitudinal branch gives a distribution which is limited and which 
could be approximated by a single y, value without a large error. 

It should also be noted that the negative y, values represent only a small part 
of the distribution function, and their influence is not apparent in the y, curves. 

A corresponding calculation was carried out for the case of n= 20, which leads 
to strongly anisotropic behaviour at low frequencies of the type characterized 
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by a small value of the ratio of the elastic constants ¢,, and Cu Only the (y, T) 
curve for this case is shown (figure 6) and the other results will be described in 
brief. ‘The y, and the f(y,) curves have a similar character to those for the 
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Figure 4. The distribution function of Figure 5. The distribution function 
the y, values for the lower frequency of the y, values for the upper fre- 
branch (ionic lattice, n=9). quency branch (ionic lattice, = 9). 
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Figure 6, The Griineisen parameter as a function of the reduced temperature (ionic 
lattice, n= 20). 


previous case. ‘The chief feature is the increase in the region in reciprocal space 
associated with negative y, values. ‘These are concentrated, as before, in a narrow 
angular region around the rectangular axes of the reciprocal lattice cell, but 


extend further out; they are also still confined to the lower frequency branch. | 


The dip corre 
Sao A and 


> 


ve is, however, affected only in that the variation in y is appreciably 
s is also a consequence of the larger x > of the F 
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sponding to that in figure 1 (a), now extends to negative values. 
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where 


oe) 


rdr’. ~  vdr\rdr 
A=6—2 cos $,—2 cos $,—2 cos (, + $5) 
B=cos $,+ cos $y—2 cos (d:+¢2) ob nea (11) 


C= (cos ¢,—Cos dy). 


The phase angles ¢;=2z7(a;.s)/A where the a, are the basic lattice vectors, s the 
wave vector and A the wavelength and (4,, $x) would define a point (Aj, Ay) in 
reciprocal space if one omits the factor 27. 

The Griineisen parameters Yr can be AMS ages preety from (10) 


0, 2A ? Saga ro 
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If one takes the interaction in the form — aca tt 
wid. —8=-S aoe eh ak eainess: (13) 

ihe eat (r/O)dO|ar ne re value — 24, and the main part of the ‘magnitude 
of y, comes from this term, the remainder contributing at most about 25%. 

The rest of the calculation follows the same lines as for the ionic lattices, the 
frequencies and y, values being evaluated for a sepresepeaas set of points in 
teciprocal space. . ro 
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The main results are shown in a set of curves. In the y, curve (figure 7) 
the singularities are omitted as they are unimportant here. The main variation 
comes again chiefly from the lower frequency branch.’ The distribution functions 
f(y,) and f (y,®) have been plotted separately (figure 8), and show ina striking 
manner how close to a constant y, value the distribution can be in a special case. 
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Figure 9. The Griineisen parameter as a function of the reduced 
temperature (hexagonal lattice). (yo =4'89.) 


Finally, the (y, 7’) curve for the lattice is givenin figure 9. Asis to be expected, 
the variation in y is a good deal less than that in y, and amounts in the extreme case 
to only 5%. 


§ 4. DiscUssION AND GENERAL COMMENTS 


The results for the hexagonal lattice show a completely different character 
to those for the ionic lattices. The narrow variation of the y, values in the former 
case will in all probability be repeated in the corresponding cases in three 
dimensions—the close packed hexagonal and cubic lattices with a nearest 
neighbour central force interaction (or for that matter, if the nearest neighbour 
assumption is not used). ‘There is strong evidence for this statement in the work 
of Barron (1955) on the latter case; a relation for the y, value is found in this 
case which is not essentially dissimilar to (12). It has, however, sometimes 
been assumed that this calculation can also be applied to face-centred cubic 
metals and of course experimental measurements on these metals show a small 
y(T) variation in the region of temperature investigated. It cannot be assumed 
a priori that y , values for such metals will necessarily be the same as for the central 
force cases, even if specific heat measurements appear to indicate a very similar 
vibrational spectrum. Experimental measurements at very low temperatures 
and a theoretical investigation of a typical metal are both needed before it will be 
clear if and why there is a similarity. 

The main feature of the results on the two-dimensional ionic lattices is the 
very large spread of the y, values in the lower frequency branch. It is likely 
that this property will also be found in the ionic crystals, probably in the two 
acoustic frequency branches which are mainly transverse in character. 

A second feature of interest is the appearance of negative y, values, which 
had already been noted (Barron 1957, Blackman 1957) in the long-wave region 
of the vibrational spectrum of ionic lattices of the rocksalt type. In the two- 
dimensional case it is possible to see that these y, values are confined to a region 
of reciprocal space around the rectangular axes; also that both the magnitude 
of these y, values and the size of the region increases as the value of the parameter 
n of the repulsive potential is increased. The question as to whether it is possible 
to obtain an overall negative yy value has been considered in some detail, using 
the methods discussed above. It is found that the Yo Value always remains 
Positive however large m is made. This differs from the result obtained in 
the corresponding three-dimensional ionic lattice (Blackman 1958). In the 
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three-dimensional case, the negative y,° values (cf. equation (6)) are relatively large 
in magnitude for the same value of m and there are also two transverse branches 
contributing to the effect. In addition one is weighting the y,;° values with 
c; * instead of c;~* as in (9) and the negative values are again associated with the 
smallest values of the velocity. 

A property common to the two types of lattices investigated is to be found 
in the distribution functions f(y,). The component f(y.) for the ‘longi- 
tudinal’, or upper, frequency branch extends over a comparatively small region 
of values and could be approximated reasonably well by a single y, value. It 
would be of interest to know how far this is a general feature for either monatomic 
crystals or for those without a pronounced molecular character. 

The three (y, T) curves which have been calculated, all show a general rise 
with increasing temperature. The rate of change is greatest at a point where 
T/6, =0-14 for the ionic lattices and 0-12 for the hexagonal lattice. A value 
of 0-2 was suggested by Barron (1955) as the point at which a rapid change in 
y took place when the temperature was decreased. 

It is doubtful whether any of these features of the (y, 7) curve have a general 
validity. For instance, there is no reason to suppose that y,<y,, in all cases. 
This might appear to follow from the cases studied here. In fact, y, depends on 
elastic properties of the lattice, i.e. on the very low frequencies, whereas the 
magnitude of y,, depends mainly on the properties of the high-frequency vibra- 
tions. ‘There is therefore (as in the case of the heat capacity) no direct relation 
between the high temperature and low temperature properties and the (y, 7) 
curve is governed by at least two parameters. ‘The y, value can on this argument 
be larger as well as smaller than the y,, value and the form of the (y, T) curve 
can be as varied as (6, T) curves in specific heat theory—more so in fact since 
Yo can be negative in some cases (Adenstedt 1936, Blackman 1958). 

The occurrence of these negative values alters considerably the status of the 
Griineisen relation (1). As long as the y values are positive the relation can be 
justified as a useful general approximate formula, but once negative values are 
admitted the Griineisen relation loses its general character. 

That y itself will vary with temperature has been recognized for a long time. 
Griineisen (1926) suggested a set of three y values for solids with different 
properties in different directions. He also pointed out that where the solid 

contains molecular groups, there will be at high temperatures a variation of 
y characteristic of the group (as well as of the lattice vibrations), whereas at low 
temperatures the y value will be expected to conform to that for a monatomic 
lattice. While the y value for the monatomic lattice would not now be regarded 
as necessarily constant or approximately constant, it still remains correct that the 
complex lattices will have a special character at temperatures where the molecular 
groups give an appreciable contribution. From the point of view of lattice theory, 
these groups contribute vibrations which form ‘optical branches 3 For these 
it is likely that the y, value will be practically constant, particularly if the 
frequencies are well removed from those of the acoustic branches. ‘These optical 
y, values may in certain special cases be negative (for the transverse or mainly 
transverse vibrations). This could then lead to low overall y values or even 


negative y values at relatively high temperatures. 
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Abstract. ‘The spectral selective photoelectric effect in alkali metals is considered 
as a local field phenomenon taking place in a colloidal surface structure. Treating 
the colloidal particles as spheroids containing a mixture of bound ion core and 
free valence electrons, an expression is derived for the wavelength for peak photo- 


emission which is compared with the experiments on hydride cells and on thin 
films. 


§ 1. INTRODUCTION 


HE alkali metals display two remarkable optical properties: they are 

| transparent to ultraviolet light (Wood 1933) and they exhibit a marked 

spectral selectivity in their photoelectric emission (Pohl and Pringsheim 

1910). The critical wavelength for the onset of ultra-violet transparency has 

been calculated by Zener (1933) using the free electron theory of metals. It 

is the purpose of this note to show that the wavelength for maximum photoelectric 
emission also follows from the free electron theory. 

Actually, there is not one selective photoelectric effect, but many. A myriad 
of selective effects appear with the complex cathodes which have been developed 
for practical photocells (Olpin 1930, 1931). The spectral sensitivity of these 
cells depends in detail upon the chemical and thermal sensitization procedures 
used. Such cells will not be considered here. At the other extreme of surface 
conditions, even specular surfaces of pure bulk metal are expected to exhibit a 
spectral selectivity (Mitchell 1934, 1936). The predicted maxima are broader 
and occur at shorter wavelengths than do the experimental peaks. However, 
in view of the difficulty in preparing uncontaminated surfaces of bulk alkali 


_ metal, it is possible that the predicted effect has never been observed free of 


disturbing influences (Hill 1938). In any event, there is considerable evidence 
(Hughes and DuBridge 1932, Boutry 1936) that the distinctive selective effects 
discovered by Pohl and Pringsheim arise from a surface structure which, while 
lacking the simplicity of a specular surface, is not so complicated as that of the 
composite cathodes in commercial cells. 
In spite of large and erratic variations in the magnitude of the selective effect, 
the wavelength for maximum emission is characteristic of the alkali metal and 
varies little from cell to cell (Boutry 1936). . This is most strikingly revealed in the 
process of ‘sensitization’. Elster and Geitel (1910, 1911) found that the selective 
photoelectric yield is enormously enhanced in cells formed by exposing a fresh 
alkali metal surface to a low pressure hydrogen discharge. ‘The wavelength for 
maximum emission is the same as for Pohl and Pringsheim’s bulk metal cells 
+ National Science Foundation Postdoctoral Fellow. On leave from Dartmouth 
College, Hanover, New Hampshire, U.S.A. 
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(see table 1). The sensitized hydride cells thus exhibit, in prominent and 
reproducible form, the peaks which were accidently present in the older work on 
bulk metal. 

Elster and Geitel noticed that during sensitization the metal became coated 
with a strongly coloured film of alkali hydride. They attributed the strong 
increase in selectivity and concomitant coloration to the presence of colloidal 
alkali metal. This same assumption will be made here. Since the term 
‘colloidal’ as applied to these cells has come to be regarded more as a convenient 
name (Hughes and DuBridge 1932, p. 172) than as indicating a specific surface 
structure, it will be well to review some of the evidence which points to this form 
of coloration, as opposed to an atomic dispersal of colour and photoelectric centres. 

It is clear from the method of formation of the hydride surface that alkali 
metal will be present in excess. From the well-known behaviour of additively 
coloured alkali-halides (Seitz 1954) it is to be expected that the stoichiometric 
excess of alkali will be present either in the form of colour centres or as colloidal 
metal. Ifthe excess metal were present as colour centres the position of the peaks 
in photoemission and optical absorption would be strongly dependent upon the 
nature of the host crystal. It is found, however, that the selective peak is virtually 
identical for cells sensitized with water vapour instead of hydrogen (‘Tykociner 
and Bloom 1941). Moreover, there is no change in peak shape or position as the 
temperature is lowered to that of liquid air (Ives 1924), in strong contrast with the 
behaviour to be expected from atomically dispersed centres (Frohlich and Sack 
1947). The behaviour, in fact, is just what one expects from the coagulated 
colloidal aggregates which occur in strongly coloured unquenched crystals. 


§ 2. "THEORETICAL MODEL 

Turning now to a specific model of the hydride cell, it will be assumed that 
the electrons associated with the strong selective peak all originate in colloidal 
particles of alkali metal located on the outer surface of the hydride film. The 
hydride acts simply as a supporting surface. The colloidal particles will be 
assumed to be much smaller than the wavelength of visible light. For simplicity 
they will be assumed spheroidal in shape with the symmetry axis along the normal 
to the surface of the metal. We neglect the interaction between the colloid 
particle and the hydride surface. The metal surface behind the hydride will 
be considered simply as a reflector which serves to suppress components of the 
electric field not normal to its surface. Image effects will also be neglected. 

The probability that an electron will be ejected from the colloid particle, will, 
in general, be a complicated function of wavelength. Whatever the relationship, 
it will contain the square of the electric field inside the particle as a factor. Now 
the electric field inside a spheroidal particle E’ may be expressed in terms of the 
field outside, E. Thus (Gans 1912) 

2) E 
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where is the index of refraction of the metal and P is the depolarization factor 
along the symmetry axis. Treating the alkali metal as a mixture of bound ion 
core electrons and free valence electrons, and neglecting damping, the index of 
refraction of the metal is given by (Mott and Jones 1936) 


Ce 4Ne2 
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where N is the number of metal atoms per unit volume, e and m* are the charge 
and effective mass of the valence electrons, « is the ion core polarizability and 
w is the angular frequency of the light. Putting the index of refraction (2) into 
equation (1) one finds that the internal field E’ becomes infinite (neglecting 
damping) for light of angular frequency w, where 


: 4aNe?/m* 


==? 4n]/P+4aNa © © eters (3) 


Since other factors influencing the photoelectric yield may be considered slowly 
varying functions of frequency we identify \y)=27C/wy as the wavelength for 
maximum photoelectric emission. Equation (3) contains only one unknown 
parameter, the depolarization factor P, which depends upon the shape of the 
particles. For spherical particles P=47/3. For this case equation (3) reduces 
to wo = (47Ne?/3m)"?, if ion core polarizability and effective mass corrections 
are ignored. It is of interest to note that this relation was derived many years 
ago by Lindemann (1911). Lindemann’s formula has often been regarded as a 
useful rule (Olpin 1931) even though the reasoning behind his derivation has 
been rejected. 
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§ 3. HypRIDE CELLS 


Equation (3) has been used to compute the wavelength for peak emission for 
hydride cells assuming spherical particles. The theoretical effective masses 
calculated by Brooks (quoted by Pines 1955) have been used in obtaining the 
peak positions displaced in the fifth column of table 1. The ionic polarizabilities 
were taken from the compilation of Tessmann, Kahn and Shockley (1953). 
For comparison the observed values of the wavelength for peak emission are also 
shown. ‘The right trend is certainly evident, but all the calculated values are 
uniformly too high. This may be taken to indicate that the particles are not 
perfectly spherical. Since the particles reside upon a surface with which some 
attractive forces must operate it is natural to assume that the spheroids are some- 
what oblate, with the symmetry axis normal to the surface. In the absence of 
further information it is not possible to state what degree of eccentricity will 
exist. However, a useful further approximation may be obtained by assuming 
that the particle shape, while not spherical, is still the same for all members of 
the series. Then, using the photoelectric data for one member of the series 
to obtain P, one may compare calculated and observed values of A, for all the others. 
This has been done in the last column of table 1. The experimental value of 
A, for sodium was used to find P. The choice was made because both theory and 
experiment indicate that the effective mass ratio is very nearly unity for sodium. 
The agreement between the observed and calculated values is quite good. A 
single value of P serves to fit the entire series of alkali metals. The empirical 
depolarization factor P/47 is 0-41, corresponding to an axial ratio of 0-75. The 
fact that lithium fits into the pattern merits special notice, since the predicted 
‘effective mass ratio, 1:45, differs most from unity. For lithium other optical 
data are scanty. 

It has long been thought that an intimate connection exists between the 
photoelectric effect and optical absorption (Boutry 1936). Indeed, this was 
the motivation behind the original designation of hydride cells as colloidal. It 
is apparent that some connection must exist, since the photoemission itself 
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Table 1. Wavelength for Maximum Photoelectric Emission for 
Hydride Photocells 


3 Ao(A), eqn. (3) 

Photocathode 0 

(hydride cells) m*/m ™ 47Nea (?? Ao(A), exp. ** P/47=4 P/47=0-41 
LiH-Li 1:45 0-02 2800 3200 2900 
NaH-Na 0:98 0:13 3300 3700 3300 
KH-K 0:93 0:22 4350 5000 4500 
RbH-Rb 0-89 0:27 4800 5500 5000 
CsH-Cs 0:83 0:37 5400 6000 5400 


For bulk metal cells the corresponding peaks for maximum emission are: 2800, 3400, 
4400, 4700 and 5500 A respectively (Hughes and DuBridge 1932, p. 161). The calculated 
values were obtained using the indicated depolarization factors. "The corresponding axial 
ratios are 1-0 and 0-75 respectively (Osborne 1945). ‘ Pines (1955); ‘) Tessmann, Kahn 
and Shockley (1953); ‘) Olpin (1931). 


extracts energy from the light beam. However, even when this is a negligible 
fraction of the total absorbed light one may still expect the correlation to be 
manifest. All transitions depend, in common, upon the square of the local 
electric field, if nothing else. In the present model there should be a strong 
absorption of light due to induced currents in the colloid particle. Using the 
theory of Gans (1912) for the absorption of light by spheroidal particles together 
with equation (2) for the index of refraction of the metal one can show that this 
absorption exists and that the photoemission and optical absorption peaks should 
coincide. 

There do not seem to be any measurements on the optical absorption of 
hydride cells. However, Kaiser (1952) has observed absorption peaks in films 
obtained by simultaneous evaporation of alkali halides and alkali metal, which 
he attributes to colloidal metal deposited on the surface of the films. He finds 
absorption maxima at 3350 and 4380 angstréms for sodium and potassium 
respectively presumably corresponding to the photoemission peaks at 3400 and 
4500 angstroms in the respective hydride cells. 


§ 4. THIN Fi_ms 


The colloid theory may also be compared with the experiments which have 
been carried out on thin films. Ives and Briggs (1938) have measured the 
photoelectric response of thin films of alkali metal spontaneously deposited upon 
platinum-iridium mirrors. They analysed their data using Fry’s theory (1927, 
1928, 1932) for the absorption of light by thin absorbing films on a metal backing, 
together with the empirical optical constants which they had recently obtained 
(Ives and Briggs 1936, 1937) for this purpose. Table 2 shows Ives and Briggs 
2 Aiea wavelengths for peak emission together with their calculated 
values. 

Equation (3) may also be applied to the thin film experiment by assuming 
that the oblate spheroids degenerate into discs (P=47). The predicted maxima 
occur when 

w= 4arNe?/m*(1+47Na). eG 


This is just the Wood-Zener critical frequency, corrected for core polarization 
and effective mass. The calculated values are also listed in table Zaid he 
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differences between Ives and Briggs calculated values and those obtained using 
equation (3) arise because Ives and Briggs used empirical optical constants, 
while the free electron theory has been used here. Both treatments predict 
that peak photo-emission from thin films on a reflecting backing should occur 
at the Wood-Zener wavelength. 


Table 2. Wavelength for Maximum Photoelectric Emission 
for ‘Thin Films on Pt-Ir Mirrors 


Photocathode Ives and Briggs (1938) Equation (3) 
Observed Calculated Pi4r=1 P/47=0-85 
K 3450 3400 3200 3450 
Rb 3800 3950 3400 3700 
Gs 4000 4350 3800 4100 


Effective mass and core polarization corrections are tabulated in table 1. P/47=1 corres- 
ponds to disc of zero height. P/47=0-85 corresponds to an axial ratio 0-1 (Osborne 1945). 


Ives and Briggs consider that the discrepancy between observed and calculated 
values may be attributed to the finite thickness of the film, which they treat as a 
uniform lamina. They achieve agreement with experiment by using the thickness 
of the film as an adjustable parameter. The present treatment, on the other hand, 
treats the film as composed of numerous disc-shaped spheroids. The experiments 
of Sennett and Scott (1950) show that this is probably a more accurate picture 
of the actual state of athin film. On this assumption, agreement may be obtained, 
as before, by adjusting the axial ratio (and thus the depolarization factor) of the 
spheroids. It is significant that in the present case the assumption of extreme 
disc shape leads to too high a frequency. Assuming an axial ratio of 1/10, rather 
than zero, the predicted wavelengths become those shown in the last column 
of table 2. Again only moderate departures from the ideal shape are required 
to bring the predicted values into agreement with experiment. 


§ 5. CONCLUSION 

The selective photoelectric effect has been considered as a frequency dependent 
local field phenomenon occurring in a colloidal surface structure. Applying 
the free electron theory to the metal particles an expression for the wavelength 
of maximum photoelectric emission has been obtained. The theory is compared 
with experimental results for hydride photocells and for thin films. In both 
cases the agreement with experiment is satisfactory. 

Since the distinction between longitudinal and transverse oscillations vanishes 
for the systems considered here, it would have been possible to give the discussion 
a somewhat different appearance by treating the matter from the standpoint of 
plasma oscillations. However, it seemed preferable to approach the problem 
using the simpler concepts of the Drude theory, while relying upon its intimate 
connection with the newly developed analysis of collective modes of behaviour 
(Pines 1955) for a deeper understanding of the reasons for its success. 
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Measurement of Ionization and Attachment Coefficients in Dry Air in 
Uniform Fields and the Mechanism of Breakdown 


By A. N. PRASAD 


Department of Electrical Engineering, The University of Liverpool 
Communicated by #. D. Craggs; MS. received 13th January 1959 


Abstract. Measurements of pre-breakdown currents in uniform field conditions 
in dry air in the E/p range of 25 to 45v cm (mm Hg)~ over the pressure range 
60—700 mm Hg indicate the presence of appreciable attachment. Assuming 
dissociative attachment as the mechanism of negative ion formation, it is shown 
that the growth of current at constant E/p can be represented by the Townsend 
equation corrected for the removal of electrons from the swarm by attachment. 
From the semi-logarithmic plots of current against electrode separation, employing 
this equation the ‘Townsend ionization coefficients « and y and an attachment 
coefficient are evaluated by curve fitting techniques. From the values of 
attachment coefficient, assuming a Maxwellian distribution, attachment cross 
sections for various mean electron energies have been evaluated and agree well 
with earlier measurements. Further, static breakdown potentials have been 
measured up to pd~1200 mm Hgcm. Employing the values of «, y and 7, 
and the breakdown criterion as derived from the modified Townsend equation, 
static breakdown potentials have been derived and agree well with measured 
values, thus confirming the validity of the Townsend build up mechanism. 


§ 1. INTRODUCTION 


In the study of the mechanism of breakdown under static uniform field 
conditions in non-attaching gases, the Townsend equations, 
igs ef eae 

1—y(e*?—1) 


and 

CMe eeise ne seers (2) 
giving the growth of pre-breakdown current and the criterion for breakdown 
have been known to be very satisfactory (Llewellyn Jones and Parker 1952, 
Hopwood, Peacock and Wilkes 1956). In these equations « and y represent 
the primary and secondary ionization processes respectively, and d the electrode 
separation. 

In the case of ionization in an attaching gas, however, a new parameter (or 
parameters) is necessary in the charge transport equations, to account for the 
removal of electrons from the avalanche due to various attachment processes. 
Confining ourselves to the case of oxygen (and air), Harrison and Geballe (1953) 
and Craggs, Thorburn and Tozer (1957) have suggested that the attachment 
processes are due primarily to dissociative attachment resulting from resonance 
capture, the cross section for which has been measured to be 2:25 + 0:3 x 10-7? cm? 
at 6-7 ev (Craggs, Thorburn and Tozer 1957). In this case, defining a new 


PROC. PHYS. SOC. LXXIV, I c 


34 A. N. Prasad 


parameter 7 describing the mean number of attachments per centimetre of drift 
in the field direction, Harrison and Geballe (1953) have derived the following 
equation for the growth of current under constant field conditions : 


eel 2 gona — 1 |. bites (3) 
if, “—-7 a—1 


This obviously indicates that the semi-logarithmic plot of current against electrode 
separation is not linear and also that at comparable magnitudes of the parameters 
and «, the current tends to‘ saturate’. ‘This equation however does not consider 
any secondary process at all and implies that all current measurements should 
be confined to conditions where contributions due to secondary processes are 
negligible. Consideration of secondary processes yields the following equation. 
for the growth of current :-— 


Iq ne (a—n)d Y ue 
P| ke eed = wee pos (ent eqy) “See 
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and the corresponding criterion for breakdown as 


Ye (eed 1) =1, 

Crees hI 
The author finds that measurements of pre-breakdown currents in air over 
a wide range of pressures conform to the above theory, and demonstrate the 
presence of appreciable attachment in the E/p range of 25 to 45v cm + (mm Hg). 
From the semi-logarithmic plots of current against electrode separation, by 
a careful process of curve fitting the parameters «, 7 and y can be evaluated,. 
employing equations (3) and (4). Further, from values of 7 so obtained, using 
the known values of drift and agitation velocities, the cross section for the 


attachment process can be computed at various mean energies using the relation- 
ship 


where No is the number of molecules/cm* at 0°c and 1 mm Hg pressure and 
W and U are the drift and agitation velocities respectively. 


§ 2. EXPERIMENTAL METHOD AND RESULTS 


The apparatus used has been previously described by Hopwood 
and Wilkes (1956) and is indicated ehbetctic in Tee i It 2 aes 
consists of the following: A large ionization chamber of approximately 80 fies 
capacity which can be evacuated to 10-° mm Hg, with an apparent leak rate of 
1 p»/hour, by means of an oil diffusion pump. The electrodes are of aluminium | 
alloy, machined to a Rogowski profile, with an overall diameter of 15 cm. the 
anode being perforated and mounted on a tubular high-voltage bushin iin 
built-in quartz lenses to facilitate the ultra-violet irradiation of the tee 


The ultra-violet source is a low pressure mercur 


y discharge lamp situated di 
above the bushing and fed from a stabilized a.c. aie Fe ae eae 
photocell of Type QVA-39, incorporated in the lamp assembly, indicates variations. 


of the intensity of the lamp. The gas pressures are measured either on an oil 
manometer using silicone oil of specific gravity of 1-09 to within 0-1 mm Hg or 
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a micromanometer utilizing metal bellows as a pressure sensitive element to 
within +0-5mmHg. The electrode separation is measured to within 
+0-005 mm by means of a rigidly supported micrometer. The h.t. needed is 
supplied from an r.f. power unit and a potential divider system with a short term 
stability of 2 parts in 10000. The voltage applied to the chamber, variable in 
Steps of 20v, is calculated to 0-4% by measuring to 0-1°% the current flowing 
down the potential divider chain and using predetermined values of the resistance 
of the potential divider up to various tapping points obtained under working 
conditions to within 0-3%. 


: 


Figure 1. Schematic diagram of the ionization chamber, 


The ionization currents are measured by a balanced electrometer bridge 
comprising two electrometer triodes of Type ET1 of G.E.C. with a set of high 
stability resistances in the range 10° to 10'1 ohms on each. The values of these 
resistances were measured to within 1°% using a Weston Standard Cell and the 
electrometer circuit. A high sensitivity Tinsley galvanometer is used as the 
null detector of the bridge. By carefully balancing the heater currents of the 
two electrometer triodes, zero drift of the bridge was reduced to the order of 1 cm 
for 8 to 10 working hours, while the sensitivity of the bridge was of the order of 
3-5cmmv- input. The bridge is supplied from a set of special high stability 

atteries. 

aaa measurements were repeatedly checked for reproducibility to 
within 5%, at all pressures. The intensity of the ultra-violet lamp, as indicated 
by the output of the photocell was also carefully watched for any possible Variations. 
It was found that the discharge lamp took approximately 60 to 90 minutes to 
stabilize, after which period variations in the intensity of the lamp were negligible. 
A similar time was needed for ultimate stabilization of the h.t. unit and the photo 
emission from the cathode as well. Hence a period of 90 minutes was allowed 
as the warming up time before measurements were commenced. The air was 
never left in the chamber for longer than 48 hours, during which time the rise 
in pressure, as indicated by the oil manometer, which was used differentially 
for this purpose, was negligible. 
| . 2 
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The measurements of pre-breakdown currents were first made in cylinder 
air free from water vapour and carbon dioxide supplied by the B.O.G. Ltd. 
The air, however, was passed through a cold trap using a mixture of acetone 
and solid carbon dioxide to be certain of its dryness. ‘The experiments were 
conducted over a pressure range of 60 to 700 mm Hg (corrected to 20°c) and 
an E/p range of 25 to 60 v cm~! (mm Hg)”. Breakdown voltage measurements 
were then made at 700 and 300 mm Hg (corrected to 20°C) up to a maximum 
pd of 1190mmHgem. The cathode was then ‘cleaned’ by running a low 
pressure glow discharge in an atmosphere of oxygen-free hydrogen in the chamber 


for approximately 30 minutes. 
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Figure 2. Jonization currents in Figure 3. Ionization currents in 
dry air at 700 mm Hg pressure dry air at 150 mm Hg pressure 
for various constant values of for various constant values of 
the parameter E/p (v cm7! (mm the parameter E/p. 


Hg)~”). 


The entire range of experiments was then repeated in room air filtered over 
a plug of cotton wool and dried in a liquid nitrogen cold trap. Breakdown 
measurements were made at 300 mm Hg (corrected to 20°C). 

For the sake of brevity, (log J, d) plots at two pressures only are given in figures 
2 and 3 which exhibit curvatures characteristic of equations (3) and (4). It 
was found, however, that beyond a particular value of E/p, for each pressure, 
the curvature of the (log J, d) plot ceased to be apparent and the plot was linear, 
with an upcurving at high voltages, as in a non-attaching gas. Further some of 
the plots had an elongated S shape, indicating the simultaneous presence of 
«, 4 and y mechanisms (cf. equation (4)). (Current measurements have since 
been made in argon and indicated no curvature in the (log J, d) plots, thus con- 
firming the accuracy of the equipment and technique.) The results of this entire 
study can be broadly grouped under two headings: (a) the evaluation of the 
coefficients « and 7 and (b) breakdown measurements. It was found that there 
‘was good agreement in the values to be reported of the parameters « and m and 
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the measured values of the breakdown voltages V;, between those of dried cylinder 
air and dried room air within the experimental scatter, proving that there was no. 
difference in fundamental properties of the two types of air used. 


(a) Evaluation of « and 7. 


From the non-linear plots of (log J, d) at various pressures, the coefficients 
a and 7 were evaluated by a careful process of curve fitting, employing equation (3). 
The values of «/p obtained at pressures of 150 and 300 mm Hg agree within the 
experimental scatter and have been taken for computing the mean («/p, E/p) 
curve, as indicated in figure 4, curve (a). It is suggested that the large scatter 
in the «/p values at low E/p, particularly at low pressures, is due to the limitations 
of the technique of evaluation of the coefficients by curve fitting, when the 
amplification of the current is small and the current tends to ‘saturate’. Under 
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Figure 4. Values of «/p asafunctionof E/p Figure5. Attachment coefficient y/p 


in dry air. a, «/p values corrected for as a function of E/p in dry air. 
attachment from the present study; }, a/p a, present study; 0, earlier work 
values uncorrected for attachment from (Harrison and Geballe 1953). 


the present study; c, earlier measure- 
ments of a/p (Harrison and Geballe 
1953). 


these conditions only 7 can be evaluated with any degree of accuracy. These 
points are indicated along with those obtained at 700 mm Hg in figure 4, curve (a). 
It was found that the values of y/p for any particular value of E/p, at various 
pressures, agreed within the experimental scatter as indicated in figure 5, curve a. 
This suggests that there is no pressure effect in the attachment mechanism as 
such, thus confirming that dissociative attachment is the process leading to the 
negative ion formation in this case. The mean values of «/p and 7/p from this 
study further differ appreciably from the previous measurements of Harrison 
and Geballe (1953) which are indicated in figures 4, curve c, and 5, curve 8, for 
comparison. 

‘Apparent ’ values of «/p were evaluated from the linear plots of (log J, d) on 
the assumption that equation (1), which does not consider attachment, and hence 
represents a linear plot, was operative and are indicated in figure 4, curve }, 
where again the values obtained at 150 and 300 mm Hg were taken to compute 
the mean curve. It was found that these values, which were uncorrected for 
attachment, were consistently below those obtained from the non-linear plots 


38 


A. N. Prasad 


and further agree with the earlier measurements of Sanders (1932), Llewellyn 
Jones and Parker (1952) (see §4). Mean values of «/p (true and apparent) and 
/p from this study are summarized in table 1. 


Table 1 


Se SS Ee ee ee ee 


E/p Mean Value of a/p Mean Value of 7/p 
(v cm (mm Hg)-*) True Valuet Apparent Valuet 
25 28 Ome — 45 x10 
30 5:45 x 10-3 1:00 x 10-8 Sal Se dk OS 
(extrapolated) 

35 1:26 10 Freecall Beh Sire 
40 2-63 x 10-2 PAW) BAKORS 6:3 1x Lon 
45 4-60 x 10-2 4-0 x10~ O=/ 5c Ome 
50 a 6:40 x 10-2 — 

55 — 9-05 x 10-2 — 

60 — 1-23 x 104 — 


+ Evaluated from non-linear plots of log J against d. 
} Evaluated from linear plots of log J against d, uncorrected for attachment. 


§ 3. MEAN Cross SECTION FOR ATTACHMENT 


The mean cross sections for attachment have been computed for various 
mean electron energies from the measurements of 7/p using Townsend’s measure- 
ment of drift and agitation velocities (Healey and Reed 1941) and are plotted 
in figure 6, curve a together with recent measurements of Harrison and Geballe _ 
(1953) and Kuffel (1958) (curves 6 and c). Calculated values of cross section 
(Tozer 1958, private communication) at various mean energies for dissociative 
attachment assuming a Maxwellian distribution are also indicated. 
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(b) Breakdown measurements. 


Breakdown voltages as measured at 700 and 300 mm Hg showed no pressure 
dependence for any particular value of pd and are plotted together in figure 7, 
while table 2 summarizes the measurements of earlier work. Values of break- 
down potential have been calculated from both the linear and the non-linear 
plots of log J against d using the appropriate breakdown criteria (equations (2) 
and (5)) and agree with the measured values to within 1 to 2° as indicated in 
figure 7. ‘Table 3 summarizes the values of « (true and apparent), ds the calculated 
value of the breakdown gap and y from this study as calculated for various runs. 


Table 2 


Breakdown Potential (kv) 


pd (mm Hg cm)t (1) (2) (3) (4) (5) (6) (7) 
380 19-8 17-4 16-41 16-9 16-6 16:3 16-25 
760 31°55 31:7 30-3 30-1 30-2 29-4 29:6 
1140 — — — — 43-2 —_ 42:3 
1520 _ 59-6 57:04 B57) 55:8 — — 
t p=760 mm Hg at 20°c. (3) Bruce (1947) 
(1) Spath ) (5) Kéhrmann and Raether (1954) 
(2) Schumann Fisher (1947) (6) Llewellyn Jones and Parker (1952) 
(4) Fisher f (7) Present study. 
Table 3 
p(mm Hg V, (ky) 
at 20°c) = E/pt a/p n/p Y d,(cm) calc. meas, 
700 40 1:65 x 10-2 — 6:57 x 10-> 0-835 23-4 E57) 
38 +19 x 10-7 _ 2-5 3PahOr® 1-27 33:8 33°7 
300 45 4-25 x10 2:98 x 10-> 0-836 des dite: 
150 50 6-155 10% — 2:48 x 10-4 0:902 6:76 6:7 
45 4-4 x10 6:8 <1 0s ee oooe LO 1-663 ille23 11-2 
60 60 ieLo5al Os — 2:02 x 10-3 0:89 S07 3:2 
50 So) Seas — 4:13 x 10-4 2-205 6:615 6:6 


+E/p in units v cm (mm Hg) 


§ 4. DISCUSSION 


The discrepancy in the «/p values from the linear and the non-linear plots 
of log J against d can be explained from the following considerations. From 
equation (3) the slope at any particular value of electrode separation, d, of the 


log J against d plot is 


9 (log I) _ a land ; 
Odie © [a/(a=qyyee = 4/ (a= 9) 


When the magnitudes of « (and or d) are such that 


% ela-md sy 
a= toe bn Toes 
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the above equation can be approximated to a constant (=a—7). The interpreta- 
tion, however, of the slope at medium values of « is complex and the slope does 
not represent any simple quantity. Further when « is large compared with 7, 
the curvature of the plot is apparent only at small electrode separations (d<1 cm) 
and hence if the plot is confined to electrode separations greater than 1 cm, 
the straight line drawn through the points is apt to represent a quantity of the 
order of a—7 and the extrapolated value of the current would not represent 
the true value of J). The former conclusion is borne out from the present 
measurements and explains the observed linearity of the (log J, d) plots. ‘The 
‘apparent’ values of «/p from the linear plots in the E/p range of 35 to 
45 vy cm! (mm Hg) agree with those of («—7)/p from the non-linear plots 
(of table 1 and figures 4 and 5). This could not be tested for the apparent values 
of «/p for E/p >45, since the measurements of true values of «/p were available 
only up to E/p=45. There is however a pronounced gap between the extra- 
polated values of the true («/p, E/p) curve and the apparent («/p, E/p) curve. 

Regarding the criterion for breakdown, however, consideration of a ‘linear’ 
plot with the slope of «—7 yields 


y (eva = 1) — 1 


as the criterion, whereas the true criterion is given by equation (5). In the latter, 
since «/(«—7), when «> v7, is of the order of unity, there is no appreciable error 
in ds, the calculated value of the breakdown gap. Hence the breakdown voltages 
calculated from the linear plots would yield nearly correct values, as borne out 
in the present study and the earlier work of Llewellyn Jones and Parker (1952). 

The satisfactory agreement between the values of the cross section for 
attachment from this study, and the recent measurements and the calculated 
values, and the absence of any pressure effect in the 7/p measurements in this 
study, justifies the assumption of the dissociative attachment being operative 
under the conditions of present study. Further no ‘ upcurving’ at low values of 
E/p in the (n/p, E/p) curve has been observed in the present study, contrary 
to the earlier measurements (Harrison and Geballe 1953) (figure 5) and the cross 
section values at these values of E/p agree well with the recent measurements 
of Kuffel (1958) on a modified Bradbury apparatus, as shown in figure 6. 


§ 5. CoNCLUSIONS 


The good agreement between the measured and calculated values of break- 
down potential confirms the view as held by the previous workers (Llewellyn 
Jones and Parker 1952, Bandel 1954, Fisher 1956) that the static breakdown in 
air is brought about by the Townsend build-up processes up to a pd of 
1200 mm Hg cm and that no new mechanism need be postulated to explain the 
breakdown in air. Further the author submits that dissociative attachment is 
appreciable in air up to pressure of the order of one atmosphere and that the 


values of «/p evaluated from linear plots of log J against dare apt to be in appreciable 
error unless corrected for attachment. 
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Noise Spectra of a Probe in a Hot-Cathode Discharge 


By CHATAR SINGHTt 
Department of Physics, University of Malaya, Singapore 


Communicated by 7. A. Ratcliffe; MS. received 24th February 1959 


Abstract. Measurements have been made with a floating and a biased probe of the 
low-frequency noise which occurs in hot-cathode discharges through mercury 
vapour at low pressures. As previously reported by Cobine and Gallagher, and 
Martin and Woods, the spectrum is continuous but there are no superimposed 
peaks of oscillation. The spectra agree with that of the tube noise in their general 
shape. It has been shown that the primary electrons from the cathode are not 
essential for the noise to be recorded from the probe. 


§ 1. INTRODUCTION 

o w-frequency tube noise emanating from low-pressure gas discharges has been 
L investigated by Cobine and Gallagher (1947 a), Martin and Woods (1952), 
Thong Saw Pak (1955) and others. ‘The noise spectrum extends up to 
frequencies of several megacycles per second; above 10kc/s there is a rapid 
decrease in amplitude with increase in frequency. Integrated noise at a floating 
probe, i.e. one which is at the potential of the tube wall, and a biased probe has been 
measured by Thong Saw Pak (1954, 1955) and its relationship with the probe 

characteristic curve established. 

The present investigation was undertaken primarily to analyse the frequency 
spectrum of the discharge noise at a floating and a biased probe, for the collecting 
plate perpendicular to and along the anode—cathode line, with the probe shielded 
and unshielded; secondly, to see if this spectrum bears any relationship with that 
of the tube noise; and finally, to find out the possible source of the observed noise. 


§ 2. EXPERIMENTAL ARRANGEMENTS 
The experimental tube, which contained mercury vapour at pressures between 
2x 10-® and 2 x 10-* mm Hg, is shown in figure 1. The vacuum was maintained 
by an oil-diffusion pump backed by a Speedivac high vacuum rotary pump. The 


Figure 1. The discharge tube. a, anode; c, cathode; p, probe; s, shield; m, movable 
probe device; v, to vacuum train. 


+ Now at Cavendish Laboratory, Cambridge. 
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anode was a hollow nickel cylinder open at both ends, 3cm long and 2:5cm in 
diameter. ‘The cathode was a 200 micron tungsten filament, 2cminlength. ‘The 
cathode was about 37 cm away from the anode and current saturation was obtained 
at approximately 40 v. The probe was a nickel plate 8mm square and 0:-2mm 
thick, spot-welded edge-on to a 0-3 mm tungsten wire which was in turn spot- 
welded to a 1mm tungsten rod. The tungsten wire and rod were electrically 
shielded by a glass sleeve. ‘The end of the tungsten rod was silver-soldered to a 
slide rod of a movable-probe device which permitted forward and backward 
motion of the probe. The probe collector plate was about 5 cm from the anode. It 
could beset at any desired angle to the anode—cathode line by rotating the ground- 
glass cone which carried the movable-probe mechanism. The probe shield was 
made of 0-2mm nickel plate bent into a U-shape. Its dimensions were 
1-5cemx1-5cmx0-5em. The shield was soldered to the slide rod of another 
movable-probe device. ‘The probe could be shielded completely by advancing 
the U-shield sufficiently. 

Accumulators were used for the h.t. and the I.t. supplies, in conventional tube 
and probe circuits. ‘The anode was earthed. The circuit for obtaining the tube 
noise spectra was connected directly to the cathode. ‘The output leads of the 
probe were connected to a two-pole four-way switch to give the required selections 
of a floating or a baised probe to the cathode-ray oscilloscope or the noise analyser. 
A Furzehill cathode-ray oscilloscope, type 0-100 was used, which gave a uniform 
response to within 0-5 dB in the frequency range of 0 to 1 Mc/s. 

Two analysers capable of covering the frequency range of 30 c/s to 1 Mc/s were 
used to obtain the noise spectra. The first was built on the lines of Scott’s 
harmonic wave analyser (Scott 1938). This circuit consisted of a straightforward 
three-valve amplifier with inverse feedback from the output to the input. A 
parallel-T resistance—capacitance network was used in the feedback loop. The 
feedback network balanced at a null frequency equal to (27RC)—. This analyser 
covered a frequency range from 30c/s to 10kc/s. For frequencies up to 1 Mc/s 
an extension was built which could be attached to the first analyser. ‘The circuit 
was identical with a superheterodyne circuit used by Cobine and Curry (1946). 
The heterodyne system used the first analyser as a tuned detector set at 2 kc/s. 

Following the practice of other workers on this subject, the noise level has been 
expressed in decibels relative to a zero level of 10 wv/(ke/s)*?. 


§ 3. EXPERIMENTAL RESULTS 

With the hollow cylindrical anode, a very stable discharge was obtained 
and the tube was filled with plasma. 

The results of Martin and Woods (1952) and Thong Saw Pak (1955) 
concerning the relationship between integrated tube noise and the tube 
characteristic curve were confirmed. Noise was found to be generally high 
in the non-saturated part of the characteristic curve. 

The low frequency tube noise spectra agreed with those reported by Cobine 
and Gallagher (1947 b) and by Martin and Woods (1952) in their general shape 
and noise level, but differed strongly in that there were no large amplitude 
oscillations superimposed on the random noise. A typical example is given in 
figure 2, set A, c. 

The results of Thong Saw Pak (1954) concerning the relationship between 
the tube characteristic curve and the integrated noise from a floating probe in a 
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current-saturated discharge were confirmed and extended in several respects. 
In the infra current saturated region of the tube characteristic, the tube noise 
level was greater than that of the floating probe. As current saturation set in, 
the tube noise died down and the noise of the floating probe started to build up 
rapidly until it reached a maximum and then remained fairly constant up to the 
highest voltages applied, 480 v. The noise level at a floating probe was measured 
SetB SetA oy 

dB dB uv({kc/s) 

0 


20 10° 10° 10 10° 


Frequency (c/s) 
Figure 2. Set A, comparison of the unshielded floating probe noise spectra with tube 
noise, c; set B, noise spectra of the unshielded biased probe at three different probe 
potentials. (Z=zero level of instruments). 


Set A Set B —— 

a b c a b c 
Room temperature (°c) 27°8 29-Oigee 28:0 23 28-5 29-0 
Filament current (a) 4:64 4-38 4-45 3:25 4°55 4-42 
Tube voltage (v) 160 140 56 310 244 78 
Tube current (ma) 68-4 44 56 8-6 8-8 4-9 
Probe voltage (v) — a — —88 —1t0-7 —21:0 
Probe current (ma) — — — 0-7 0:5 0 
Probe position perp. par! perp. peak space wall 


(00 


s 


& 


Noise (dB) 


0 40 


80 120 160 200 240 280 320 360 400 
Tube Voltage 
Figure 3. Noise curves from a floating probe; a, 6, unshielded probe in perpendicular 


and parallel position respectively; c, d shielded i i 
a ; : > ¢, probe in perpendicular an 
position respectively; e typical tube characteristic curve. on isa 


Room temperature = 27-0°c; filament current = 4-5 amp. 
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for different orientations of the collector plate, with the plate shielded and 
unshielded. It was found that the noise picked up was a maximum when the 
plate was perpendicular to the anode—cathode line and when it was not shielded. 
Figure 3 shows a set of noise curves from a floating probe. 

With the floating probe in the ‘ perpendicular’ and ‘parallel’ positions, the 
noise from the current saturated discharge again had a broad continuous spectrum 
without any superimposed peaks. The spectrum extended from audio frequencies 
into at least the megacycle region. A general decrease in noise level was observed 
when the probe was in the parallel position and when the collector-plate was 
shielded, otherwise the spectra were identical. The application of two widely 
differing tube voltages also did not alter the general shape and level of the spectra. 
Figure 2, set A, shows the striking similarity in the general shape of the tube noise 
spectrum and the floating probe noise spectra for the unshielded collector plate 
in the perpendicular and parallel positions. 

Additional results were obtained by using a biased probe. The results 
reported by Thong Saw Pak (1954) concerning the relationship between the 
probe characteristic curve and the integrated noise at a probe for different values 
of the probe bias were confirmed and extended by shielding and orientating 
the collector-plate at various angles to the anode-cathode line. The probe 
characteristic curve was parallel to the voltage axis from — 160 v to wall potential, 
—30v. Between wall and space potential there was a gradual increase in the 
current but after space potential the curve rose very steeply and continued rising 
even after the probe had taken over the discharge. 

For the probe in the perpendicular and parallel positions, the noise curve 
was practically flat for large negative bias (~ —140v). As the probe in the 
perpendicular position was made more and more positive a small drop in noise 
level was followed by a steep increase on approaching wall potential. The 
noise attained a maximum value at space potential and remained steady until the 
probe took over the discharge. No striking difference was observed on shielding 
the probe. However, an interesting observation was made with the probe in 
the parallel position. A sharp and well-defined noise peak which did not alter 
on shielding the collector-plate appeared at approximately the wall potential. 
A typical example of the above observations is given in figure 4. 

Figure 2, set B, shows the noise spectra of the biased probe (perpendicular 
position) taken at wall potential, at space potential and at the noise maximum 
just past the space potential. Note that even the noise at a probe biased to different 
potentials has a broad continuous spectrum without a single oscillation peak. 
These spectra agree with that of the tube noise spectrum in their general shape. 
The noise spectra of the probe at space and wall potentials have a lower noise 
level but the amplitude decreases more rapidly at the transition frequency region. 

A second set of spectra were obtained at the same three positions mentioned 
above but with the probe rotated through 90°. The spectra were again continuous 
and similar to that of the tube noise. Even shielding the collector-plate made no 
difference to their general shape though there was a decrease in the noise level. 

In an attempt to find if the primary electrons from the cathode were responsible 
for the noise at a probe, the probe was made more negative (— 160 v) than the 
applied anode voltage (70 v). No electrons emitted by the cathode could then 
reach the probe’s surface. On comparing the spectra obtained with that of the 
tube noise it was found that there was no clear-cut difference between these. 
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However, the fact that the noise persisted at the probe and had a spectrum similar 
to that of the tube noise, suggested that reception of the direct primary electrons 
at the probe was not essential for the noise to be recorded from the probe. 


to 
o 


Probe Noise (dB) 


-160 -120 -80 -40 0 40 
Probe Voltage 


Figure 4. Noise curves of a shielded biased probe in the a, perpendicular and 4, parallel 


position. 

a b 
Room temperature (°c) 28°8 28:1 
Filament current (A) 4-43 3:93 
Tube voltage (v) 330 dod 
Tube current (ma) 40-0 17-9 
Wall potential, W (v) —29-5 — 32:5 
Space potential, S (v) — 21-0 — 13-0 


§ 4. Discussion 

The work has confirmed and extended the experimental results of previous 
workers. 

A floating probe is about 15v negative to space potential and has an ion sheath 
surrounding its collector plate. The vibration of this ion sheath could possibly 
be responsible for the noise. From results obtained by placing a probe close 
to the cathode, thereby increasing the number of primary electrons reaching the 
collector, Thong (1954) concluded that the ion sheath surrounding the floating 
probe in a current-saturated discharge was being disturbed by the bombardment 
of the direct primary electrons from the cathode. The observations now made 
of the integrated noise at a floating probe (perpendicular position) shielded to 
cut off the direct primary electrons from the cathode suggest that the direct 
primary electrons are not responsible for disturbing the probe ion sheath, since 
the integrated noise curve obtained was similar to that of an unshielded probe, 
apart from the initial drop of about 20 ds. Further evidence for this was obtained 
on comparing the noise spectra of a shielded floating probe with that from an 
unshielded one, operated under similar conditions. With the probe biased to a 
negative potential greater than that of the anode, a noise spectrum not much 
different from that of the tube noise or noise from an unshielded probe was 
obtained. ‘This gives further weight to the view that the noise at a floating or 
biased probe does not arise from the probe ion sheath being disturbed by bombard- 
ment from the direct primary electrons emitted by the cathode. Instead, it is 
Suggested that the ion sheath is caused to vibrate by a series of irregular pulses 
from, or transmitted by, the surrounding plasma. 
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As already stated it was observed that shielding and orientating the collector 
plate of a floating probe caused no difference in the general trend of the integrated 
noise curves. ‘This suggests that the mechanism causing the probe ion sheath to 
vibrate and produce noise was effective from all directions. Again it also leads 
one to suppose that the fluctuations of the space charge potential in the homo- 
geneous plasma surrounding the probe are responsible for the disturbances, or 
that the plasma assists in transferring the actual mechanism actuating the probe 
ion sheath. ‘This latter view would be compatible with the vibration of the ion 
sheath between the tube wall and the plasma being a possible source of the dis- 
turbances (cf. Gabor, Ash and Dracott 1955). 

The close similarity between the noise spectra froma probe biased to 
space potential and to wall potential, which is effectively the potential 
of the floating probe indicates that there is only one type of noise 
affecting the probe in the two positions. Comparison of the tube noise spectrum 
with the spectra obtained from a floating and a biased probe in the perpendicular 
and parallel positions again reveals the close similarity in their general shape and 
regions of transition frequencies, thus indicating that the noise at the probe 
resembles that across the discharge electrodes. It is suggested, therefore, that 
plasma space charge fluctuation could cause the discharge noise, both across 
the tube and at the probe. 
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The Critical Stress for the Production of Pressure Crack Figures on 
Diamond Faces 


By V. R. HOWES 
Royal Holloway College (University of London), Egham, Surrey 


Communicated by S. Tolansky; MS. received 3rd March 1959 


Abstract. In recent papers static impact tests carried out on different diamond 
surfaces have been described. Here the quantitative results from these experi- 
ments are collected together and are then compared with theoretically derived 
values for the critical average stress for cracking to be initiated on the different 
diamond surfaces. 

Both theoretical and experimental results show that the octahedral face is less 
resistant to cracking than the cubic face; but theoretical values obtained are of the 
order of 100 times greater than the corresponding experimental values. 

This, together with other considerations, is thought to indicate experimentally 
some sort of flaw distribution in diamond. 


§ 1. INTRODUCTION 


N recent investigations (Howes and Tolansky 1955, Tolansky and Howes 1957) 
] static impact experiments have been described which have been carried out 

on different diamond surfaces, with the consequent production of pressure 
crack figures on the faces. From these experiments average pressures could be 
directly deduced and, from the values of load and area for the particular condition 
at which the crack figures were initiated, the corresponding critical average 
stresses could be found. 

In the earlier experiments the load was applied first and the surface studied 
after its consequent removal, no areas of contact being measured. Here the 
quantity calculated was called the nominal average stress for the production of 
cracking and this is defined as being the maximum load applied divided by the 
greatest surface crack area for any particular test. In later experiments observa- 
tion was possible during the application of the load so that the value of the load and 
the area of the circle of contact could be evaluated at the precise moment when 
the crack figure first appeared. Here the calculated quantity is called the real 
critical average stress and is the load at the initiation of cracking divided by the 
corresponding circular area of contact. 

It would be possible to derive from this experimental value a fundamental 
physical quantity by making the necessary theoretical assumptions, but it has been 
thought better to compare directly the experimental critical average stress value 
with a corresponding theoretical one derived from fundamental physical data by 
using certain theoretical assumptions. 

In the derivation of a theoretical value for the critical average stress, the main 
assumption made is that the stress field in diamond below the circular area of 
contact of a sphere on the diamond face is isotropic, conforming with the 
theoretical stress field derived by Hertz. The value derived will be approximate 
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only, but at least should be of the right order of magnitude and on this basis can be 
compared with the experimental results. 


§ 2. ‘THE THEORETICAL DERIVATION 

It has been definitely established (Howes and Tolansky 1955) that whatever 
face of diamond is slowly impacted, the cracks form along the intersections of (111) 
planes with the face, i.e. the initial cracking is in the (111) planes of easy cleavage. 

Ramasesham (1946) calculated the cleavage energy per unit area for different 
planes of diamond, using a value of the c-c bond energy of 6:22 x 10-™ erg 
(Harkins 1942). For the (111) plane this energy was found to be 11330 ersicms. 

Now, after Orowan (1948-9), where fracture begins the critical fracture 
(tensile) stress o¢ is obtainable as follows: 


cleavage energy = elastic energy available for tensile fracture 
= energy density x volume 


hence e=to,"7/E x (1x a) or oo? = 2Eela 

where E is the Young’s modulus, a is the atomic spacing, and e is the cleavage 
energy of the surface of fracture; for diamond ais 1-54 A (Bragg and Bragg 1913), 
and e is 11 330erg cm~ for a (111) plane. The elastic constants of diamond 
given by Bhagavantam and Bhimasenachar (1945) are c,,=9°5, cyg=3-9 and 
€4,=4:3 x 10? dyncm~*; and from these, the Young’s modulus perpendicular toa 
(111) plane, i.e. along the diagonal of the cubic cell is 10-2 10%dyn cm~*. By 
inserting this value for E in the above equation, a value of 3-8 x 10!2dyncm~? is 
obtained for the (111) cleavage stress of diamond. 

To derive from this quantity a value of the critical average stress, the Hertzian 
stress field (Hertz 1881) for a sphere pressing on an isotropic material has to be 
assumed for an anisotropic crystal—diamond—under similar pressure. Making 
this assumption, the maximum tensile stress which will occur at the perimeter of the 
area of contact will act parallel to the undisturbed surface and will have the 
value given by the equation (Timoshenko 1934) 


MTS =} (1—2v) pp 


where v is Poisson’s ratio and py is the pressure at the centre of the area of contact, 
and is equal to 3p/2 where p is the average pressure applied. For diamond, 
~Poisson’s ratio is 0-3, i.e. Cy9/(Cy, + C2) = 3°9/13-4; this gives MTS=0-2p. 

By considering the critical value when fracture occurs and remembering that 
it occurs not in the direction normal to the surface where the tensile stress is 
maximum, but along (111) planes inclined to this normal, then by applying 
Sohncke’s law, it is seen that the cleavage stress is 


oc= (MTS) sin? 8 


hence og =0-2pesin? 4 and pe= 19 x 101?/sin?@dyncm~ where 4 is the angle of 
inclination of the (111) plane to the particular diamond face concerned. 

Thus, for the octahedral face where 0 = 70° 32’, the calculated theoretical value 
for the critical average stress pc is 21 x 1012 dyncm~, for the cubic face (9 =54° 44’) 
pc is 29 x 10% dyncm~, and for the dodecahedral face, where there are two sets of 
intersecting (111) planes, pce = 19 x 1012 dyncm~ for the set for which @ is largest, 
i.e. 90° (the other value of @ is 35° 16’). 
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§ 3, EXPERIMENTAL VALUES FROM THE Various TESTS 


The numerical data derived from the experimental tests on diamond are 
collected together in the table. 

Similar experiments using a tungsten carbide ball of 1mm diameter on glass 
surfaces gave critical average stress values of between 200 and 250 kg mm™, 
which, compared with the value of 1100 kg mm for the octahedral face of diamond 
shows the latter to be about five times more resistant to pressure cracking than glass. 

Itis seen from the table that the octahedral face is the least resistant on diamond, 
the real critical average stress being two and a half times less than that for the 
truncated cubic face in comparable tests. 


§ 4. DiscussION 


Both experimental and theoretical results indicate that the cubic plane has 
greater resistance to cracking than the octahedral. ‘The results for the dode- 
cahedral plane are less definite, experimentally because only a value for the nominal 
critical average stress was obtained, and theoretically because of the complication 
of there being two sets of intersecting (111) planes at different angles to the face, 
the onset of cracking being influenced presumably by the stress conditions at both 
sets. 

From the tests with a diamond ball it is seen in comparison that the ratio of the 
theoretical to the experimental values for the critical average stress is 150 for the 
octahedral face and 90 for the cubic plane. ‘Thus the theoretical resistance to 
cracking of diamond is of the order of 100 times greater than the experimental 
value obtained. 

This may have significance when it is remembered that similar strength 
discrepancies in other materials have been explained by the supposed presence 
of localized surface and body weaknesses, e.g. Griffith cracks in the case of glass, 
and dislocations in cases of materials with a crystal structure. 

There are two other indications of a possible flaw distribution ; on the diamond 
octahedral face the critical average stress was found to be 1-4 x 10! dyncm~? in the 
diamond ball test, and 1-1 x 10" dyn cm? in the tungsten carbide ball test. There 
is no definite reason why the latter value should be less, but it is notable that the 
pressure figure in this case is very much bigger than in the diamond ball test (i.e. 
the area of contact was bigger before cracks occurred, due to the greater elastic 
deformation of the tungsten carbide ball); this is a possible indication that the 
strength of the surface, found experimentally, depends upon the scale of the 
experiment—analogous to the strength-area relationship well known in strength of 
glass testing, due to the Griffith crack distribution (Haward 1949). Also it has 
already been noted elsewhere (Howes and Tolansky 1955) that the pressure figures 
formed on diamond faces are initiated at one point, which thus must be weaker 
than surrounding points on the surface. 

It is seen above that there is some evidence which indicates the distribution 
over the diamond surfaces of some type of localized flaw. _ If this is valid, then it is 
important to note that the cubic plane, for which experimental values are given 
above, is an artificial face produced by truncating an octahedral stone by sawing 


and polishing ; so that localized weaknesses in this surface would have been within 
the body of the original octahedral stone. 
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Abstract. ‘The thermal changes accompanying the magnetization of specimens 
of iron and 0-5% silicon-iron and of a single crystal of 2:7% silicon—-iron were 
measured by the direct method in fields between +1000 oersteds. Agreement 
with the Stoner and Rhodes theory was found for the range 1000 to 20 oersteds. 
The coefficient a of their notation was measured for each specimen; for the 
single crystal specimen the coefficient b was found from a comparison of the 
theoretical and the experimental magnetization curves taken at two different 
temperatures. An estimate made of the effect of including the anisotropy 
coefficient K, in theoretical calculations showed it to have little effect in the case 
of iron at room temperature. 

An alternative, indirect, method of making magnetothermal measurements 
was devised for use with the single crystal specimen. In low fields measurements 
by the direct and indirect methods do not agree and it is not possible to give a 
reliable account of magnetization processes in these regions. 


§ 1. INTRODUCTION 


HILE much yaluable information has been obtained over a long period 
concerning the magnetothermal behaviour of iron, nickel and cobalt 
and their alloys, considerable experimental difficulties have been 
encountered in the case of iron and silicon-iron (Bates and Healey 1943). More- 
over, several physical properties, known to be necessary for a full analysis of the 
magnetothermal measurements, were not measured with the actual specimens 
used in earlier measurements, and it appears that the field range employed in 
them was too restricted (Bates and Marshall 1953). 
We therefore considered it worth while to make new measurements on a 


~ specimen of iron of greater purity than any previously used in such work, obtaining 


data for proper analysis from experiments on the specimen itself, and employing 
fields up to 1000 oersteds, so that technical saturation was definitely exceeded. 
Due to improved techniques, the accuracy of the new measurements is much 
greater than that of earlier work. At the same time, we have repeated the work 
of Bates and Marshall on their specimen of 0-5% silicon-iron over a greater 
field range. We have also made measurements with a single crystal specimen of 
2:7% silicon—-iron magnetized along a difficult direction of magnetization; in 
fact, this work preceeded that of Bates et al. (1957) who used a 3-5% specimen 


magnetized along an easy direction. . 
The analysis of magnetothermal measurements made with polycrystalline 


- metals is complicated because the various magnetic processes are superimposed. 


7; 


With a single crystal it may be arranged that practically only one process occurs 
in a given field, so that the measurements may be more readily interpreted. 
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Prior to our work, no previous magnetothermal measurements had been made 
on single crystals, except those by Okamura (1936) on a single crystal of iron. 
Unfortunately, he recorded insufficient data for an adequate comparison of his 
results with modern theory. 


§ 2. DETAILS OF SPECIMENS 


The specimen of iron was in the form of a rod 40 cm long and 0-414 cm in 
diameter. It was kindly supplied by the British Iron and Steel Research 
Association and was stated to contain 0-001% C, 0-002% Si and 0-01% Ni as 
impurities. The 0-5% silicon-iron specimen was the rod 37-9 cm long and 
0-487 cm in diameter used by Bates and Marshall. The 2-7%, silicon—-iron single 
crystal specimen consisted generally of two strips, placed side by side, cut from a 
large single crystal in a sheet of transformer iron; each strip was 21-5 cm long, 
0-35 cm wide and 0-024 cm thick. As shown in figure 1, the long axis of the 


\ Plane of 
60° crystal surface 


Figure 1. Orientation of single crystal specimen. 


composite specimen was inclined at angles of 32-5°, 61° and 76-5° to the three 
[100] directions of easy magnetization, 22° from the nearest [110] axis and 
25:5° from the nearest [111] axis. ‘The orientation of the surface of the specimen 
is shown in the figure, where the direction A on the plane of this surface gives 
the direction of the long axis of the specimen. All the specimens were in the 
annealed state, so that irreversible heating was small and confined to low fields. 

The magnetization curves were obtained by the usual induction coil and 
ballistic galvanometer method, using a long water-cooled solenoid to produce 
the magnetizing fields. The demagnetization factors for the above three 
specimens were respectively 4-7 x 10-$,.7-0x 10-8 and 1-410? per strip. 
The relevant portions of the magnetization curves, corrected for demagnetization 
field as the applied field was reduced from 1000 oersteds to zero, are shown in 
figure 2. The curve labelled 3 a was calculated for the single crystal specimen 
by the method of Lawton and Stewart (1948). In the section from the origin 
to the point A domain wall movements occur in such a way that at A three types 
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of domain exist, each with its magnetization vector pointing along the [100] 
direction nearest to the applied field. In the section from A to B the three vectors 
rotate towards the [111] direction. At B only two vectors are left, and in the 
section from B to C these rotate towards the direction of the applied field. Finally, 
in the region of C there is a small section in which only one vector rotates. ; 


1800 


1600 


0 200 800 1000 


400 600 
H (0e) 


Figure 2. Magnetization curves for 1000 Oe cycles: 1, pure iron ; 2, 0:5% silicon-iron; 
3, single crystal 2-7% silicon-iron; 3a, theoretical curve for single crystal with 
I,=1606, K,=3-9 x 10° erg cm and K;=4K,. 


As Lawton and Stewart assumed that the demagnetizing factor in the direction 
perpendicular to the long axis of their specimen was 27, exact agreement between 
the calculated and the experimental curves is not to be expected. Nevertheless, 
in the three-vector region, for fields below 180 oersteds, the two curves coincide 


reasonably well. 
Curve 3 a was calculated from the equation 


nti) on 0 


where K, and Ky are the first and second order anisotropy constants, respectively. 
A table of values of f,(Z/J,) and f,(Z/I) for a crystal when the field is applied along 
the [110] and [111] directions, respectively, and when the field is applied parallel 
to the long axis of the crystal used in the present work, is given in Appendix I 


(cf. Lawton and Stewart 1948). 


§ 3. 'THERMODYNAMICAL CONSIDERATIONS 


The thermal change AQ’ in erg cm~? which accompanies a reversible change 
in magnetization d/, was shown by Stoner and Rhodes (1949) to obey the equation 


AQ'=a| d(H) +b| Hal, et) 
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In this equation 


5 EES » BENS 
Sots iagT and b= op 


where K is the appropriate anisotropy constant. ‘The first term on the right in 
equation (2) represents the thermal effect due to changes in intrinsic or spontaneous 
magnetization, and may be termed the intrinsic effect. The second term 
represents the thermal changes due to rotation of domain magnetization against 
the crystal anisotropy. If the coefficient a is known, the intrinsic effect may be 
subtracted from the observed thermal change AQ’ to leave the effects due to the 
remaining magnetization processes ; and these, in general, are not those of rotation 
alone. 
Accordingly, we define the quantity Op", where 


AQ,” =A0,'—4 | HE pa en ee (3) 


O,’ being the reversible part of the experimentally observed thermal change. 

We also define the quantity b”, the experimental counterpart or equivalent of the 

theoretical coefficient 6, such that AO”=[b"HdI,. In practice, b” varies with 

Ff ; ase ge may test the applicability of the Stoner and Rhodes theory by comparing 
”" with b. 

In Appendix II the effect upon 6 of the inclusion of the second anisotropy 
constant K, is calculated by a method which, while less general than that of 
Teale and Rowlands (1957), is more conveniently applicable to our work. 
It is found that © 


ie Ky fe(/Lo) . 
b= b+ REC) + Kofi) O23) 


where 
; PLONE ted atic, aaa 
er Coes ae Hung 1 Ay: oT d bs= Kor pee te 


The variation of b/b, with field strength was calculated for the single cnet 
v ) givection. The cen curves, Aand B Biscuit 


specimen as used here, and also for a crystal with the field. ae ann toa 


) 
| 
. 
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curves show that it is unlikely that the effect of K, will be apparent in the experi- 
mental measurements described below. 


§ 4. Direct THERMAL MEASUREMENTS 


Thermal measurements were made on the three specimens by the direct 
method normally used in Nottingham. By means of 20 thermojunctions 
attached to the specimen, the temperature changes were recorded as it was taken 
step by step round a hysteresis cycle. Small reverse steps were also taken 
(Bates and Sherry 1955) to enable the separation of reversible from irreversible 
thermal changes. For convenience, these are expressed in erg cm. Calibra- 
tion of the system was effected by the method of loading and also by electrical 
heating. ‘The former method requires a knowledge of the coefficient of linear 
expansion «, and the latter a knowledge of the resistivity p; these quantities were 
measured on the actual specimens and the data are recorded in the table. The 


(1) (2) (3) (4) (5) (6) (7) (8) 
Iron 520 0-037? 0-038 —0:348  —0-29 10-9 9-9 
0-0394 
0:5% Si-Fe 50-0! 0-0434 0-044 — (0:3 Jm om cblst 174 
2-7% Si-Fe 38-5! 0-046# 0-047 —0:374 —0-39 11-0 36 


Single crystal 39-2? 


(1) Material; (2) K,x10- 4(erg cm=3); (3) (T/D@l)/e¢T; (4) a from thermal curve; 
(5) (T/K,)@K,/¢T; (6) 6 from thermal curve; (7) «x 10® (deg); (8) px 10° (ohm cm). 

1'Tarasov (1939); ? Weiss and Forrer (1929); *® Honda, Masumoto and Kaya (1929) 
as analysed by Czerlinsky (1932); + present work. 


calibration constants found by the two methods were in good agreement, the 
sensitivity of the system being 26-8 and 27-0 erg cm~? per mm scale deflection 
for the pure iron and the silicon—-iron specimens respectively. In the case of 
the single crystal specimen only 10 thermojunctions could be attached to the 
thin specimen and the sensitivity was 220 in the same units. 

The rate of change of the saturation magnetization with temperature was 
measured, by a method similar to that of Weiss and Forrer (1929), in order to 
obtain the coefficient a. A value of this coefficient for iron was also deduced 


_ from the linear graphs of the specific magnetization o against T? given by these 


eel 


authors; using the relation 
dl oaes 2h 


lei Tie ened I) 

the value found was 0-037 + 0-002 for the two specimens of iron used by them. 
This is distinctly higher than the value 0-034 assumed in earlier work (cf. Bates 
and Marshall 1953). a 

A value of K, was obtained by comparing the calculated magnetization curve 
with the experimental curve in the case of the single crystal specimen. In 
addition, a value of 6 was obtained by comparing magnetization curves at 20° 
and 100°c with the theoretical curve, over the range 0 to 180 oersteds, where 
agreement between experiment and theory was closest. he results are given 
in the table, with results obtained by other workers for comparison. 
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The thermal measurements are reproduced in figures 4, 5 and 6. By con- 
vention we record only the measurements made in one half cycle as the field is 
reduced from its maximum (negative) value to zero, reversed, and then increased 


Figure 4. Thermal curves for pure Figure 5. Thermal curves for 0:5% 
iron for 1000 Oe cycles; a=0-0385, silicon—iron for 1000 Oc cycles; 
b= —0-29. a=0-044, b= —0°37. 


is Bee a) SI ine od R51 


Rircce i) Thermal, eves for aingic 
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the curves Q,’ give the total thermal changes after correction for eddy current 


heating. lhe irreversible contributions are shown jn figures 7(b) and 8 (bd) 
respectively. ) 


4 Q(erg cm-) 


Figure 7. Thermal curves for pure iron Figure 8. Thermal curves for 0-5% 
for 20 Oe cycles; (a), experimental silicon-iron for 20Oe cycles: (a), 
results; (5), irreversible contribution; experimental results; (5) irreversible 
(c), Op” curves. contribution; (c), Op” curves. 


By assuming suitable values for the coefficients a and 6 a very good fit may 
be obtained between the calculated results obtained from the Stoner and Rhodes 
expression and those obtained by direct experiment for fields greater than 
50 oersteds. In fields less than 30 oersteds, as shown in figures 7 (c) and 8 (c), 
there are very marked depressions or ‘dips’ in the curves of Q,” against field 
which are apparently due to domain wall movements. Such ‘dips’ in low fields 
have been observed for many specimens and they have not yet received an adequate 
explanation. The experimental results for the single crystal in low fields were 
not very accurate, but they showed some evidence of a ‘ dip.’ 

The variation of 6” with field for the several specimens is shown in figure 9. 
In high fields 6” has a constant negative value corresponding to 6 in the Stoner 
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and Rhodes equation. In fields less than 50 oersteds b” becomes less negative 
and rises to a large positive value in very low fields, presumably due to the 
increasing effect of wall movements. In the case of the single crystal specimen 
the effect of the second anisotropy constant on the variation of 6” could not be 


-600 ~-500 -400 -300 -100 


-200 


Figure 9. Curves of 6” against H obtained by the direct method. 1, Pure iron; 
2, 05% silicon-iron; 3, single crystal 2-7% silicon—iron. 


distinguished from experimental error and it was thought desirable to obtain the 
thermal curves by another, indirect method of measurement. Because of 
limitations of accuracy low field values of 6” are not reproduced in-figure 9. 


§5. InpiREcT 'THERMAL MEASUREMENTS 


The indirect method of thermal measurement was similar-to that of Tebble, 
Wood and Florentin (1952). It is based on the thermodynamic relation 
(0Q/0H),= —T(ol/dT),. Instead of measuring AQ’ directly, the rate of 
change of magnetization with temperature is found at various points on the 
magnetization cycle and used to calculate (0Q/0H),._ An increment of temper- 
ature must be of the order of 1°c if the corresponding change in magnetization 
is to be reversible, so that the latter is only of the order of 0-le.m.u. Tebble, 
Wood and Florentin measured such changes in magnetization by means of an 
astatic magnetometer ; they had to use ellipsoidal specimens and the sensitivity 
of their apparatus was limited. 

In the present work a search coil of 2000 effective turns was used with either 
a sensitive ballistic galvanometer or an electronic fluxmeter. The specimen was 
heated electrically. As the passage of current through the specimen would 
disturb its magnetic state, it was sandwiched between non-inductive heaters. 
The heaters consisted of four layers of constantin strip 0-0025 cm thick and 
slightly wider than the specimen, insulated by ‘Durofix’ cement. It was 
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calculated that they produced a maximum field of less than 0-001 oersted over the 
specimen. Changes in temperature were measured by the junction of a fine 
wire thermocouple attached to one edge of the specimen. 


i) 


al +H 


Or, 


(5) 
OH / 
Calculated 


Figure 10. Thermal curves and 6” curves for single crystal 2:7°% silicon-iron by the 
indirect method. (Note change of scale at 20 Oe.) 


The maximum change in magnetization observed in the region of magnetic 
saturation was 0-25 e.m.u. which produced a scale deflection of 9) mm. The 
results are plotted in figure 10, the encircled points representing measurements 
made on one strip, and the crosses those made on two strips of crystal. Good 
agreement is found between the experimental results and the thermal curve 
calulated, with the assumption of appropriate values of aand 4, from the differential 
form of the Stoner and Rhodes equation, viz. 

(00'/0H), =a[1+ H(el/0H),]+bH(0l/0H),. 
The values for best fit thus found for a and bd were 0-050 and —0-35 respectively 
whereas the corresponding values obtained by the direct method were 0-047 
and —0-39. The differences between the two sets of values may, of course, 
be due to the failure of the thermojunction to record the average temperature 
of the specimen. However, the two sets of values certainly agree within the 
limits of experimental error. 

Values of 6” were obtained using the calculated curve of a[J+HdI/dH] 
and the experimental values of dQ’/dH; these are shown in the lower portion 
of figure 10. Itis thought that the value of b” so obtained from high field measure- 
ments is more accurate than that obtained from the results of the direct method 
recorded in the lower portion of figure 9. In figure 10 the behaviour of 6” in 
very low fields provides no evidence of a ‘dip’ which would require a large 
positive value of 5” in these fields. 
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§ 6. CONCLUSIONS 


The measurements made with all three specimens were sufficiently accurate 
and extensive to permit the definite statement that, over the field ranges where 
rotation processes determine changes in magnetization, the Stoner and Rhodes 
theory holds completely, the values of 6” being reasonably constant over these 
ranges. The coefficients a and 6 are thus seen to be of primary importance. 
The measurements with the single crystal specimen show that the effect of the 
second anisotropy constant was too small to be measured, and therefore 
b=(T/K,)dK,/dT to the present order of accuracy. 

‘Dips’ were found in the low field regions with the iron and 0-5 % silicon—iron 
specimens and they are attributed to domain wall movements. A ‘dip’ was 
not found in the indirect measurements on the single crystal. It may be that 
in the direct method we have not succeeded in properly disentangling the reversible 
and irreversible thermal changes in low fields. Further measurements by both 
methods on the same specimen are clearly needed. So far we have only observed 
a similar discrepancy in measurements on a grain-oriented nickel-iron alloy, 
known as H.C.R. alloy (cf. Bates 1957) where a large ‘dip’, i.e. a very large 
positive value of 6” in low fields, was observed by the direct method in contrast 
with an approximately constant value of b” = —0-5 over the whole field range by 
the indirect method. 
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Calculation of Magnetization Curves 


Table of Values for use in equation (1) 


Field applied 


1/I, 
0-707 
0-72 
0-74 
0-76 
0-78 
0-80 
0-82 
0-84 
0-86 
0-88 
0-90 
0-92 
0-94 
0-96 
0-98 
1-00 


in [110] Field applied in [111] 
direction direction 
fi fa I/Iy fi te I/Io 

0 0 0-578 0 0 0-64 
0-053 0 0-60 0-070 0 0:66 
0-141 0 0-62 0-135 0) 0:68 
0-236 0) 0-64 0-201 0-001 0:70 
0-338 0 0:66 0-273 0-002 O72 
0-449 0) 0-68 0-347 0-003 0:74 
0-566 0) 0-70 0-425 0-005 0-76 
0-691 0 0-72 0-503 0-008 0:78 
0-824 0 0-74 0-582 0-014 0-80 
0-966 0 0-76 0-665 0-020 0-82 
1-116 (0) 0:78 O74 0-028 0-84 
1-275 0 0-80 0-838 0-040 0:86 
1-442 0 0:82 0-922 0-058 0-88 
1-619 0 0-84 1-007 0-080 0:90 
1-805 0) 0-86 1:094 0-104 0:92 
2-00 0 0-88 1-178 0-132 0-94 
0-90 1-261 0-164 0-96 
0:92 1-338 0-202 0:98 
0-94 1-406 0-244 1-00 

0-96 1-459 0-296 

0-98 1-483 0-355 

1-00 1-333 0-445 


AP PEND TX LI 


Crystal used in present 


work 

th to 

0 0) 
0:050 0) 
0-102 0) 
0-158 0) 
0-213 0-001 
0:272 0-002 
0-332 0-003 
0-396 0-005 
0-460 0-009 
0:526 0-013 
0-593 0-018 
0-662 0-024 
0-735 0-03 
0-86 0:04 
0:99 0:05 
1:12 0:06 
127 0:07 
1-42 0-08 
158 0-10 


Calculation of Effect of the Second Order Anisotropy Constant on the Value of b 


By thermodynamic reasoning 


(37), = "(z7). 


From Lawton and Stewart, 


eee (2) 
a Bh(z) + PAy. 


which we now write as 


Therefore 


and 


() 


Lodie (Kia ke sale (Ey K, ) 
ran ( ght 7h id, pelt + pale 


1: (GK, WaudK ) 
+ 7(Gpht ar he 
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Simplifying (A3) we have 


OH) eee idl eee z) 1 dK, 1 dK, (A5) 
OL; ©) edi als died, Pr apeeaiee [aT a ee 


whence substituting in (Al) gives 
oO\ __—s*iT di, T dky yy hay dK, 
(4 ).- pom 1 ne 1c, ar" Ph y 


K K. 
Hye ah and Ho= Fhe 
0 0 


where 


In integral form we have 


AQ,’ =a | d(HI) +, | neh IS | Hdl 
where 
Tdly 4 _ TK, 
lid Tike Be aida 
This is very similar to the Stoner and Rhodes equation. 
Let 


a= 


b | Hire, i Halak | Hdl 


of jnphee | [+e cm by) Hal 


as b, and b, are constants; or 


b=), + F (2-41) : , 


then 
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The Magnetic Susceptibility of Iron Ditelluride: I 
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Abstract. ‘The magnetic susceptibility of three compositions of the ditelluride 
phase of the Fe—T’e system have been measured between 100° and 1200°x. 
This temperature range can conveniently be divided into three regions: above 
700°K the susceptibility variations of all the three compositions can be interpreted 
in terms of the phase diagram, while below 300° the variations follow the 
Curie-Weiss law. Between these temperatures the susceptibilities deviate from 
the Curie-Weiss values and this has been explained in terms of an increasing 
concentration of defects. A discussion of the bonding in the three compositions 
has been given by considering the estimated values of the Curie constants. 


§ 1. INTRODUCTION 


MEASUREMENT of the magnetic susceptibility of the ditelluride phase 
A of the Fe—Te system has been carried out over a large temperature range. 
FeTe, was selected as a little investigated example of the intermediate 
ionic-covalent compounds formed between a metal and a metalloid from the 
fourth, fifth or sixth group of the periodic table. It was hoped that a combined 
measurement of the thermal expansion (Llewellyn and Smith 1957) and suscepti- 
bility, reported here, would throw some light on the bonding in this compound. 
The phase FeTe, has the advantage of a wide homogeneity range so that material 
can be prepared containing interstitial iron atoms (FeTe,.,;) and vacant iron sites 
(FeTe,.,9) (Gronvold, Haraldsen and Vihovde 1954). ‘Thus the changes in 

the bonding associated with the different defects can be investigated. 
In this paper measurements between 100° and 1200°k will be discussed 


_ in terms of the phase diagram, the bonding in the perfect and defect materials, 


and the change in the number of thermal defects with temperature. 
The anomalous antiferromagnetic behaviour of the compound below 100°k 
is discussed elsewhere (Finlayson, Llewellyn and Smith 1959, to be referred to 


as If). 


§ 2, PREPARATION OF SAMPLES 


Compounds with compositions corresponding to FeTej.95, FeTeésgo) and 
FeTe,.,) were prepared from spectrographically standardized iron and tellurium 


‘supplied by Johnson, Matthey and Co. Ltd. Both these elementary substances 


were reduced in purified hydrogen immediately before use in order to minimize 


the formation of magnetite (Fe,O,), small quantities of which would make any 


measurement of the paramagnetic susceptibility of the iron ditelluride extremely 
difficult; the iron was not exposed to the atmosphere again after this reduction. 
+ Now at University College of North Wales, Bangor, Caerns, 
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Appropriate quantities of the freshly reduced elements were sealed into a 
silica tube, which had been carefully degassed, at a pressure of about 1/10 p. 
This was heated in an electric furnace for 24 hours at a temperature of 950°C, 
which is well above the melting point of the iron ditelluride (780°c); the temper- 
ature was then lowered to that of the surroundings over a period of about three 
days. The compound formed was then ground and small particles of ferro- 
magnetic impurity removed magnetically. 

In spite of the care taken to prevent the formation of magnetite, preliminary 
magnetic measurements showed that a detectable quantity of this compound 
was still present in the samples. A similar difficulty was experienced by Uchida 
(1955) and Chiba (1955) in removing traces of magnetite from compounds of 
the Fe-Te system: they finally overcame the difficulty by adding manganese to 
their samples in a concentration of about 0:5 atomic % of the iron present. 
This procedure was not adopted in the present investigation because of the 
unknown effect the comparatively massive manganese atoms might have on the 
iron ditelluride itself. Instead it was decided to reduce the amount of magnetite 
present in the compounds by heating them in the presence of a small quantity of 
hydrogen which, it was felt, would not affect the parent lattice, and to accept the 
necessity of making a correction for any magnetite that might remain. 

A known mass of the finely ground powder was therefore loaded into a silica 
tube suitable for use on the magnetic balance. After evacuation, one third of an 
atmosphere of purified hydrogen was introduced into this tube which was then 
sealed and heated to 1200°K. It was found that this treatment reduced the amount 
of magnetite so that the correction could be more easily made. 


§ 3, APPARATUS 


The high temperature susceptibility measurements were made on a Suck- 
smith type of magnetic balance used in conjunction with an electric furnace. 
For specimen temperatures between room temperature and about —120°c the 
furnace was replaced by a cryostat; this temperature region was also covered 
by the measurements described in II. The specimen temperature was measured 
with a 13% platinum—platinum-rhodium thermocouple. 

Vibrations transmitted from the floor were found to be troublesome and the 
balance was therefore mounted on a dural anti-vibration platform suspended 
by beryllium-—copper springs and damped by vanes moving in oil. With the 
period of the platform oscillations adjusted to be about 1 second it was found that 
the vibrations of the balance transmitted from the floor were reduced to an 
acceptable level. 


The magnet used was similar to that described by Hudson (1949). The 


pole-pieces were 10 cm in diameter and flat ended, the pole gap being 4-2 cm. ~ 


For a normal reading of the specimen deflection the field at the centre of the pole 
gap was 6350 oersteds; some readings were taken at a reduced field strength to 
enable the ferromagnetic component of the susceptibility to be estimated. 


§ 4. EXPERIMENTAL RESULTS 


For the region above room temperature, readings of the specimen deflection 
were taken at 10 degree intervals as the temperature was reduced from around 
950°C to room temperature; in order to ensure that the specimen remained in 
thermal equilibrium, a slow cooling rate, about 40 deg per hour, was used. 
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While a detailed curve was obtained at the normal field strength, a less detailed 
curve was obtained at a reduced field to enable the ferromagnetic component of 
the susceptibility to be estimated. 

Before obtaining the susceptibility from the balance deflection, corrections 
were made for the silica sample container and for the ferromagnetic component 
of the deflection. The ferromagnetic correction-temperature graph, deduced 
from the readings taken at two field strengths, shows a Curie point at about 
570°c, which is what would be expected if the impurity were magnetite. ‘To 
enable these corrected deflections to be converted into susceptibilities the balance 
was calibrated with a sample of NiSO,.7H,O, which was assumed to have a 
susceptibility of 15-8 x 10-® gt at room temperature. 

Finally, the paramagnetic susceptibilities of the samples were found by 
subtracting the estimated diamagnetic susceptibilities. The diamagnetic 
susceptibilities were estimated by the method suggested by Slater (1930), the 
value obtained being — 0-44 x 10-§ g—1, 


0 200 400 600 800 1000 1200 
“ Temperature (°k) 


Figure 1. Susceptibility curves for iron ditelluride. 


The susceptibility curves obtained for the three samples of iron ditelluride 
are shown in figure 1. Included on this graph are some points taken below room 
temperature with the furnace replaced by the cryostat, and some taken on the 
apparatus described in II. 

The maximum error in these susceptibility curves is about 10%; this error 
is due almost entirely to the uncertainty in determining the ferromagnetic correc- 
tion terms. The relative values for a given sample are correct to about 2%. 


§ 5. Tue TEMPERATURE REGION ABOVE 770°K 


In the temperature region above 770°K the changes in the susceptibilities 
shown in figure 1 can be interpreted in terms of the phase diagram. However, 


: 
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‘n order to do this, slight alterations have to be made to the sauna ac by 
Chiba (1955); this is the only phase diagram of the Fe-Te system to Re een 
published, although Gronvold, Haraldsen and Vihovde (1954) nea e 
x-ray study of the system. These alterations were first pee Se - an e 
appearance on a high temperature X-ray powder photograph o 4 e ait 
of lines corresponding to a hexagonal phase at 943 K (Llewe a ay 
Smith 1957); according to Chiba’s phase diagram, this photograph shou 

be representative of the two phase region ‘5+liquid’, where 5 is a NiAs ae 
phase. (Note: the symbols used to represent the phases are those suggeste 


LE 


O+L 


Temperature (°K) 


Figure 2. The modified phase diagram in the region of FeTe, (€). 


by Grenvold et al. (1954) and differ from those used by Chiba.)- The quality 
of this powder photograph, however, makes it seem improbable that there would 
be a significant amount of liquid present in the sample. It is therefore suggested 
that this photograph is of a previously undetected phase ¢ which is either of an 
NiAs structure with 50°% of the metal atoms missing or of a Cdl, structure. A 
comparison of the present system with those of Co—Te and Ni-Te (Tengnér 
1938) would suggest that the latter alternative is the more probable. Figure 2 
shows Chiba’s phase diagram modified to accommodate this new phase ¢. It 
can be seen that with this modified phase diagram the changes in the suscepti- 
bilities above about 770°K are explained. 


§ 6. THE TEMPERATURE REGION FROM 90°K To 300°K 


In the temperature region below about room temperature the susceptibility 
variations of all three compositions follow the Curie-Weiss law 


Ns = Gull oor dee eae (1) 


where xy is the molecular susceptibility and T is the temperature. Danielian 
and Stevens (1957) have shown that for an antiferromagnetic substance on a 
face-centred cubic lattice, the susceptibility variations would not be expected 
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to follow the Curie-Weiss law until temperatures of the order of ten times the 
Neel temperature are reached; this does not appear to be the case in the present 
situation. Here the lattice is of the marcasite type, and the susceptibility changes 
a nani a by equation (1) to within a degree or two of the Néel point 
see IT). 


Table 1. The Variation of C,, and @ with Composition 


FeT 4.95 FeTes.o9 FeTe..10 
CG 0-265 0-194 0-601 
AC ; 0-027 0-028 0-096 
6 (°K) — 350 — 320 — 400 
A@ (deg) 50 50 50 


From a graph of the inverse molecular susceptibility against the temperature 
the values of the constants @ and C,, can be found; the values obtained are shown 
in table 1. Included in this table are the maximum errors in 6 and Cyp which 
correspond to a maximum error of 10% in the level of the susceptibility curves. 

It should be noted that the presence of either vacancies or interstitials increases 
the value of C,,. A discussion of this effect in terms of the interatomic bonding 
will be given in § 8. 


§ 7. ‘THE TEMPERATURE REGION FROM 300°K To 770°K 


Although the Curie-Weiss law is followed at temperatures below 300°k; 
above this temperature the susceptibility curves of all the three compositions of 
iron ditelluride depart from the predicted values. While this departure may be 
explained in terms of the phase diagram for FeTe,.49, it seems very improbable 
that this explanation can be applied to the other two compositions. It is therefore 
suggested that the departure from the Curie-Weiss law is due to the introduction 
of an increasing number of defects; on this hypothesis the concentration of 
defects can be estimated as a function of temperature, since the change produced 
in Cy, by known numbers of defects is known (table 1). 

The problem, therefore, is to deduce from the observed values of Cy the 
defect concentrations. This is done by making the simplifying assumption that 
only those defect types which occur in the non-stoichiometric compositions at 

~ room temperature need be considered (i.e. interstitial Fe atoms and Fe vacancies) ; 
the law of mass action is then applied to the quasi-chemical reactions involving 
these defects in a closed vapour-solid system (Kroger and Vink 1956). ‘Two of 
these equations involving vacancies v and interstitials 7 are 


pea Big MUR OTy Oy, HR (2a) 


and 
DOA, Sai ss TR COE Rn ae he (2b) 


where Feg represents an atom of iron in the vapour state and | represents an 
occupied iron lattice site. Applying the law of mass action to these equations 


Ae atin il lO anrewinryias 2 (3 a) 

(aes ol eee Fast See ones (36) 
where K, and K, are functions of temperature, and the square brackets indicate 
concentrations. 


1 nay 
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Since the total number of Fe atoms in the solid-vapour system remains constant 
at No, then 
a{N]+a[z]—a[v]+[Feg]=No eves (4) 


where a and b are the volumes of the solid and vapour respectively and [JV] is the 
concentration of Fe lattice sites. A solution of equations (3) and (4) gives 


D+{D?+4aK,(a+b/K,)}!? 
1 beeper ee ae 


where D is the difference between the total number of Fe lattice sites and the 
total number of Fe atoms in the system (i.e. D=a[N]—N,). Although it is not 
convenient to estimate the actual values of D for any given system, the difference 
5 between the number of Fe lattice sites and the total number of Fe atoms in the 
volume c occupied by 100 Fe lattice sites can be estimated from the data given 
by Gronvold et al. (1954). It is found that 6 is —2-56 for FeTe,.9,, 4-76 for 
FeTe,.3,9 and™zero for FeTes.99. 


Since D="35 Mops (6a) 
anid [= 2 teow (65) 


where (v) is the number of vacant Fe lattice sites per 100 sites, equation (5) can 
be written in the form 


SSS: / ak eae: 
@=5+ {Gt a(i+7e)} 


This expression can be simplified since it is known that for FeTe,.9) 5 is zero, 
so that 
K. b we 
(2) s-06= {2 (1 4 K,)| Hage” sonia (7 a) 


(0) =¥8+{482+ (ooo? sees (7) 
To enable the concentrations of vacancies and interstitials to be calculated 
from equations (3b) and (75) and the observed Curie constants, it is necessary 
to propose a relation between the defect concentrations and the Curie constants. 
It has already been shown (§6) that the Curie constant is increased by the intro- 
duction of either vacancies or interstitials; if there is no interaction between the 


two types of defects when both are present, then the Curie constant C may be 
represented by 


Thus 


Galo) 7 BG)4+A, <0) 8 washed (8) 
where the constants « and 8 can be deduced from the susceptibility data in the 
region where there are assumed to be no thermal defects (i.e. between 90° 


and 300°K) and Ay is the Curie constant of the stoichiometric composition in 
this region; (v) and (7) represent the numbers of vacancies and interstitials per 


100 Fe lattice sites. It is worth noting that equation (7) in II implies that the 
Curie constant is a linear function of the concentration of the magnetic ions 

If the Curie constants A and B of the stoichiometric and a non-stoichiometric 
composition are estimated as a function of temperature from equation (1), it can 
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then be shown by substituting from equations (3 5), (6) and (75) in equation 


8 : 
(8) that bey tenes <4, Be Adil taies : 
Oe ET 7 |) | Geir a wa 
1 
(“)e-00= 4 4A- AG AeA) iit eae el brie bes ieccnss 9b 
B 


Thus the defect concentrations in the stoichiometric composition can be calculated. 
If this calculation is made using the estimated Curie constants of FeTe, oo and 
FeTe,.9; the values of (v)5.9) and (7)o.99 Obtained are those shown in figure 3: 
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Figure 3. ‘The estimated variation of the concentration of vacancies wv and interstitials 
with temperature. 


the maximum error of the points shown in this graph is 10%. These variations 
of concentration imply activation energies of 0-21+0-02 ev and 0-26+0-03 ev 
for the vacancies and interstitials respectively; these values may be compared 
with the defect energies found in some metals. Fumi (1955) has found that the 
activation energy of vacancies in Li, K, Rb, Cs and Na lie in the range 0-26 ev 
to 0-85 ev, while Pneth (1950) has estimated that the activation energy of 
interstitials in Na, aassuming a “crowdion’ configuration, is less than0-3 ev. No 
data are available on the defect energies in compounds similar to iron ditelluride. 

The deviations of the susceptibility curves of FeTeo9) and FeTe,.,; from the 
values predicted by the Curie-Weiss law are thus adequately explained in terms 
of an increasing concentration of defects. However, this explanation alone is 
not sufficient to account for the susceptibility curve of Fee...) in the temperature 
range under consideration; this can be seen by calculating (v) 9) from the 
susceptibility data of FeTe,.9, and FeTe,4. instead of FeTego) and FeTe,.;, 
which gives the meaningless result that (v).99 is negative. ‘This anomaly confirms 
the original suspicion that the Te-rich composition FeTe,.4) passes into the two- 
phase region «+Te at temperatures only a little above room temperature; 
the presence of free tellurium in the compound could be responsible for an 
increase in the Curie constant, in the same way that the defects already considered 
produce this type of change, thus accounting for the anomaly. 


§ 8. THE BonpDING IN IRON DITELLURIDE 
Below 300°K the Curie-Weiss law is followed, and the differences between 
the three compositions are presumably associated with differences in their band 
structures. Inthe absence of any detailed information on the electrical properties, 
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however, it is not justifiable to develop a model based on the band structure at 
the present time. Instead the results will be discussed on a molecular bonding 
model. 

If the orbital moment is quenched, then the number of electron spins per 
molecule n can be found from the values of the Curie constants Cy given in table 1, 
as n(n+2)=8-060Cy. The value of m obtained in this way limits the number 
of possible bonding arrangements which can be accepted. 

The calculated values of n are given in table 2. It is evident from the fact 
that these values are non-integral that a mixture of molecular types must be 


Table 2. The Variation of n with Composition 


FeTe,.95 FeTes.o0 FeTes.10 
n 0:77 0:59 1-42 
An 0-06 0:07 0-16 


present in all the three compositions of iron ditelluride; molecules with no un- 
paired electron spins must be considered, as must molecules with two or perhaps 
a multiple of two spins. The possibility of molecules with an odd number of 
unpaired spins is excluded since both iron and tellurium in the neutral state 
contain even numbers of electrons. 

The different molecular states with the different numbers of unpaired electron 
spins will now be considered. A possible arrangement of the electrons in a 
molecule with no uncompensatedelectron spins can be represented as in figure4 (a). 
The full lines represent the formation of covalent bonds. ‘This molecule is very 
similar to the FeS, molecule described by Benoit (1955); however, whereas 
FeS, is a semiconductor, qualitative resistivity measurements have shown that 
FeTe, has a marked metallic nature. ‘This might be expected if the 4s and 4p 
orbitals of the Fe atoms are used as metallic orbitals. 

The molecule described above is not the only possible one with no uncom- 
pensated electron spins: the partially ionic molecule of the type shown in figure 
4 (b) could be formed. The bonds represented by the broken lines are shown for 
convenience to be formed between the Fe?~ ion and the Te+ ions; in fact they 
would be formed between the Fe?~ ion and two different neighbouring Te* ions. 
It should be noted that the formation of a molecule of this type was suggested 
by the x-ray results (Llewellyn and Smith 1957). 

If the formation of 'Te~ ions is not considered (Llewellyn and Smith 1957) 
the above two are the only possible arrangements in which there are no unpaired 
electron spins. There are also two possible arrangements in which n=2; these 
are shown in figure 4 (c) and (d). ‘The formation of molecules with n greater 
than 2 does not seem probable. 

The concentrations of molecules with n=0 and n=2 can be found since 
the average values of m are known (see table 2): it is not possible, however, to 
distinguish molecules of type (a) from those of type (0), or type (c) from type (d). 
It is found that in FeT'ey.9) there is 1 molecule of types (c) or (d) in every 3-4 
molecules, while in FeTe,.); and FeTe,,,) the concentrations of these molecular 
types are 1 in 2-6 and 1 in 1-4 respectively. Since the concentration of defects 
in the non-stoichiometric compositions is known (Gronvold et al. 1954) it can 
be shown that 1 interstitial Fe atom introduces 3:5 molecules with n=2 while a 


The Magnetic Susceptibility of Iron Ditelluride: I 73 


vacant Fe site has 8-7 such molecules associated with it. It should be noted that 
the thermal expansion measurements (Llewellyn and Smith 1957) also suggest 
that there is a change of bond type in the neighbourhood of a defect. 
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=——— See text 


Figure 4. 


Besides accounting for the high electrical conductivity of iron ditelluride, the 
use of two of the 3d and the 4s and 4p iron orbitals as metallic orbitals explains 
why each Fe atom is surrounded octahedrally by six Te atoms. Pauling (1940) 
has shown that when these orbitals, which are bracketed together in the diagrams 
of the molecular types, are used for bonding purposes six bonds of equal strength 
are formed and that they are directed towards the corners of a regular octahedron. 
In the molecular schemes already described not all these octahedral bonds will 
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be formed simultaneously, but the use of the orbitals as metallic orbitals enables 
the existing bonds to move between any of the six possible positions. 


§ 9. SUMMARY 


The susceptibilities of three compositions of the « phase of the Fe-Te system, 
FeTej.o5, FeTes.99 and FeTes,49, have been measured in the temperature region 
from about 90°k to 1200°x. ‘The susceptibility curves of all the compounds 
follow the Curie-Weiss law between about 100°K and 300°K; at higher tempera- 
tures the susceptibilities increase above the predicted values, reaching a maximum 
at about 1030°x, the melting point of the phase. 

The susceptibility variations between 700°K and 1200°K have been explained 
in terms of the phase diagram. Between 300°K and 700°x it has been shown that 
the susceptibility curves of FeTe,.,; and FeT eso) can be interpreted in terms of 
an increasing concentration of vacancies and interstitials; this interpretation 
suggests that the sample of FeTe..;) passes into the two-phase region «+ Te 
at temperatures only a little above room temperature. The activation energies 
of the vacancies and interstitials in the stoichiometric composition have been 
found to be 0-21 ev and 0-26 ev respectively. 


From the susceptibility variations in the region where the Curie-Weiss law ; 
is obeyed, it has been deduced that two distinct molecular classes exist in the — 


compound, one with no unpaired electron spins and the other with two such 
spins. It has been found that vacant Fe lattice sites and interstitial Fe atoms 
each produce an increase in concentration of the latter class of molecule. A 
discussion on the bonding within the possible molecular types has been given; 
it has been suggested that while the molecules are predominantly covalent, they 
possess a partially ionic character. The atomic distribution in the compound 
has been qualitatively explained by assuming that the covalent bonds formed 
by the Fe atoms exhibit the characteristics of metallic bonds. 
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Abstract. ‘The magnetic susceptibility of stoichiometric iron ditelluride has 
been measured between 15° and 100°K. The material appears to be antiferro- 
magnetic with a Néel temperature at about 85°x. The curve is anomalous 
in that the susceptibility at 15°K is greater than that at the Néel temperature. 
This behaviour can be explained by a simple model of an antiferromagnetic 
containing some non-magnetic ions, provided that the concentration of the latter 
changes as a result of the ordering process. 
The susceptibility of samples of FeTe,.,, and FeTe,.,, is also given. 


§ 1. INTRODUCTION 


EASUREMENTS of the magnetic susceptibility of iron ditelluride above 
M 100°K have already been reported (Llewellyn and Smith 1959, to be 

referred to asI). Inthe region between 100° and 300° k these measure- 
ments are characteristic of an antiferromagnetic material above its Néel temper- 
ature. Measurements at lower temperatures described here were undertaken 
to verify the existence of an antiferromagnetic transition and to examine possible 
ferimragnetic behaviour in the non-stoichiometric materials. 


§ 2. EXPERIMENTAL MEASUREMENTS 


A Sucksmith balance was used in conjunction with a hydrogen—helium 
liquefier of the type described by Chester and Jones (1953). 

The vibration mounting used for measurements at higher temperatures could 
not be used since a fairly rigid coupling was now required between the liquefier 
and the balance enclosure. Two vibration platforms were therefore mounted 
in series within the vacuum enclosure. The first was supported by compression 
springs from the base plate and was oil damped, and the second was supported 
by tension springs from the first. The transmission of vibrations to the base 
plate was minimized by a syphon bellows, and electromagnetic damping was 
provided by an annular magnet. 

The specimen holder was suspended from the balance ring by a silica rod 
1 mm diameter and 3 ft long. The temperature of the surrounding calorimeter 
was measured by a helium thermometer and thermal contact between the specimen 
and calorimeter was provided by filling the calorimeter with dry helium gas. 

The balance was calibrated and used in a manner similar to that described 


m1: 
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§ 3. RESULTS 


The magnetic susceptibilities of the samples of FeTe,.;, FeTego9 and 
FeTe,,;) used in I were measured down to 15°k. ‘The ferromagnetic correction 
was again determined by measurements in different field strengths ; the correction 
curve obtained did not agree with that obtained by Uchida (1955) for magnetite 
containing both tellurium and manganese asimpurities. A check on the correction 
curve was therefore made by preparing an enriched sample of the ferromagnetic 
impurity by magnetic separation and noting balance deflections at various 
temperatures (figure 1). 


Deflection 


Temperature (°K) 


Figure 1. Balance deflection plotted against temperature for ferromagnetic impurity. 


The susceptibility curves after all corrections, including the diamagnetic 
correction, had been applied are shown in figure 2. Measurements were carried 
out in fields ranging from 1300 to 4500 oersteds and no variation of the suscepti- 
bility was found. The maximum error in the susceptibility is about 10% 
and is mainly due to the uncertainty in determining the ferromagnetic correction 
terms, the relative values for a given sample being correct to 2%. 


—_ 


The Magnetic Susceptibility of Iron Ditelluride : II 77 


temperatures increases considerably, and secondly, the peak near the Néel 
temperature 1s broad. 

Curves showing an anomalous increase at low temperatures have been 
reported for MnCl, (Murray and Roberts 1955), UMn, (Lin and Kaufmann 
1957), CoO (Singer 1956) and dysprosium (Hendrickson and Keller 1956). 
Singer suggests that the increase in CoO is due to paramagnetic islands forming 
round defects. In dysprosium the increase has been explained as due to transi- 
tions to different states of ordering on the sublattices. It is interesting that 
both the transitions and the resulting increase are predicted only if the interaction 
coefficients between nearest and next nearest neighbours are temperature 
dependent. A consequence of the model is that the susceptibility below the 
Néel point is field dependent. In iron ditelluride there is no indication of such a 
change over the range of fields used (1300 Oe to 4500 Oe). Also the introduction 
of temperature dependent interaction coefficients introduces a great deal of freedom 
into the theory and before this is done for FeTe, it would seem desirable to try 
a simple development of conventional theory. 

An obvious possibility is that the low temperature increase results from an 
approach to a ferrimagnetic ordering. As the increase is particularly marked 
in the stoichiometric material, the ferrimagnetism is not associated with vacancies 
or interstitials. However, some of the iron and tellurium ions carry a magnetic 
moment and some do not (1); and it is possible that ordering between the two 
types of ions is taking place. A similar problem has been investigated by Elcock 
(1954) who considered an antiferromagnetic substance with vacant lattice sites 
and nearest neighbour interaction. A minimum in the susceptibility curve was 
predicted for small concentrations of defects, but not for the higher concentrations 
of zero-moment ions found in FeTe,. The problem has therefore been 
re-examined for a two-sublattice antiferromagnetic substance with both nearest 
and next nearest neighbour interactions considered, and with the number of 
zero moment ions varying with temperature. This temperature dependence 
is supposed to arise for the following reasons. It is envisaged that the energy 
of a configuration of the crystal can be written in the form 

E(iyig) = Ey (tyt2) + Eo(%s) 
where 7, symbolizes the variables specifying the spin ordering of the magnetic 
ions and i, symbolizes the variables specifying the numbers of ions of the two 
different kinds in the configuration of interest. It has been shown by Elcock 


: and Landsberg (1957) that for a decomposable system of this kind, and where 


interest centres only on the variables symbolized by 1, it is possible to suppose 
a prior summation over 7, to be performed in a part of the system, and then to 


restrict attention to a part system with energy levels given by 
Ey(t, 1(T)) 
where 7,(7,) now plays the part of a temperature dependent parameter. 
On this basis, the equilibrium magnetic susceptibility has been worked out 
in the Bragg—Williams approximation. It is found that the total magnetic internal 


energy (£) is given by 
b= >t ew {N,2(1 + 6,2) + Ne2(1 +. 42)} +0 aez1eVNoll + 4.62008 (n2—11)} 


— pH {N,¢, cos 7 + Nol, cos ns | erees UL) 
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where WV is the number of sites on each sublattice, N, and N, are the number 
of magnetic ions on sublattices A and B, J,, and J, are the interaction parameters 
between 31, next nearest and 2,) nearest neighbours, ¢, and ¢, are the relative 
magnetization of the two sublattices, » the magnetic moment of a magnetic ion, 
H the field, and 7, and 7. are the angles between ¢, and ¢, and H. The partition 
function for the spin system is 


Z(LaboN Ne) = h(LaleNiNe) exp {=e | ibs (2) 


where E(¢,¢,N,N,) is given by equation (1) and the weighing factor h(l,6.NiNz2) 
is 
h(f,0.N1No) = 
2N'! 
[EN (1+ C1)]! ENGL — G1]! EN 0(1 + £0)! [2Mo(1 — o2)] 11 — Ma}! [4 — No]! 


and N, and N, are supposed temperature dependent for the reasons stated 
above. The equilibrium state of the system is now obtained by differentiation 
of the partition function (with respect to Ny, No, &, fs, 7; and 7). From the 
resulting equation it follows that y,—1,=7 i.e. the two sublattices are magnetized 
in opposite directions, and the expressions for the Néel temperature 7, the 
susceptibility parallel to the antiferromagnetic axis x, and perpendicular to 
the axis y, and the susceptibility above the Néel temperature x, are given by 


d. 
i oe (J aieit — is8ia pe ee ee (4) 
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dae , 
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Figure 3. The calculated inverse susceptibility curve for FeTes.9) with constant number of 


magnetic ions (d;=0-29 and T/T, = — 3-76), and the experimental (broken) curve 
below the Néel temperature. 


cee 


Figure 4. Calculated inverse susceptibility  Figure5. Calculated inverse susceptibility 
curves for T,.= —T;. for d=0-9 and different values of 


the ratio T/T. 


this curve shows no maximum, peaks are obtained in 1/yxp for larger numbers of 
magnetic ions (figure 4). The next nearest neighbour interaction produces no 
substantial change in the character of the susceptibility curves, but displaces 
the 1/yp curve along the inverse susceptibility axis (figure 5). 

It appears, therefore, that the model would associate the peak with a change 
in the number of magnetic ions resulting from the ordering process. From 
equations (5) and (6) together with the subsidiary condition (8) the variation in dp, 
can be found (figure 6). An increase in the ratio of magnetic to non-magnetic 
ions from 0:29 at 90°K to 0-97 at 15°K is implied. Such a change should lead to 
anomalies in other physical characteristics, for instance a large negative coefficient 
of expansion of about 10-4 for the a and 6 axis, and a positive coefficient of 10-4 
for the c axis would be expected below the Néel temperature where d, is changing 


rapidly (Llewellyn and Smith 1957). 
- - 
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Temperature (°K) 


Figure 6. Apparent change in number of magnetic ions produced by ordering. 


It is of interest to notice that the ratio of the values of yp at low temperatures 
to yp at the Néel temperature is greatest for FeTes.9) (d; = 0-29), next for FeT ey. 95 
(d,=0-38) and smallest for FeTe,.) (d=0-71). This is the sequence which 
would be expected from figure 4. 

The above model neglects physical processes which may be important, in 
particular the electrostatic energy, but no fuller treatment is justified till neutron 
diffraction data become available. It serves to suggest, however, that the 


modification of the electronic configuration of the ions as the ordering develops | 


is a mechanism which may be responsible for the low temperature increases in the 
susceptibilities of these materials. 
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Properties of p-type Indium Antimonide 
II: Photoelectric Properties and Carrier Lifetime 


By Cec HILSUM 
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Abstract. Photoconductive and photoelectromagnetic effects were studied on 
p-type specimens of InSb with impurity concentrations varying from 10" to 
2x10" cm~*. Results were consistent with a simple theory, which assumes 
that the carrier relaxation time is independent of energy. Values for carrier 
lifetime were deduced. The fall in lifetime with increasing impurity concentra- 
tion is explained as the result of two recombination processes, radiative recom- 
bination and recombination via traps. 


§ 1. INTRODUCTION 


EASUREMENTS on intrinsic InSb have shown that at room temperature 
the carrier lifetime + approaches the theoretical limit imposed by 
radiative recombination (Hilsum, Oliver and Rickayzen 1955). In 

most other semiconductors this process is much less important than recombination 
via traps. Information about the recombination processes can be obtained by 
studying 7 as a function of either temperature or impurity concentration, and 
Wertheim (1956) has used the temperature dependence to establish that in InSb 
trapping is operative at temperatures below 250°K; his method of measuring + 
would not work at higher temperatures. If we wish to investigate the variation 
of 7 with impurity concentration at room temperature, it must be done by 
measuring the photoelectric effects, since the other standard methods have not 
proved successful (Avery and Jenkins 1955). The technique is then straight- 
forward for intrinsic or n-type material, but for material with an excess of holes 
it is first necessary to develop a method for measuring the material parameters. 
_In a previous paper (Hilsum and Barrie 1958 referred to as I), it was shown that 
this could be done by measuring the Hall coefficient and resistivity as a function 
of magnetic field. In the experiments now described the specimens studied in I 
were used again, and their photoelectric properties measured. 


§ 2, FUNDAMENTAL RELATIONS 


The results of I indicated that the electrical properties of p-type InSb are 
best explained by assuming that the relaxation time is independent of the energy 
of the carriers. The photoelectric effects are then given (Kurnick and Zitter 


1956) by the following relations : 


dap 1 
ies =DEr Tri F, (1) | 


py 2 2 SEL ee Bb reyo Fhe) TN 1 
Vom=DBLp tpbe+1 1+p?B*[(1—c)/(1+4c)) Fy. 
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where Vp, and Vppy are the open circuit photoconductive and photoelectro- 
magnetic voltages, E the electric field along the specimen, B the magnetic field, 
D the photon density, d the specimen length and 7 its thickness, p the hole con- 
centration, c the ratio of electron to hole concentration, the electron mobility, 
b the mobility ratio, 7 the carrier lifetime, L* the ambipolar diffusion length, 1.e, 


( kT ye 
TH 


-e 1+bc 
and 
= TS fom as [1+ p2?B? + bc(1 + p?B?/b?) |? 
Fs Lt exe Prat Fel cer 


where s is the surface recombination velocity. 

Photoelectric effects are sometimes expressed as the short-circuit current 
created by the radiation; in our experiments the resistance of the specimen is 
very small, and it is more convenient to measure the open-circuit photovoltages. 
The meaning of Vp,, is obvious; Vp, is the incremental change in voltage 
across the specimen at constant current. Each voltage is equal to the respective 
short circuit current multiplied by the specimen resistance. 

The relations are valid for small D and it is assumed that the photons are 
absorbed with unit quantum efficiency in the front surface of the specimen, 
and that the thickness is large relative to the electron diffusion length. 

If B is small we have 

Vee B 2u(c+1) 


= 0-026 ws pe haa tener 
: E= E| bc+1 (3) 


This is independent of surface conditions and photon density. 


§ 3. EXPERIMENTAL PROCEDURE 


The radiation source was a 6v, 108 watt strip filament lamp, and an image 
of it was focused on the specimen with a 3 in. F 1-2 lens. A rotating chopper 
disc modulated the radiation at 800 c/s. The specimens, rectangular blocks. 
15 mm x 3 mm x 1 mm, had their ends masked to prevent photovoltaic effects. 
The photovoltages were fed to a high gain tuned amplifier through a transformer 
and measured by comparison with a known voltage from an oscillator and. 
calibrated attenuator. 

The spectral output of the lamp-lens combination was measured, and no. 
radiation could be detected at wavelengths beyond 2:5 microns; all the radiation 
was therefore of a suitable wavelength to be absorbed near the front face of the 
specimens. ‘The radiation distribution in the image of the filament was measured. 


with a Schwartz air thermopile, calibrated by the National Physical Laboratory, ~ 


and a photon density deduced using the measured colour temperature of the 
filament. An allowance was made for the loss by reflection from the front face 
of the specimen. ‘The photon density could be varied by an optical attenuator, 
consisting of two grids which could be moved across one another by a vernier 
screw motion. ‘This was calibrated with the thermopile and gave a method of 
changing the photon density without altering the spectral distribution. The 
density could also be varied by altering the voltage across the filament, and. 


calibrated as a function of voltage by measuring the colour temperature and. 
radiation intensity at each setting. 


: 
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For the photoconductive measurements, currents up to 100 ma were passed 
through the specimens, and F measured by a potential probe at 1 mm intervals 
along the length. All the specimens had been selected for their uniform 
resistivity. 

The photoelectromagnetic voltages were obtained by applying a magnetic 
field of up to 12 000 gauss from a Newport Instruments Type A electromagnet, 
fitted with coned vanadium—permendur pole pieces. 

The specimens used were, with one exception, the same as those mentioned 
in I. Specimen 5 had been broken so a substitute was cut from the same crystal, 
and denoted by 5a. All the material parameters are given in the table. Speci- 
men 2 was the only polycrystalline one. To reduce the surface recombination 
velocity, the specimens were electrolytically etched using an electrolyte of 
4% NHOs in ethylene glycol, and washed in acetone or toluene. 


Specimen No. p (cm-) COiaVmeSeCa b c 
1 <0 78000 104 1-004 
2 2a1OL 75000 104 0:90 
3 Sec ake 41000 62 0-097 
+ TES AMO 37000 60 0-057 
5a 1-4 x 101” 27000 49 0-0165 
6 1-86 x 10" 24000 46 0-0084 


+ For specimens 1 and 2 the impurity concentration is given instead of the hole density. 


§ 4, RESULTS 


4.1. Photoelectric Effects 
Equations (1) and (2) predict simple proportionality between the two voltages 
and the photon density, and V;, and the exciting current. For all specimens 
Veg and Vy, were proportional to D, whether this was changed by altering 
the optical attenuator or the lamp voltage (figure 1). Vp, was proportional 
to the current passing as long as the current was not large enough to give appreciable 
heating effects. 


100 


50 


Photoconductive Voltage (iv) 
Photoelectromagnetic Voltage (uv) 
Photoconductive Voltage (V) 


Photoelectromagnetic Voltage (1V) 


Relative Photon Density Relative Photon Density 
Figure 1. Dependence of photovoltages on photon density. (Specimen 4, B=2270 gauss, 
f I=54 milliamps.) 
(a) Density varied by altering voltage applied to source, 
(b) Density varied by altering setting on optical attenuator. 
F2 
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The variation of Vppy with the magnetic field depends on the impurity 
concentration of the specimen. In figure 2 the experimental values for five 
specimens are shown, together with the theoretical curves calculated he 
equation (2) using the material parameters of the table and assuming that surface 
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Figure 2. Photoelectromagnetic voltages as a function of magnetic field. 


effects are negligible. The results for specimen 2 are not given, as the predicted 


and experimental values show a field dependence indistinguishable from specimen 
1; the absolute values were smaller by a factor of about 2. 

Figure 3 indicates how the photovoltages depend on impurity concentration. 
The factors of merit are the photovoltage for a standard photon flux and electric 
or magnetic field divided by the corresponding value for specimen 1, the intrinsic 
specimen. ‘The photoelectromagnetic factor of merit increases as the material 
is made p-type to a maximum at a hole concentration of 6 x10!® cm~-, and then 
decreases. ‘The photoconductive factor shows little variation with impurity 
concentration until this reaches 10!’ cm~%, and after this it drops rapidly. 


4.2. Carrier Lifetime 
We may deduce 7 from any one of equations (1), (2) and (3). If we use 
equation (3) we must measure both of the photovoltages, but we need not know 
the photon density D or the surface conditions. This method is the preferred - 
one since the accuracy of measuring D is estimated as only within +10%. In 
practice, however, the results deduced by all three methods were in good agree- 
ment, if it was assumed that the effects of surface recombination were negligible. 
This indicates that s was less than 100m sec~!, which is confirmed by the 
agreement between theory and experiment shown in figure 2. Appreciable 
surface recombination would have given lower photoelectromagnetic voltages 
at the higher magnetic fields. The results for + are shown in figure 4. The 
method for obtaining the theoretical curve is discussed in the next section. The 
rapid decrease of 7 with impurity concentration will be noted. 


ae A 
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‘The polycrystalline specimen showed a lifetime of only 0:03 microsecond, 
which appears low for its impurity concentration of 2x 10% acceptors/cm?; it 
has therefore been omitted from the graph. 
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Figure 3. Photoelectromagnetic and photo- Figure 4. Dependence of lifetime on 
conductive figures of merit as function impurity concentration. 
of impurity concentration (normalized (x =experiment; — =theory.) 


to unity for intrinsic material). 


§ 5. CONCLUSIONS 


The scattering processes in InSb were discussed fully in I. Here we have 
further confirmation that the assumption of an energy independent relaxation 
time predicts the room temperature behaviour very well. The five curves 
of figure 2 have quite different shapes, and the agreement between theory and 
experiment is very satisfactory. 

The theoretical estimates (Mackintosh and Allen 1955, Moss and Hawkins 
1956) of ‘ radiative-limited ’ lifetime in InSb are in the region of half a microsecond. 
Wertheim shows that below 250°K the dependence of 7 on temperature can be 
explained by simultaneous action of two recombination processes, one radiative 
and the other via traps. When he extrapolated his results to room temperature 


_they indicated that if + were limited solely by radiative processes, it would be 


0-17 psec, rather lower than the predicted value. Our values are lower still. 
If we assume that some recombination via traps is also taking place at room 
temperature we may calculate from our results the trap depth, density and capture 
cross section. The lifetime given by equation (1) is that of the carrier with the 
longer lifetime, whereas equation (2) gives a diffusion length appropriate to the 
carrier with the shorter life (Rose 1955). When use of the two equations leads 
to equal values of 7, as it does throughout our results, we have tp=7n. Following 


Shockley and Read (1952) we obtain 
_ teolt +m] + tnolP +1] 
n+p 


where 7p)=hole lifetime in very n-type material, tng =electron lifetime in very 
p-type material, p,=hole concentration in valence band when Fermi level 
coincides with the trap level, m,=electron concentration in conduction band 
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when Fermi level coincides with the trap level, and the trap density is small 
compared with any one of n, 4, p or p;._ We find our results can only be explained 
if tpp>Tno- ‘The theoretical curve of figure 4 has been calculated on the assump- 
tions that tpy=0-2 psec and the trap level is half way between the full and 
conduction bands. We deduce from these assumptions that the trap density 
must be less than 4 x 1014 cm-%, the cross-sectional area for hole capture greater 
than 6x 10-16 cm2, and for electron capture greater than 2x10-“4cm*. The 
position of the trap level, and the value for tpp are not critically defined by our 
results, and slightly different combinations could give as good agreement with 
experiment. 

The information contained in figure 4 is useful for the design of InSb photo- 
cells (Hilsum and Ross 1957, Avery, Goodwin and Rennie 1957). A photo- 
conductive cell is usually operated with a high current and its performance 
is limited by the power which may be dissipated in it. Since the resistivity 
of InSb increases as it is made p-type it would be permissible to operate p-type 
units with a larger electric field, and so obtain a better sensitivity (in terms of 
volts per photon); however, the signal to noise ratio would not be improved since 
the Johnson noise would also be higher. For photoelectromagnetic cells there 
is a large gain to be obtained by using p-type material. The factor of merit is so 
much improved that both the sensitivity and signal to noise ratio would be higher. 
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Excitation of N, and O, by 1/2 and 1 Mev Protons 
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Abstract. Spectroscopic observations have been made photographically, over 
the wavelength range from 3800-8000 4, upon the luminosity produced by 1/2 
and 1 Mev proton beams in N,, over the pressure range 63 1 Hg to atmospheric, 
and in O, at atmospheric pressure. The spectra excited in N, consisted entirely 
of bands of the N, First Positive (B?II-a8) and Second Positive (c?II-8°I1) 
systems, and of the N,* First Negative (B?x-x?) system. No atomic lines of 
Hi, Ni, or Nit were found. In contrast, the spectra excited in O, consisted 
solely of lines of Or and Or. No bands of O, or O,* were found. The probable 
excitation mechanisms of these spectral features are discussed. 


§ 1. INTRODUCTION 


HE increasing importance in auroral and radiation physics of the luminosity 
| excited by the passage of positive ions through gases has led to a number 
of spectroscopic observations being made on the luminosity during the 

past few years. 

Fan and Meinel (1953) have studied the spectra arising from the ion bombard- 
ment of air with H+, He+, Ne* over the energy range from 46 to 400 kev, and 
Branscomb, Shalek and Bonner (1954) have made similar observations with 
100 kev H+ beams in N,. In a lower energy range, Carleton (1957, 1958) has 
studied the luminosity arising from H+ (1-5 kev) in Ng, while Nicholls and Pleiter 
(1956), and Nicholls, Reeves and Pleiter (to be published) have studied 
luminosities from Li+ (2-4 kev) in N,, O,, A, CO. A few observations have 
also been made on the feeble luminosity of gas scintillations from high energy 
Po «-particles in air and other gases (Huggins 1903-6, Ortner and Salim 1952, 
Ward 1954, Brown and Miller 1957, Nicholls and Reeves 1957). 

- In this paper, results of the first of a series of experiments on the spectra of 
gases excited by proton beams are described. The work was performed at Atomic 
Energy of Canada Ltd., Chalk River, using the facilities of the 3 Mev Van de Graatf 
accelerator. In the survey experiments described below N, and O, at pressures 
from 63 1 Hg to atmospheric have been used as target gases for 0-5-1 Mev protons. 
Identifications of the spectra of the luminosities and their variations with pressure 
are discussed. Later papers will discuss spectral intensities and excitation 


cross sections. 


§ 2. EXPERIMENTAL 
Mono-ergic proton beams (0-25-0:5 ua) from 0:5 to 1 Mev energy were 
directed through a thin (0-001 in.) titanium foil into a 50cm long collision 
chamber which was part of a dynamic vacuum system through which target 
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gas passed at controlled pressure. Spectra of a 0-5 cm luminous region, where 
the beam entered the gas, were photographed transversely to the beam through 
quartz windows in the chanber by an f/1-1 prism spectrograph (Reeves and 
Nicholls 1958) over the wavelength range 3800-8000 at a reciprocal dispersion 
of 130A mm-! at 4050A on Kodak HIR402 film (1-N emulsion). Exposure 
times, which increased with decreasing pressure, varied from one minute to two 
hours using a 200 yw slit width. 


§ 3. RESULTS 
The experiments which were performed are summarized in table 1. The 
observed region of the beam was a well defined, compact, luminous cylinder of 
about 1 cm diameter which did not change in appearance over the pressure range 


Table 1. Summary of Experiménts 


Proton Energy 


(Mev) Gas Pressure Spectral FeaturesT 
63 to 150 w Hg 
1 ING 5 to 20 mm Hg N,tiN, Noi P, N22P, NzGG 
Atm. 
1/2 Ns 150 uw Hg N,tiN, N,1P, N22P 
1 Oz Atm. OlLeor: 


+ 1P First Positive System of Nz, 2P Second Positive System of Nz, 1N First Negative 
System of N+, GG Gaydon Green System of No. 


encountered. At the lowest pressures the beam was collected by an electrode at 
the end of the chamber. At pressures greater than about 15 mm Hg the beam 
was stopped completely in the target gas, and at atmospheric pressure was about 
2°5 cm long. 

3.1. Protons into Nitrogen 

The dominant spectral features are the band systems of N,*+ (First Negative 
Bx — x?) and N, (First Positive BI] —a®X; and Second Positive c?fI — BIT) as 
shown in figure 1 (plate), in which all the commonly excited bands of these 
systems (Pearse and Gaydon 1950) are present. No lines of H, N or N+ were 
photographed. ‘The dense coverage of bands over a wide spectral range is 
consistent with a relatively bright visual beam. 

It was noted from a comparison of the proton induced spectra with those 
from gaseous discharges in N, that bands arising from the v’=0, 1 levels of 
N,*(B°x) and from the v’=0, 1, 2 levels of N,(c?I1) appear to be enhanced in 
our spectra. Fan (1955) has reported a similar effect. The (8,5)N, First 
Positive band in the proton-induced spectra was observed to be of much lower ~ 
intensity, relative to its neighbours (7, 4), (6, 3), (5, 2), (4, 1) than in discharge _ 
excitation. ‘The spectra recorded over the pressure range 5-20 mm Hg and at 
atmospheric pressure are superficially very similar to the above except for bands 
at 5040, 5309, 5327, 5575, and 5815 A which were observed at atmospheric pressure. 
They have tentatively been attributed to the Gaydon Green system (Gaydon 1944) 

The most evident change in spectrum with increasing pressure, up to atmos- 
pheric, is a steady increase in the intensity of the N, Second Positive bands 
relative to the adjacent N,+ bands, as judged from photographic blackening, 
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Furthermore, the blackening of the N, First Positive bands decreased between 
63 w and 5 mm Hg and then remained relatively unchanged up to atmospheric 
pressure. No variation in the above pattern was observed when 0:5 Mev protons 
were used, 
3.2. Protons into Oxygen 

The visual luminosity produced by the proton beam in oxygen was markedly 
less intense than that in nitrogen, and exposure times of the order of an hour 
were required to photograph the spectrum at atmospheric pressure. A typical 


Table 2. Identification of Proton Induced Spectrum in O, at Atmospheric 


Pressure} 

Wavelength (A) Identification Wavelength (A) Identification 
3947 O1(3) 4590-4596 On(15) 
3954 O1(30) 4641-4661 (5 lines) On(1) 
4069-4076 (4 lines) O11(10) 4699 O11(40) 
4119 O11(20) 4699-4705 O11(25) 
4185-4190 (2 lines) O11(36) 7156 O1(38) 
4275 O11(67) 7254 (3 lines) O1(20) 
4277 O11(68) 7473-7480 (4 lines) O1(55) 
4317-4319 O11(2) 7772-7775 (3 lines) O1(1) 
4347-4351 O11(16) 7943-7952 (4 lines) O1(35) 
4367 O11(2) 7981-7995 (3 lines) O1(19) 
4368 O11(5) 8221-8235 (7 lines) O1(34) 
4415-4417 O11(5) 8446-8447 (3 lines) O14) 
4465-4469 O11(94) 


+ Multiplet numbers and wavelengths from A Multiplet Table of Astrophysical Interest 
(Moore 1945). 


spectrum is given in figure 2 (plate), with identifications in table 2. ‘The 
relatively weak lines of O and O* in the blue and near infra-red are consistent 
with the feeble luminosity. No H lines nor O, or O,* bands were photographed. 


§ 4. Discussion 
A detailed discussion of the ion-induced luminosities in terms of excitation 
mechanisms must await a more complete quantitative study involving variations 
_ of spectral intensities with pressure, beam energy, and current. Nevertheless, 
the following general comments may be made upon the gross features of the 
spectra. 
4.1. Nitrogen Target 
The presence of N,*+bands, and the absence of the Balmer lines of H indicate 
that ionization and excitation of N, without charge transfer, viz. 
H++N,>N,1*+Ht+e 
N,+* > Not +hyv (bands) 
is a far more probable excitation mechanism, at these energies, than excitation 
with charge transfer, viz. 
. H++N,—>N,+* + H* 
followed by N,*+* + N,++Ayv (bands) 
, H* +H +hyp (lines) 
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which was found by Carleton (1957) to be operative at lower energies. This is 
not surprising in view of the high proton velocity relative to orbital velocities. 

It will be important in future experiments to look for H Balmer radiation 
at the end of the beam stopped in N, where proton velocities should be comparable 
with orbital velocities. 

It is impossible to invoke proton excitation of the N, First Positive and 
Second Positive bands, which require a singlet-triplet excitation, and which 
almost certainly were excited by energetic electrons arising from the above 
ionization processes and by secondary electrons from the foil window through 
which the beam passed. The same electrons probably played some part in the 
excitation of the N,+ bands. However the apparent increase in N, band intensity 
with pressure relative to N+ band intensity would favour preponderant proton 
excitation of N,* and electron excitation of N,. The relative decrease in the 
N, First Positive band intensity with pressure is probably due to collisional 
de-excitation of N,(B?I1) levels by the small O, impurity present in the tank N, 
used. Such de-excitations are well known in electrical discharges (Pearse and 
Gaydon 1950, p. 169, Nicholls 1954). 

Although the upper state of the Gaydon Green system is not known with 
certainty, its appearance at higher pressures, probably through electron excitation, 
is not surprising as the conditions are similar to those under which it is preferentially 
excited in discharges. 


4.2. Oxygen Target 


The domination of the spectrum in this case by lines of Or and On, together 
with the complete absence of bands of O, and O,", strongly suggests the operation 
of the dissociative ionizing collisions: 

H++0,>H+t++0*+0t+* +e 
followed by 
O* +O -+hy (Ot lines) 
O*+* + O*-+hv (On lines). 


This is similar to the mechanism proposed by Feast (1949) in the case of dissociative 
electron collisions. 

The atomic lines may also arise in a secondary manner from the preferential 
dissociation of O, into ground state O(?P) atoms and metastable O(1S) and 
O(?D) atoms, by the operation of the Franck—Condon principle, under the impact 


of the electrons produced by ionizing collisions or secondary electrons from the 
foil window. 
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Neutral Pions 


By J. M. CASSELS, D. P. JONio; P..C MU REE Ys AnD 
Pab.O? NEILL 


Nuclear Physics Research Laboratory, University of Liverpool 
MS. received 11th March 1959 


Abstract. The angular correlation between the y-rays produced in Panofsky 
reactions has been measured. ‘The results exclude one of the two possible 
ways of introducing the 74° proposed by Baldin and Kabir. On the conventional 
assumption that there is only one 7°, it is found that m,_—m,o = (8-90 + 0-14) me ; 
the lifetime of the 7° must be greater than 3 x 10~* sec. 


§ 1. INTRODUCTION 


a simple theoretical relation between the cross sections for low-energy 

pion-nucleon scattering, the cross sections for pion photoproduction 
at threshold, and the Panofsky ratio. ‘The numerical data which should be 
substituted into the relation have often been discussed (e.g. Cassels, Fidecaro, 
Wetherell and Wormald 1957, Moravesik 1958, Baldin 1958, Cini, Gatto, 
Goldwasser and Ruderman 1958, Beneventano, Bernardini, Stoppini and ‘Tau 
1958). More often than not the experimental Panofsky ratio has turned out to 
be lower than the theoretically expected value, and this has led Baldin and Kabir 
(1958) to make the interesting suggestion that there are two kinds of neutral 
pion. ‘The conventional pion of unit isobaric spin 7,° is retained, and a new 
pion of zero isobaric spin 7° is proposed. 

This idea brings two new parameters into low energy pion physics, a pion 
mass and an amplitude for charge exchange pion—nucleon scattering. There 
are two possible schemes, one of which Baldin and Kabir call ‘ revolutionary’ 
and the other, by implication, ‘evolutionary’. The revolutionary scheme 
envisages that one of the neutral pions is too heavy to be produced in the Panofsky 
reaction, and the experiment reported here has no bearing on this possibility 
(see, however, Cini et al. 1958). The evolutionary scheme involves the produc- 
tion of both neutral pions in Panofsky reactions: 


7 +p>7°+n—>2y+n(+Q,°) 57 ae (1) 
7 p= ty a ZY + fil 0,°). em) ee (2) 
An attempt has been made to separate experimentally the two groups of 


y-tays which would be produced in these reactions. The angular correlation 
in laboratory space of the y-ray pairs is a sensitive function of the neutral pion 


S EVERAL years ago Anderson and Fermi (1952) pointed out that there was 


velocity, and hence of Q,° or Q,°._ The observed angular correlation should be | 


a Superposition of two correlation functions with the two O values. The form 


of these functions has been given by Chinowsky and Steinberger (1953). For 
each 77° 


ae (1— ?) 
dw 2n(1 — cos $)*2B[(1 —cos 6) /(1 — 82) —2] 2 sata ies (3) 
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where ¢ is the angle between the two y-rays, 8 is the velocity of the 7° in 
units of c, dw is an element of solid angle, and dN /dw is the differential probability 
for the coincidences. A typical intensity distribution is plotted in figure 1, 
which shows a cut-off at an angle d¢ given by cos d6¢=282—1. The experiment 
of Chinowsky and Steinberger was designed simply to determine the largest 
$c, and their apparatus would not have been very sensitive to an admixture of 


IS 
3 96 MeV Tr beam 
3 
= 
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CH, 
te] 
\ 
N 
Halk 
CH, Pb Liquid H, A 5 
ean W/ys 
i = 
Bo 175 70 i65 160 3 Pb UY 
¢ (degrees) ¢ CH, 
Figure 1. Angular correlation function Figure 2. Schematic diagram of apparatus. 


for the two gamma rays in 7°> 2y. 


a second 7° with a smaller ¢¢. The experiment reported here was done with the 
highest practicable angular resolution over the whole range of ¢ in the hope of 
detecting such a second group. As will be seen this was not found and the 
experiment can be used to rule out the evolutionary proposal of Baldin and 
Kabir. An accurate value for the mass difference between the 7 and the 
conventional 7° is obtained, however, together with a small lower limit for the 
7° lifetime. 


§ 2. EXPERIMENTAL PROCEDURE 


The apparatus is shown schematically in figure 2. ‘The 96 Mev 7~ beam from 
the Liverpool synchrocyclotron was slowed down in a polyethylene absorber 
and stopped in liquid hydrogen contained in a copper cylinder 3 in. in diameter 
and 4in. high, with + in. thick walls. A cylindrical copper radiation shield 
= in. thick surrounded the target and the whole structure, including the liquid 
hydrogen reservoir, was enclosed in an aluminium alloy vacuum tank with 
1 in. thick walls. The y-rays were detected in counter telescopes each consisting 
of a lead converter 34 in. x 3? in. x } in. and two plastic scintillation counters 
34in. x 3Zin.x}in. The lead converters were each 45 in. from the axis of the 
target. Each pair of counters was shielded from charged particles by large 
anticoincidence counters. One inch of polyethylene absorber was placed 
between each pair of counters to eliminate coincidences due to low energy 
y-rays arising from nuclear reactions in the main absorber. Coincidences 
(123456) were counted by means of a coincidence circuit with resolution time 
210-8 second. The beam was monitored by counting the (123) coincidences. 

The (123) telescope was kept fixed in position while counts were recorded 
for various angular settings of the (456) telescope. Correlation angles between 
150° and 210° were used. The results were combined on the assumption that 
the correlation function was symmetric about 180°; a small correction was applied 
to allow for the fact that the target was found not to be exactly in the centre of the 


sal lial 
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scale. Counts were recorded both with hydrogen in the target and with the target 
empty. 
§ 3, RESULTS 
The experimental results are given in the table, where the uncertainties 
are the statistical standard deviations. The background counts for different 
angular settings have been added together on the assumption that the counting 


Events/10° monitor counts 


Angle Events/10* monitor counts (Background subtracted) 
179-45° 0-502 0-454 + 0-074 
fs 0-565 0-517 + 0-069 
170° 0-527 0-479 + 0-066 
165° 0-727 0-679 + 0-077 
162-5° 0-815 0-767 + 0-081 
160° 1-059 1-011 + 0-093 
157-56 1-050 1-002 +0-091 
15 5x 0-583 0-535 + 0-069 
152205 0-200 0-152+0-040 
150° 0-055 0-007 + 0-029 


rate with no hydrogen in the target was independent of angle over the range used. 
The counts could not have been accidental coincidences; they must have been 
due to coincident pairs of y-rays. Pairs of y-rays from successive decays of 
nuclear excited states with reasonable spin values should have correlation 
functions which are fairly constant over a range of 30°. The last column gives 
the counting rate after subtraction of the averaged background rate. 


§ 4. INTERPRETATION 


As a first step the results were interpreted on the conventional assumption that 
only one 7° exists. ‘The angular resolution functions for the counters, which 
were calculated numerically by the method of Chinowsky and Steinberger (1953), 
had widths of about 64° at half height. These resolution functions were folded 
into the theoretical correlation functions with various values of ¢, and the best 
curve was selected by the least squares method (figure 3). The value of ¢¢ 
for the curve is 156-7°, and the corresponding difference between the 7~ and 7° 


10 


° 


S 
eo 


So 
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Counts per 10° Monitor Counts 
° ° 
ars 


° 180 170 160 150 
Angle between Counters (degrees) 0 2 Q,9 4 6 
Figure 3. Experimental results, with Figure 4, #=fraction of decays due to 7,° 
background subtracted. The curve Q,°=energy released in7-+p->7,9 2 ‘ 
is the theoretical curve for in units of mo. : 


My—~— Myo =8:90m,. 
Curve a, experimental upper limit; curves b and c, theoretical lower limits. 
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masses is equal to (8-90+0-14)me. The standard deviation was evaluated by 
studying the variation with ¢¢ of the x° sum, The result agrees excellently 
with the value (8-8 + 0-6)me given by Chinowsky and Steinberger. 

An attempt was then made to interpret the results in terms of the evolutionary 
proposal of Baldin and Kabir. In order to achieve a reduction in the theoretical 
Panofsky ratio it is necessary that O,° > Q,°. Thus the ¢¢ already given must be 
assigned to the 7,°, and a superposed distribution with a smaller f, Should arise 
from the 7,°, Clearly figure 3 provides no positive evidence in favour of this, 
and figure 4 shows the upper limit (95% confidence) to the fraction F' of the 
total number of y-rays arising from the 7,° (curve a). ‘he experiment cannot 
distinguish the z,° y-rays if Q)°=O,°; on the other hand it can place a low limit 
on Fas O,°+0. 

Also shown on figure 4 are the lower limits on F required by two other 
considerations : 

(a) ‘The purpose of introducing the z,° is to lower the theoretical Panofsky 
ratio. In the notation of Baldin and Kabir, this means that 


Uo? | ao |? + 5 01° | ay — ag |? < 3ey | a — a5 |? eae, (4) 


where wo? and v,° are the velocities of the 79° and 7°, and a, a, ,and ag are 
scattering amplitudes. Now F is given by 


201° | a, — 43 |? 


= SS ee Ree (5) 
Up | 2p |? +20,° | a, — a5 | 
and the combination of equation (5) with the inequality (4) means that 
S10.) 0p) ie bereiitanpts: phe a (6) 


since Q,°/Q,° = (%°/v%")” A : 

(b) The introduction of the 7° must not significantly increase the eet 
positive energy charge-exchange scattering at energies large compared to Q Ogee 
Nearly all this scattering is taken up by a term proportional to | a, — 45 | ; where 
a, and az are determined quite independently by the 7* and direct 7~ scattering. 
These experiments show in fact that 


gotl Go| Se GPto. Qecm RS oP eRe (7) 
| 41-43 |? “ 
~which leads to the inequality 
F> ict Lae Sees atk Ae, OY hc beeen (8) 
5+ (Q0°/Q1°)"” 


The lower limits to F provided by these two considerations are also shown im 
figure 4 (curves 6 and cc). The experimental upper limit does not, for any O, 
overlap the more stringent of the two aie eek Rane evolutionary proposa 

i ir therefore seems to be quite exc , ing 
Se ae mentioned that the results can be used to ene a lower ae 
to the lifetime of the conventional 7°. If 7 is the lifetime of the 7°, its mass mus 
be uncertain by an amount Am~h/2rc?. Theoretical rte eo a con- 
structed for various values of Am to replace the curve in figure ! , Ww. e ecume z 

‘sharp value. The results show that the fit becomes significantly | é im 
+ is assumed to be less than 3 x 10-2? second. In fact, of course, 7 is believe 


to be more than 105 times larger than this. 
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Selective Pressure Broadening and the Stark Effect 


By L. I. MAISSELt 


Imperial College of Science and Technology, London 


Communicated by R. W. B. Pearse; MS. received 20th November 1958, in final form 
2nd April 1959 


Abstract. Broadening of the spark lines from a condensed discharge in neon and 
argon has been compared with their Stark effects and good correlation obtained, 
indicating that Stark effect is important as a cause of line broadening for other 
elements besides hydrogen and helium. 


§ 1. INTRODUCTION 


OON after Stark had demonstrated the existence of an effect by electric 
fields on emission spectra, it was realized that the random interionic 
fields in a gaseous discharge might cause a broadening of the spectral 

lines. Holtsmark’s (1919, 1924) and other more recent (Unsdld 1956) treat- 
ments of this phenomenon have found wide application in the study of stellar 
and discharge tube spectra. Such application has, however, been almost 
invariably confined to the spectrum of hydrogen (and occasionally helium), both 
because of this element’s great abundance in the stars and because of its unusually 
large Stark effect. As a result of this, the impression has become widespread 
that Stark effect is of no importance as a cause of line broadening in other elements 
and alternative explanations such as Doppler etfect etc. have been sought. 

In the case of lines broadened by the ionic plasma of a condensed discharge, 
direct comparison between broadening and Stark effect has not been attempted 
before because of the scarcity of data concerning the latter. ‘This, in turn, is 
due to the fact that the lines involved are always members of spark rather than 
arc spectra (as a result of the violent conditions prevailing within the condensed 
discharge). Stark effects of spark spectra are relatively difficult to measure. 


§ 2. SELECTIVE PRESSURE BROADENING IN THE SPARK SPECTRUM OF NEON 
Neon is one of the rare cases where extensive data on the Stark effects of the 
“spark lines have been published (see later). Except for Pretty’s work (1931) 
on pressure shifts, however, this element does not appear to have been previously 
examined for selective pressure broadening. A suitable tube was therefore 
constructed and the spectrum of the condensed discharge photographed over 
the pressure range 0-5mm to 35cm. ‘The rather low maximum pressure is due 
to the fact that the neon was stored in 1 litre flasks filled at a pressure of two thirds 
of an atmosphere (industrial high pressure cylinders, if obtainable at all, being 
ibitively expensive). 

Bie cca of a capacity used for condensing the discharge was 0-01 mF 
(at 20 kv), and the discharge was forced to pass through a capillary of Imm bore. 
Narayan’s classification of lines (to be published) into three arbitrary classes 
according to their susceptibility to pressure has been retained for the sake of 


uniformity :— rill | = I 

+ Now at the Philco Corporation, Philadelphia 34, Pa., U.S.A, 
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Class A lines are those which show the first signs of broadening at about 1 mm 
_ pressure and merge into the background continuum at about 3cm. Class B. 
lines begin to broaden at about 1cm and vanish into the background at about 
10cm while class C lines show no signs of broadening until about 4cm and are 
not completely submerged until about 50cm. Lines still visible above this 
pressure are termed ‘surviving’. In a few cases lines lying roughly between- 
two classes have been designated A-B or B-C. 


§ 3. Direct COMPARISON BETWEEN SELECTIVE PRESSURE BROADENING AND 
STARK EFFECT 
(a) Neon. 
Stark effect shifts for Ne 11 have been published by Ishida, Tamura and Kami- 
jima (1939) and by Ryde (1931). All shifts are in cm™. 


Wave- Broadening Ishida etc. Ryde (F=85 kv cm—?) 
length Class Dirt (F=100 kv cm-?) be S 
2537:4 surviving 0 

2538°7 A R —37 

2562:2 A R —35 

2586:3 surviving 0 

2621-0 A V 45 

2623-2 A R —37 —25-0 — 24-4 
2636:14 A sym. —35 — 29-6 — 29-6 
2638-2 A-B - —35 —19 — 20 
2897-6 B R —10 —6:9 —8-6 
2915-2 A - —10 —7-9 —9-1 
29220 B - —17 
2940-7 A R —11 —5-7 —7-1 
2972-28 B R —3°5 —5:55 
2973-03 A R —i11 — 6:3 —8-3 
2976:63 A R —7:7 —11-2 
2986-02 A R —10 —9-3 — 10-3 
2988-91 A R —10 —5-9 —6:2 
2993-0 C - 0-0 O38 
2994-90 A R —13 —10°5 i Wy ea 
3007-82 A R —13 —4-6 —6:5 
3050-57 A R —11 
3060-6 A - 15 14-4 111 
3062:59 A - —16 
3063-39 A R $5 cee 
3069-0 A V 16 1% 6-9 
3075-67 A sym. —10 —5-0 ae) 
3115°72 A sym. —11 —9-0 —9-0 
3123°7 A V 15 
3124-12 A R —13 By ae 
3138-12 A R — {1 wee: jee 
3148-8 A R —12 —12 —14 


eee 
(b) Argon. 

Stark effects for Atl have been published by Minnha 
gen (1948) and b 
Maissel (1958). The broadening characteristics of the spark lines Ve. eal 
observed by Narayan (to be published). A few of the lines given below are 
not to be found in his lists; these were observed in the discharge tube described 

above (which was used for neon). All Stark shifts are in cm-l. 
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Wave- Broadening Maissel 


Minnhagen 

length Class Dirt (F=160 kv cm~) (F=100 kv cm7}) 
3464-14 B R —1-0 

3476-74 B R =A") 

3491-54 B R — 0-4 

3514-39 B R =i 

3535-33 B R —0-9 

3559-53 B = ats 

3567-67 B R es 

3588-44 B R = 13 

3622-15 B R —0:7 

3639-86 B R 0-0 

3655-29 B R —1-4 

3660-44 B R 0-0 

4237-22 B-C R =a | 
4448-88 B R — 0:06 
4474-76 B R at 42 
4502-93 B R =i8-40) 
4530-55 Bc R —0-22 
4537-65 B R = 1-45 
4598-76 3 fe R — 0-20 


The following lines which have been classified as ‘surviving’, show no Stark 
effect up to 160kvcm— : 


4228-18 4400-09 4589-93 4879-90 5062-07 
4266-53 4401-02 4609-60 4889-06 5141-84 
4282-90 4426-01 4637-25 4904-75 5145-36 
4331-90 4430-18 4657-94 4933-24 6114-92 
4348-11 4481-83 4726-91 4965-12 6172-98 
4352:23 4490-99 4735-90 4972-16 6243-13 
4371-36 4545-08 4764-89 5009-35 6483-10 
4375-96 4579°39 4827-90 5017-16 


The following lines, classified ‘C to Red’, also show no Stark effect up to 
160kvcem-t: 

4300-66 4460-56. 

Even closer correspondence between broadening and Stark effect is obtained 
if one considers, not the lines themselves, but, instead, the upper level of the 
transition involved in each case (see C. E. Moore’s Revised Multiplet Table (1945) 
and Atomic Energy Levels (1949)). 

Where the j-value is not given, the shift represents the average for the 
multiplet. 


Broadening Stark effect (cm~) at 

Level Class Dir® 160 kv cm= 100 kv cm} 
5s*P B ig —0:7 
4d‘F B R —1:3 
4d4P B R —2:0 
40°F B R = i 

3 B-C R (0: 
pee B-C R —0°20 
4p’ apoit A R —1-42 
3d”"D A Vv +1:4 

1 

5s”D14 B R —0:10 
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This improved correlation is certainly surprising and, contrary | to present 
ideas, suggests that the selective pressure broadening of a line is more sensitive 
to the Stark effect of the upper level than to that of the line itself. In most cases, 
the Stark effect of the line largely reflects that of the upper level anyway, so that 
good correlation is still found between line broadening and line Stark effect. 
The following examples, however, illustrate instances when the upper level 
shows its domination : . 


NN Se 


Stark effect at 
100 kv em~? (cm~*) 


Lower Upper Broaden- 

Line Transition Level_ Level Line ing Dim 
45 37-CommnOds Digest ch ee ot ges, 0-0 —1-4 B R 
4502-93: e3d *D = X° +1:4 0-0 | ° —1-4 B ny 
2890-38 9 4s"P,, 3d" Dy 0-0 4 ge tid A Vv 
2977-86.__ 4s?P, — 3d”?Dyy 0-0 +14 +1-4 A Vv 
3660-44 4p’*P°—4d”"D,y —0-2 —0-2 0-0 B R 
3639-86 4p’2pe— 4d"Dat —0-2 —0-2 00 B R 


We have no explanation for this unexpected result except to obsetve that for — 
an electric field varying appreciably in strength across an ionic diameter, the — 
intensity would, in general, be greater for the upper than the lower level. Stark — 
effects, of course, are measured in relatively uniform fields. For a discussion of | 
some of the difficulties associated with passent day theories of the Stark effect 


see Singles (19549) 
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The Effect of Polarization on the Elastic Scattering of Positrons 
by Hydrogen Atoms 


By A. H. MOUSSA 


University College, London 
Communicated by H. S. W. Massey; MS. received 26th February 1959 


Abstract. The Hulthén and Kohn variational methods are applied to a further 
consideration of the effect of polarization in the scattering of slow positrons 
by hydrogen atoms. A trial function is used which allows for virtual positronium 
formation. Although the results indicate a greater effect of polarization than 
those of previous calculations using a mathematically simpler but physically 
less appropriate trial function the effect is much less than seems to be required 
from the experimental results on the scattering of slow positrons by rare gas atoms. 


§ 1. INTRODUCTION 


discussed the theoretical interpretation of the cross sections for elastic 

scattering of low energy positrons by helium, neon and argon atoms derived 
by Marder, Hughes, Wu and Bennett (1956) from the experimental study of the 
effect of an electric field on the formation of positronium in the respective gases. 

It was shown that these cross sections are much smaller than would be expected 
for scattering by the undisturbed mean fields of the appropriate atoms. As 
this field is repulsive any polarization effect would act in the opposite sense and 
it is natural to seek an explanation of the low cross sections in terms of cancellation 
arisingin this way. Empirical support for this was found by Massey and Moussa, 
based on a representation of the polarization potential vp(r) in the form 


ae aS ey (1) 


itis Wa VEE) 


I Na recent paper Massey and Moussa (1958, to be referred to as I) have 


where « is the polarizability of the atom and / is a parameter of the order of 
‘magnitude of atomic dimensions. However, this procedure is very rough, 
particularly as the polarization cannot be represented adequately by a static 
potential. Massey and Moussa therefore investigated the importance of the 
polarization effect in the scattering of positrons by atomic hydrogen using the 
Hulthén and Kohn variational methods with trial functions of the same form 
as those used by Massey and Moiseiwitsch (1950) in a corresponding study of 
the scattering of slowelectrons. In contrast to the empirical results no appreciable 
effect of polarization appeared in the variational calculations. 

It is an unfortunate feature of variational calculations of scattering cross 
sections that one has little guidance about the accuracy of the results obtained. 
Although the trial functions used gave quite satisfactory results for the scattering 
by the static field there is no guarantee that the major effects of polarization were 
allowed for by the modifications of the trial functions which were introduced. 
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It is desirable therefore to examine whether some functions more appropriate 
on physical grounds could be used, and if so to test whether such functions 
yielded more marked polarization effects. ‘This is the aim of the present paper. 


§ 2. TRIAL WAVE FUNCTION 


One of the main features of elastic scattering of electrons by atoms is that 
it may include electron exchange. In the positron case (I) the possibility of 
forming real or virtual positronium is the only effect which could be compared 
with the exchange effect in electron collisions. The cross sections for real 
positronium formation in atomic hydrogen, as calculated by Massey and Mohr 
(1954) using Born’s approximation, are quite large. This indicates that there 
may be considerable coupling between purely elastic scattering and positronium 
formation which may make a major contribution to the polarization, remembering 
that this arises eventually from the effect of the inelastically scattered waves on 
the elastic scattering. We therefore seek a trial wave function to introduce 
in the variational calculations which includes this effect as far as possible. 

In the present work the energy of the positron is below the threshold for 
positronium formation, so we are dealing with the effect of virtual processes. 
We choose as trial function describing the scattering of slow positrons the form 


Fe=Polre)Fo(ra)+ho(tat2) wees (2) 
where r, and r, are the respective coordinates of the positron and electron relative 
to the proton and y%,(r,) is the ground state wave function of the hydrogen atom. 


F)(r,) represents the motion of the positron with wave number & and is taken to 
be of the form 


F,(71)=7, 1 [sin kr, + (a+b e-")(1—e-") coskr,] (3) 
which is the same as that used successfully in conjunction with the variational 


method to calculate the cross sections for elastic scattering of positrons by the 
static field of the atom (see I). 


The additional term ¢,(r,, r2) allows for distortion of the atom during the 
collision. According to the above considerations we represent it by 


dolla, Ke)=x(M2)G(S[ritte|) ~~ wees. (4) 


where (72) is the wave function for the ground state of positronium and G 
represents the relative motion of the positronium in the field of the proton. As 
we are dealing with virtual formation of positronium we choose for G the form 


Gacexsp (yr ALS er & ae (5) 


c and y may be taken as further adjustable parameters. However, to decrease 
the very considerable labour involved in the calculations if y is varied it was 
chosen once and for all in the following way. 


The asymptotic form of the function G for large values of |r, +1, | is given by 
G~ const. |r)+r,|=hexp (—A|rytry|), 9 seen. (6) 
where, in atomic units, 
N= 4— 4R?, 


It is to be expected then that with the form (5) a fair approximation would be 
obtained by taking y=) and this was adopted. 


4 ae i ee 
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This differs very considerably from the procedure adopted in I in which the 
polarization effect was represented by taking 


; ela TalnGretip) | on se (3) 
with 
1 Oa ee ry2) = he [sin kr, +{a+ (b+ €r9)e-}(1—e-") cos:kr,]. ...... (9) 
If a large contribution actually comes from the possibility of virtual positronium 
formation the new form should represent a good approximation. 


§ 3. DETAILS OF THE CALCULATION 
In applying the variational method we proceed from the integral 


L= | fear tay er See Respects Aa Deke (10) 
where, in atomic units, 
UT aigree 
eee Van nV ce) es ee 11 
(Witt Vat) + 5-2 —S (11) 
m being the mass of the electron or positron and 
Rh 
E=E,+ 3-3, 


where £, is the energy of the ground state of the hydrogen atom. 

Having calculated L as a function of the parameters a, 5, and c which occur in 
‘Yt, we obtain an approximate value for the phase shift 7). According to Hulthén’s 
method the equations to be solved are: 


fe==Q), a =i, 2 =(Onaniden;=aretania, oily dels (12) 
c 


and according to Kohn 
oL ) Pa) Oe a els 13 
ay am, ee vel nw =arctan( a i): Sonne (13) 
The evaluation of L involves some expressions which can be integrated 


analytically and for which the data obtained in I were used. It also involves 
other integrals which can only be evaluated by numerical methods. ‘These are 


of the form 


fp | | FG. Few [tral dnd, (14) 
The function g may be expanded in the form 
&("12 | rr, | ) = Lent T2)P,,(cos Q) BOT aa (15) 
n 


where © is the angle between r, and r,, and 


ae Ze : | " olra [tytte|)Pa(cos @sin@dO. ...... (16) 
0 


On substitution in (14) we have 
ene | ° | CAT eae mee (17) 
oJo 


The numerical evaluation of gy and thence of the double integral (17) was carried 
out using the DEUCE electronic computer at the English Electric Company’s 
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office in London. Because of the length of the calculations it was confined to 
the case k=0-5, corresponding to a positron energy of 3-4 ev. 


Values of Parameters a, b and c, Phase shifts 7) and Cross Sections Oy 


Method Case a b c No (rad.) Qo (in 77a”) 
Hulthén b40 — 0-232 — 0-188 0-087 — 0-228 0-817 
Hulthén b=0 — 0-244 — 0:079 — 0-239 0-897 
Kohn b=0 — 0-012 a 0-028 —0-211 0-702 
No polarization (exact solution) — 0-264 1-089 
Polarization included using trial function of I —0-251 0-987 


§ 4. DISCUSSION OF RESULTS 


The results obtained are given in the table. For comparison the phase 
shifts 7) and cross sections QO, obtained in I are also included. 

It will be seen that the new trial function does indeed suggest that the polariza- 
tion effect is rather larger than does the function (8) used in I. Nevertheless, 
even with the most extreme case in which Kohn’s method is used with b)=0, 
the cross section remains as high as 70° of the value it would have if polarization 
were completely absent. Although there are no experimental results with which 
to compare for atomic hydrogen it was shown in I that, in order to interpret the 
results for the rare gases, the polarization would need to be so large as nearly to 
cancel out the effect of the undisturbed mean atomic field. It seems that we have 
still no direct theoretical evidence that this can be so. 

In view of this still unsatisfactory situation it is very desirable that the experi- 
mental work be repeated and extended. Further theoretical work is being under- 
taken in which the back coupling between virtual inelastic processes (including 


positronium formation) is being taken into account by the solution of coupled 
differential or integro-differential equations. 
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Abstract. If the light scattering by transparent spheres is calculated according 
to geometrical optics a large part of the scattered flux falls within a cone of 
half-angle | m—1| radians around the forward direction, where m is the refractive 
index of the sphere relative to the surrounding medium. For many purposes 
it is this light which is of principal interest. 

If 7(@) is the intensity scattered at angle 6 and AE(@) the flux scattered within 
this angle, the light externally reflected (/,) and that transmitted without internal 
reflection (/,;) normally predominate in the forward-scattered light. For 
0-75<m<2 graphical methods of obtaining J, and J,, and AE, and AB,, are 
given: this is made possible by plotting J,, J,, and AE,, AF,, against functions 
of single variables which themselves depend on m and 6. For light internally 
reflected once (/,) or twice (J,) analytical expressions are not given, but the values 
over which they range are indicated. Light internally reflected more than twice 
is shown to be negligible. 

The accuracy obtainable is within about 1% in each case, and the angular 
range over which approximation is possible increases as |m—1]| increases as. 
long as m<1-65: if m>1-65 the range decreases as m increases. For more 
accurate computation exact expressions for J, and J,, in terms of m and @ only, 
aregiven. Unlessm>1, J,(@)>1(6)—J,(@) for small values of 6, and consequently 
if accurate values of J, and J, are combined with approximations to J, and J, 
the overall accuracy is fairly high. 

To simplify the computation, from the approximations given, of J and AF 
respectively two tables show the procedures suggested in each case. 


§ 1. INTRODUCTION 


N exact solution of the equations giving the scattering of electromagnetic 
waves by spherical obstacles was first obtained by Mie (1908), and for 
spheres of radius comparable with the incident wavelength it is necessary 

to have recourse to this solution. For polydisperse clouds of water droplets. 
much larger than this however Bricard (1946) showed that the light scattered 
forward could be treated as if it were comprised of two incoherent components, » 
one resembling diffraction by opaque discs of the same cross-sectional areas 
and the other resembling scattering according to geometrical optics by clouds of 
transparent spheres of the same refractive index m relative to the surrounding 
medium. ‘This approximation will be called Bricard’s method. It is an 
adaptation of Mecke’s method (1920) in which the phase of all rays is taken. 
into account. 

+ Now at the Group for Research on Atmospheric Pollution, St. Bartholomew’s Hospital.,. 
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A recent paper (Ellison 1957) described experiments showing that the 
angular distribution of forward-scattered light, for suspensions of silica dust 
of mean particle size down to about 2 microns, resembled that calculated by 
Bricard’s method for clouds of spheres of the same relative refractive index. 
If this method is to be applied to clouds of particles of arbitrary m the geometrical 
scattering must be readily calculable. ‘The formulae involved are simple to 
derive (see for example van de Hulst 1957, § 12.21) and are not intrinsically 
difficult to compute, but the process as normally done is laborious, and has 
been carried out for few values of m. The earliest detailed calculations appear 
to be those of Wiener (1907, 1909), for m=4/3, but these are rejected by van de 
Hulst (1957) who presents his own figures for this refractive index (p. 233 and 
table 21). The only other published computations of which the authors are 
aware are those of Davis (1955) for a large air bubble in water (m=0-75). None 
of these computations is presented in a manner designed to facilitate interpolation 
with respect to m, and none gives the dependence of extinction coefficient on 
angle of acceptance. 

The method presented here is intended to fill these gaps. It can be applied 
to the forward scattering and extinction by clouds of spheres up to the scattering 
angle within which about three-quarters of the incident flux is scattered if 
0:75 <m< 1-65, and to smaller angles if 1:65<m<2-0. ‘The observer is assumed 
to be at such a distance that the diameters of the spheres can be neglected. 

The range 0-75<m<2 includes van de Hulst’s region of spheres with 
refractive index near 1 (van de Hulst 1946, 1957), for which he gives an altitude 
chart of an amplitude function | A | whose square is the total field: | A | is plotted 
against two parameters z=x6 and p=2x(m—1), where x=2z7a/\ (a=radius of 
sphere, A= wavelength of incident light, and 6=scattering angle). Where valid, 
this method is certainly preferable to either Mecke’s or Bricard’s. Without 
integration however, it is not applicable to polydisperse clouds, for which Bricard’s 
gives acceptable results (Bricard 1946). Moreover since the chart is only plotted 
to s=14, p=28, its range is severely restricted with respect to both x and 0. 
Van de Hulst does not state the maximum value of m— 1 for which it can be used, 
and for m< 1:33 comparison with computations of Mie’s theory is hampered by 
the scantiness of computed values of angular distribution of scattered light. 
For m=1-33 Gumprecht et al. (1952) give numerous computed values of Mie’s 
theory, and those for x=20 and »=40 have previously been compared with 
values calculated by Mecke’s method, the approximation appropriate to scattering 
by single spheres (Ellison 1954). To this comparison may be added one with 
the values derived from van de Hulst’s chart, for those angles tabulated by 
Gumprecht et al. which are in the ranges of x and @ covered by the chart. As 


van de Hulst predicts, near @=0 and near the minima of the Kirchhoff diffraction ~ 


pattern both Mecke’s approximation and van de Hulst’s give considerable 
proportional errors, although near the minima the absolute errors are small. 


At other angles both methods are surprisingly successful; Mecke’s is rather better _ 


for x =40, and for «= 20 there is little to choose between them. The advantages © 
claimed for the methods presented in this paper are therefore: (1) their ready — 


applicability to polydisperse clouds; (2) the much greater range of x and @ as — 


well as m which they cover; and (3) the ease with which the extinction can also 
be derived. chads 
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In general the methods suggested are approximate. For greater accuracy 
exact expressions, in terms of m and @ only, are given for the intensity of light 
externally reflected 7, and of that passing through the sphere without internal 
reflection, /,. J, is the most important part of the forward-scattered light and 
has hitherto always been expressed in terms of the three variables m, 0, and angle 
of incidence 7 (see for example Davis 1955, van de Hulst 1957): the elimination 
of 7 greatly simplifies the computation. If @ is small, then compared with J, 
and J, the intensities of internally reflected rays are small, and errors of approxi- 
mations to them are negligible. 


§ 2. GENERAL CHARACTERISTICS OF GEOMETRICAL SCATTERING BY SPHERES 

The light scattered by a transparent sphere may be divided into components 
according to the number of times the scattered ray meets the surface of the 
sphere, and the various components characterized by this number. Light 
externally reflected will then be component 1, that passing through the sphere 
without internal reflection will be component 2, and that transmitted after n—2 
reflections and 2 refractions will be component n. The path of any ray lies 
in the equatorial plane containing the corresponding incident ray, which is the 
plane of incidence, for all refractionst and reflections. If the sphere is in a 
13 (0. 


Incident. Beam 


1,(6) 

Figure 1. Reflection and refraction of light by transparent sphere. 
parallel beam of incident light, and if J(6) is the scattered flux per unit solid angle, 
per unit incident flux, at any angle @ from the direction of the incident beam, it 
is given by 


JASON Ee he SG |e (1) 


where J,,(@) is the contribution of the mth component. This subdivision into 


+ The fact that incident ray, refracted ray, and normal to the refracting surface lie in a 
plane is contained in Snell’s law as it is often stated (see for example Jenkins and White 1957) 
and its discovery seems therefore to be attributed sometimes to Snell. It was in fact known 
very much earlier, and indeed the explanation of the rainbow by Qutb al-Din al-Shirazi, 
mentioned below, would not have been possible without it. Itis stated quite unambiguously 
in Eugene of Palermo’s translation (from the Arabic, itself translated much earlier from the 
Greek) of Ptolemy of Alexandria’s Optics, (Ptolemaeus 1885). Eugene of Palermo’s transla- 
tion was made about a.p. 1160: Ptolemy himself flourished about a.p. 160. 


’ 
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components is implicit in the explanation of the rainbows, which is due to the 
Persian Qutb al-Din al-Shirazi (died 1311), and was discovered independently, 
probably slightly later, by Theodore of Freiburg (died ca. 1311) (Sarton 1947). 

The derivation of the expression giving the intensity scattered by a sphere 
at an angle 0 is well known (see for example van de Hulst 1957) and only the results 
needed will be given here. If zis the angle of incidence of the ray on the sphere 
and r the angle of refraction (see figure 1), then 

6=21—2(n—1)r4+2(n—2)m, eee (2) 

Since 0,—0, 2km +0, and 2k7—@ are all equivalent physically there may be several 
values of i corresponding to a given pair of values of m and @. For each of these 
i, and for light polarized either in or perpendicular to the plane of incidence, 
I,,(@) is given by 


[,(@) = 


1 sin 27 di 
ant | 
Here 7,, is the overall transmission coefficient for the corresponding ray and is 
the cumulative product of n terms, two being the transmission factors at the 
surfaces at which the ray enters and leaves the sphere and the remaining n—2 
being reflection coefficients at the surfaces at which it is reflected; if n=1 the 
single term is the reflection coefficient for external reflection. Hence for n>1 

Tn sep) (i — p*)? 
where p? is the corresponding Fresnel reflection coefficient (see below). If 
the suffices 1 and 2 are used to denote respectively the components polarized 


in and perpendicular to the plane of incidence then 7’, the effective value of the 
overall transmission coefficient will be 


1 Sart ties) SDS (3 b) 
In measuring /(@) for small @ another quantity, the extinction E(@), is useful. 


E(@) is the fraction of the flux incident on the sphere which is scattered through 
angles greater than 6), and is given by 


£(Q)=1— | 


iLO) R2atsin dl woe ch ieee (4) 
0 


Clearly E(0)=1and E(7)=0. (8) can be split into components just as (@) can, 
each component being given by 


B4(8)=Ey(0)—[ "{ly(0)x 2m sin 8} uke (5) 


E,,(0) is difficult to evaluate, but in practice only the difference E(0) — E(4) 
and therefore only the component differences E,,(0)—E;,(0)) are required ; 
these will be denoted by AF and AE,, respectively. | 


If 0:75 <m< 2 the reflection coefficients p,? and p, (see (6a) and (6 b) below) ~ 


are small unless $7—7 is small (or, if m<1, unless sini>m or 12—r is small) 
Consequently a large proportion of light penetrating the sphere (n> 2) is feng 
mitted without internal reflection and is thus of m=2. At 6=0 the term 
{| (sin 2i/sin @)(di/d@) |},,-. has a maximum which is very sharp if | m—1 | is small 
but which flattens out as |m—1| increases. Even for m=2 however the directl 
transmitted light near the forward direction is sufficiently intense to onside 
the forward scattering, and a large proportion of the incident flux is scattered 
after direct transmission through the sphere, into a cone of half-angle of 60° 


about 6=0. For this reason this component is treated very fully. 


| 
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The externally reflected light (n=1), which is next in importance, is also 
mainly scattered forward, since the Fresnel reflection coefficients fone Piakall yore 
are greatest near glancing incidence (or, if m<1, at angles near i=sin-! m: 
and if sinz>m, p,?=p,?=1). 

If n> 2, each successive component includes a lower proportion of the incident 
flux, and the larger the number of reflections then in general the more widely is 
the light scattered. Moreover, unless m < 1-02 none of component 3 is scattered 
within the cone of @< 30°, so that only the fourth and higher components need 
be considered. These form only a small part of the scattering and since 
BOL). cee ks are not readily expressed in terms of 6 only, they are treated 
only approximately and discussed in general terms. 

If m<1 and n> 2, light striking the sphere near the limiting angle 7’ =sin— m 
will be scattered through small angles forward. |di/d0| is however small and 
although the term 1/sin @ makes J large near @=0 the contribution to AF is small. 
Only if 6—0 are J;, J,... important; their relative importance increases as 
1—~m increases, and for m=0-75 they cannot be neglected. 


§ 3. COMPONENT 1: EXTERNALLY REFLECTED LIGHT 

For externally reflected light @=7a—2z so that | di/d6| =4, sin 27/|sin 6| =1 
and J,(6)=T7,/47. cs 

If mis less than 1 then for scattering angles less than 2 sin-1(1 — m?)"? incident 
light of both polarizations suffers total reflection and T,=1. 2sin~4(1—m?)12 
is considerably greater than the maximum angle at which the approximation 
to J, given below can be applied. Consequently, no approximation to J, is 
required, and J,(@)=1/47 exactly. Hence by (5) AE,=(1—cos @)/2. 

If m> 1 the two components 7, , and 7, , of T, must be considered separately. 
They are given by 7, ,;=p,? and 7,,.=p,” where (see for example van de Hulst 


Bose) ee ale hl a Mae re (6a) 
COS 1+ MCOS r 
pre See pS eS -(65) 


m cosi+cosr- 
Since cos i=sin $6 these may be put into the form 
sin 46—[m?—1+:sin? a} 
| : “| Sa 40+ [m?—1+ sin? 40])? | 
es ft ih 0 [me esin* ay peat ee) 
ae a= | Se sin 40+ [m2—1+sin® 40]! 
7, may be expressed in terms of a parameter s= [sin 46]/ (a Le and is 
given by Tage da 4e(L+-25°)(1+92) +82 +804 see eee (7) 
If ee Le )seT, a where I,,, and J,,, are polarized in the planes corresponding 
£0 714 and 71 3 respectively, then by (3) Jy, 14=71,1/87 ; this is plotted in figure Ds 
No similarly simple and exact expression for 71, 18 available. Algebraically 


the simplest is wn (EY ' mary te 
+t 
where t= m?s/(1+s?)!? but this is clumsy to compute. Probably it is easier to 
use (6d) above. If m?s<1, 71,2 can be expanded in powers of m and s and gives 
74, 9= 1—4m?s + 8m's?— (12m —2m?)s> 
4 (16m8— 8m")s4— (20m — 188 + 9m2)F. (8a) 
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The corresponding expansion of 7, , from (7) is 


71,1= 1—45+ 85? — 1058 + 8st—(7/2)s>. 0.6 tee ee (7a) 
so that 
71, = T1,1(m?s) — (m* — 1)[2ms® — 8antst + $(11m*—1)m2s?] . oo. see ee (9) 
For small values of m?s therefore the approximation 
ge TUG S) ee een (9a) 


can be used. Provided that 6 < 30° it gives sufficient accuracy within the range 
of the approximation for J, (see below). The correction terms in (9) only 
converge slowly unless m—1 is small, so that when exact values are needed for 
larger values of @ it is simpler to calculate 7, . from (8). 

For computing AE, the correction terms in (9) are not necessary, since the 
cumulative error between 30° and 45° is too small to cause appreciable error 
in AE. AE, is obtained from (5), (7), and (9a), by which 


99 
AE, (0) = | * Meats) 1 om sin 0d 


9 
ay | [71,1(8) +71,1(m2s)] sin 048. 
6=0 
Putting ms =u in the expression for T, . we get 
AB (nite nf i $74, 4(8)ds-+ m4 | ur, (ud | ; 
=(m*—1)[f(s)-+m—-f (m’s)] 7 ee 10) ae 
where f (s) = 452 + 254 + $56 — $59(1 + 5?)3!?; waited bh) 
f(s) is plotted in figure 3, from which AE, may be derived. . 


aise le 
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and hence 
Ri sin 4 
oe m sin $6 (12 
[SPY 2i'Gos 40 NF 9 th mee a) 
and : 
sah 
hoe tes m cos 3@—1 (125) 
Piet mee me COSeaU |N= )) oe PSF FR SN 
From these may be derived 
sin 27 BD sim m cos 46—1 
sin@ cos 40 m24+1-—2mcos}06 j=" "" ae 
and by differentiating (12 a) 
at oe (m/2) cos LCE 1—2m cos $6] — (m?/2) sin? 46 db 
[m? + 1—2m cos 40]8? 
so that 
di _m m—cos +6 (14) 


dd 2° [m?+1—2m cos 36] 
The transmission coefficients 7, , and 72 5 are 7. = (1—p,)? and 7, »=(1—p,?)* 
(see (3a), and (6a) and (64)). Inserting the values of sin 7 and cos i, and putting 


sin r=sin $6/[m?+1—2m cos 36]1? 


and 
cos r=[m—cos 46]/[m?+1—2m cos 46]? 
we get 
2m cos 40—m?=1 
Pa m2 —1 
and : 
_ (m* +1)cos 38—2m 
pa “(m®—1) cos $0 
Hence 
> _ {4m[m cos 40—1][m—cos $6]) ? 
(pare ee eee Aer eileen (14 a) 
and 
4m[m cos 46—1][m—cos $6]) ? 
a= PAN A BLA Salen lad AS at BANAT bette oP = h 
(1 P2 ) { [(m? — 1) cos OP i T2.2 eee eee (14 b) 


From this it follows that 7, .= 72, sec*}0. 
Putting these values into (3) we can express /,(@) in terms of m and 6 only: 


2f m |4[mcos $6—1]?[m—cos $6]? 3 

SS | | ne 50 [E OS Ae 
where J,(@) is the sum of the intensities of the beams polarized in two planes 
perpendicular to one another, the incident light being unpolarized. This may 
be put alternatively in the form 


F,(8) . [mt cos 49—1}*[m—cos 20]"[1 + sec” $9] _ p 15.) 
(2(0) pk GOS 40[m? +1 —2m cos 0)2(m—1) Pree 


It is not difficult to show that B(m, 9) = B(1/m, 0), and that I,(m, 9) =m°I,(1/m, 6), 
so that only m>1 will be considered below. a 

Equations (15) and (15a) greatly simplify the computation of (3) for n=2 
but they remain formidable obstacles to exact calculations. Similarly, if (15) 
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is inserted in (5) the integral for AE, can be evaluated exactly, but the expression 
obtained is so difficult to compute, involving small differences between relatively 
large quantities, that it is useless. For many purposes however the light scattered 
near 0=0 is that of principal interest; for this, approximations to both /, and 
AE, are possible. 

4.2. Approximation to I,(@) 

The expansion of the right-hand side of (15a) in ascending powers of 8 
gives an expression containing terms in which 6 appears in the combination 
4/(m—1). ‘This greatly restricts its usefulness since in general 9~m—1 when 
B~0-5, and an approximation extending to very much lower values of B is 
required. Consequently purely empirically a function © of m and @ was found 
such that on plotting B against © for various m the curves were as nearly coincident 
as possible. From the common curve B could be read off for 1:02<m< 1-65 
and for a range of angles including a large part of the scattered flux. If m>1-65 
the range over which J can be approximated is limited by J, rather than by J, 
(see below) so that as m increases above this value the range of B for which an 
approximation is required diminishes. 

Such an approximation is a compromise between simplicity, accuracy and 
range of applicability, and the blend of these which is chosen is purely personal. 
The ranges of both m and 0 are involved and if the approximation is to be applied 
to the sizing of small particles the useful ranges of these are linked through the 
conditions under which Bricard’s method can be used. ‘These may be shown 
to lead toa useful range of about 6=m-—1, but since the approximation derived 
may be required for other purposes the range was extended to considerably 
wider angles than this. ‘The aim has therefore been to obtain a curve giving B 
within 1°% for spheres for which 1:02 <m< 2-0, and for 1:02 <m< 1-65 to extend 
the range of application to as high values of @/(m—1)as possible. Any approxi- 
mation doing the latter gives satisfactory agreement for 1-65 <m<2-0 up to the 
maximum angles to which J, can be estimated (see below). In fact the range 
of application extends to higher values of @/(m—1) if m—1 is small: this is an 
advantage since (i) if m—1<1 the angle corresponding to 8=m—1 is too small 
to be of much practical use, and (ii) a smaller proportion of the incident flux is 
scattered within the cone of semi-angle k(m—1) if m is small. 

In order to obtain the required curve (15a) was used to calculate nine to 
twelve values of B for each of the refractive indices 1-02, 1/0-98, 1-16, 1-33, 
4/3, 1-55, and 2-0, @ being chosen in each case so that most of the values of B 
lay between 1-0 and 0:1. B was then plotted against m?0/(m—1)(m+1)2. The 
parameter m6/(m—1)=6 di/d@ which seems the obvious one, was not very 
helpful, and m?0/(m—1)(m+ 1)? was chosen instead because J,(0) is proportional — 
to {m/(m—1)(m+1)?}*. The flux scattered in component 2 does not 
vary very greatly with m, and it seemed plausible that the angular scale was 
correspondingly contracted. 

The plotted points lay fairly well ona curve, and their displacements from it 
were used to find a more suitable parameter for the abscissae. This process 
was repeated until an acceptable parameter was found: this was. 


[m3!?(m + 10-5) tan $6]/[(m—1)(m+1)2]=0. 
B was then calculated for a number of other values of m and @ to see whether 
they also fitted the curve found. The agreement was surprisingly good, and 
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figure 4 shows the curve and most of the calculated values of B; where the points 
crowd too closely upon one another some have been omitted. The scale at 


the top shows for various m the maximum © for which the approximation is 
valid to within about 1%; in general, computed values of B corresponding to © 
greater than this are not shown, but to illustrate how B behaves over a wider 


range all the calculated values for m= 1-55, 1-33 and 1-10, and the curves through 
them, are given. 
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Figure 4. J,(6)/J,(0)=B as a function of @=[Q tan 46]/(m—1). The scale at the top 
shows, for the values of m marked, the maximum values of © for which the curve gives 
a satisfactory approximation. 
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Figure 5. Variation of Q with m. 


To simplify the use of figure 4 m?(m + 10:5) /(m+1)?= Qis plotted against m 
in figure 5. If m>1, then to obtain J,(9) Q is read off figure 5 and multiplied by 
[tan 40]/(m—1) to give 0. B is then read off figure 4, and J,(0) calculated 
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from it by multiplying by /,(0) = (4/7)m*/[(m—1)?(m-+ 1)*]. If m<1, I,(1/m, @) 
is obtained as above and J,(m, @) derived from it by the relation 


I,(m, 0) = m?I,(1/m, @) 
(see above). 
4.3. Approximation to AE,(@) 

AE, is derived from J,(6) by means of (5). As shown in figure 4 however 
B, and hence J,(6), is a function of ©, and if this is put in (5) the integrand is a 
function of m as well as of 6; consequently a solution valid for all m cannot be 
derived from it. 

Instead therefore B sin @ was plotted against m@/[(m—1)(m+1)?]. ‘This 
is the same parameter as was used in the initial plotting of B and the reason for 
its selection was the same. ‘The fit of the various points to a common curve 
was then progressively improved in a similar way to that used for B. In the 
present case however the fit of individual points is unimportant, but for any m 
the area under the curve up to a given @ must agree with the corresponding area 
under the ‘average’ line to within acceptable limits of error, in this case 1% 
of the total area under the curve. Since the integral required is with respect 
to @ the scale of the abscissae must be of the form f (m) x 0. 

The curve chosen is shown in figure 6, in which Cx Bsin@ is plotted 
against {[m*!?(1—m/4)]/[(m—1)(m+1)?]}@= KO, @ being measured in degrees ; 
C= [m?3(1+ |m—1-4|/40)]/(m—1). The area under this curve, H (obtained 
graphically), is plotted against K@in figure 7. If m>1, then to get AE, 0/(m—1) 
(8 in degrees) is multiplied by (m—1)K, which is plotted against m in figure 8: 
H is then read off figure 7, and AE, obtained from the relation 

AE, = 27I,(0) x (7/180) x (H/CK) 
SH 5, 


L is plotted against m in figure 9. If m<1 I,(@) is smaller by a factor m?, so 
that AF, = m?L(1/m)H(1/m, @). 


$5. Licut INTERNALLY REFLECTED: n> 2 


When n > 2 no exact expression for J,,(@) in terms of m and @ only was obtained, 
but a number of generalizations are possible. If m is large, and in particular if m 
is small and n large, 6 varies over a wide range, and for most values of 7 it varies 
rapidly with 7. Since moreover 7’, is a product of m terms each less than unity 
its mean value diminishes as m increases. Consequently, the overall contributions 
of J, and AE, to J and AEF are normally small. Near 6=0 and 6=7 and near 
the rainbows however they may not be negligible. 

For components 1 and 2, @ increases monotonically with increasing i, and to 
a given value of @ there is only one 7 even if 9 and —@ are regarded as equivalent. 
If n>3 however neither of these conditions necessarily holds. For a given 
n, (i) 8 may vary over an angular range greater than z, so that sin @=0 when 
sin 214 0 as well as when i= 0, and (ii) 8 may have a minimum, so that di/d0—> oo. 
In each case therefore the intensity becomes high near the corresponding angle 
the former corresponding to coronae and anticoronae and the latter corresponding 
to the rainbows. Moreover, since 6 and —6, and also 2k7+6 and 2k7—O. are 
all equivalent to one another there may be two or more i, corresponding ie a] 
given Ons This is indicated in figures 10(a) and 10(6), in which the hatched 
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areas indicate the angles at which iight can be scattered after one and two internal 
reflections respectively and the density of hatching indicates the number of 
possible values of 7, corresponding to a given @,. These diagrams only deal 
with m>1. If m<1 there are no rainbows, but there are (w+1)/2 values of 
i, for which 0, =0 if n is odd, and n/2 if n is even; if m>1 the number of such 
values is at least one less. 

For n>4 figures such as 10(a) and 10(b) become too complicated to be 
very helpful. Figure 11 indicates the positions of the rainbows for n=5, 6 and 7. 

To bring order into this disorderly array of detail it is considered in three 
parts: (1) scattering near §=0 for which? is small and n=4, 6, . . .; (2) scattering 
for which sin +0 and sin 2:40; and (3) scattering near the rainbows. 
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5.1. @ andi both small 
When 7=0, 6,,=(n—2)z and if n is even the scattering is therefore forward. 
For small t the factors T’,,, sin 2i/sin @ and di/d0,, in (3) may be expanded in 
ascending powers of 6 giving 
L’,,(9) = T,,(0) x (1+ terms in 6 and higher powers) 


sin 2z/sin 6,, =lim (sin 2z/sin 6,,) x (1+ terms in 62 and higher powers) 
650 


di/d@,, = (di/d0,,), 9 x (1+ terms in 6? and higher powers) 
T, (0) = 16m?(m—1)?"-4/(m+1)*", lim (sin 2i/sin 0,,) = m|(m—n +1) 
00 


and 
(di/d0,,)g_)=m/2(m—n+1) 
so by (3) 
L,,(8) = [4m*(m — 1)?" 4 /7(m + 1)?"(m—n+1)?] x (1+ terms in 6? and higher 
POWEIS) 2 Un Peete she (16) 
If n=6, 8,..., the terms in (m—1)?"—*/(m+1)2" and m?/(m—n-+1)? become so 


small that J, may be neglected. J, must however be considered. For 
m<1-5 1,(0)>J,(0) since T,(0) is small, but as m increases J, diminishes and J, 
increases so that at m=1-75 J,(0)/J,(0)~0-002 and at m=2 J,(0)/J,(0)=0-012. 
Although these ratios are small the latter is not negligible. However, since 
(a) IJ, does not contain a term in @, and (b) the rainbow is at fairly wide angles 
unless m approaches 2, J, may be regarded as constant for small 0. If m< 1-75 
it may be neglected. If m> 1-75 however the rainbow approaches the forward 
direction so that J, rapidly increases as @ increases. J, can then be calculated 
by means of the expansion in (16), but this unusual case is not further considered. 
Consequently the angular range over which the approximation may be used 
diminishes as m approaches 2. 

In the range for which J, is constant, its contribution to AE is derived from 
(5) and is 

AEG, == 2a( l= cost, I,(0). @ noses (17) 
5.2. sin 00, sin 2140 

With these 6 and i, J,, calculated by (3) is infinite. Ifn>4 and m>1, then 
T,, and di/d6,, are so small that only if sin 6 is very small indeed is /,, appreciable, 
and this case has been neglected. If n=3 (m>1) scattering at @=0 cannot 

occur, although if \/2<m<2 light may be scattered at 0=a when sin 2:40 
(see figure 10(a)). Figure 10 (b) likewise shows that for n=4 and if 1<m<2 
forward scattering only takes place if i=0, but if m=2 light incident at 7/2 is 
scattered at =0, and it is clear from the trend of the curve that if m> 2 light 
incident near 7/2 will be scattered at 9=0; the case of 2—m and 7/2 —1 simul- 
taneously small will therefore be considered here. 

Ati=41, di/d6 =} (alln,m> 1), and hence d(sin 27) = —2di= — do. Therefore 
if 0=0,, at i= $n then $7 —i= (0—0,)/2 and sin 21/sin 0= (0 —6,,)/8 approximately 
if 47-7, 0, and 6, areallsmall. 7, may be obtained from the approximations for 
p2 and p,? near glancing incidence; py2=1—4(40—72)/(m?—-1)1? and 

po2=1—4m? (42 —1)/(m? — 1)"?, which are equivalent to the first two terms of 

the expansions of equations (7) and (8) respectively. Hence 
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This increases very rapidly with 0—6,, at first, but since 7, cannot exceed 1/16 
the maximum value of J, is (1/27)(0—4,)/320; even if m=2, 0,=0, this is only 
about 2% of J,(0) so the errors are small relative to J. The approximation is 
clearly only valid if 2mm?(0—6,,)/(m?—1)¥<1, that is, if 0Q—A@y<73° for m=2 
and if 0—0,<15° if m=1-75. Within this range of angles AZ, is negligible, for 


9 
AB,=[ I, . 2m sin 0d 
6= oy 


-| [}(0—04,)/0]T, sin 6d9 (by (3)) 


M 
9, 
< | (1/32)(0 — 0,,)d0 = (1/64) (0, — 94, )? 
OM 
since 7,< 1/16; even if @—6,,=4 radian this is less than 0-002. 

If m<1, then for n=3 and n=4 as well as for higher m there are values of 7 
near sin—4m for which 6=0, sin 240. Since near this angle p, and p, are high, T 
may likewise be high and the corresponding J, and J, cannot be neglected. By 
(2), if n=3 light is scattered directly forward if 7+ 47=2r. 

Hence 

cos (t+ $7) =cos 2r 
—sin1=1—(2/m?) sin? 7 
so that t= sin—1{(m?/4)[(1 + 8/m?)1? + 1]}. 
Similarly, if n=4 the angle of incidence for which 9=0 may be shown to be 
sin~ '[$m3/2(1+3/m)]. 
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Figure 12. Light internally reflected and scattered near 6=0(m<1). 
X3= Ben, [1,(6) x sin 6], X4= lim [J,(@) x sin 6], and X=X,+Xj. 
>i 6>0 


Using these values X;, = sin 2i(di/d0)T, and X,=sin 2i(di/d0)T, were calculated, 
and hence J; and J, for small 9 may be obtained. Inthe sum giving J both J, and 
7, occur twice, at +4 and —9, so the appropriate multiplier is 1/7 sin 0. X, and 
X,, and also X=X,+X,, are shown in figure 12. In practice only the sum is 
required, since each is multiplied by the same factor and they are then added 
but they are shown separately to illustrate the rapid diminution of X,, aS n increases 

SG os NG AIG Ey Lage ss 4's 4 have been neglected. 
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The values of J; and J, obtained are strictly speaking only applicable in the 
limit as 90; at other angles terms in 0, 62, . . ., should be taken into account. 
In practice however only the sum I( +6) + I(— 8) is used, so that terms in 6 and 63 
cancel out. ‘The term in 6? is negligible whenever the approximation to J, can 


be applied. 


. : : Oo 
The contribution to AE, is 2 x | (1/27 sin 0)X,27n sin 6. dd=2X,,4,. 


6=0 


5.3. Scattering near the Rainbows 

Rainbows appear at angles of minimum deviation 6,, and for any @ near 
9,,(0 > 6,) there are therefore two paths possible within the sphere. Interference 
between rays following these two paths can take place and consequently the 
derivation of intensities on the basis of geometrical optics breaks down. The 
nature of this breakdown was first realized by Thomas Young (1804), and was 
put on an exact basis by Airy (1838). Since their explanation is based on 
interference, and J is therefore size-dependent near Op, it is not considered here. 
It is important to know however what fraction of AE is scattered near 0, since 
it may be appreciable; geometrical optics should indicate its magnitude approxi- 
mately as long as a>. 

For 6=6,, 1=i,=sin7 [{(n—1)?—m?*}/{(n—1)?—1}]#? from which T, and 
(d?6/di?),, may be calculated. The angles of incidence of light scattered at 
6, +68 may be derived by means of Taylor’s theorem, and are 


in+ | 2656 1/2 Se 250 1/2 
*e waa, | a ‘a | wea | 


approximately. 6£, the fraction of the incident light of the same component 
scattered between 6, and 6,+60@ is therefore 


—. f 280 1/2 
dE =2 sin tp cos inl cae, | Le 


which can be calculated. Near 6=0 there are rainbows if n=4 and m=2, if 
n=5 and m=1:-5, and if n=6 and m=1-25; taking 59=6°, then in the first of 
these cases SE~ 0-01 and in each of the other two 6E < 0-002. 


§ 6. ANGULAR RANGE OF APPLICATION OF APPROXIMATION 


For spheres J can in principle be calculated to any required degree of accuracy, 
and the range of application of an approximation depends only on the error which 
is acceptable. Since J==,J,, and in this paper each J, is obtained from an 
approximation of limited range of validity the overall range is that common to 
all components; in this paper the aim has been to reduce the overall error to 
about 1% of J, or to 0-01 in AE. The range is shown in figure 13, for both J 
and AE, plotted against m. In each case the boundaries are labelled with the 
factors limiting the approximation. The lower boundary, near §=0, is drawn 
purely arbitrarily as a caveat against applying the approximations too near 0=0; 
in practice J cannot be measured at very small 0. This restriction does not apply 
to AE, since the flux within the small cone forward is negligible. Otherwise 
the range for AE is broadly similar to that for I. 
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Limits of approximations to 1@)and E(@) 
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Figure 13. Ranges over which J(6) and AE(6) can be obtained by means of approximations. 
Each boundary is marked with the main factor contributing to error on it. Factors 
limiting ranges of application : A, lack of computed values of J, and AE,; B, error 
of approximation to J,; C, error of approximation to AF,; D, proximity of rainbow: 
error in J,; E, proximity of rainbow: error in AF,; F, J, not negligible, n> 4; 
sin 2in/sin@u—+0co 


§ 7. POLARIZATION OF SCATTERED LIGHT 


If m> 1 the scattered light is only slightly polarized at small 6 and polarization 
is not normally of interest. If required it can be calculated from that of 
components, 1, 2, and 4. J,, and J, , are given separately above, 


I,,1=1,/[1+sect 40] and I, .=J, sect 36/[1+sec* 46] 


(from equations 14 (a) and 14 (6) above), and J, is virtually unpolarized since 
near 6=(07is small (if m> 1-75 and n=4 rays for which 7~ 47 also scatter near 
6=0; for these the polarization can be derived from (18)). 

If m<1, and in particular if m<0-9, that part of components 3 and 4 which 
is included in the term X/sin @ is strongly polarized. This only becomes 
important at very small @ and is not further considered. 


§ 8. WEAKLY ABSORBING PARTICLES 


If the sphere is weakly absorbing (m=v—iv', v’ small), p,2, p.2, and the 
angular relationships are unaffected. J, will therefore be unaltered and J,, Is, ..., 
will each be reduced by a factor exp (—47v'l/A) where /=length of path of ray 
in sphere=2a(n—1) cosr. If n=2, cos r=[m—cos 46]/[m?+1—2m cos 40)12. 
Unless exp (—87v'a/A) < I,(v, 0)/I,(v, 0), I, remains the largest contributor to J 
for small , and since / diminishes as 6 increases the reduction in J will be greatest 
near the forward direction. If @ is small, cos r may be expanded in the form 
cos r= 1—[sin? 36]/2(m—1)?+ [(m+4) sint $6]/2(m—1)# 
and then 


exp (—4:v'l/A) = exp { — (2ma/A) 4v} x exp {[(27a/A) 2v’ sin? 30]/(m—1)}x... 
=exp (—4v'x){1 + [2v'x sin? 46]/(m—1)?— ....} 
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Consequently as long as the term in [sin 46]/(m— 1)* is sufficiently small, 
I,(v—iv’, 6) =Iy(v, 0) x exp (—4v'x) x {1 + [2v'x sin? 46]/(m—1)*. 
Terms for which »=3 do not arise if m>1, and for n=4 
exp (—4mv'l/X) ~ exp (—12v'x) 
for all values of 6 accessible to approximation to Jy. 
Similarly AE,(v—iv’, 0)~AE,(v, 0) x exp (—4v'x) as long as 
AE;(v, 8) x exp (—4v'x) x 2v’x[sin? 40]/(m—1)? <0-01, 


and AE,(v—1v’, @)=AE,(v, 0) x exp (— 12v'x) to within close limits for all values 
of 6 accessible to the approximation to A). 


§ 9. SUMMARY 


The procedures for calculating J and AF are summarized in tables 1 and 2 
respectively. The approximations given can only be applied near the forward 
direction, and their angular range of validity depends on m; this is shown in 


figure 13. 

If 0-75 <m<2-0 the forward scattered light is dominated by that transmitted 
through the drop without internal reflection (component 2): for this component 
an exact expression in terms of m and @ only is given. This is easily computed, 
and if used in conjunction with the approximate expressions for the other 
components a fairly high degree of overall accuracy can be attained. 
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The Spin of the Neutral Pion 
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Abstract. An attempt has been made to detect effects due to non-zero pi-meson 
spin. The distribution of photons from the decay of neutral pi-mesons was 
measured and from the results it is concluded either that the spin is zero or that 
the pi-mesons observed were not appreciably polarized. 


§ 1. INTRODUCTION 


HE observation of an anisotropy in the angular distribution of u-mesons 
| produced in the decay of positive 7-mesons (Lattes 1957, Hulubei, 
Auslander, Baale, Friedlander and Titeica 1957, 1958), raised doubts as 
to the correctness of the belief that all three types of 7-meson have zero spin. 
The arguments for this belief are based on a detailed balance study of the cross 
sections observed for the reactions: 
p+p=7* +d, 
and on the consistency of the phenomenological analysis of meson phenomena 
based on the assumption that all the 7-mesons have zero spin. Assuming no 
polarization of the 7-meson beam in the above reaction, detailed balancing gives 
zero spin (Durbins, Loar and Steinberger 1951), but even if the spin is not zero 
75% polarization of the 7-meson beam employed would give an apparent result 
of zero spin. ‘This degree of polarization was considered unlikely (Clark 1951) 
and the 7-meson spin was taken to be zero. However, the remaining uncer- 
tainties make it worth attempting to detect effects due to non-zero pion spin. 
This paper reports an attempt made to detect such effects in the decay of the 
neutral 7-meson : the method used was suggested by Kinoshita and Peierls 
(1957): 

A beam of 7° mesons is produced by an interaction which almost certainly 
conserves parity : if the 7° meson has spin, it is possible for the beam to be 
polarized with a net spin angular momentum directed perpendicularly to the 
m-meson momentum. Each meson will decay to give two photons moving in a 
plane having a probability distribution which will be in general anisotropic in. 
the azimuthal angle around the direction of the 7° momentum. This decay 
distribution will depend on the meson spin and parity, and on the polarization 
of the meson beam. The observation of an anisotropy would indicate that the 7° _ 
meson has spin; the observation of an isotropic distribution would indicate — 
either that the spin is zero or that there is no polarization. : 

A search for such an anisotropy has been reported by Leiss and Schrack — 
(1958): these workers concluded that there was no anisotropy but their observa- _ 
tions suffer from large statistical errors, a non-uniform background subtraction, — 
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and a correction for the effects for angular distribution based on a dubious 
model of photoproduction. A measurement on the charged pi-meson decay, 
which is similar in principle, has been reported by Crewe, Kruse, Miller and 
Pondron, (1957): the decay was isotropic within the standard error of about 
5%. ‘These results appear to be contradicted by the photographic plate work of 
Lattes (1957) and of Hulubei et al. (1957, 1958). However, the effects of dis- 
tortion and observer’s bias which are involved in such work were carefully 
examined by Lattes and by several other groups, and reported in 1957 (Venice 
1957): it appears that all the asymmetries were instrumental although the exact 
source is not known. ‘The work reported in this paper was undertaken in the 
hope of helping to resolve the doubts about the 7-meson spin. 


§ 2. EXPERIMENTAL METHOD 


The 7° mesons were produced in a graphite target lying in a 240 Mev brems- 
strahlung beam produced by the Glasgow University electron-synchrotron. The 
decay photons produced by the 7° mesons were detected in lead fluoride total 
absorption counters (Williams and Caplan 1957) (C, and C,in figure 1), Each 
counter was shielded with lead and had an aperture defined by a 7-5 cm long, 
7-5cm diameter hole in a lead collimator. The hole was filled with a Perspex 
plug which attenuated the low energy radiation from the target. ‘The axis of the 
collimator defined the axis of the counter. ‘Two such counters were placed so 
that they faced the target with their axes at 90° and intersecting at the centre 
of the target (figure 1). 


7 a 
Target i 
A we 240 Mev 
ZL axis OOF ————— 
~< ee 
aie X-Rays 
¢ ! \ 
ve | 
Phe 
a4 | 
A, NES \ 
& 1 
C, > 1 
Vv S 
Wh : y axis 
Counter axis Perspex 


Figure 1. The experimental apparatus : a vertical section for G=90*. 


A set of cartesian coordinates is set up which clarifies the discussion of the 
experimental arrangement (figures 2 and 3) This coordinate system has its 
origin at the centre of the target, its ~ axis coaxial with the horizontal brems- 
strahlung beam, its y axis vertically downwards from the target, its z axis 
horizontal and projecting to the right from the target when looking along the 


direction of the beam. 


The coincidence of pulses from the photomultipliers of the two counters 
indicates the simultaneous detection of the two photons from a 7° meson which 
has been produced and decayed in the target. Such a coincidence turned out | 
to be a necessary and sufficient condition to indicate a 7° decay. ‘To be detected 


in this way, the 7° meson must have been moving in a direction confined to a 
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solid angle which is defined by the geometry of the counters and the kinematics 
of the 7° meson decay. This solid angle has its axis of symmetry coincident with 
the bisector of the axes of the counters (figure 2): this solid angle is called the 
‘solid angle for detection’ and its shape is indicated in figure 2. Not all the 
mesons moving in this solid angle were detected but any meson moving outside 
the solid angle could not be detected. 

If there is a 7® meson beam directed along the y axis in figure 2 having a 
polarization which defines a direction perpendicular to the y axis, then the decay 
rate will depend on the angle between this direction and the plane which contains 
the decay photon momenta. Consequently, the detection rate will vary with the 
angle between the plane containing the counter axes and the polarization direction: 
thus the experiment is reduced to measurement of the detection rate as the 
counter plane was rotated around the y axis. In fact, the target was an extended 
source of 7° mesons, and the definition of the meson direction was limited by the 
finite solid angle for detection described above. 
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Figure 2. The experimental geometry. 


The two counters were set so that their axes were coplanar with the y axis as 
in figure 2. The angle between this plane and the z axis is called @ and it was 
with respect to this angle that the decay distribution was observed. Figure 1 
shows the section through the experimental apparatus for 9=90°. The counters 
were mounted on 45° ramps fixed to the top of a rotating table and arranged so 
that the counter axes and axis of rotation met at a point which was at the height 
of the centre of the bremsstrahlung beam. To set the table in the experimental. 
position, the centre of the beam was found by x-ray photography and the table 


moved until its axis intersected the centre of the beam. When this procedure was 
complete, the maximum possible distance between the axis of rotation and the 
centre of the beam was 0:15 cm and the maximum distance from that intersection — 


to either counter axis was 0-30cm. ‘The errors in setting angles between axes 
are not important and did not exceed 3°. The target was placed with its centre 
at the intersection of the beam and the rotation axis (maximum error 0-20 cm). 
The beam diameter was 56cm. Two targets were tried : the first was a sphere 
50cm in diameter, the second was a vertical cylinder 5-0cm high, 5-Ocm 


il 


The Spin of the Neutral Pion {27 


diameter. No difference in decay distribution, attributable to these differing 
target shapes, was observed. 

The coincidence circuits had a resolving time of about 30 mypsec : two such 
circuits were used, one to detect prompt coincidences C, C,, and a second to 
detect random coincidences by delaying one signal by 60 musec. ‘The coincident 
outputs were filtered through a 100 msec gate which enclosed the synchrotron 
beam pulse and were counted on scalers. The gains of the photomultipliers 
and the subsequent amplifiers were set high enough to ensure that pulses from 
the lowest energy photons expected would operate the coincidence circuits. 
Under these conditions the counters were almost 100% efficient: losses were due 
to low energy photons entering the lead fluoride crystal close to the edge and 
producing showers which were inadequately contained in the crystal. ‘These 
losses would have been constant if the energy spectrum of observed mesons was 
independent of the angle 6; although this was not so, the effect was negligible. 

The coincident count for a constant value of the integrated beam intensity 
was measured at intervals of 22}° in 0, starting at 0° and finishing at a complete 
revolution. ‘The symmetry of the experiment permits the results for a complete 
revolution to be folded into one quadrant to give counts for 6=0°, 224°, 45°, 
673° and 90°. In all, 14 revolutions were completed. At the end of three 
revolutions it was clear that there was a marked anisotropy and the experiment 
was carefully examined for systematic errors; the following points were con- 
sidered : 

(i) The magnetic fields in the region of the apparatus would have an effect on 
the operation of the photomultipliers which could depend on 6. Adequate 
screening had been provided but it was extended and improved as an added 
precaution. ‘There was no change in the observed anisotropy. 

(ii) Large angle pair production was not expected to contribute sufficiently 
to cause an anisotropy of the magnitude observed, but an experimental facility 
was incorporated into the apparatus to check this conclusion. Plastic scintilla- 
tion counters }in. thick were placed between each Perspex plug and its total 
absorption counter, A, and A, in figure 1; the outputs from these counters were 
added and put into threefold coincidence with the counters C, and C,. The 
appearance of such a coincidence C,C, (A, or A,) indicated that the C,C, 
coincidence was due to particles of which at least one was charged on entering 
the total absorption counter. The distribution of this rate would be more 
~ markedly affected by any pair production anisotropy than the C,C, coincidence 
‘rate. As expected, this threefold rate showed the same fractional anisotropy and 
was of a magnitude expected from photon materialization in the target and the 
Perspex plugs: hence, large angle pair production was not the source of the 
observed anisotropy. 

(iii) The shape of the solid angle for detection (§2) encloses a range of 7° 
production angles which is a function of 6; if there is a non-linear variation of 
production cross section in any part of the maximum range covered, then the 
counting rate will be a function of 6, apart from any decay anisotropy. It is 
‘necessary to correct for this effect of the 7° production angular distribution. 

The results of Barringer, Meunier and Osborne (1956) indicated that over the 
_ region covered by this solid angle the angular distribution was almost uniform 
and no effect was expected on the present observed decay distribution. However, 
Barringer, Meunier and Osborne used a detection efficiency which was peaked 
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near 100Mev for neutral pions whereas in the present work the maximum 
efficiency occurred at 65Mev. ‘The production angular distribution was there- 
fore determined for the mean pion energies 48, 65 and 84mev. For the 65 Mev 
pions the angular distribution was found to vary rapidly through the production 
angles 45° to 135° and results in a correction to the observed decay distribution : 
the determination of the angular distribution and the correction are described in 
the next section. 

The observed decay distribution, uncorrected for this effect, is shown in 
figure 3: the experimental points are shown with the standard errors which are 
due to counting statistics alone. The anisotropy is revealed by the deviation of 
the points from the straight line drawn at the mean. 


§ 3. THE ANGULAR DISTRIBUTION CORRECTION 


The production angular distribution of pions was determined with the same 
apparatus, modified so that one total absorption counter was placed above the 
other in its normal position (see figure 1). With this arrangement, observation 
of the coincidence rate as the table is rotated about the y axis yields the required 
angular distribution: this was done for production angles of 45°, 673°, 90°, 
112$° and 135°. As this distribution was required over a considerable energy 
range it was measured for three values of the angle between the counter axes (« in 
figure 1); these were 80°, 90° and 100°. 
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The effective solid angle subtended by the counters as a function of pi-meson 
energy and the angle « was computed and is displayed in figure 4. These curves 
are cut off at 100 Mev as this is the greatest kinetic energy which can be given toa 
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Figure 4. The effective solid angle of the counter for meson detection at three values of a. 
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Figure 5. The adjusted solid angles for detection of 7° mesons; the curves for meson mean 
energies 48 and 65 mev are those for ~=100° and 90° (figure 4) adjusted by sub- 
tracting fractions of the curves for ~=90° and 80° respectively. 
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Figure 6. The angular distribution of 7° mesons of mean energies 48, 65 and 84 mey. 


pi-meson produced by the 240mev bremsstrahlung beam. By subtracting a 
fraction of the yield for one angle « from the yield for another angle « it is possible 
to calculate cross sections for the energy resolution curves shown in figure 5. 
This allows the relative differential cross sections for the mean pion energies 48, 
65 and 84 Mev to be computed: the results are plotted in figure 6. 

These cross sections are used to calculate how the decay distribution is dis- 
torted by the varying sample of the production angular distribution. The factors 
by which the yields have to be reduced are as follows. ‘ 


6 (deg.) 0 224 45 674 90 
Reduction factor 1:0 1-03 1-08 1:10 1°19 


_ The final corrected decay distribution is given in figure 7. 


§ 4. RESULTS AND DISCUSSION 


The final corrected decay distribution shown in figure 7 1s clearly consistent 
with isotropy and any non-isotropic component is obviously small. 

The first non-zero spin angular momentum that can be attributed to the 
neutral pion is 24 (Yang 1950). It is only possible to predict the form of the decay 
distribution if some assumptions are made (Kinoshita and Peierls 1957). Let P,, 

represent the probability that a neutral pion with spin component along the z axis 
of s, will decay into two photons moving in the plane containing the y and z 
axes and at equal angles to the y axis. Suppose that the 7° production inter- 
action contains a factor 
(Pa X Py)» Sa 
[Pel] Py 


. PROC. PHYS. SOC. LXXIV, I I 


1l+g 
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where p,, p, are the pi-meson and incident photon momenta and sis the spin 
of the pi-meson in units of fh. 
This yields the following decay distributions for various assumptions about 


free 

(i) Py=P=Po 1 + 3g% cos? 6/(5g2 +3) 
(ii) P,=P_.=0 1+3g? sin? 0 
(iii) Py=0 1 +3g2 cos? 6/(1 +g). 


If the meson has odd parity only assumption (ii) is allowed (Yang 1950). 
The decay distribution was fitted with a curve of the form 1+acos*@. ‘The 
result is 
a= — (0-010 + 0-045). 
This gives values of g? as it occurs above : 
(i) g?= —0-010 + 0-045. 
(ii) g?= +0-003 + 0-015. 
(iii) g?= —0-003 + 0-015. 


Although the results do not exclude a value for g as great as 0-2, it is obviously 
over-straining the data to do anything but conclude that the spin of the neutral 
pion is zero or that the mesons are not produced strongly polarized in the 
conditions of this experiment. 
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namely (i) cyclotron resonance at either infra-red or radio wavelengths, (ii) 
oscillatory magneto-absorption and (iii) infra-red Faraday effect. So far 
none of these techniques has been applied to GaAs, although this material is now 
of great fundamental and technological interest. We have used the free carrier 
Faraday rotation, which essentially determines the dispersion due to cyclotron 
resonance absorption (Moss 1959), to determine the effective mass in n-type 
material. 
It is shown by use of classical dispersion theory (Mitchell 1955, Moss 1959) 


that the mass is given by 
3 1/2 
mea a \ ed OF: (1) 


872c%eond 


To preferred ways of measuring effective mass are all magneto-optic methods, 


where @ is the Faraday rotation per unit length at the wavelength A, N the carrier 
density, 7 the refractive index and B the magnetic induction. A more detailed 
treatment of the effect by Stephen and Lidiard (1959), starting from the Boltzmann 
transport equation, yields an identical expression, where the interpretation of 
m* depends on the band structure. For the complex conduction band of Ge for 
example, it corresponds to a weighted average of the longitudinal and transverse 
masses—as has now been verified experimentally (Walton and Moss 1959). For 
GaAs however where there is theoretical and experimental evidence (Callaway 
1957, Glicksman 1959) that the lowest conduction level has a spherical energy 
surface, equation (1) will give the isotropic effective mass. 

Measurements were made on three n-type single crystal specimens over the 
wavelength range 8-19, using a double monochromator with KBr prisms. 
_ The techniques involved have been described by Moss, Smith and Taylor (1959) 

and Smith, Moss and Taylor (1959). The Faraday rotation and Hall constant 
were measured on the same area of each specimen. 

The crystals were ground to rectangular bars approximately 8 x 3x05 mm? 
with plane parallel faces. Low resistance end contacts were applied by various 
methods: (i) ‘electrodeless’ Ni plating (as used for Si by Sullivan 
and Eigler 1957), (ii) Ag electroplating with subsequent electroforming, 

(iii) soldering with tin using citric acid as flux. The Hall probes were 
gold wires whose contact resistances were reduced to approximately 1000 Q by 
discharging a 1 »F condenser through each contact in the back direction. Hall 
voltages were taken with both signs of current and field and were very reproducible. 
Measurements at different points on the specimens showed little spread, and it is 
concluded that the Hall constants were accurate to +3%. When interpreting 


| . 
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these data,using the relation R= A/Ne, there is some uncertainty about the constant 
A. For intrinsic material, where lattice scattering predominates, A = 37/8 
With increasing impurity this parameter falls to a broad minimum with A Ae 
and then rises again for very impure material. It seems likely that all our speci- 
mens would lie around this minimum region, so we have taken A to be unity. 
It is possible however that A could be as much as 1:1, so that our carrier concentra- 
tions could be too small by this amount. 


RESOLVED FIELD 8100 GAUSS 


SPECIMEN THICKNESS 0°795 mm. 


ROTATION (DEGREES) 


100 (WAVELENGTH IN MiCRONS)2 200 


Faraday rotation in gallium arsenide. 


The end contact regions were cut off the Hall specimens which were then 
lightly ground and polished, and used for the Faraday measurements. The 
measured rotation for one specimen is plotted against A in the diagram. ‘The 
expected proportionality is seen to be confirmed. The slope of the straight line 
(drawn to give a least squares fit) gives 6/A? with a precision near 1%. 

The refractive index is taken to be n=3-34+3°% (Oswald and Schade 1954). 
It is readily shown that the free carrier dispersion, for the carrier concentrations 
involved, has a negligible effect on this value. 

The component of the magnetic induction resolved along the direction of the 
radiation was 0-81 W/m? for specimen 1, and 0-83 W/m? for specimens 2 and 3. 
The uncertainty in the field is estimated as + 5°, mainly due to the uncertainty 
in the angle between the field and the radiation. 


Substituting the above values in equation (1) we find the effective masses _ 


given in the table. 
N (cm-’) 7:4 108 5:3 x 1016 3:5 x 1078 
m* 0-075 mp 0-068 m1 0-073 mo 
Average m* =0-072 mp 


In assessing the overall accuracy of this result it should be noted that equation 
(1) shows that the only observable proportional to m* is A, which can be measured 
with quite negligible inaccuracy. The parameters, B,n, Nand 0 give only asquare 
root dependence, so that the overall measuring tolerance in the effective mass is 
+6%. In addition there is an uncertainty of —0 +5% arising from the inter- 


: 


pretation of the Hall constant giving m*/m)=0-072(+0-008, —0-005). In 
view of the fact that three sets of measurements were carried out on different 


specimens the final errors might be less than those quoted. 
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The result obtained is consistent with the most recent analysis of electrical 
properties by Weisberg, Woolston and Glicksman (1958). It is, however, 
considerably greater than the value of 0-043 given by Barcus, Perlmutter and 
Callaway (1958) from a study of the infra-red dispersion of GaAs. This latter 
method of finding effective mass is fundamentally sound, but is inferior to the 
Faraday effect method because the mass found depends directly on the carrier 
concentration rather than on its square root. As these workers used polycrystal- 
line material errors in N could be particularly serious. Unfortunately no details 
of the Hall measurements are given and it is not known if the Hall effect was 
measured on the same area of material as was studied optically. Also the particular 
method used by Barcus, Perlmutter and Callaway (1958) to determine the 
dispersion (that of Simon 1951 a) is generally regarded as unreliable, depending 
as it does on a study of surface reflection of polarized radiation. For example 
Simon (1951b) found for both Si and Ge that n increased drastically with 
increasing wavelength between 4 and 14, (the indices almost doubled), 
whereas the index actually decreases steadily throughout this range. 
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has been very useful for the interpretation of molecular band intensities in 
terms of (a) the variation of electronic transition moments of band systems 
_ with internuclear separations 7, and thereby in terms of (b) arrays of smoothed 
relative vibrational transition probabilities (Turner and Nicholls 1954 a, b, 


ae HE r-centroid concept proposed a number of years ago by Fraser (1954 a) 
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Wallace and Nicholls 1955, Nicholls 1956 a, b, 1958 a, b, Dixon and Nicholls 


1958, Robinson and Nicholls 1958). ; 
The r-centroid of the v’->v” band is defined in terms of vibrational wave 


functions w,, yy as 
8 | wh ytib yer i | 1 icp Epp amano at (1) 


and a number of its properties, methods by which r-centroid arrays can be 
computed, and the arrays, have been given elsewhere (Nicholls and Jarmain 
1955, 1956, Nicholls, Robinson, Parkinson and Jarmain 1956, Nicholls 1958 a). 

It is important to relate 7,,,., to other familiar internuclear separations of 
diatomic molecules. Thus it is the purpose of this note to derive the relation 
among the r-centroid 7,,,”, the equilibrium internuclear separations Pee es of 
the two potentials involved, and the turning points 7’, 72’ (or 7’y,2)3 1's T2 
(or 7, 9") of the molecular oscillators in the v’ and v” levels respectively. 

It has been shown (Nicholls and Jarmain 1956) that if U’(r) and U"(r) are 
the two molecular potentials concerned and E,, and E,,. are the energies of the 
vibrational levels v’ and v” that 


OF ya) — OF yg = Ey — Ey. Pee (2) 
Further, by definition, the turning points of the classical oscillators for v’ and v” 
are given by 


U(r seam Bigatti Gallia kge es ee (3) 
Thus from equations (2), (3a, 5) 
U'(r'y, 2)— U'(Fyy)= Og) Fp ee Smee (4) 


This equation contains the intrinsic relation among 7 y~», 7'y.9, T"1,2) Te’) Ye’, and 
particular cases can be worked out analytically for particular forms of molecular 
potential U(r). 

‘Two specific forms of potential, simple harmonic and Morse, are considered 
here. 

For simple harmonic oscillator potentials 


U"(r)=kwe*(r—1re')® ...... (55a G0 U8 (1) Reg tr bore? es (5d) 
where k is a constant and the symbols are conventional (Herzberg 1950). Thus 
equation (4) becomes 


we ™[('1,2— te!) — Frye Te’)? = we"*[(0"1, —1e")?— Fw —Te")*] 


chia (6) 
which may be recast as 
UES elise die ne Nparceie s 
Te —Te Te —Te 
W—-1[7r'1,.—re" |? 
—— — § f/ 
+ | See (7) 
where Wetihlog Oita” A, whickcon betas (8) 


Equation (7) is an hyperboloid of one sheet. The independent variables of the 
hyperboloid are the quantities in the large brackets. 
For Morse oscillator potentials 
U'(r)=D[l—exp{-a'(r—re')}2P ss ss. (9a) 
U"(r)=D[l—exp{—a"(r—re")}2 keen (9 b) 
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Application of the Fraser—Jarmain approximation (Fraser and Jarmain 1953, 
Jarmain and Fraser 1953, Fraser 19546) introduced for the calculation of 
Franck—Condon factor arrays for band systems of ‘Morse’ molecules, leads 
to replacing equations (9 a) and (95) by 
U'(r)= [1 —exp {-—«(r—re’)}]? 
U"(r)=D[l—exp{—-a(r—re")}}2 canes (105) 
where « is a mean, often the arithmetic mean, of «’ and «” and ZY’, Y” are the 
adjusted values of the «-dependent dissociation energies D’, D". Full details 
of the approximation may be found in the above references, 
Substitution of equations (10 a, 6) into equation (4) leads to 


a | ce vy — Re’)? — (Ry 9 — Re’? | = a | (a wy Re P= (RS a= Re} | 
|} area (11) 
KReasexpietiore’ )f 2 atadcih, bas.ock a (12 a) 
eeeRD (O72) oc teen eee (125) 
te el RS ee a pee (12) 
Reremexp-(eacriss)1.p Telwi) Hoe -veiats (12 d) 
ype expicore 7). Sek while” Gn: Ane! (12e) 
For any one band system the variables are clearly Ry, R's, R's». 
Equation 11, which is of similar form to equation 6, may be recast as: 
ea ree EOS oi) Bey 
V Re’ — Re” Re’ — Re’ 
V—1{[ R’,.—Re |? 
eat Nees | =f ethics (13) 


which is also an hyperboloid of one sheet in the variables inside the large brackets 
where 
VD Relea OEM tee oe cess (14) 
Equation (13) has been confirmed graphically by plotting the cross section 
curves (hyperbolae and ellipses) of the hyperboloid surface using numerical 
values of 7,,,,, arrays which have been calculated (Nicholls, Robinson, Parkinson 
and Jarmain 1956, Nicholls, Ebisuzaki, Van der Laan and Jarmain to be 
published). Small deviations from the predicted sections were noted particularly 
at high quantum numbers in cases where the approximation was not completely 
valid. These were also noted in some cases where the 7,,,,-values had been 
obtained by graphical solution of equation 2 (using x’ and «” in the U’s) rather 
than by the analytical method (Nicholls and Jarmain 1956) which also involves 
the use of the Fraser-Jarmain approximation. Even in these cases the general 
form of the r-centroid surface was very similar to an hyperboloid of one sheet. 
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Use of Fractional Parentage Coefficients in the Calculation 
of Photoelectric Cross Sections 


By B. H. ARMSTRONG 
Lockheed Aircraft Corporation, Missile Systems Division, Palo Alto, California 


Communicated by D. R. Bates; MS. received 22nd January 1959 


HE standard quantal formula for the photoelectric cross section 
fay 2 p2 
mec e See [eserves ae (1) 


al tual AVC) 
3hc Wi states states 


may readily be reduced to 


_ 32*me* 


(aun ape (v0) 4b Chas iE RieRe aaredr 


+ C1] RY RE adr ‘)} LW. (2) 
, : ; 0 
(cf. Bates 1946) in which ¢p is the product of the integrals 


‘co 2 
| { ’ Ri Ri yrdr 


for the passive electrons, and the factors C,,, are constants that arise from the 
integration over the angular coordinates of the active electron. Bates (1946) 
has tabulated values of the C/., for some important cases which he calculated 
from first principles, but refrained from stating their analytical form because 
of its cumbersomeness. By making use of the formalism of fractional parentage 
coefficients (Edmonds 1957), a very simple analytical form can be obtained for 
these factors. A large variety of fractional parentage coefficients have been 
tabulated (Menzel and Goldberg 1936) and explicit formulae for them have 
been devised (Edmonds 1957). We shall describe the method briefly. 


2 
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The atomic wave function for the initial state can be factored into products 
of single electron wave functions and n—1 electron wave functions where n is 
the number of electrons in the configuration. The result is a linear combination 
of the various allowed terms of the n—1 electron configuration : 


Vi(nSL) = > Far (wS'LV[(PA8'L ISL), PAS es (3) 


In this notation (S, ZL) define the term to which the initial state belongs, 
Y[(" +S'L’)ILSL] denotes the wave function for a state in which n—1 electrons 
couple together to (S’, L’) and the remaining electron couples to this total to 
yield the final coupling (S, L). (.S’, L’) then is the coupling of an allowed term 
of the n—1 electron configuration. These terms are called the parents of the 
term (S, ZL), and the coefficients Fy,(S’L’) in the expansion (3) are called 
fractional parentage coefficients. We take them to be normalized such that 


NS ORT CAS BC ee 8 ae eee a SMR ry (4) 
sy 


The wave functions on the right-hand side of (3) are now in the appropriate form 
for insertion into the matrix element of equation (1). The (/"-1S’L’) wave 
functions become factors of fp, while the / wave function becomes a factor of the 
single electron dipole integral. The radial factor from this single electron 
function yields the radial integrals appearing in (2), while the angular factor 
and fractional parentage coefficients become factors of the C,,,._ The integration 
over the angular coordinates of the active electron can now be performed along 
with the average over initial states and sum over final states. Except for the 
factor F(nS’L’) this can be done as in the simple one electron case, following 
the method described by Bethe and Salpeter (1957) giving 7/+1/(2/+1) and 
1/(21+1) for the transitions to /+1 and J—1 respectively. Multiplying the 
fractional parentage coefficient into these yields 
1 Ra 
Cias(SL-> S'L!) ={Fyy(n5'L)y2 EF DES ach (5) 
if 
The fractional parentage coefficients needed for the C;., tabulated by Bates 
(1946) are among the many given by Menzel and Goldberg (1936). For example, 
for the initial term (p*)?P and the final term (p*)?D, they give the square of the 
fractional parentage coefficient as 5/3 so that 


| Cyi(8P+?D) = (5/3) = DOI. ee dens (6) 


These are the values obtained by Bates for this case. 
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LE TRUERS» TOME St 1 i) i 
The Reflection Spectrum of CdS 


The reflection spectrum of CdS single crystals has been recently obtained 
by Dutton (1958). At liquid nitrogen temperature using light polarized either 
parallel or perpendicular to the c axis a different type of structure is obtained. 
The mid points between reflectance maxima and minima correspond to absorption 
lines. These are located at 4874A and 48444 for light polarized perpendicular 
toc. For light polarized parallel to c, only the shorter wavelength line appears. 

Experimental and theoretical work carried out in this laboratory in connection 
with the polarization of fluorescence in CdS (Lempicki 1959, Birman 1959 a) 
has led to a model for the valence band in this material. Birman (1959 a, b) 
has shown that at k = 000 the valence band consists of three levels with symmetries 
[,, [, and T,. The first two are split by spin orbit coupling. The conduction 
band has I’, symmetry. If optical absorption corresponds to direct transition 
from the three valence bands to the single conduction band, then one would expect 
three rather than two absorption lines. 


INTENSITY 


REFLECTION ’ 


(A) 4800 4700 


Reflection spectrum of a CdS crystal with polarized light. 

The optical selection rules obtained by Birman state that one should observe 
three lines for E(Lc) only two of which would be present for E(ic). 

We have performed reflectance measurement on a CdS plate containing 
the ¢ axis in its plane. A Hilger double monochromator with a resolution of 
about 5A was used. The spectra were recorded automatically. The figure 
gives the reflection intensity (normalized per unit incident intensity and at 
4930) at liquid nitrogen temperature. We see that a third line at 4731A is 
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present for both polarizations. The result is thus consistent with the selection 
rules. 


Transitiont+ E (a) A Energy (ev) 
Toy — Vv He 4877 
0:0167 
Diw-Vre = 1s I] 4845 
. 0-0616 
Ty —-Ty Tea ee re 


+ The symbols v and c refer to valence and conduction bands. 


The table gives the tentative assignment of transitions. A theoretical discus- 
sion of the selection rules and splittings is given by Birman (1959 b). 

Gross, Kapliansky and Novikov (1956) have found additional absorption 
lines at liquid helium temperatures which they assign to excitons. A more 
detailed theoretical analysis of selection rules for formation of excitons, spin 
orbit and crystal field splittings and experiments with polarized light down to 


_ liquid helium temperatures are obviously needed for a better understanding of 


mae» * 


the reflection—absorption structure. 


The author is indebted to Dr. J. L. Birman for the theory, and to Dr. I. Broser 
for the CdS crystal. 
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CORRIGENDUM 


Diffraction by an Opaque Strip, by R. 8S. Loncuurst (Proc. Phys. Soc., 1958, 
72, 901 


In the above note it was stated (p. 904, line 17, and p. 905, line 33) that 
the Rubinowicz integral (p. 903, line 35) breaks down at the shadow boundary, 
and this also seems to be implied in an earlier paper (Martin, L. C., Proc. 
Phys. Soc. B, 1949, 62, 713, § 2). It is therefore desirable to draw attention 
to the fact that such a breakdown does not, in fact, occur. A. Rubinowicz 
(Ann. Phys., Lpz., 1924, 73, 339) has himself shown how, by a direct application 
of the method of stationary phase, one may obtain an approximation that is 
valid in regions removed from the shadow boundary. In effect, the formula 
given for the visibility of the opaque strip fringes derives from an application 
of this approximation. Rubinowicz has also obtained an approximation that 
remains valid at the shadow boundary and gives results that are substantially 
in agreement with the Sommerfeld theory. However, the first approximation 
does yield a simple result for the visibility of the opaque strip fringes that is 
valid near the centre of the pattern where the fringes are usually observed. 
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REVIEWS OF BOOKS 


Handbuch der Physik, Vol. XXVI, Light and Matter II, edited by 5S. FLUGGE. 
Pp. viit+ 965. (Berlin: Springer, 1958.) DM 168. 

By far the largest part of the present volume is concerned with infra-red 
spectroscopy: indeed the bulk of the volume is taken up by a very long article 
by J. Lecompte on this subject, supplemented by much shorter articles by 
Z. Mizushima on Raman spectra and by G. A. W. Rutgers on temperature 
radiation from solids. ‘The article by Lecompte forms a book on its own, 
taking up 695 of the 937 pages of the text (apart from index); this certainly 
unbalances the volume, and one wonders whether such a major work should 
not have appeared as in independent book. The article itself consists of a 
very lengthy section giving a detailed description of the infra-red absorption 
spectra of a wide variety of molecules. A number of excellent collections of 
similar data are, of course, already available, but the discussion of the data 
by one who has himself contributed so widely in this field of investigation is 
of considerable value. A much shorter section is devoted to a discussion of 
absorption spectra of solids in the form of various minerals including oxides, 
sulphides, selenides etc. ‘The article opens with a brief review of modern 
spectroscopic techniques including a discussion of detectors, optical components 
and spectroscopes. ‘This field has recently been covered by other writers 
and, with such a rapidly growing subject, the present account can hardly be 
expected te be completely up-to-date. The section on spectrometers is, 
however, particularly valuable. ‘The article concludes with a brief discussion 
of observational methods and of current data on dispersion. 

The article by Mizushima on the Raman Effect gives a concise account 
(71 pages) of the various types of Raman Spectra and of the theory used in 
discussing their origin; techniques for their observation are also briefly discussed. 
Only a limited amount of mathematics is used, and the complex analysis 
frequently associated with discussions of Raman spectra is avoided. ‘This 
is a fairly typical review article dealing with the background and present position. 

The first article in this volume is on an entirely different subject—lumin- 
escence. It is in many ways complementary to an article by the author, G.F. is 
Garlick, in a previous volume of this series (Vol. XIX), on Photoconductivity. 

— It is in the form of a fairly extensive review article (128 pages) and helps to 

_ bring up to date the author’s well-known book on the subject. The article, 
as would be expected from one who has himself contributed so much to this 
field of research is authoritative and collects together a lot of new material which 
is critically discussed. Electroluminescence, a subject which has recently 
become of considerable importance is discussed in addition to the more con- 
ventional phenomena associated with excitation of luminescence by radiation 
and by electron bombardment. 

The volume is liberally illustrated throughout and the presentation and 
production maintain the high standard of the whole series. R. A. SMITH. 


{ uc } is j ited by S. FLiccE 
‘Handbuch der Physik, Vol. VI1/2, Kristallphysik if; edited y : 
--~Pp. iv +273. (Berlin, Gottingen, Heidelberg: Springer 1958). DM 76. 


The first 210 pages of this volume comprise the article on Crystal Plasticity by 


‘A Seeger, essentially the sequel to the same author’s article on Lattice Defects, 
. p) 


F 
s 
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It concentrates on the glide process, with only brief mention of twinning and 
kinking. Within this restriction, it provides a very thorough and compre- 
hensive presentation of the complex experimental material, well illustrated by 
experimental curves and metallographic pictures. A general comprehension 
of this subject has not been made easier by the optimistic tendency of authors in 
the past to attempt a complete new theory of the work-hardening curve (or the 
creep laws) on the basis of each new idea about dislocation behaviour. Seeger 
has previously been no exception to this, and he is to be congratulated for the 
fact that in this article he has been able to use theory to give form to his presenta- 
tion, while keeping the theory and the facts distinct. It seems probable that a 
great deal of the theory of this subject is now settled, but in any case this will 
remain an article of permanent value. Literature up to the middle of 1956 is 
substantially covered. Direct electron-microscopic observations of individual 
moving dislocations came too late for photographic reproduction, and receive 
only a short discussion. 

The remaining 42 pages of the volume are occupied by an article by U. 
Dehlinger on Transformations and Precipitations in the Crystalline State. The 
space is meagre for so large a subject, and though an interesting essay on some 
subjects comprised within its title, this is a far from comprehensive guide to the 
subject as a whole, or even to the literature of the portions dealt with. 

Both articles are in German. Fi Coe 


Quantum Mechanics (Non-relativistic Theory), by L. D. Lanpau and E. M. 
LirsHiTz. ‘Translated from the Russian by J. B. SyKes and J. S. BELL. 
Pp. xi1+515. (London: Pergamon Press, 1958.) 80s. 


Those who in recent years have been impressed by the versatility and 
thoroughness of modern Russian theoretical physicists will know that this has 
been due in part to the excellent text books available in Russian for the teaching 
of the subject. All those concerned with the training of theoretical physicists 
in English-speaking countries will be grateful to Pergamon Press for making 
available English translations of the monumental Course of Theoretical Physics 
which Landau and Lifshitz are writing in nine volumes. _ 

The present volume on non-relativistic quantum mechanics can only be 
described as masterly. The basic ideas of quantum mechanics are profound 
and not easy to grasp. But here they are presented with consummate skill 
and artistry, with clarity and conciseness of expression in which difficulties of 
conception are clearly distinguished from complexities of formalism. 

The choice of subject matter reflects the wide experience and maturity of 
judgment of the authors. As they state in their preface they have tried to avoid. 
discussion of complicated applications of the theory or of topics which would have 
needed a detailed account of experimental results. This criterion has led them 
to give, for example, a fuller discussion of applications of quantum theory in 
atomic and molecular physics than in nuclear physics. 

The first two chapters deal with the bases of quantum mechanics, uncertainty 
principle, superposition, operators, matrices and the theory of measurement. 
After a chapter on the Schrédinger equation and simple applications of it they 
go on to discuss the quantum theory of angular momentum, addition of angular 
momenta, parity and the problem of motion in a central field. Chapters on 
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perturbation theory and the relation to classical mechanics follow. In the latter 
part of the book there are three very clearly written chapters on the difficult 
topics of spin, identity of particles and group theory. Other chapters deal with 
atomic and molecular physics, collision theory and problems of motion in a 
magnetic field. 

It concludes with a number of useful mathematical appendices presenting 
material on functions of mathematical physics that are often needed in applica- 
tions of quantum mechanics. 

The value of the book for teaching purposes is enhanced by the numerous 
questions of considerable physical interest which are introduced as problems, the 
broad lines of the solution of which are given, but the details left to be filled in 
by the student. 

A tribute should also be paid to the exceptionally high quality of the English 
translation in which the clarity of the argument is fully retained. There seems 
little doubt that this work is destined to play a major part in the future education 
of theoretical physicists in Britain as well. E. H. S. BURHOP. 


Einfiihrung in die Atomphysik, by W. FINKELNBURG. Pp. xi+537. (Berlin, 
Gottingen, Heidelberg: Springer, 1958.) DM. 45. 


This book covers atomic physics in the widest sense from elementary par- 
ticles to the solid state. Its level corresponds roughly to the requirement of the 
third year in a four years honours course in one of our Universities. 

The problem of atomic spectra is covered with great thoroughness. I was 
glad to see that the old interpretation of quantum numbers in terms of the 
diameter and eccentricities of orbits is only mentioned in passing. Its place is 
taken very usefully by their identification with the nodal surfaces of wave 
functions. Wave mechanics is taken as far as the solution of the Schrédinger 
equation for the hydrogen atom. The calculation of transition probabilities is 
outlined but not treated in detail. 

This chapter is followed by one on nuclear physics and elementary particles 
which gives the impression that the author is not on quite the same sure ground 
as in the rest of the book. Mesons are classed as leptons although a clear 
distinction is made between z and yz mesons where their properties are discussed. 
The chapter finishes with a discussion of fundamental constants which leaves the 


_ solid ground of nature more than seems justified for a book of this kind. ‘This 
chapter also contains the only glaring printing error, extending from page 243 


to 244 where whole lines have been put in the wrong order. 

The section on molecules returns to its task with the same thoroughness as 
the earlier parts of the book, dealing with molecular spectra and molecular 
forces. 

The last 100 pages are devoted to the solid state. ‘This section forms a very 
interesting introduction to a branch of physics that is becoming increasingly 
important. 

There are no references to original papers but each chapter ends with a list 
of specialized books which are relevant to it. ‘This is a very suitable arrangement 
for the readers that the author is aiming at. 

With the exceptions already mentioned the book is well written and well 
produced and gives useful insight into atomic physics. S. G. F. FRANK. 
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Preparation of Single Crystals, by W. D. Lawson and 8. NIELSEN. Pp. vili+ 255. 
(London: Butterworths Scientific Publications, 1958.) 45s. 


The work of the Royal Radar Establishment on the growth of semiconductor 
crystals is well known, and two of the workers principally concerned are the 
authors of this book. Since it is the first of a series of monographs on semi- 
conductors, the book is mainly concerned with those methods of preparation 
and purification of materials, and with those methods of growth, that are most 
suitable for semiconductors. Its general value is enhanced by the inclusion 
of information regarding other materials such as the alkali halides, but it is most 
valuable when the authors are writing of their own field—in which they probably 
have more experience than anyone else in Britain. 

While there is much for the specialist, the book could be used as an introduc- 
tion for research students, since it starts from an elementary level. In this 
connection, the book could well have taken for granted such items as rotary 
pumps and Macleod gauges, and given rather more space to more advanced 
details of techniques. 

The authors very properly focus attention on the need for the highest purity, 
and they give useful surveys of purification methods, and of analytical methods 
for establishing the chemical composition of the prepared material. One 
of the potentially most interesting chapters for the specialist could have been 
that on the preparation and crystallization of compounds, for the authors’ 
experience in this field must be almost unique. Perhaps in the interests of 
generality, however, they modestly content themselves with examples, when 
many readers would have appreciated much more detail. Some clue to the depth 
of this detail is to be found in the interesting section on stoichiometry. 

The book includes a survey of defects in crystals and their interactions, 
and there are some very useful tables of such properties as melting points and 
energy gaps. R. V. JONES. 


Meéthodes Mathématiques de la Mécanique Statistique, by A. BLANC-LAPIERRE, 
P. CasaL and A. TortratT. Pp. 180. (Paris: Masson, 1959.) Fr. 3800. 


This monograph, written by three professors at the Algerian University, 
of whom one is a physicist and the other two mathematicians, discusses in great | 
detail the mathematical foundations of statistical mechanics. It is written in 
the best traditions of the French mathematical literature. It will appeal to those 
theoretical physicists who are interested in ergodic theory and who are not afraid _ 
of detailed mathematical considerations. It must thus be compared with 
Khinchin’s monograph, The Mathematical Foundations of Statistical Mechanics. 
In many ways it is an improvement on that classical exposition, partly because it 
treats in more detail some of the difficulties connected with the concept of 
(quasi-) ergodic systems, and partly because it also covers quantum statistics, 
even though the peculiarities of ergodicity in the quantum case are hardly 
touched upon; classical ergodic theory, on the other hand, is dealt with in 
detail. D. TER HAAR. 
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Figure 2. Film records showing measurements of wind velocity at two points along 
meteor trail. 
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Figure 1. Spectrum arising from the 1 Mev proton bombardment of N, at a pressure 
of 150 » Hg. 
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The Low Pressure Plane Symmetric Discharge 


By E. R. HARRISON anp W. B. THOMPSON 


Atomic Energy Research Establishment, Harwell, Berks. 


MS. received 5th March 1959 


Abstract. It is shown that the low pressure plane symmetric plasma equation, 
using the collision-free model of Tonks and Langmuir, can be solved analytically. 
Simple expressions are obtained for the mean velocity and the mean square 
velocity of the ions, and for the wall potential with respect to the plasma. The 
conditions for the formation of a stable plasma-sheath boundary are briefly 
examined and a general criterion is obtained without considering any specific 
mechanism of ion transport. No assumptions are made regarding the energy 
distribution of the ions, and the result is therefore a refinement on Bohm’s 
original criterion which was derived by assuming a monoenergetic ion flux. 
With the aid of the criterion developed in the present treatment conclusions 
are then drawn in the case of the collision-free model regarding conditions 
applying at the plasma boundary. The experimental results are found to be 
consistent with these theoretical conditions. 


§ 1. INTRODUCTION 


the ions is large, and in most cases when the magnetic field is zero we may 
regard the positive ions as falling freely through the plasma from their points 

of origin. Provided the ions have negligible velocities when formed, their 
individual speeds are then governed simply by the electric potentials through 
which they fall. On the basis of this model Tonks and Langmuir (1929) in a 
classic paper on the general theory of the plasma were able for plane, cylindrical, 
and spherical symmetries to express the positive ion distribution function f(v) 
in terms of the potential distribution within the plasma. On equating the 
electron and ion densities they obtained an integral equation referred to as the 
‘plasma equation’. Assumptions were then made regarding the rate at which 
the ions were generated per unit volume and the plasma equation was solved by 
‘expressing the various functions as power series in terms of a dimensionless 
variable. In the case of the low pressure discharge only solutions for plane and 
cylindrical symmetry were given; the solution for a spherically symmetric plasma 
has been calculated in a similar manner and is given elsewhere (Harrison 1958). 
| Using the collision-free model of Tonks and Langmuir it is shown that in 
the case of plane symmetry the plasma equation can be solved analytically. In 
addition the conditions for the formation of a stable plasma-sheath boundary are 
examined and Bohm’s (1949) original criterion is reconstructed to include 
the effect of an energy distribution in the ion flux. This criterion is then used 
to estimate the maximum range of variation for the electric potential at the plasma 
b undary. The results of some experimental work are found to be in approximate 


1greement with the theory. 
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§ 2. GENERAL ‘THEORY 


2.1. The Positive Ion Distribution Function 


In this section the treatment of the plane symmetric discharge follows closely 
the work of Tonks and Langmuir, with the modification that the results are 
derived analytically. ‘The discharge is assumed to consist of electrons and 
positive ions, with neutral gas molecules of a sufficiently low density to leave 
unimpeded the ion motions in a plane transverse to the positive column. 

Ina low pressure discharge of this kind the positive ions are accelerated towards 
the walls by an electric field which establishes quasi-neutrality in the 
plasma and also secures an equality of electron and ion fluxes to the walls. Ina 
plane perpendicular to the plasma column the electric potential is a function of a 
single coordinate, z. ‘Thus, an ion formed at a point €<z has a velocity of 


Oy ZepVEyeAh = dy) 88S a, (1) 
where e and M are the charge and mass of the ion, and ¢, and ¢, are the electric 
potentials at the points € and z. It is assumed that the initial thermal velocity 
of the ion is negligibly small. 

Suppose now the ions are generated at a rate of g(z) per unit volume. If 
f(v,) dv is the number of ions at z having velocities in the range v, to v,+dz, 
it follows that 

fOSRET ho TU Ss ee (2) 
where g(¢)d¢ is the number of ions formed per second between ¢ and ¢€+d¢. 
Therefore, from equations (1) and (2), the distribution function at a point > ¢ 


is given by 

f(v) dv = (M/2RT)""g(n2)(n— 12) “*(dE/dn) dn wae (3) 
where the suffix z is dropped and y = — e¢/kT is now the variable; Tis the electron 
temperature. 


If + is any suitable property of the ion motion, it has a mean value 


Qh) = (m4) | Uf(v) de 


= (n4)-\(M/2kT 2 i “EMI M UE dy ese (4) 


at 7, where m, is the ion density and primes denote differentiation with respect 
to 7;. 
t 


2.2. Plasma Equation 
The number density of the electrons, assuming that they are in thermal 
equilibrium, is 5 
| nding te ee beng SPs rilicsigan RE becca ty (5) § 
where my is the density at the plane of symmetry at which y=0. Taking n,=n_ 
as a condition characteristic of the plasma, the ‘plasma equation’ is ys 


| flv) do—me2S0 


n_=Nye 


or, using equation (3) and changing the variables to 7 =x, 7 p= x" sin? 8 


ny e~" = (M/2kT)¥? | i g(x*sin® @){dl/d(x?sin?6)} dd. ...... (6) | 


The Low Pressure Plane Symmetric Discharge a7 
Given an integral equation of the form 
f(x) = (2m) | inp \ds. 
0 
then using Schlémilch’s transformation (Whittaker and Watson 1950) 


h(x) =f(0) J+ f («sin @) dé. 
Thus, equation (6) can be transformed and integrated to give 
m(M/2kT)¥ (nt? (dz [dyn) =ng{1—2y"? Ga) (phe) rhe (7) 


where D(x) is the Dawson function: 


D(x)= | exp ¢? dt 
0 


tabulated by Terrill and Sweeny (1944) and Jahnke and Emde (1945). 
One notices in equation (7) that at a certain value of y, say 7, given by 


1—2no'*exp(—1)D(o"?)=0, sane (8) 
that dz/dj=0, and that therefore the electric field is infinitely large. Thus, 
No corresponds to the extreme limit of validity for the plasma equation, and is the 
Tonks—Langmuir plasma boundary value of y. It is interesting to notice that 
the value of 7 is independent of the generation function g(7) which so far has 
not been specified. Similarly, using equations (4) and (7), the mean value 
<%) of any property of the ion motion is identical in all low pressure plane 
symmetric plasmas at the Tonks—Langmuir boundary, since <)is a function 
only of 7. 

The function D(x) exp (—.x?)tabulated by Miller and Gordon (1931) and 
Lohmander and Rittsten (1958), has its maximum value at 1/2x given by 
X)=0-9241. The solution of equation (8) is therefore 7) =x)? =0-8539. 

Let us now assume that in the plasma the generation function is of the form 


g(n)=Ane™” ease: (9) 
where A and y are constants. When y=0 the rate of generation of ions per unit 
volume is uniform. When y=1 the rate of generation is proportional to the 
electron density. In general, values of y greater than unity correspond to those 

~ cases where ion generation is a multiple stage process dependent upon the electron 
density. When, however, the density of the neutral gas is appreciably less at 
the centre of the plasma, y may have negative values. . 
Changing to s=Az(M/2kT)*, the ‘transformed plasma equation’ (7) can be 
integrated to give, for y>0, 


; ae Spay Permit Dla) ae (10) 


except for y=1 (that is, ions are generated at a rate proportional to the electron 
density), when 7 


= 2{per*)- | " Dri) anh 
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In this case, when 1=7, then s,=0-405. Also, when y=0 (that is, ions are 
generated at a uniform rate) 


ec ee ee: (12) 
7 


In this particular case at the Tonks—Langmuir boundary Sp = 1 /a gl? = 0-34.45 
Finally, when y <0 


Pines {(- 3”) cert er» Demi). nae (13) 


The value of 7 was calculated by Tonks and Langmuir in the two cases 
=0 and y=1 and was found to be 0-9244 and 0-8540, respectively, as compared 
with 0-8539 given by equation (8). The first value, for =O, is in error, and it 
would appear that 7)" has been given by mistake. In figure 1 7 is plotted against 
s/s) for y= —4, —2, —1, 0, 1, 2 and 4. 


See ars a 02 ee 5 ee * Co. ee OS ee = oi 
: So 
Figure 1. Curves showing the aan of » against s/s) for different values ee ee 
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If for simplicity it is supposed that there is no secondary emission of electrons 
at the walls, then on equating the electron and ion fluxes, one obtains 
w= In {aro tl? (M/4m)H?} vornnichs (17) 
where nw = — edy/kT, and dy is the wall potential with respect to the centre of the 
plasma. In this derivation it is assumed that the ions generated in the sheath 
region are of negligible effect. 


2.4. The Mean Square Ion Speed 
The mean square speed of the positive ions in the plasma is found by setting 
~=(2kT)M)(y—7,) in equation (4) and integrating with respect to 7, ‘Thus 


kT 
a. ee Uae a (aah (18) 


a result which has been obtained elsewhere (Harrison, unpublished A.E.R.E. 
report). At the Tonks—Langmuir plasma boundary 


CE Re aERE LY 7 1) aaa ie Le Be (19) 


Close to the plane of symmetry in the centre of the plasma, 7 < 1, and expanding 
equation (18) one has to first order 


4M(v?)+4e¢=0 
and the mean kinetic energy of the ions is half that of the maximum possible energy. 


§ 3. THE PLasMA BOUNDARY 


The transformed plasma equation provides an extreme limit for the plasma 
boundary, identified by 7) and sy. However, in the actual discharge the value 
of 7 at the plasma boundary given by np, say, is such that 7p <7 and the precise 
value will depend in part on the nature of g(7). 

It has been shown by Bohm (1949) that for the formation of a stable plasma 
boundary, in a discharge having plane symmetry, the ions must have a minimum 
kinetic energy of kT. A similar result has been obtained by Allen and Thone- 
mann (1954) without Bohm’s original assumption of a zero electric field at the 
boundary. In both cases it has been assumed that the rate of ion generation is 
virtually zero in the sheath and, less realistically, that the ions arriving at the 

plasma boundary are monoenergetic. : 

A more general result may be obtained in the following manner. Letf(vp) be 

the distribution function for the positive ion velocities vp at the plasma boundary; 
then provided ion generation can be neglected, the distribution function at any 
point in the sheath becomes f(vp)vp/{vp + [(2RT/M) (nn —) 7}. Using this 


- form of distribution function in Poisson’s equation 


kT \ 0?n ¥ 
(=a) Fe = | fle)do—nge ” 
and expanding 1p — 7 as a power series in An, one obtains 
i kT \ An Riv 
(=a) sa = 41 {n= ma (a) 5s OFT (20) 
to a first order. The condition for a non-oscillatory solution at the sheath edge, 
where n_~7.,, is therefore 


3 
f $ 
: 


BO US ee Laie, (21) 
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which is the criterion for the formation of a stable plasma boundary. This 
result is quite general, and has been obtained without considering any specific 
mechanism of ion transport in the plasma. 

In the sheath the ions are accelerated and the product (v?)<{v~*) tends 
towards unity as their energy is increased. In general, however, one can say 
that (v?)(v-2) > 1 in the sheath, and therefore at the plasma boundary it follows 
from relation (21) 


MGDEIT at pe 1 ey =e (22) 


which is the original Bohm criterion for a stable plasma boundary with the 
exception that > replaces the inequality sign. Clearly, when ions have a mean 
kinetic energy of 7, a sheath does not form except in the extreme case when the 
ions are monoenergetic; for all other distributions this value of the mean kinetic 
energy is attained before the sheath edge is reached. 

On integrating Poisson’s equation, using the distribution function in 
equation (3) for the collision-free model, one finds 


(REY) <r (orrtnem nt 


for both the plasma and sheath regions. Since the left hand side of this equation 
is positive, it follows from (22) that at the plasma boundary my) >2mp, or np >In2. 
Thus, the extreme limits of np are given by 


qm SpA eanwale beyeutbeses (24) 


where ymin=1n2=0-6931, and )=0-8539 is the Tonks—Langmuir value. 
The value of 7min is shown in figure 1 and it can be seen that in most instances 
s/s) changes by a small amount in the range given by (24). In the two cases 
y =Oand y= 1 one finds that (sg — smin)/sp amounts to 0-7% and 1:5%, respectively, 


and for most purposes the range of yp given by (24) defines the position of the 
plasma boundary. 


§ 4. EXPERIMENTAL RESULTS 


Probe measurements were made in a plane symmetric positive column of an — 
argon discharge. ‘The discharge was 90cm long and had a rectangular cross 
section of 8cm by 2:5cm. ‘Two fine wire probes were used, one was situated — 
at the plane of symmetry and the other was located parallel to and 1:0mm from — 
the wall, as shown in figure 2. The position of the second probe ensured that 
for most conditions it was on the plasma side of the plasma-sheath boundary. 

A number of dual probe characteristics of the probe potentials and the logarithm 
of the currents were then plotted. Since both branches of the curve tend to be 
identical the potential difference dy can be found with reasonable accuracy. 
The value of 7» was then obtained by determining the temperature from the slope 
of the straight section of the curve. From 10 runs the experimental value of 
np was found to be 7p =0-74 + 0-03 in the pressure range of 0-8 to 4 microns of 
mercury, and for discharge currents between 0-2 and 0-4 ampere. 
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It is interesting to notice that in the positive, cylindrical column of a low 
pressure mercury arc Langmuir and Mott-Smith (1924) found that the ratio 
of the random electron current densities (and therefore the electron number 


Plasma~_ 


Probes 


Mc Leod 
Gauge ~ 


Pulnps 


Figure 2. Apparatus used for producing a plane symmetric positive column in argon, 
showing the position of the probes. 


densities) measured on the axis and close to the wall, had a mean value of 
No/Np = 2-0 for low pressures in the region of 1 micron of mercury, and hence 

py ~0-69. Killian (1930) observed that 7» ~0-7 in a similar positive column 
at an even lower pressure of 0-2 microns of mercury. For higher pressures 
Langmuir and Mott-Smith found that m)/np increased and had a value of approxi- 
mately 4-0 at 30 microns of mercury. This suggests that at low pressures the 
neutral gas density close to the tube axis was reduced due to ionization processes, 
in a manner similar to that suggestd by Allen and Thonemann (1954) in the case 
of current limitation in the low pressure arc, thus giving a decreased rate of ion 

generation in this region. The cylindrical plasma may thus tend at low pressures 
to have the same properties, in so far as they have been discussed in this paper, 
as the plane symmetric plasma. 
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Susceptibility of Superconducting Spheres 
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School of Physicst, The University of Sydney, N.S.W. 
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Abstract. We derive an expression for the magnetic susceptibility of a sphere 
in a homogeneous applied field, assuming a quite general linear relation between 
the magnetization M and induction B inside the sphere. 

This expression is of interest in analysing experimental results on fine- 
grained colloidal suspensions of superconductors. 


§ 1. INTRODUCTION 
N this paper we derive an expression for the magnetic susceptibility t « of a 
] sphere in an applied homogeneous field, when the ratio of the magnetization 
M and the magnetic induction B of the material inside the sphere is given (in 
Fourier space) by some function K(q): 


M(q)=K(q)B(q) ae (1.1) 
Our treatment is for the so-called ‘case of specular reflection’ (Bardeen 1956) 
at the boundary: the ‘case of diffuse reflection’ has so far been defined only for 
plane surfaces. 

A general expression for the susceptibility of a sphere is of interest in making 
an analysis of experimental results for the susceptibility of fine-grained colloidal 
suspensions of superconductors (Shoenberg 1940, Whitehead 1957). This 
analysis proceeds as follows (cf. Shoenberg 1952): At low frequencies the experi- 
mentally measured ‘penetration depth’ d, which characterizes the depth of 
penetration of a magnetic field into the material, is defined for specimens of size 
R>d by 

K/kg=1—d/R, for a plate of thickness 2R 
= 1 —2d/R, fora wire of: radius Ro 9-9) po _LecTons (1.2) 
=1-—3d/R, for a sphere of radius R 


(where «,, the bulk susceptibility, is that for a specimen with no penetration at 
all). On the other hand, in order to interpret, in terms of d, experiments on 
specimens of size less than or of order of d, it is necessary first to make some 
assumption as to the nature of the function K(q). One then writes the suscepti- 
bility in terms of parameters involved in K(q), and next uses the asymptotic form 
of this relation in the limit of large R together with (1.2) to get din terms of such 
parameters. Finally, these results are combined to obtained an equation which 
gives the susceptibility of small specimens as some function of d. A com- 
parison between theoretical predictions and experimental results then provides 
a method of deciding between alternative theories as to the nature of K(q). 
+ Also supported by the Nuclear Research Foundation within the University of Sydney. 
t The susceptibility « is defined as the ratio of the total magnetic moment per unit 
volume to the applied field. 
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The general expression for the susceptibility of a sphere is derived in §2; in 
§3 we particularize to the London kernel K,(qg) (London and London 1935, 
London 1950), and toa kernel K,(q) which has the general form of those suggested 
on phenomenological grounds by Pippard (1953) and subsequently derived from 
the microscopic theories of Bardeen, Cooper and Schreiffer (1958) and 
Bogoljubov (Blatt and Matsubara 1958, May and Schafroth 1959, Bogoljubov 
1959+). The analysis outlined above 1s carried out for these two kernels in § 4. 
Whitehead’s results indicate K,(q) as the correct one. 


§ 2. SUSCEPTIBILITY OF A SPHERE 
To study the penetration law in any definite volume V (bounded by a surface 
=), we begin by introducing a complete orthonormal set {u,(r)} of vector eigen- 
functions for divergence-free fields. ‘These functions are defined by 


CULL CUS Up Gp ee ee (ae 
ci Uj ee Ue 8 OR es ie) ee: (222) 
(Ups OT.) © Wa eee (2.3) 

| ii Wid Sees Me eke noua (2.4) 


(For non-zero q, equation (2.2) is a consequence of (2.1): (2.2) is inserted 
explicitly to exclude the possibility of g,,=0.) Since B, H and M are divergence- 
free fields, we may expand them in terms of u;: 


H(r)= 2 Ail) ae ets (2.5) 


with analogous expressions for B, and M;. For an arbitrary kernel function, 
K(q;), the following relations hold J: 


M,,=K(q,)B;, wee ewe (2.6) 
: B,=H,,+47M,, see eee Couto 
from which we get 
1 

Fy dezestere: Silt ogy 

tt eae Ka) EP sre Quns §. is ae (2.8) 
K(x) 

Vi ee 

a Leki) ED mine On eae (2.9) 


We now particularize to the case of a sphere situated in a homogeneous 
magnetic field. 

To construct the relevant set of functions u,, given by equations (2.1)-(2.4), 
we first observe that the symmetry of the problem allows us to restrict ourselves 
to functions of the form (in spherical polar coordinates, with the polar axis parallel 
to the applied field) 

(Ux), =uy(7) cos 8 
(ROT eg et Ae Seems ere cae a (2.10) 
(u ay — 0. 
t “ On the principle of compensation and the method of the self-consi in 
. . . = t t i: 
Russian), preprint. We are indebted to Prof. Bogoljubov for a copy af shia’ sents a 
} The most general relation between M and B is 1, b= Ky By. The implicit assumption 


made in (2.6), that » is di i i : ; 
fe rs ), that Kyy is diagonal, is equivalent to assuming specular reflection at the 
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Equation (2.1) then requires that 
2 
2 (ly + (TUy)'} = Qruy 


i (uy + (ru)’}=q 
Saran Wy = 
ror: } ! 


9 


SSS 
SS 


(the prime indicates differentation with respect to r). The solution of (2.11) 
which is regular at r=0 is 
ra 2 1/2] ee 
u(r) = ASsa(ar) =a (=) SU AGE) a 205 (02) oe LAS are (, 
(qr)* 7 (qr) | 
ape = Js2(4r) ae de ~ (=) (1 = (gr)*} sin (gr) — gr cos (gr) 
ZU (gr (gry? J 2 (qr) 
Poo (2513,) 


oa 
The boundary condition (2.3) on the surface of the sphere requires 
TE OMS ap ree (2.14) 
This fixes the eigenvalues q=q,,: if we call z,, the kth positive root of the equation 


a2 % 
F(z)= a ) = Jusle) SA ph OS re ee (2.15a) 
or tanz= eae (2540 vB bee Siena (2.155) 
then these eigenvalues are 
Up SER Te fee Ll ot) BE Se (2.16) 


Inserting this into (2.12) and (2.13), we get the components u,", uy” of the kth 
eigenfunctions: the constant A; is determined by the normalization condition 


f2-14); i.€: 
An [FB 
| exlap= al TAT teh 2,4) Poh Oy Boren 51A2 - (2.17) 
sphere : 
Substituting for w, and w,, and making the change of variables t = qr, this becomes 


2 pgR=z in? i in? OS Fa-esint cost, Le 
BA 3sin*t 3sinicost sin?t | 3c + 5sin*t =e 


3 @ Jo 24 £3 ee a t 


_ This integral may be evaluated by a series of partial integrations, commencing 
with the term to the extreme left in the brackets: the ensuing expression is 


simplified by use of (2.155), to get 


3 \12 2, [a2 i 
4 ee =. —1 icra he oid it 2.19 
Ai (=z) sin, | Pe ) 


This completes the evaluation of the set {u;,} for this problem. 

One expects that the field in the outside region can be described by the super- 
position of the applied field Hy and the field of a magnetic dipole (of strength a) 
parallel to Hy. If we do this, the outside field B’ =H’ is given by 


3 
(B’), = H, (1 a =a ) cos 8 


3 
(B’),= Hy(1 + a ) sind ied | ole ha 
i (B’),=0. 


i 


156 R. M. May and the late M. R. Schafroth 


Inside the sphere, we have to determine fields H”, B” and M’” which satisfy 
Maxwell’s equations, equation (2.6), and the appropriate boundary conditions. 
H’” is easily found, since it satisfies 


diy H”=0 and curlkH =O Gene (2.21) 


throughout the sphere, and has to have continuous tangential component with 
H’ outside. H" is thus homogeneous, proportional to Ho: 


Heidi ake ae eee (2.22) 


We now employ the set {u,,} to expand H” according to equation (2.5): the co- 
efficients H,,” are obtained from the orthogonality properties of these eigen- 
vectors. 


Hi,’ = [as H’.u,=(1+a)Hy festa cos?0—u,sin? 6] —...... (2.23) 
sphere 
< 2\NP are (SD pesttl ef. 
Wee raoes ts ore (=) we { ar eee (2.24) 
or wu" A le 
Le; Hy = cs Reu,"(R)(1+a)Hy waa (2.25) 


Use of this expression for H;,” in conjunction with equations (2.6) and (2.7) 
gives B,,” and M,,”, and hence B” and M’. 

The parameter a (the dipole strength) can now be determined in two different 
ways; the requirements that these two expressions for a be identical provides a 
check on the original trial solution (2.20). . 

Firstly, a is fixed by the requirement that B should have a continuous normal 
component on the surface of the sphere. ‘This condition together with equations 
(2.8), (2.10) and (2.20) leads to F 


ee eel Sa e 4 
mare pers ccm Rega Uy*(R). se0-s (2.26) - j 


Secondly, by its definition, a is related to the total dipole moment of | hea 


sphere M by S 

a a MO AR eS oS eee 
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We now have an expression for the susceptibility « of a sphere of material 
with a general kernel function K(q), in a homogeneous field: 


Picea ERR Ho? WD) ML oo 8 (2.31) 


ei al ll Sn ee (2:32) 
with a given by (2.30). 


§ 3. SOME ParTICULAR Forms oF K(q) 


In this section we calculate « for various particular forms of the function K(q) 
which are of interest with regard to superconductors. 


3.1. The Kernel K(q)=— 0 


This kernel function corresponds to no field penetration: that is to say it 
gives us the bulk susceptibility xy, as defined in §1. Thus, writing Vy = —a)R3, 
we get A 

stot ek oS 
41+, © eee Cera Od (3:1) 


We consider in detail the evaluation of the above sum, because it provides an 
example of a technique which may be applied in the case of more complicated 
functions K(q). 

Defining the function F(z) of the complex variable z according to equation 
(2.15a), we observe that in the right-hand half of the complex z plane the function 
F’(z)/F(z) has poles, with residues +1, at the points 2, ae the real axis. We 


next consider 


a Fe F(z) , 
o@?=2) F(z) 


where the contour C runs around a large semi-circle in the right-hand half of the 


I= (2ni) vee (3.2) 


plane, and down the imaginary axis z=zy. The contribution from the semi- 


circle vanishes as the radius becomes very large and the integral over the imagi- 
nary axis vanishes because the integrand is odd in y—hence the sum of the residues 


of the RSS in the right-hand Sage is zero. That is 
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The procedure outlined above in §3.1 may be used to find a,; the essential 
difference is that here we must take into account two extra poles in the complex 
x plane, at z= +7R/A,, due to the kernel function. One finds (cf. London 1950) 


1 3A,cosh RA, , 3 (Ar 
= 5-3 RSRERE 3(z) i 5 ee (3.8) 
The susceptibility «, has the limiting forms 
Rh get eee 
V,=— > ( - 3 +3(2) pean ) fio RH eee (3.9) 
RS 2 /R\? 
=~ sta(t- a(x) ates) ) meee. ae es (3.10) 


3.3. The Kernel Function K,(q) 
We now consider a model kernel defined by 


. 1 
K3(q)= 4g q<p 


K3(q)= — rae q>- 


with pA< 1. 

This kernel has the same limiting forms as that proposed by Pippard (u- 
is Pippard’s ‘coherence length’); it also agrees in the limits of small and large 
q with kernel functions derived from the Bardeen, Cooper and Schreiffer and~ 
Bogoljubov theories for the system of electrons in a metal. In the limit of zero 
temperature, the Bogoljubov treatment gives A and as 


— (4ne®\ -12 * 
ie (=) Sen, os Cae 
_ 90? (_ kT h 
Pai6 (ra) mosatnl AA 
where 7 is the number density of electrons, ky and E, the Fermi wave num ber 
ae pete and 7, the superconducting transition temperature; similar 


ano ae the Bardeen, Cooper and ease eanihe 
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ith } 
ais c= > — = = 0-00886 | 
(34° —2)3% 
1 107 e 
= >. a = (00042 bate en a: 
B= 2 ar ae8 ~ 563 7 | ey 
y= bisae thn =0-00002. | 
B (2° —2)3;° 
Thence, for small spheres, 
: sie sof RNS NE 
Pre= — 00118 E — 0-036 (5) + 0-001 (5) —... | 
ie Ee (3.17) 
3.3.2. Large spheres, R>2z,8. 
In this case we first use equation (3.3) to rewrite (2.30) as 
Sd 1 1 
pee Mere ey, Pe eS EE aS a Jul 
41a) «4 S-3| cEKEB| ae 


Then, noting that for large k the zeros z;, are spaced a distance 7 apart along the 
real axis, the above sum is found from Euler’s summation formula 


X=2 >. eee a ore =e 


-| gaa exe | pi denenebeet spacial tk 


On substitution of the kernel K,(q) into this, the integral may be performed in a 
straightforward manner to get 


i PASS 6 \2 a—enek' 


ee Be 33 2 i) O ay | ee © 
= az[ 1+ FE wor+0(8 +0 (qd)> | for R>w. 


Using equation (3.18), @ and thence x, may be written as a power series in 
this quantity X: 
Vieg= —$ R3(1-3X43X7+..... We ee a are (3.21) 


. § 4. CONCLUSION 
By comparing equations (1.2) and (3.9), we find that for the London kernel 
the experimental penetration depth d is given in terms of the quantity A; occur- 
ring in K,(q) by 


Beef ee wer lao, tat ol ot (4.1) 
+ By use of plausibility arguments, London wrote x, as 
Te (ae) Bi arena ase aags oy (4.2) 
mc? 


where 7, is the “ number of superconducting electrons ”’ in the metal. Then the experi- 
mental result that the penetration depth at zero temperature dy is 
ad ~2xiX EINES CG 
me defined by (3.12)) is used to infer ke fraction of superconducting electrons at absolute 


gecro 
Ngo ~ 0-3. eoeeeees (4.4) 
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For the model kernel K,(q), equations (1.2), (3.20) and (3.21) give the 


expression for d: 
4 A 34/3 ii 
=~. —_, ae A 1770 ah On 4.5 
‘=F aaR tae oe | ae 
Now, for a small sphere, equations (3.10) and (4.1) express the susceptibility 

in terms of d, for the London theory: 


1R5/, 2/R\? 
Vni= 3553 (1-39 (3) ge anit (4.6) 


Thus for a measurement of the magnetic susceptibility of a very fine-grained — 
colloidal suspension, the London theory anticipates 


x 1 [R%p(R)dR_ 1 (R5) (4.7) 


Ky pod" [Reet hidR.. i5a*CR*) 
where p(R)dR is the number of isphencal) particles per unit volume with radius | 


between R and R+dR. | 
On the other hand, the kernel K,(@) gives a qualitatively different result; — 


combining equations (3.17) and (4.5) leads to 


ke (R°) (R°) 24305 (yy 
“3 = 00108 ey | 0016 ey FE ji (ud) +. a 


Whitehead’s experimental results for «/«ky) are more consistent with the 
(R/d)? dependence implied by K,(q).than with the (R/d)? London result. As 
has been pointed out, this then suggests that d varies like [1—(7/T-)*]—"8, in 
contradiction to experiments on macroscopic specimens which imply a 
[1—(7/T-)*]-*? variation. 4 
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Abstract. ‘The B-spectrum of ®°°Np has been examined using a prolate spheroidal 
magnetic spectrometer of resolution 2° and tranmission 5%, and partial spectra 
observed having the following end-point energies and intensities: 713 kev 
(65%), 654kev (4%), 437kev (48%), 393 kev (13:5%), 332kev (28%). The 
half life is found to be 2-34+0-02 days and the total disintegration energy 
QO, =724+3kev. The observations confirm the level scheme proposed by 
Hollander, and the possibility of a B-transition of end-point energy less than 
100 kev as proposed by Baranov and Shlyagin is examined. The log,, ft values 
of the partial spectra and the nature of the y-transitions are discussed in the 
light of the asymptotic selection rules. 


§ 1. INTRODUCTION 


workers using magnetic spectrometers (Tomlinson, Fulbright and Howland 

1951, Graham and Bell 1951, Freedman, Wagner, Engelkemeir, Huizenga 
and Magnusson 1953, Baranov and Shlyagin 1956), while the conversion electron 
spectrum has been studied using permanent magnet photographic spectrographs 
(Hollander, Smith and Mihelich 1956). 

The energy levels of 7°?Pu may also be populated by the a-decay of 74%Cm, 
which has been studied by Asaro, Thompson and Perlman (1953) and by the 
electron capture decay of 7°°Am of which the conversion electrons have been 
observed by Smith, Gibson and Hollander (1957). The y-rays produced in 
243Cm decay have been studied by Newton, Rose and Milsted (1956). The 
y-rays emitted after Coulomb excitation of 7°°Pu have been studied by Newton 

1957). 
ee is at present considerable interest in the level scheme of ?°°Pu and the 
purpose of the present paper is to present an account of our study of the B-decay 
of ?3°Np in this connection. 

Twenty y-rays have been observed and several level schemes have been 
proposed (Engelkemeir and Magnusson 1955, Baranov and Shlyagin 1956, 
Newton, Rose and Milsted 1956, Hollander, Smith and Mihelich 1956, Hollander 
1957). The presently accepted scheme is that proposed independently by 
Newton and by Hollander in which all the previously determined levels were 
raised by 8kev. The partial B-spectrum previously considered to populate the 
ground state is now described as populating the first excited state at 8kev. In 
this way the spins and energies of the levels of °Pu can be brought into agree- 
‘ment with the expected values for the rotational bands of an odd A isotope having 
quantum number Q=} (Bohr and Mottelson 1953, 1955). Here Q is the 


a, HE f-disintegration spectrum of °°Np has recently been studied by several 


+ Now at the Physics Department, University of Manitoba, Winnipeg, Canada. 
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component of the total particle angular momentum along the symmetry axis. 
The initial level spacing under these conditions (K = 1/2) should be ° anomalous’, 
followed by a ‘normal’ (K=5/2) spacing, K being the component of I (the 
total angular momentum) along the axis of symmetry of the nucleus. For the 
lowest rotational band Q=K. Further, with an 8kev level available, the level 
at 57 kev could be de-excited by both 49 and 57 kev y-rays, and it had been shown 
that the 49 kev y-ray is not strong enough to accomplish this unaided. 

When the present investigation was started the ground state spin of *°Np 
had been measured optically (Conway and McLaughlin 1954, Abraham, Jeffries, 
Kedzie and Wallmann 1957) and found to be }.f The measured spin of **°Pu 
(Bleaney, Llewellyn, Pryce and Hall 1954, confirmed by later workers) is 4. 
Ordinarily, for the ground state of an odd A nucleus J= K= and the energies 
of levels forming a rotational band follow 


E is I(I+1 
Seay (I+1) 
where J is the moment of inertia. When Q=43, the rotational spectrum is 


anomalous having 
2 
f= - [7(1+1)+a(—1)'+4#(7+4 4)] 
where 
a=S(-1)j+ Dla. 


) 
|c;? is the probability that the last odd particle has an angular momentum j. 
The current level scheme (figure 2) having energies 0, 8, 57, 76 kev with spins 1/2, 
3/2, 5/2, and 7/2, respectively (Strominger, Hollander and Seaborg 1958), fits 
this latter spectrum with an empirically determined value of a equal to —0-58. 
The results of the present investigation are in accord with this level scheme. 


§ 2. EXPERIMENTAL 


The beta decay of #**Np was examined using the prolate spheroidal field 
spectrometer designed by Richardson (1952). This instrument has a collecting | 
power of 5% at a resolution of 2% and is calibrated using the accurately known ; 
conversion lines of the Th (B+C) spectrum. The beta particles were detected — 
by means of an anthracene crystal, light guide and EMI 6097 photomultiplier, 
the latter being mounted outside the main magnetic field of the instrument. 
Corrections for loss of efficiency in the detector for beta particles of energy less 
than 100 kev were made relative to the spectrum of ®°S on the assumption that 
its Fermi plot is linear (Connor and Fairweather 1957). 

The active material was prepared by Atomic Weapons Research Establish= 
ment, Aldermaston, by ion exchange following the neutron irradiation of 238U 
and was of high specific activity. Sources were prepared by evaporating to 
dryness a 100 uc drop of 2mm diameter on a supporting film of V.Y.N.S. resin 
of thickness 21g cm~* onto which a conducting gold film of thickness 5 ug cm 
had earlier been evaporated (Pate and Yaffe 1955). The active regions of these 
sources were barely visible against the supporting film. The radiochemica 
purity of the source was confirmed by following the decay of each supply o: 


t But very recently a value of 5/2 has been obtained (Hubbs and Marrus 1958). 
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material HOF seven half-value periods. The result obtained for this period was 
2-34 + 0-02 days in good agreement with that obtained (2:35 days) during the 
pioneer investigations of Feather (1941, 1947) and the recent determination of 


2:346 days by Wish (1956). 


§ 3. B-PARTICLE SpectRA END Pornts 


Several runs were made of the lower energy part of the spectrum containing 
all the observable conversion electron lines. ‘Two runs were also made on the 
higher energy part of the spectrum above 290 kev using a 3mm diameter 200 wc 
source, the slight loss in resolution being of little importance in the absence of 


15 1-6 17 1-8 he Sry Oh Py RY 
Energy (7c?) 


Figure 1. 


conversion lines. ‘The Fermi plots resulting from the analysis of the data are 
shown in figure 1. Any error in the analysis of the relatively weak high energy 
somponents will not seriously affect the succeeding analysis. If for the moment 
any possible components of end-point energy less than 110 kev are ignored, no 
ess than five partial spectra can be clearly resolved.. The mean values of the 
snd points of the partial spectra are shown in table 1 together with their relative 
ntensities and log,, ft values calculated from the graphs of Feenberg and Trigg 
1950). 


Table 1 
End-point energy Relative intensity logo ft 
(kev) (%) 

AAG 2 6:5 8441 
65441 4 8:-4+0°5 
437+1 48 6-842 
393 2 13'S 7242 
S322 28 6°7 £3- 


\n analysis of the runs on the lower energy portion of the spectrum was also 
made on the basis of the above energy end points. Because of the many conver- 
a lines which were present it was not possible, with the resolution available, 
7 determine with certainty the position of the continuum over much of this 
| BS 

r 


164 R. D. Connor and I. L. Fairweather 


region, but no other component could be observed with energy greater than 
110kev. Baranov and Shlyagin, using a magnetic spectrometer of good resolu- 
tion report the possibility of a partial beta spectrum with an end point at 70 kev 
and intensity as great as 22% of the total beta spectrum. In consequence the 
region below 100kev was examined closely. "There were only three points in 
this region which appeared to be clear of conversion lines. On the basis of 
Fermi analysis they could be interpreted as corresponding to a 90 kev B-component 
of intensity 20% of the total B-spectrum. Such a partial spectrum would have 
a logy) ft value of about 5-0. Further examination of this region suggested, 
however, that the overlapping of conversion and Auger lines was so great that 
the points taken for Fermi analysis were not on the continuum. We were 
therefore unable to confirm the presence of a f-transition of end-point energy 
less than 100kev. ‘This view was strengthened by the fact that we were unable 
to find, and there is no report in the literature of, y-rays or conversion lines 
which such a low-energy disintegration mode would require. 


§ 4. CONVERSION LINES 


The energies of the conversion lines of the neptunium spectrum were in 
good agreement with those found by other workers (Hollander, Smith and 
Mihelich 1956, Baranov and Shlyagin 1956). 

The absolute intensities of those strong conversion lines with electron energies 
greater than 70 kev were measured and are given in table 2. The lines were 
not completely resolved and the errors quoted in the table arise from the uncer- 
tainty in splitting up those lines which overlap. In the case of the 228 L and 
210 M+WN conversion lines, which are coincident, the ratio of the intensity of 
the M+ N component to that of the L component of the same transition was taken 
to be 0-3, as found for the 278 kev transition and as suggested by Newton (1957). 
It should also be noted that the weaker 226 and 273 kev lines are included in the 
intensities of the 228 and 278 kev lines respectively. 


Table 2 
Assignment of conversion line - 
Transition energy Conversion shell Absolute intensity 

(kev) (%) 
278 M+N 3402 ; 
278 i: 4-44.03 | 
ae M+N 1:8+0-3 

L 5°1° calc, 

210 M+N 0-8 cale, f > +%° 
210 & SF DPAL03 S 
278 K -16-8+0-2 
228 K MSee as 
106 M+N 2442 
210 K 7542 
106 L 4-842 


No conversion lines were found above 300 kev and any such lines must have a 
absolute intensity of less than 0-1%. This result is in agreement with th 
observation that the 316 and 335 y-transitions are very weak. The region belo 
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70 kev contains intense conversion lines many of which are superimposed and 
it was not possible to eeprtate them. 

The K/L ratios of the 278, 228 and 210kev conversion lines were calculated 
from the experimental results and are shown in table 3 together with the total 
conversion electron intensities obtained from table 2. Also shown are Rose’s 
values of the total conversion coefficients for M1 transitions. The tabulation 
used here is that most recently made available and corrects for the finite size of 
the nucleus where appropriate (Rose 1958). 


Table 3 
(1) (2) (3) (4) (5) 
210 = ALES at 10°7+2-6 3:76 13-5263 
228 3-4+0-6 24-2+2:6 2:92 32:04 
278 3:8 +0-3 Ie s0e7/ 1-69 33:3 21 


(1) Transition energy (kev); (2) K/L ratio (expt.); (3) Total electron intensity Ne(%); 
(4) Total conversion coefficient K+ L+M (M1); (5) Total transition intensity Ne + N,(%). 


The K/L ratios, with the measured lifetime of the common initial state (Graham 
and Bell 1951) of 1-1 x 10~®sec indicate that the 210, 228 and 278 kev transitions 
are M1 with E2 admixtures of 30+ 25%, 23+ 15%, and 13 +8% respectively. 

The internal conversion coefficients of these three gamma rays have recently 
been studied in detail with a momentum resolution of 0-35°% (Ewan, Knowles 
and MacKenzie 1957), and it is concluded that a limit of 10°% should be placed 
on the E2 admixture for these radiations. ‘The larger admixtures found here are 
no doubt due to the inaccuracies in separating the overlapping conversion lines. 

Taking these transistions to be pure M1, table 3 also shows the total transition 
intensities. The presence of E2 admixture would increase the transition 
intensities. It will be observed that these three transitions, with intensities 
as given in table 3 and the two highest energy beta-partial spectra (table 1) would 
populate the ground state rotational band of ?°®Pu with an intensity of 92+ 8% 
of all beta disintegrations of °Np. This figure is satisfactorily accommodated 
in the decay scheme of figure 3. 


§ 5. Discussion 
5.1. The B-Transitions 


In table 4 the f-particle end points as determined from Fermi analysis are 
shown, together with the results from other recent investigations. All the 
partial spectra are consistent with the allowed shape (figure 1). All intensities 
in table 4, except those obtained by Hollander, on the basis of y-ray intensities, 
were obtained by Fermi analysis of the B-spectrum. ‘There is some agreement 


Table 4. ?3°Np 8 End Points 


a te lene nie Tait ie aa El peices (ESS Ee a ae 


9, 435 (469 301 (479 Grahamrand bell 1951 
an ie) 654 ee a 330 (35%) apie et ees 
4:89 635 1:7%) 441 (31%) 380 (10%) 329 (52%) Freedman et al. 1953 

Bt A ie 439 Oia 382 78) 327 (45%) Baranov and Shlyagin 1956 
mee s oy 440 (45%) 330 (45%) 212 (5%) Hollander et al. 1956-57 
a (65%) 654 (4%) 437 (48%) 393 (13-5%) 332 (28%) Present work 


een 
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on end-point energies but the relative intensities vary considerably as between 
different observers. ‘There is general agreement that about 90% of the transi- 
tions have end points in the range 330-440 kev but disagreement as to whether 
two or three partial spectra are involved. Figure 2 shows the presently accepted 
disintegration scheme; that suggested by the present work is given in figure uf 
The partial spectra postulated by Hollander include one of end-point energy 
212. kev which has not been directly observed in any examination of the B-particles 
so far: reported, but not the 393 kev component. This latter would appear to 


239ND 


Figure 2. 


be definitely established from the present work, but it is possible that we have 
missed the 212 kev spectrum if its intensity is less than 5°%4. From the intensities 
of the y-rays de-exciting the 512 and 392 kev levels in *°Pu, it is expected that 
the population of the former is one-tenth that of the latter. If the measured 
intensity of the 332 kev transition is correct (28%), this would mean a partial 
B-spectrum of intensity about 3° feeding the 512 kev level. Such a 
disintegration mode would have a logy) ft value of about 7-1. It should be 
remarked in this connection that Engelkemeir and Magnusson (1955), from 
coincidence studies, evaluated the intensity of B-population of the 392 level as 
20%. 

The spin of the ground state of ?°°Np presented a problem until very recently: 
It had twice been measured by different methods, and found to be 4. This 
value, however, was unacceptable for the purposes of a level scheme for the?=®Np 
B-decay. Each attempt to incorporate it created as many difficulties as it removed. 
Now, a new determination by another method of high precision has given the 
value 5/2, and a possible explanation has been advanced for the previous value 
(Hubbs 1958, private communication). The situation appears at last to be 
satisfactory, and for present purposes the new value can be accepted. This 
being done, a £-transition to the 5/2+ level at 57 kev is to be expected. In our 
experiments transitions to the 57 kev and 76kev levels could not be resolved, 
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Figure 3. 


so the former is shown as a broken line in figure 3. It will be seen, however, 
that our end-point energy of 654 kev, which was carefully determined, is consistent 
with the view that two partial spectra are present. 

The experimentally determined end points and their associated energy levels 
in the product nucleus yield a value for the total disintegration energy in the 
B-decay of *8°Np of O,_=724+3kev. Our knowledge of the energy differences 
between the levels of the 7°Pu nucleus is chiefly due to the work of Hollander 
and his associates. ‘The present work is in close agreement with their values 
(figures 2, 3). 

5.2. The Level Scheme 

It has already been pointed out (Hollander 1957) that the log,, ft values 
found in the -decay of #°°Np differ somewhat from those expected from the 
normal selection rules, and that considerable progress can be made by invoking 
the ‘asymptotic’ selection rules (Alaga 1955) and the Nilsson diagram (Nilsson 
1955). We shall comment briefly on the quantum number assignment of the 
levels in the light of the Nilsson diagram the relevant portion of which was 
published by Hollander (1957). The order of the symbols for the levels on 
figure 3 is I K x [N, n,, A] where J and K have the usual meaning, z is the parity, 
Nis the principal quantum number of the oscillator and n, and A are, respectively, 
the components of N and of the particle’s orbital angular momentum (1), along the 
symmetry axis. ae 

Counting up from the 82-proton shell, with two particles per level, gives 
a probable 5/2 5/2 + [642] configuration for the ground state of **Np. ‘The 
state 5/2 5/2~ [523] must be a neighbouring state, but, from the log, ft values 
of the f-transitions to the ground state rotational band in *°Pu, it is less likely 
to represent the ?8°Np ground state, as is indicated below. - 

The 239Pu ground state is very likely 1/2 1/2+ [631]. The first four levels 
form a good example of an anomalous K = 1/2 rotational band. ~f-transitions to — 

the levels of spin 3/2, 5/2, and 7/2 would all be allowed, hindered and K-forbidden, 
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with An,#0, AA40, and AK>AI,_ For allowed, hindered transitions in which 
the asymptotic rules hold we expect 6-0 < logy) ft <7:5 (Mottelson and Nilsson 
1959). ‘The fact that the transition is also K-forbidden could well retard it by 
a factor of 20-30, and thus accommodate the measured value of 8-4. Had the 
ground state of 22°Np been identified by the negative parity configuration men- 
tioned above these B-transitions would have been first-forbidden, hindered and 
K-forbidden, and we would have expected log,, ft 2 9-0. 

The fifth and sixth levels of this ground state rotational band would have 
spins 9/2 and 11/2 and even parity. They are therefore not populated in the 
decay of ?°*Np for the same reason that there is no transition between the ground 
states. These higher levels would have energies of about 164 and 192kev 
respectively and there is evidence of weak excitation of them in the «-decay of 
243Cm (Asaro, Stephens and Perlman 1957 unpublished, Strominger, Hollander 
and Seaborg 1958). 

The next intrinsic level occurs at 286kev (K=5/2) which has a measured 
lifetime of 1-1 x 10-9 sec (Graham and Bell 1951). The M1 transitions which 
principally de-excite this level are therefore slow, an effect which can be accounted 
for by the fact that they are K-forbidden and violate the selection rules for electro- 
magnetic transitions. A conveniently situated state, 5/2 5/2+ [622] on the 
Nilsson diagram is probably to be identified with this level. ‘The second member 
of the normal rotational band is the 7/2* level at 330 kev. The f-transitions to 
these levels violate the asymptotic rules and their log, ft values of 6-8 and 7-2 
are in good agreement with the expected values for allowed, hindered transitions. 
The third 9/2* level would appear at 388 kev, but it is only populated by the 
a-decay of *°Cm; this state would however, have been populated if the *°°Np 
ground state is represented by the alternative negative parity assignment. 


The next intrinsic level occurs at 392 kev. Its measured lifetime is 1-93 x 10-7 _ 


sec (Engelkemeir and Magnusson 1955) which implies heavy retardation of the 
four E1 y-transitions which de-populate it. A similar retardation in the case of 
E1 transitions in *8’Np has been discussed by Strominger and Rasmussen (1957). 


The spin of the level is 5/2 or 7/2. States 5/2 5/2—[752] and 7/2 7/2— [743] _ 


are available, though rather lower on the Nilsson diagram than expected. The 


106 and 61kev El transitions to the-5/2 5/2+[622] state are not K-forbidden © 
but violate the asymptotic rules. The evidence from the «-decay of 243Cm | 


indicates another rotational band based in this level with K=7/2, of which the - 


other members would occur at 434 and 483 kev. We therefore prefer the assign- 
ment 7/2 7/2 — [743] for the 392 kev level. The logy, ft value of the 8-transition 
to this level is consistent with the description, first-forbidden unhindered. 

The fourth intrinsic level is at 512kev. The parity is even and a spin of 5/2 
or 7/2 is possible. ‘The states 5/2 5/2+ [633] and 7/2 7/2 + [624] are available. 
If this level is B-populated the expected log,, ft value of 7-1 would suggest an 
allowed hindered transition, and both these assignments are consistent with this. 
The decay of #*°Am to this level with a log, ft of about 6-0 indicates a first- 
forbidden unhindered transition which is again consistent with both. There is 
thus little on which to base a preference. : 
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Direct Measurement of Domain Wall Energy 


By L. F. BATES anp P. F. DAVIST 
Department of Physics, University of Nottingham 


MS. received 16th October 1958, in final form 25th March 1959 


Abstract. Attempts have been made to measure the energy of a Bloch domain 
wall in a Perminvar ring by a modification of a method suggested by Williams 
and Goertz based on the fact that a cylindrical domain wall within a ring tends 
to shrink in order to reduce the total energy of the wall. 


§ 1. INTRODUCTION 


W ILLIAMS and Goertz (1952) produced a cylindrical domain wall within 


a ring specimen of magnetically annealed polycrystalline perminvar 

and they suggested a simple method by which the wall energy might 
be measured. A modified form of this method has been adopted in the measure- 
ments described below. 

A circular Bloch wall tends to contract in order to reduce its energy. The 
magnetic field H required to maintain a wall of radius 7 in equilibrium with this 
tendency is given by Williams and Goertz as 

yi) ee Se eee (1) 
where y is the energy of unit area of the wall and J) is the intensity of spontaneous 
magnetization of a domain in the material. ‘Thus, in their specimen, with an 
impedance to wall motion of about 0-02 Oe and assuming the wall energy to be 
about lergcm~?, Williams and Goertz calculated that a wall of radius less than 
0-2mm would exert a pressure sufficient to overcome the impedance and thus 
shrink of its own accord. 


§ 2. METHOD OF MEASUREMENT OF WALL ENERGY 
In a material which exhibits wall impedance, due to the presence of disloca- 
tions, inclusions, strains, etc., an additional term g(r) must be included in the 
equation for H to account for the wall impedance: 
H= or ie ee eee (2) 
When a small Perminvar ring is magnetized by a current 7 e.m.u. in a wire 
passing through the middle of the ring, the field at a radius r in the ring is given 
by H=2i/r and the wall is in equilibrium when . 


As r tends to zero the term rg(r) tends to zero, provided g(r) remains finite, so 
that for 70 


Tenis 
2h = a $a ee dae tik i =e eee ee (4) 
that is, the wall energy y is given by 4J,. 


+ Now at English Electric Co. Ltd., Whetstone. 
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In practice it is not possible to obtain equilibrium for r=0, since the current 7 
must be carried by a wire passing through the middle of the ring. In the present 
experiments the second term on the right in equation (3) was not negligible, 
even though the central hole in the perminvar rings was very small, and therefore a 
process of taking minor hysteresis loops was used in order to reduce the impedance 
term as much as possible. 

Impedance to motion is present whether the wall radius is increasing or 
decreasing, but the tendency to reduction in wall area always assists a decrease in 
radius. Provided that on the average the peak values of the impedance to wall 
motion are independent of whether the wall radius is increasing or decreasing, 
there will be on the average a difference Az in the value of the field currents necessary 
to cause enlargement or contraction of a wall given by 

Ave zighe-wres i. Vin Leuat! aux kdget (5) 

Thus, by describing minor hysteresis loops from chosen points on a main 
cycle, one may make measurements from which the effect of wall impedance may 
be eliminated, provided that the latter is independent of the direction of motion 
of the wall. The effect which we wish to measure should cause the centre of 
each minor hysteresis loop to be shifted along the field axis by an amount corres- 
ponding to $Az, whatever the radius of the wall, whereas unwanted effects should 
decrease relatively with decrease in radius. 

With their comparatively large perminvar rings, Williams and Goertz found 
that on reversal of the direction of motion of a wall, the wall impedance was 
nearly the same as before, although a smaller value of the field started a reversal 
of motion than was required to continue the motion. This result is in accord 
with modern theories of coercivity which attribute wall impedance to the anchor- 
ing effects of inclusions etc. The difference in field observed by Williams and 
Goertz in their large perminvar rings was, however, too great to be identified 
with the Az of equation (5) above. It could be accounted for by deformation 
and subsequent springing back of the domain wall, as suggested by them. The 
latter effect should be reduced by using a very thin specimen, since a domain 
wall may readily deform about an axis parallel to a direction of easy magnetization, 
in this case the direction of the magnetic field in the specimen during its thermal 
treatment, but not as readily about an axis perpendicular thereto. 


§ 3. EXPERIMENTAL PROCEDURE 


Each specimen was a thin, flat, magnetically annealed, Perminvar ring of 
small external and very small internal diameter. It was magnetized by means of 
a wire passing through the middle of the ring. It was not necessary for the wire 
to be very long and straight as equation (3) holds however the current 7 is linked 
with the specimen. 

Chafiges in magnetization of a ring were detected by a search coil, usually 
wound directly upon the ring. In the case of an exceptionally thin ring, the 

coil was wound on a Perspex case enclosing the specimen. ‘The search coil 
output was measured by a galvanometer amplifier system. Visual observations 
of domain boundaries by the Bitter figure technique were not possible, partly 
because it was difficult to preserve a perfectly clean surface on a specimen. But 
the movement of a domain boundary was later followed, using polarized light 
and a photomultiplier detector, by Dr. E. Ww. ‘Lee and Mr. D. R. Callaby in this 


Department. 
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The specimen under investigation was first saturated in one direction by a 
field which was then reduced to zero. Upon reversal of the field, hardly any 
change in magnetization was observed until a critical field strength was reached 
when much of the magnetization was reversed. This critical field strength 
was taken to be that necessary to nucleate a domain wall within the specimen; 
and, when once formed, this wall moved a considerable distance under the action 
of the field. Now, in order to study the behaviour of a domain wall when its. 
direction of motion is reversed, it is necessary to be able to reverse the motion 
of the wall with a smaller current than is required to nucleate a new wall. The 
technique adopted was to nucleate a new wall by sending a sudden discharge 
from a condenser through the magnetizing wire in series with a small carbon 
resistance. ‘Thus the wall was left close to the inner edge of the specimen, if 
the discharge lasted for a very short time, and could be moved outwards and then 
inwards by means of quite small steady currents, as the fields produced by the 
currents were greatest near the inner edge. 


Magnetizing Current 


1 eg ee tae Shas 
St" tl ney 
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shows a set of experimental results. We begin with the specimen in a saturated 
State represented by the point A off the figures. Removal of the saturation 
field current takes the specimen to the remanence point represented by B. The 
passage of the condenser discharge takes the specimen via a point C (off figures 
1(a) and 1(c) toa point D. A steady magnetizing current is now applied and 
the point E is reached. ‘Then the current is switched off and a smaller current 
is switched on in the reverse direction and gradually increased until, at the 
point F, the wall suddenly jumps to the interior edge of the specimen, from 
F to G. ‘The reason for the large jump is that once the wall moves inwards it 
proceeds to regions of ever increasing field strength. We thus have readings 
corresponding to the points E and F for the positions of the wall and the fields 
at which it moves forward and backward, respectively. ‘The process may then 
be repeated. 

‘The Perminvar was of normal composition: 45 Ni, 30 Fe and 25 Co. The 
small rings were cut by a spark cutting technique, each ring being only 0-35 mm 
in internal diameter. The rings were magnetically annealed. (Since the 
specimens were so small, we could not make an electronic system for the auto- 
matic recording of the re-entrant hysteresis loops with sufficiently rapid response. ) 

Three specimens were used. Specimen No. 1 had an external diameter of 
4mm and was 150 thick; a search coil of 5 turns of No 46 s.w.g. insulated wire 
was wound directly upon it. Specimen No. 2 had an external diameter of 2mm 
and was 200, thick; a search coil of 6 turns was wound onit. Specimen No. 3 
had an external diameter of 1:-4mm and was only 30, thick; it was enclosed in 
a Perspex case and a search coil of 18 turns of No. 50 s.w.g. wire was wound 
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Figure 2. Experimental results for wall movement in specimen No. 1. 
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thereon; correction for the fact that the coil was not directly wound on the speci- 
men was negligible. 

In the accompanying figures, as explained above, the magnetizing field 
current is plotted against galvanometer amplifier deflection. ‘The latter is 
proportional to the displacement of the wall. Figure 1(c) shows some of the 
minor hysteresis loop readings obtained with specimen No. 1 as described. 
Each loop starts from the deflection at which the wall is nucleated, after which the 
wall moves outwards and then inwards towards the centre of the ring. ‘The field 
current was changed in small steps in the cases of specimens No. 1 and No. 2, 
and in figure 1(c) the spacing between the points corresponds to the changes in 
current. Since it was necessary to make a finite change in current to cause the 
wall to move even when it was just about to jump back to the inner edge of the 
ring, a mean current at which eachjump took place was recorded and plotted 
in figure 2. 

It is seen from figure 1(c) that each loop does not initially follow the same 
path, possibly because of wall deformation, which may give rise to a marked 
scatter in the readings in addition to any peculiar to the method of measurement. 
Many readings were therefore taken. Each minor hysteresis loop provided one 

point in the lower half of figure 2, and one or more points in the upper half, 
- because it is easier to move a wall forwards. Within the limits of experimental 
error the graphs of current against deflection can be represented by two straight 
lines, as found by the method of least squares, corresponding to the two directions 
of motion of the wall. ‘The formulae used for calculating the line y=mx+c 
from a set of 7 points (x,,;) where y; is the deflection and x; is the magnetizing 


current are 
oye m( > %iVi)— LHD: 


n> «zi—(> x) 


and pe Dx? DI — LHD Hi 
. Di? — (Y %,)? 

The small group of readings, surrounded by a large circle in figure 2, which 
stand apart from the others, are thought to be due to a domain which, although 
enlarged by the application of a field pulse, did not form a complete circular wall 
within the specimen until it was further enlarged ; these readings were not included 
in the least squares calculation. The mean of the two lines is almost horizontal 
and indicates an effect which can be interpreted as a wall pressure inversely 
proportional to the wall radius and corresponding to an energy of 2:0 ergcm~*; 
however, the probable error in this result was calculated to be 2-4ergem-, 
so that it cannot be claimed that the result is significantly different from 
zero. 

The formulae used for calculating the probable errors a,, and a, in m and c, 


respectively, were 
as n(>3*) sie 
#n= 06145 —aretSy=SE 
ot (2 3,)? x (Ym) a 
an O65 esa aT 
where 6;= mx;+c—y, (see Champion and Davy 1943, p. 267). 
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The formula for calculating the probable error a, in y (see Champion and 
Davy 1943, p. 268) is 


pa oy ral oy 2 oy Ns oy 2 
Gs (sm) ¢ te ie = +(x ae dC, a 


where m,, c,, and mg, cy are the constants of the two lines from which the value of 
y is estimated. 

Figure 3 shows results obtained with specimen No. 2. An enlarged scale 
is used, because the nucleation field corresponded to a very small magnetizing 
‘current so that, unfortunately, experiments could not be made over as wide a 
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range as with specimen No. 1. There is again a discontinuity near the origin 
and the investigations do not extend to it. ‘The mean of the two graphs gives 
an effect of 0-2 erg cm? in the middle of the range of investigations, with a probable 
error of 0-73 ergcm~’. 

Figure 4 gives the results obtained with specimen No. 3 and for the range 
of wall position investigated, it gives a mean value of 1-6ergcm~? for the wall 
energy, with a probable error of 0-9ergcm~. 


§ 4. DIscussION 


The experimental results cannot be compared with any reliable theoretical 
value as the relevant data for magnetically annealed Perminvar have not been 
published, as far as is known. Williams and Goertz suggested a value of about 
lergcm~? for their specimen. ‘The inconsistencies in the above values for the 
three specimens can be attributed to experimental error. 

Our technique of taking measurements with a wide range of wall radii should 
have minimized the effects of chance variations in the difference between the 
values of the wall impedance for forward and backward motion and should have 
eliminated wall deformation effects, since at very small radius only the effect 
sought should predominate. ‘There remains, however, the possibility that 
radial strain may be present in a specimen and may be important. 

Our small specimens behaved very similarly to the larger specimens investi- 
gated by Williams and Goertz in that the nucleation field was greater than the 
wall impedance, and that impedance to a wall moving in one direction was nearly 
the same as that when the direction of motion was reversed. The wall impedance 
in our specimens was much higher than that observed by Williams and Goertz. 
Although consistent values for the wall energy were not obtained, an average 
value of 1 ergcm~? was indicated. 
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Trajectory Plotting in Electron Guns 


By G. D. ARCHARD 


A.E.I. Research Laboratory, Aldermaston, Berks. 
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Abstract. A method of representing space charge on a resistance network 
analogue by means of leak resistances is described and applied to the determination 
of trajectories in several conventional and unconventional electron guns 


§ 1. INTRODUCTION 


RAJECTORY plotting in electron guns requires first a knowledge of the 
potential distribution. ‘This obeys Poisson’s equation 


NV Ver Agp Sa wale (1) 
inside the beam, and Laplace’s equation 
Velen Oe eee ae fe yy (2) 


outside the beam (V=potential, p=space charge density). In addition, the 


continuity equation 
Oke a Oe (3) 


must be satisfied (J =p/(27V), 7 =e/m) while, for space charge limited emission, 
the field at the cathode must vanish, i.e. 


CECA O% Cs ee Derr e* (4) 
(n= normal). 

The potential distribution may be determined on a resistance network analogue 
(Liebmann 1950), provided that currents proportional to p are allowed to leak 
out at each mesh point, the distribution of p being governed by equations (3) and 
(4). 


as 


| § 2. CONDITIONS AT THE CATHODE 

Equipotentials close to the cathode ordinarily run nearly parallel to it. The 
space between the cathode and an adjacent equipotential may, therefore, be 
treated approximately as a plane diode, the current density at any point on the 
cathode being related to the voltage at a perpendicular distance x away by 
Langmuir’s (1921) expression 


. Je={o/ (2n) 9a}. V7 /x7. mE Te (5) 
The space charge density at a point x away from the cathode will then be 
Pi o=dela/ (Qu ea oav seine (6) 


Jetwork theory states that the current J which must be allowed to leak out from 
y mesh point is proportional to p; hence from equation (6) it is proportional to 
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V. Thusitis only necessary to connect each mesh point neighbouring the cathode 
to earth through a suitable resistance for equation (4) to be fulfilled. Application 
of Liebmann’s (1950) network theory for rotationally symmetric systems leads 
to the values 


for the leak resistances, where h is the mesh length, 7 the radial coordinate, and Ry 
the characteristic resistance of the network. 


§ 3. CONDITIONS IN THE BEAM 
For points other than those neighbouring the cathode, equation (7) must be 
modified to allow for the fact that in general the local current density differs from 
J;. For example, in the case of a spherical diode 
Fesla/(Qnyi9nitV (or)? ~~ swan (8) 
where 7 is the radius of the equipotential V, and « is a function of 7,/7 tabulated by 


Langmuir and Blodgett (1924), 7) being the radius of the cathode. The leak 
resistances for the spherical diode are thus 


ty=V(A/d¢) 


Figure 1. (a) Uniformly compressed beam; (0) crossing trajectories. 


Langmuir’s tables show that to a fair approximation f= +/(7/7)), so that 
equation (9) fits not only the spherical diode but the plane diode (for which f=1) — 
as well. It is, therefore, reasonable to expect that it will hold, at least approxi- — 
mately, for more general shapes, such as that shown in figure 1 (a), where now 


ve breadth of beam corresponding to point in question 
breadth of beam at cathode 


‘breadth’ being measured along an arc orthogonal to the trajectories, and « now 
being the distance of the point in question from the cathode, measured along the 
beam. 

More strictly, the current density J at any point is related to that at a corre- 
sponding point on the cathode (figure 1 (b)) by the equation 


imine ebkes = 5 Swe (11) 


where 4, 5, represent the separation of adjacent tracks near the point in question 
and at the cathode respectively; for uniform compression 8/5.=r/re. This is 
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another form of the continuity equation (3) and gives leak resistances 


EW EN [tel Ee a) 
R=77(3) Ro Cama), 780" vteeee (12) 

Unfortunately in this form V, r and 6 enter explicitly, and until some trajectories 
have been plotted these are not known. The following iterative procedure is 
therefore indicated : (i) guess the beam shape and work out leak resistances from 
equations (9) and (10); (ii) read off voltages and plot tracks (either by means of a 
trajectory plotter or by one of the well-known graphical methods); (iii) work out 
values of 

ChB ix) 75 1 

(VR )crede f 


(for uniform compression 75/re5e~f*) and multiply the earlier values of R by 
these; (iv) set up the new R’s and repeat. The values of the factors in (iii) were 
found in several practical examples to lie within + 10% of unity, so that iteration 
beyond stage (iv) was unnecessary. 


§ 4. CrossinG TRAJECTORIES 


Frequently in high perveance guns the compression is anything but uniform, 
and there is considerable crossing of tracks. According to equation (11), crossing 
tracks imply infinite current density, corresponding to zero leak resistances. 
Current density, however, is only an intermediate concept, the actual quantity 
required for determining R values being the mean space charge density in the 
neighbourhood of a mesh point (i.e. from the network’s point of view, within half a 
mesh length each way of a mesh point). 

The amount of charge brought into a- square mesh (figure 1 (b)) by a current 
sheath 6 thick is 

Gg = 2a I BAS (20) ) ee BS or el ss (13) 


where / is the length of sheath cut off by the square. If the total current crossing 
the square is made up of a number of sheaths which may or may not cross each 
other, the approximate charge per unit volume is 


SASSI, Sh arebed el (14) 
PReHMAA(2nW), MEAL 2nV eres 


“This gives leak values 
l 9 /x\2 V3I2 |e? 
jig bah il eran e Dh sree aap (15) 

(j) atl 


~ 4 V>P]x2)oreSel] 
As a check, if this is applied to a uniformly convergent beam in which the sheaths 
are equally spaced, the summation becomes peas 
| (V3? /x*)erede d (18)/6 


fg. 
Bnd = (J8) simply gives the unit square, so that equation (12) is restored. 
s 
> 


§ 5, APPLICATIONS r 


The plotting procedure was first tested on a simple Pierce gun shape and 
found to yield the expected parallel beam. No iteration was needed, as the 
‘boundaries of the region requiring leaks could be fairly assigned from the start. 
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Two slightly less simple shapes (figure 2) were then examined. ‘Trajectories 
neglecting space charge were first plotted and the beam shapes guessed from these. 
Leak resistances given by equation (9) were set up and new trajectories plotted. 
These fell fairly close to the guessed beam boundaries, and only one further 
iteration was required. It is noticeable that Gun I showed considerable variation 
in the density of current emitted from various parts of the cathode, while in Gun II 
density was almost uniform. No crossing of tracks occurred in Gun I, so that 
equation (15) was not needed. There was slight crossing in Gun II, but not 
enough to invalidate the simpler equation (9). 
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Figure 2. Two types of spherical Figure 3. Cylindrical cathode guns. 
cathode gun. 


‘The microperveance of the guns could be estimated from the formula 
3/2 
microperveance = 2:33 [AK | dS 
c 


where V, =anode voltage and the integration is taken over the area S of the 
cathode (this follows from Langmuir’s expression for the plane diode with units 
duly adjusted). Guns I and II gave respectively 0-5 and 0-4 microperv, values 
too small to bring them into the ‘high perveance’ class required, for example, in 
travelling wave tubes. ~ 

It was found that when points very close to the cathode were used to obtair 
values of V*?/x? these were abnormally high. ‘That this was due to a truncatio 
error was confirmed by setting up a spherical diode on the network, measuring th 
voltage distribution and comparing with the known analytical solution. Th 
simplest way of avoiding this difficulty is to reject voltages measured at points | 
than one mesh distant from the cathode, though it is possible also to use a correc: 
tion curve based on the spherical diode results. 

A novel gun shape recently proposed by Kirstein (1958) and promising to fa 
into the high perveance hollow beam class (figure 3 (a)) also required only tw 
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iterations, one using equation (9) and the next, after measurement of voltages, 
using equation (12). The beam shape agreed with that predicted analytically by 
Kirstein. ‘There were no crossing trajectories, but the emission varied over the 
cathode by a factor of 4. The microperveance was estimated at 1-2 micropervs. 
A simpler version of the same general shape but having tracks actually crossing the 
axis is shown in figure 3 (b). ‘The microperveance was estimated at 1-8 micropervs 
but the convergence was less satisfactory. It may here be noted that equation (15) 
covers the case of electrons crossing the axis, although for approximate purposes 
this can be represented by supplying infinite leaks to the axial points in question (by 
earthing them). 
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Figure 4. Backward firing gun (‘ Peashooter 2”). 
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Figure 5. Gun with two cathodes (‘ Eggwhisk 2’). 


In the case of the guns in figure 3, check plots were made by the graphical 
parabola method and found to agree quite well with those given by an electronic 
trajectory plotter. In general the graphical approach may well form a useful 
first step for guns of awkward shapes. 

Another gun of unconventional form appears in figure 4. This resembles 
Hechtel’s (1953) design with the central part of the cathode removed and with the 

addition of a reflecting electrode and a second electrode at anode potential. It can 
_beseen ina general way that the electrons in the beam moving from left to right repel 
‘those in the reverse beam so as to tend to compress it. Thus space charge is in this 
gun not altogether a hindrance. Also, in Hechtel’s gun the emission varied by a 
factor of 3 over the cathode (the rim of the cathode being nearer to the anode than 
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its centre). In the present gun, equipotentials from the space to the left of the 
cathode creep around the edge of the central hole and make up for the local fall-off 
inthe influence of the right-hand anode. The resultis relatively uniform emission 
over the cathode surface. The calculated perveance is a little higher than Hechtel’s 
(4:3 micropervs compared with 3-7) and the smallest cross section of the beam is 
about 1/100 of the cathode area (Hechtel’s compression being 1/45). 

Figure 5 shows a further modification in which conventional and backward 
firing cathodes work in unison. It is essential to make the central anode asym- 
metrical so that electrons leaving the right-hand cathode reach the reflector 
before crossing the axis; otherwise they will undergo wide scattering and be lost. 
The calculated perveance is 6-4 micropervs and the beam is compressed into 1/100 
of the left-hand cathode area. Developments of this gun are being investigated. 


§ 6. CONCLUSIONS 


The principle of using leak resistances to represent space charge on a resistance _ 


network is applicable to a wide range of electron guns, including those of high 
perveance and those involving crossing tracks. The principle of driving electrons 
back through the cathode from which they have come offers hope of increased 
perveance and greater compression. 
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Application of the Mayer Method to the Melting Problem 


By HON. Vo TEMPERLEY 


Atomic Weapons Research Establishment, Aldermaston, Berks. 
MS. received 11th December 1958, in revised form 24th February 1959 


Abstract. ‘The antiferromagnetic Ising model can also describe a gas with purely 
repulsive intermolecular forces, and a comparison of the two is made, the transition 
of such a ‘gas’ to a solid-like structure being the analogue of the appearance of an 
antiferromagnetic structure. Three simple lemmas enable the asymptotic 
behaviour of the Mayer cluster sums to be related to other combinatorial problems 
on the lattice, such as that studied by Hammersley and Broadbent (1957). Some 
information on these problems is already available, but a detailed discussion is 
reserved to another paper. 

The Mayer formalism can be generalized to deal with the antiferromagnetic 
problem, with the conclusion that the transition is probably first-order and 
associated with a singularity of the Mayer b-series on the positive real axis of the z 
variable, but that there is a closer one on the negative real axis. The Mayer 
B-series can probably be extended beyond the transition and corresponds to a 
metastable liquid. Its divergence probably represents the absolute limit of the 
metastable state. The symmetry of the particular model used implies a second 
transition at a still higher density which may be likened to a change of crystal 
structure. (The gas of completely rigid molecules is a limiting case, and has only 
one transition, the transition curve then being a linear relation between P and T.) 

These considerations agree well with other work on the antiferromagnetic 
Ising model. A ‘solid—gas’ critical temperature seems most unlikely for any 
realistic interaction, though it could occur for a sufficiently ‘soft’ one. 


§ 1. INTRODUCTION 


relationship between the intermolecular interaction and the thermo- 


2 FUNDAMENTAL question in the theory of changes of phase is the 


> 


a 


: 


dynamic nature of the associated transitions. Until very recently it has 
been tacitly assumed that these transitions are always associated with an inter- 
action that itself increases in importance as the transition progresses, the classic 
example being the a/V? term in the van der Waals equation. Such terms lead 
to ‘land-slides’ hence the name ‘co-operative phenomenon’. ‘Theories of 
sharp transitions have always begun by looking for an interaction with such a 
property. (The perfect Bose-Einstein gas may seem to be an exception to this 
sweeping generalization, but it is possible to exhibit its transition as a consequence 
of ‘statistical attraction’ between atoms in the same quantum state.) 
Machine calculations have shown (Alder and Wainwright 1957, Wood and 
Jacobson 1957) that a gas of non-attracting rigid spheres would show a transition 
if compressed to a certain density. It had previously been shown (Temperley 
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1957) that existing approximate theories give an incorrect radius of convergence 
for the virial series for one-dimensional models, and therefore give no reliable 
criterion for the occurrence of a transition. 'Temperley (1958 a) has also shown 
that an assembly of non-attracting spheres with a certain ‘soft’ repulsion probably 
does not show a transition, but that the transition probably would appear if the 
repulsion were made ‘harder’. 

The present investigation has the object of finding analytic reasons for transi- 
tions in assemblies with purely repulsive interactions. "The model used is the 
Ising nearest-neighbour model with repulsive interactions already studied by 
Ziman (1951) and Brooks and Domb (1951). This model has been applied to the 
‘rigid square’ and ‘rigid cube’ problem by Burley; some results of his calculations 
were reported by Domb (1958). In the limiting case of infinitely strong repul- 
sions between neighbours the two-dimensional model becomes a gas of ‘ oriented 
rigid squares ’, the centres of two squares being prohibited from occupying neigh- 
bouring lattice sites. ‘This model is probably the simplest one that can show an 
‘excluded volume’ effect and we shall show that it has a transition. 

The method used is based on the Mayer cluster series. Besides studying its 
early terms, we shall show that it is possible to draw some definite conclusions 
about the behaviour of the high-order ones. ‘The Ising problem is, as one might 
expect, found to be closely related to the problem of enumerating single closed 
domains of points on the lattice, about which some information is available 
independently (Temperley 1956, 1958b). Another closely related problem is the 
enumeration of the number of ways in which a connected array can be formed by 
using a given number of links of the lattice. ‘This has been studied by Hammersley 
and Broadbent (1957) and has many physical applications of its own. Any study 
of the series expansions of a partition function which attempts to draw conclusions 
about the later terms of a series solely from a study of trends of the earlier ones is 
always a little suspect. ‘Temperley (1958 a) found quite a number of instances of 
“small number effects’ which persist through distressingly large numbers of the 
terms of such a series expansion. 

The investigation has also thrown light on the relationships between the 
transition and the divergences of the two Mayer series. Many of Mayer’s 
conclusions (1940) will be substantiated, but the model is probably too simple to 
possess two critical temperatures of the kind suggested by Mayer. We believe 
that the actual phase transition is associated with a singularity of the z-series, as _ 
Mayer suggested. ~The virial series can probably be extended beyond the transi- 
tion, and its divergence seems to correspond, not to a second critical temperature, 
but to the limit of a metastable state. The Mayer series cannot itself be expected 
to describe the ‘solid-like’ phase, since it contains no parameter describing the 
unequal distribution of atoms over sub-lattices, i.e. the occurrence of an ordered. 
state. We shall show how the cluster-series approach can be modified to allow for 
this, and a few terms of the more general series can be written down by inspection 
of the corresponding terms of the ordinary series in the light of our lemmas. 


§ 2. ExIsTING KNOWLEDGE ABOUT THE ANTIFERROMAGNETIC IsINc MopEL 


We recall that, with appropriate transcriptions, the same model can describe 
antiferromagnetism, order—disorder in alloys, and similar effects in adsorbed 
films with localized sites (Brooks and Domb 1951). Po this list we now add the 
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‘lattice gas’ with purely repulsive interactions. The corresponding model with 
attractive interactions was studied by Yang and Lee (1952) who showed that it 
could give a very satisfactory picture of the formation of a liquid, liquefaction 
corresponding to the formation of large domains. They showed that the transi- 
tion could only occur for the case corresponding to vanishing magnetic field, that 
is to a density of the gas of just half the maximum possible. Their theorem does 
not hold in the antiferromagnetic case. 

It follows rigorously from Onsager’s work (1944) that for zero field there is a 
transition at a value of the interaction given by exp (2J/RT) =1+ 4/2, the energy 
of a like pair of neighbours being taken as + and that of an unlike pair as —./J, the 
antiferromagnetic case thus corresponding to positive J. In discussing the lattice 
gas, we shall follow Yang and Lee (1952) and identify negative magnets with sites 
occupied by a molecule and positive magnets with empty sites. An isolated mole- 
cule has four neighbouring sites. _ If we bring two isolated molecules together we 
gain two like—like interactions, resulting in a total energy change of 4./, since 
increasing the — — neighbours necessarily results in increasing the + + neigh- 
bours by a like number, if the total number of negatives is held fixed. It is natural 
to take a completely empty vessel, corresponding to all positive magnets, as having 
energy zero. In the magnetic case the Boltzmann factor associated with the 
introduction of one negative magnet leaving all its neighbours positive is 
exp (—2u H/RT) exp (8//RT), since four pairs of neighbours have changed from 
like to unlike. In this way, we can determine the transcriptions to be used, which 
are summarized in table 1 for convenience. 


Table 1. Corresponding Quantities in Lattice Gas and Magnetic Models 


Quantity Symbol Corresponding magnetic quantity 
Fugacity z x—* exp (—2 wH/RT) 
Energy per pair of neighbouring molecules 4J 4S 
Density 1/v (1+ ™)/2 
Mayer interaction function ie x?—1 


In the above table x=exp (—2J/RT). 


There is no transition if J /RT is smaller than Onsager’s value, but if it becomes 
darger, an antiferromagnetic structure can exist for a finite magnetic field. (The 
actual existence of such a structure in the magnetic case has now been established 
experimentally for quite a number of magnetic salts, see, for example, Garrett 
(1951), Gorter (1951) and many later papers.) The analogue of the antiferro- 
magnetic region is the existence of a solid-like ordered state of the lattice gas, 
the case of completely rigid molecules corresponding to J/T becoming very large. 
We are thus particularly interested in the shape of the antiferromagnetic region 
near T7=0. Simple considerations of energy show that at tN the antiferro- 
magnetic state becomes unstable, relative to a parallel one, at a positive magnetic 
field given by »H =4/, which, using table 1, seems to suggest that the transition in 
the lattice gas should take place atz=1. Assuming this Brooks and Domb (195 1) 
obtain a figure of 0-226, which, in the present context, is the predicted limiting 
density of the lattice gas at the transition (a density of unity corresponding to all 


tes being filled). 
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However, it does not follow that the limiting value of 2 is unity. (In fact, it is 
probably less.) Suppose it approaches a value 2) at T7=0. Then the shape of the 
antiferromagnetic region near 7'=0 is given by 

pH=4J —4tkT log 2, : 

that is, that the boundary in the H-T plane has a finite outward slope at T=0. 
In fact, Ziman (1951) found exactly such a result, but until it is confirmed it must 
be regarded as suspect because it was derived using Bethe’s approximation, which 
cannot always be trusted to describe details properly. The outward ‘bulge’ 
in the antiferromagnetic region found by Ziman seems ‘odd’ physically, but no 
convincing argument against it is known to the author, and an inward slope is also 
quite possible physically. 


§ 3. THE PARTITION FUNCTION OF THE LATTICE GAS 


We consider a plane square lattice of L sites occupied by N molecules, so that 
L|N represent the ‘volume per molecule’ v. For completely rigid molecules v 
can never be less than 2, but in all other cases a completely filled lattice is possible. 
Following Mayer and Mayer (1940) we write down the partition function as 


STDekt -efg) setenn sivie vk, enol (1) 


where 1 +f;; is the Boltzmann factor for the interaction between the molecules7z and 
j, and the summation sign means that the product is to be evaluated for each of the 


N molecules occupying all the LZ sites in turn. As Mayer shows, (1) can be 
expressed as 


Coefficient cf 2% in exp (z She!) 2 eee (2) 
1 


where Lb, stands for the result of taking the sum of all possible ‘ connected f-pro- 
ducts’ associated with / molecules (e.g. for three molecules the sum is 
hiofos thiehis this fos +hiofisfes)s letting each of the / molecules range over all of the 
L sites, evaluating the sum in all such cases, adding up and finally dividing by /!. 
All this is quite general, the b,’s being the Mayer cluster sums. For our special 
model we must write 


fij= —1 fori andj on the same site 
fg=f=e“ ltt —1 fori andj on neighbouring sites —...... (4) 


fi; being zero in-all other cases. ‘Thus any configuration of / molecules on the 


lattice sites which can be joined up into a connected whole by factors of the type (3) 
or (4) contributes to b,. | 


3.1. Definitions 


We shall refer to a factor of type (3) as a ‘pin’ and to one of type (4) asa ‘link’. 
The generating function (2) is, in fact, the grand partition function for L sites. 
Since the b,’s are not of uniform sign, we cannot safely use standard theo 
involving steepest descents, though Mayer shows (1940) that the formal resul 
that it suggests are, in fact, correct. We have, for example, 
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whenever the series on the right-hand sides are convergent. We can also use 
Yang and Lee’s device (1952) of turning the above expressions ‘inside out’ and 
so obtaining expansions in inverse powers of zx. We begin with the lattice 
completely filled, which corresponds to an energy of 4 LJ, since there are 2L pairs 
of sites and a completely empty lattice has zero energy. As we have pointed out 
already, the symmetry between positive and negative magnets in the magnetic 
case implies a symmetry between molecules and vacancies. For a fixed N, if we 
increase the number of nearest neighbour molecule pairs we increase that of 
nearest neighbour vacancy pairs by a like number, so that we can, if we wish, 
start with a completely full lattice and progressively ‘add vacancies’ to it, intro- 
ducing a factor exp (—4J/RT) for each pair of neighbouring vacancies, while the 
addition of an isolated vacancy would, in the magnetic case, introduce a Boltzmann 
factor, exp (2uH/RT) exp (4//RT) the second factor being required because the 
signs of four nearest-neighbour interactions are reversed if we remove one 
molecule (negative magnet). Thus we may replace (2) by 


Coeff. of 2% in 2” exp GF +L hex) uae (7) 
i 


using table 1 for the relation between z and H, the b,’s being exactly the same 
quantities as before. Fora finite L expressions (2) and (7) are finite polynomials 
in z and can be obtained from one another simply by reversing the order of the 
terms, but the cluster series are always infinite, and expressions such as (5) and (6) 
can only be used within their region of convergence, similarly the corresponding 
Series in inverse powers of z can only be so used. 

Yang and Lee (1952) found that, in the ‘ferromagnetic’ case, both types of 
series converge right up to the point z=.*, corresponding to no magnetic field. 
The behaviour in the ‘antiferromagnetic’ case is quite different, a singularity of 
the series corresponding, almost certainly, to the boundaries of the antiferro- 
magnetic region. On reflection, one sees that this difference is to be expected. 
In the antiferromagnetic, region one of the interlacing sub-lattices tends to be 
occupied preferentially by negative magnets (molecules), and this pattern persists 
over domains comparable with the whole latticeinsize. Neither of the above forms 
of Mayer series contains any parameter that can describe this ordering process, so 
their breakdown is not surprising. (In the ferromagnetic case, the ordering pro- 
cess consists of the formation of large domains of neighbouring molecules or 
vacancies, a process that does not lead to any asymmetry in the occupation of 
‘sublattices, and can be followed by the Mayer formalism as it stands.) 

It is easy to modify the cluster series to allow for a possible asymmetrical 
occupation of sub-lattices, it being only necessary to replace x by a pair of selector 
variables z, and z. In any given configuration that contributes to a cluster sum, 
the indices of these two variables are to correspond to the numbers of atoms on 
each of the two sub-lattices. For example, the term b,2?=27(—}+2f) is to be 


replaced by - 
—12,2?-—42,7 + 2f2,2, ha vier 


the first term corresponding to two molecules on asite in sub-lattice 1, the second to 
‘two molecules on a site in sub-lattice 2, while the third corresponds to pairs of 
neighbours, one on each sub-lattice. We shall consider this series further below. 
‘The determination of its early terms is greatly simplified by the use of three 
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lemmas, which also throw considerable light on the analytic form of the higher 
terms in all these series. 

Asin Yang and Lee’s ferromagnetic case (1952) the comparison of the magnetic 
and lattice gas models has proved very illuminating. Before going further, it is 
helpful to summarize the physical interpretation of the antiferromagnetic Ising 
model in its new guise. 

Ifthe interaction is too ‘ soft’, or the temperature too high, we havea continuous 
isotherm with no anomalies. (This may be the explanation of the absence of a 
transition in the model considered by Temperley (1958 a). Numerical comparison 
between a continuous model in three dimensions and a lattice model in two 
dimensions is not possible.) If we compress a gas with a ‘hard’ enough inter- 
action, we get a transition, corresponding tothe appearance of an ordered structure, 
while there is also the possibility of a metastable state, corresponding to the 
continuous extension of the gas-like isotherm into the ‘solid ’ region. 

A further consequence of the symmetry of the magnetic model is that, in its 
new interpretation, it predicts a second transition. In the magnetic case this is 
trivial and simply corresponds to the fact that the antiferromagnetic structure can 
be destroyed by a magnetic field of either sign, but in the lattice gas it leads to a 
very interesting consequence, on account of the asymmetry between expressions 
(2) and (7). Physically, it is evident that we can destroy the antiferromagnetic 
domains (molecules preferentially sited on one or the other sub-lattice) ezther by 
making the density so low that the molecules can avoid one another without 
forming an ordered structure, or else by crowding so many molecules into the 
vessel that nearly all the sites are required; the remaining small number of 
‘vacancies’ can then gain entropy by being distributed over both the sublattices 
instead of one, the energy loss through some of them becoming neighbours being 
negligible if the total number of vacancies is a small fraction of L. From (7) this 
transition will occur about when z= x°z,~1, 2) being the appropriate singularity of 
(2). ‘This second transition may be likened to the changes in crystal structure of 
the solid phase that sometimes occur quite near the melting line, and is an extremely 
interesting consequence of this very simple model. (It does not occur for 
completely rigid molecules.) 


§ 4. SIMPLIFICATIONS OF THE MAYER SERIES 


Lemma 1. 


Mayer diagrams in which two or more molecules on one site are each connected 


air 


(solely by links) directly or indirectly with any one molecule on another site make _ 
no total contribution to the clustersums. The proof is almost obvious. Consider — 


the simplest case of molecule 1 being directly linked to molecules 2 and 3, both 

the same neighbouring site. ‘Then, no matter what other molecules are attached 
to this group, we can always add, or omit, a pin between molecules 2 and 3 without 
affecting the connectivity of the diagram. Since a pin always corresponds to a 


factor —1, diagrams containing such groups cancel in pairs. The same thing 


applies however long the two paths 1—2 and 1-3 may be, as long as they are formed 
solely from links. 


We define a network as a set of simply occupied lattice sites connected solely 


by links. From lemma 1, it is easy to convince oneself that we need only consider 
those Mayer diagrams that are made up by joining together single molecules, single 


e 


Application of the Mayer Method to the Melting Problem 189 


links (between pairs of molecules) and more complicated networks by means of 
ae aa 
pins * inserted at the sites at which the networks overlap. 


Lemma 2. 
If two networks overlap at more than one site, it is sufficient to consider pins 
at any one of these sites (which can be chosen arbitrarily from the Set}: 
Let there be m such sites. The number of ways of pinning together the two 


networks is (e) if r pins are used. Since each pin introduces a factor —1, 


total contribution is n/n 
>( )(-1y- fi 


1 
which is exactly what we should get if we allowed pinning at one site only. (r 
cannot be zero, because the two networks would be disconnected. ) 


Lemma 3. 


The expression (2) can also be written in the form 
exp [L > },2']=(1+2)2 exp [L dc, [2/(1+2)]™]  ...... (9) 


where c¢,, is the contribution to the cluster sum obtained by pinning together 
networks containing a total of m sites but omitting single molecules from explicit 
consideration. 

This includes the well-known result that if we confine ourselves to contribu- 
tions to the cluster sums involving molecules on only one site, we get the factor 1 +z 
per site. ‘This can be proved directly if we think of an assembly containing only 
one site. Its partition function is 1+z and the generating function for its 
cluster sums is consequently log (1 +2). To prove the rest of the lemma, consider 
the contribution to (2) arising from the presence of up to (say) three labelled 
molecules, a, b, andc. For the present, we give each molecule its own selector 
variable. ‘The contribution to the partition function is to be obtained from the 
expression 


1+2a+2p+2et%a2p(1+fan)+2p2%e (1+foc) 
+2a2%e(1+fac)+2a2pece(1+fan)(1+fac)\(lt+foce) «+= (10) 


where the presence or absence of za implies the presence or absence of the molecule 
-a in the assembly. This expression has to be summed over all possible con- 
figurations of the three molecules within the assembly (excluding overlapping 
configurations with more than one molecule on the same site). 
Dividing out by (1+2a)(1+2p)(1+2c) we get 


San Za 2 farfoc%azpze 
a Al ees ee (11) 
(T+za)(1+ap) °°" Fea) tanita) 

In evaluating the partition function as a whole (in contrast to individual cluster 
“sums) we exclude configurations in which molecules are on the same site. For 
other configurations fap vanishes unless a and b are nearest neighbours, in which 
case it is equal to f. ; | 
Inspection of expression (11) shows that it contains precisely the same pro- 
B ices of f-factors as do (1) and (10), only the terms independent of the f ’s, corre- 
sponding to isolated molecules, having been removed. A similar result is easily 


1+ 
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seen to be true however many molecules are present. Mayer’s analysis (1940) of 
these products of the f-factors into connected products, each of which gives rise 
to a cluster sum, can be applied quite as well to (11) as to (10). The further 
property of expression (11), that, for example, z, only appears in the form 
a/(1+2a) can also be shown, by induction, to be true generally. Giving all the 
molecules the same selector variable z justifies the form (9), similar to a result 
found empirically by Domb (1949). 

These three simple lemmas enable us to sort out various contributions to the 
cluster series according to the powers of f and z/(1+2) that are involved. Con- 
sider first the contribution arising from the simplest possible network, one link 
between two neighbouring sites. There are 2L such links in the lattice, and at 
least two molecules involved, so we expect a factor 2D fz” and, by what we have 
just said, the total contribution to the cluster sum is expected to be 2L f27/(1+2)?, 
the additional factor arising from the possibility of ‘pinning’ more molecules to 
either of the two sites. We shall now verify this result explicitly. Let there bea 
total of r labelled molecules on site A and s on site B. They can be distributed 


aeret (TAS 
between the two sites in ( a ) ways. This having been done, the one pair that 


is to be connected by the link can be choseninrs ways. ‘The net number of ways 
in which the r atoms all on site A can be connected up by pins, diagrams with odd 
numbers of pins being reckoned negatively, is known to be (—1)"-! (r—1)!, 
with an analogous factor for site B. Multiplying all these factors up and dividing 
by (r+s)!, we conclude that the function of z involved is 


>> (- Lyte ti] +z) 


as stated above. If we wish to distinguish between two sub-lattices, we need only 
notice that the neighbouring sites A and B are necessarily on different sub-lattices, 
so that the above expression is to be replaced by 2,z,/(1+2,)(1+2,). For 
brevity, we shall write w, for z,/(1+2,) etc. 

We can verify in exactly the same way that networks involving two links and at 
least three molecules lead to the contribution 3L f? (w,? wy + w, w?) because such a 
network necessarily contains two sites on one sub-lattice and one on the other. — 
Inspection of expression (11), and the corresponding expressions for larger numbers 
of molecules, shows that one factor w is lost whenever an added link has an end in 
common with one or more links already present. Expressed differently, a single 
network gives rise to terms in the cluster series in which the power of f corresponds 
to the number of links, while the power of w corresponds to the number of lattice 
sites connected up by them. 

This work is fairly easily extended to the case of two or more networks over- 
lapping and being pinned together. By lemma 2, we get nothing fresh by 
pinning together the same pair of networks at more than one point, but if r networks 
all overlap one another, the pinning introduces the same factor that occurs if we 
take account of all ways of pinning together single molecules on a site, that is 
(—1)"*(r—1)!  Itis then only necessary to count up the number of distinguish- 
able ways in which any given pattern, made up of single links and networks 
pinned together, can be disposed on the lattice (which may require care, as many 
of the patterns have some degree of symmetry). The appropriate powers of f and 
% are then introduced, according to the totals of links and sites continued in the 
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networks. Finally, z is changed to w to allow for the isolated atoms being pinned 
to the same lattice sites. 

The cluster sums up to b, have been calculated by Katsura (1958) using 
Domb and Sykes’ (1956) result. By the above process, it was easy to verify the 
terms in the cluster series up to w®, and to generalize them to deal with the case of 
unequal occupation of the two sublattices. 


§5. Srupy oF THE EarLty TERMS OF THE MAYER SERIES 


Katsura’s results are summarized below, in powers of the Mayer function A; 
omitting the well-known terms independent of f corresponding to the coefficients 
in the expansion of log (1+<). 


Table 2. Cluster Sums up to d, 


i a Fe if fe if spi he ae ype 
mB oO 
= 2 0 
- —4 6 0 
meet) 6). 25 22 1 0 
Bes =8 64 —148 83 8 0 
itn -10-,—130. 1676/3. .—831 312 54 2 0 
M12 230 —1572 4299 — 4492 (OSs giao 0 
Meee ia) — 371 +. 3682 | —31685/2 «30434 93263 3114 3341/2. 194 6 


Table 3. Mayer Cluster Series expressed in terms of the Variables f and w 


= bl 2! =log (1+2)+ PR FF" aS i os UA ised OA oid Ng aig 8 a 


C07 abd, 

zw® 6 

w* —7 22 1 

w? — 60 87 8 

we 116/3 —406 352 54 2 

w 578 —2500 1406 324 22 

ws —521/2 6832 —14545 5340 3649/2 194 6 


In the light of the work in the last section, we are led to try the effect of expressing 
the b, series in terms of fandw. ‘This has been done, and the results are given in 
Eble 3. Disb pics 

The advantage of this representation is that it exhibits directly the contri- 
butions to the cluster sum according to the numbers of links in the networks that 
make it up, for example, the terms involving powers of fw? represent the result of 
‘pinning’ together single links (aterm involving f?wean only arise from anextremely 
large domain whose perimeter is negligible compared with its area). Unfortunately 
this segregation of terms according to the number of links makes it difficult to say 
anything about probable radii of convergence of the resulting sub-series from a 
study of the early terms ; for example, we have only four terms of the power series in 
fw. We can, however, get a great deal of information about the asymptotic 
behaviour of the varioustypes of term byusing known results onthe enumeration of 
domains and connected patterns of links, but we defer this toalater paper. Mean- 
while, we note that the largest terms occur when the indices of f and w are roughly 


i 
H 
1 > 
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equal, so that we may expect the radius of convergence of the whole series to be 
determined by Mayer diagrams with the corresponding property. 

The above results have been verified, by direct counting of diagrams, as far as 
f°w®. Inspection of these diagrams enables one to determine the modifications to 
be made in the corresponding terms of the cluster series when we distinguish 
between the two interlacing sublattices, variables z,, 22 or w, Ww, referring to sites 
on each sub-lattice. There are more terms in the generalized cluster sum than 
there are in table 4, because of the existence of certain ‘odd’ types of network, for 
example, for five sites, the ‘Greek cross’ contains four sites from one sub-lattice 
and only one from the other, the distribution for all other networks being 3-2. 
We quote the result below 


4 log {(1+24)(1+2)} + 2f my wy + 3f? wy W, (w+ W) — Tf? wy? we” 
+ 183 w,? wo? + 2f? (wy wy + W, We*) +f4 wy? We? 
+ (w,3-w,? + w,? w,2)(— 30f? + 43f* + 4f*) 
+4 (Wy Wa + Wy force ee se OU seen (12) 


This series must be used with care. For example, it is tempting to break it off 
after a finite number of terms, to put z, and z, equal to ze® and ze~?, so that # isa 
parameter measuring the asymmetry of the occupation of the two sub-lattices, and 
then to look for evidence of an anomaly in the partition function as a function of @. 
Wealready seem to get a result of the kind sought if we stop at the second term of the 
series. We seem to obtain a typical second-order transition of Ehrenfest type if f 
is positive and greater than unity, the first derivative of the partition function with 
respect to 6 always vanishing at @=0, while the second derivative changes sign if 
4f=(1+2)?, so we might expect a finite equilibrium value of 6 for larger values of z. 
In fact, this conclusion is completely false, first because positive f corresponds to 
ferromagnetic interaction between neighbours, whereas it clearly needs an anti- 
ferromagnetic interaction to cause segregation on to one sub-lattice, secondly, 
because it is easy to convince oneself that the second derivative of any actual 
partition function with respect to 6 can never vanish at all. Consider, for 
example, the completely ‘rigid’ case in which nearest neighbour pairs are for-_ 
bidden altogether (f=—1). Ina 2x2 assembly the partition function is easily 
seen to be 1 + 4z cosh 6+ 22" cosh 26 the second derivative of which with respect 
to # is quite certainly always positive when #=0 and a similar result holds for any 
larger lattice. 

The expected result is that the model should show ‘spontaneous antiferro- 
magnetism ’, that is that the equilibrium value of the parameter @ should be finite’ 
within a certain domain of values of the parameters f ands. We already know 
one boundary point of this domain from Onsager’s work (1944), which corresponds _ 
to f=2—21/2, z=x-4=(4/2+1). At this point the equilibrium value of 8 
after the transition is zero, but, as we travel up the transition curve in the direction 
of increasing numerical values of f (i.e. towards the completely rigid case), we 

expect the transition to involve jumps inthe value of # to progressively higher values 
this conjectured behaviour of 6 being quite similar to that of the spontaneous 
magnetization in the ferromagnetic case. _ If it is correct, it would almost certainl 
imply a jump in the interaction energy, and therefore a first-order transitio 
everywhere except at the Onsager point, just as in Yang and Lee’s discussion of th 
gas-liquid (ferromagnetic) case (1952). 
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One possible approach to the problem would be on the lines of Domb’s (1949) 
treatment of the ferromagnetic problem. We should begin with a completely 
ordered antiferromagnetic distribution, and describe departures from it by means 
of an ascending series in e? or e~®. Such a series has not yet been found, the 
difficulty being that an ordered antiferromagnetic distribution can be uniquely 
defined only when the lattice is exactly half filled. A second approach is sug- 
gested by the so-called ‘high-temperature series’ in the ferromagnetic problem. 
This series gives equal weight to positively and negatively magnetized configura- 
tions but the appearance of spontaneous magnetization is indicated by the first 
derivative with respect to magnetic field taking an indeterminate value (of the 
type 0 x 00) at zero field. Weare thus led to look for corresponding behaviour of 
series (12) when differentiated with respect to 6, 6 afterwards being put equal to 
zero. ‘lhe situation is more complicated than it is in the ferromagnetic case. 
‘Tables 2 and 3 seem to show that whether we work with z or w as an expansion 
variable, the signs of successive terms in the Mayer series alternate. ‘This means 
that, for positive z, the sum of the series is finite at its limit of convergence, so that 
it should be possible to continue it analytically to larger values of z. 

The radius of convergence of a series such as (12) does not, therefore, deter- 
mine the transition, whether we work with the variable z or w. What is required 
if the above conjecture about the ‘spontaneous antiferromagnetism ’ is correct is 
that, when we differentiate (12) with respect to 0, the coefficient of sinh @ ‘ diverges 
to infinity’, which is only possible if it has a singularity on the positive real axis of z or 
w. (Negative or complex singularities give finite contributions for positive w and 
can be ‘subtracted out’.) 

Itis obvious from (12) that terms involving equal powers of z, and z, contribute 
nothing when differentiated with respect to 0, so that the existence of “spontaneous 
antiferromagnetism’ must be attributedto-one or both of two possible causes : 
(a) The existence of highly asymmetric domains (it is possible to draw large 
connected domains containing as many as three times as many sites from one 
sublattice as from the other). (b) The existence of terms in the cluster sum 
corresponding to symmetric domains unevenly occupied. If we differentiate 
terms like w,*w,* and w,*w,"*1w,**1w,* with respect to 0, we find that the 
alternation of signs between terms involving even and odd numbers of sites is 
unaffected, and we can establish a similar result for the asymmetric domains, the 
differentiations introducing various functions of m, but not affecting the positions 
‘of the singularities of (12). It will be shown in a later paper that (12) in fact also 
has singularities on the positive real axis of z and, further, that the most important 
such singularity probably arises from cause (b) above, the asymmetric domains 
turning out to be relatively scarce, this more than counterbalancing the larger 
factors introduced by differentiation with respect to 0. : | 

Study of the virial series for the gas-like region is inconclusive since for f=—1 
its coefficients are very small residues arising from the subtraction of much 
larger sums of even and odd powers of f. For example, for 7 B, we find 130648— 
129953, B, to 8, inclusive being negative, while f, to B, are positive. (Thus we 
have a clear example of a ‘rigid molecule’ model in which the virial coefficients 
are not all positive.) Burley (private communication ) has found that f, and B, 
are negative. Thus it is difficult to say anything definite about the convergence o 


the virial series from a study of its early terms. : 
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Brooks and Domb (1951), working with a formula equivalent to Mayer's 
result 


1 : 
2= “exp (- S82) Price (13) 
v k 


obtain a ‘smooth’ series, all the terms up to v~* being positive (though Burley 
(private communication) has found that the terms v~® and v~° are negative), 
which appears not to diverge until 1/v=4, and to join up smoothly with an 
alternative series valid in the immediate neighbourhood of v=2. Brooks and 
Domb (1951) suggest that this extension describes a metastable state. (There is 
evidence that some properties of metastable liquids, e.g. density and viscosity, can 
be joined up smoothly with those of the stable liquid.) 


§ 6. DiscussIOoN 


If we refer back to lemma 2 we see that it has the effect of introducing a factor 
—1 whenever two networks have one or more sites in common. If we take the 
exponential of the transformed cluster series, this result implies that the original 
Ising problem has been replaced by that of forming links into connected networks, 
and then disposing them on the lattice in such a way that no two networks overlap. 
In the new problem each link is assigned a factor f and each site uses a factor w. 
However, this is not the only way in which the Ising problem of disposing points 
on the lattice is related to the Hammersley and Broadbent (1957) problem of dis- 
posing links on the lattice. Various writers have pointed out that, if we write down 
the partition function in the well-known form 


f= > II (cosh H+ p;,; sinh H)(cosh K +,;sinh K) 
aj 


(the summation sign implying summation over 4;,= +1), only terms containing 
even powers of all the j.’s after the product is multiplied out contribute anything. 
It is readily verified that there is a 1-1 correspondence between such a term and a 
diagram drawn on the lattice according to the following rule : 

The link 77 is inserted whenever the factor yu; 1; sinh H is present in the product 
and, when all the links have been put in, each site intersected by an even number of 
links is assigned the factor cosh K, while each site intersected by an odd number 
of links gets the factor yu; sinh K. 

Thus, the Ising problem is also equivalent to the problem of laying down links 
on the lattice, assigning a factor tanh H to each link and tanh K to each site inter- 
sected by an odd number of links, see, for example, Katsura (1958). In a later 
paper it will be shown that these two transformations of the two types of problem 
into one another are particular cases of a much more general result (there is in fact 
a continuous range of such transformations). Since information about the 
‘link ’ type of problem is available independently of the work on the Ising problem, 
a detailed comparison is profitable. * 

In particular, it has been possible to get information about the analytic 
behaviour of the Mayer b-series expressed as a function ofzorw. Thealternation 
of signs is certainly to be expected for a ‘ rigid molecule’ model, since the way that 
the Mayer series is built up implies that successive terms correspond to th 
progressive subtracting away of configurations involving more and more overlaps 
(In fact, the alternation probably persists throughout the antiferromagnetic ran 
of interactions.) Study of the ‘link ’ problem definitely shows that b, shoul 
behave like C, (—.A)!+(C, B’ with A > B, so that the series has a singularity on th 


Application of the Mayer Method to the Melting Problem 195 


positive real axis, as anticipated earlier in this paper, but that allowance has to 
be made for the fact that this is not the nearest singularity to the origin. 
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An Investigation of the Protons, Deuterons and Tritons from the 
Bombardment of Be with 5-7 Mev *He 


By S. HINDS anp R. MIDDLETON 
Atomic Weapons Research Establishment, Aldermaston, Berks. 


Communicated by K. W. Allen; MS. received 25th February 1959, in final form 3rd April 1959 


Abstract. A thin beryllium target has been bombarded by 5-7 Mev *He particles 
and the charged reaction products analysed with a high precision broad-range 
magnetic spectrograph. Angular distributions of nine proton groups, four 
deuteron groups and a single triton group have been measured. Most angular 
distributions exhibit strong forward maxima suggesting that the reactions, at 
least in part, proceed via a direct process. 


§ 1. INTRODUCTION 


T has long been realized that the investigation of He induced nuclear re- 
| actions might prove to be a particularly fruitful source of nuclear data. 
In general, Q-values are favourable and frequently it is possible to excite 
nuclei which hitherto have proved difficult to investigate. Little is yet known 
about the relative importance of the various possible reaction mechanisms, but 
there are reasons for believing that direct processes may play an important role 
at certain energies (Butler 1957). . If this is the case then it may be possible 
to extract useful data from angular distribution measurements in a similar way as 
for deuteron stripping reactions. 

Few detailed investigations of He reactions have yet been reported and the 
majority of the work which has appeared has been concerned with (*He, p) re- 
actions at low incident energies. At such energies it is likely that the fraction of 
the reaction proceeding via a direct process is small and may well be masked by 
Coulomb effects. Holmgren, Bullock and Kunz (1956) have measured the 
angular distributions of the four highest energy proton groups from the reaction 
*Be(?He, p)''B at an incident energy of 2Mev. ‘They conclude that their results 
are not inconsistent with compound nucleus formation. More extensive measure- 
ments have been made by Schifter, Bonner, Davies and Prosser (1956) on several 
proton groups from °Li, \B and ”C at energies up to 4:7 Mev. Resonances were 
observed in the excitation functions and, although no strong forward peaks were 
observed in the angular distributions, neither was symmetry observed about 90°. 
Thus, at energies below 4-7 Mev there would appear to be little evidence in favout 
of (*He, p) reactions proceeding predominantly via a direct process. | 

A more likely *He reaction to proceed via a direct process is (*He, d). 

__ this case stripping may occur since it is necessary only to strip off a single nucle 
as opposed to two in the case of a (He, p) reaction. Favouring this mechanis! 
are the results of angular distribution measurements made on the inverse process 
namely (d, t) and (d, *He). Holt and Marsham (1953) and El-Bedewi (195 
report strongly peaked triton angular distributions from ®Li and °Be respectively. 
These results have been successfully fitted with theoretical curves calculated 
Newns (1952) for a pick-up process. 
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In this communication measurements are reported of the angular distri- 
butions of eight proton groups from the reaction ®Be(?He, p)''B, four deuteron 
groups from the *Be(*He, d)!B reaction and also one triton group from the 
*Be(*He, t) reaction leading to the ground state of 9B. The results suggest that 
a direct reaction mechanism is important at the bombarding energy of 5-7 Mev 
employed in this experiment, but further work at higher bombarding energies is 
required before this can be established with certainty. 


§ 2. EXPERIMENTAL PROCEDURE 


Singly charged *He ions have been accelerated in the Aldermaston 6 Mev 
Van de Graaff generator to an energy of about 5-7 Mev. The emergent beam was 
deflected through 90° by a 60cm radius magnet and was collimated by a slit 
system immediately prior to entering the target chamber. This slit, which was 
2mm wide by 0-25 mm high, served the dual purposes of defining the object for 
the spectrograph and limiting the energy spread of the incident beam. After 
collimation the beam current was reduced to about 0-5 ,.a, which proved to be 
the maximum current the target would stand before breaking. No direct 
measurement was made of the energy spread, but measurements made with the 
spectrograph indicate it to be less than 2 kev. 

The beryllium target was prepared by evaporation and consisted of a 
15 wg cm~? layer supported on a 8ugcem~ film of carbon. It was not possible 
to make a self-supporting target of this thickness and considerable difficulty was 
experienced in choosing a satisfactory backing material. Formvar, which has 
proved satisfactory when using a deuteron beam, ruptured almost immediately 
under He bombardment. Gold films of about 100 to 150ugcm~? thickness 
were also tried, and although they withstood bombardment, they gave rise to a 
troublesome background of elastically scattered *He particles. Eventually 
carbon films were tried and found to be very satisfactory. 

The charged reaction products from the target were analysed by a high pre- 
cision broad-range magnetic spectrograph. This instrument is similar to that 
described by Browne and Buechner (1956) and utilizes the focusing properties of 
a homogeneous magnetic field of 50cm radius. After deflection through a mean 
angle of 90° the particles are recorded on a 30inch nuclear plate. Provision has 
been made for transverse motion of the plate and it is possible to make four 

_exposures on the one plate without breaking the vacuum. The magnet is 
‘mounted on a carriage which can be rotated about the target permitting exposures 
to be made at angles ranging from 0° to 135°. Monitoring of relative exposure 
strengths is accomplished by integrating the total beam current passing through 
the target and entering a Faraday cup. 

The spectrograph was energy calibrated some time previously using «-particles 
from #°Po and cross-checked with the more energetic «-particles from *!’Po 

and 2!2Bi. The position of a group along the plate is determined by measuring 

‘its distance from the nearest of five index lines which are photographed on the 

late while still in the plateholder. Due to the finite width of a group its position 

s defined by extrapolating the maximum slope of its high energy edge to the base 
line. Using the values of Hp reported by Briggs (1954) for the ®’Po, 210Po and 
12Bi «-particles, tables have been compiled relating distance from the various 
index lines with trajectory radius. Thus to determine the energy of a group it 
necessary (a) to measure its distance from an index line, (b) to determine from 


_ This particular state was chosen since it was the lowest level whose corresponding 
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the calibration tables its radius of curvature p, (c) to obtain Hp, knowing the field 
strength as determined by a nuclear resonance method, and (d) to convert this 
to energy in the Hp tables prepared by Enge (1954). Gy iy 

The Q-value of the reaction is then calculated using a relativistic equation. 
More recently the spectrograph calibration has been transferred on to magnetic 
tape for use with the Aldermaston I.B.M. 704 computer which has been pro- 
grammed for the computation of Q-values. 

In the case of beryllium, twelve exposures were made at angles ranging from 
74° to 90°. The angular acceptance of the instrument was fixed at +2}° and 
the average exposure strength was about 1000 micro-coulombs. It may be noted 
that the latter figure refers to the incident singly ionized *He and not to the 
doubly ionized beam which enters the Faraday cup. The target was inclined 
at angle of 60° with respect to the incident beam for all except the exposures 
made at 80° and 90° when it was reorientated to 45°. Since at one field setting 
particles differing in energy by a factor of only 2-5 are simultaneously recorded 
on the plate, and as beryllium is a very light target nucleus, it was necessary to 
adjust the spectrograph field at the various exposure angles. Fields were pri- 
marily chosen to record the deuterons from the reaction *Be(*He, d)!°B; due to 
the diversity of Q-values of the other reactions, some proton and triton groups 
were not recorded. Thus, the ground state proton group from the reaction 
*Be(#He, p)!"B was not observed and the first excited state group was only observed 
up to 40°. 

§ 3. RESULTS 
giles" Be(*Heppy ie 

A proton energy spectrum from this reaction obtained at an angle of obser- 
vation of 15° is shown in figure 1 where the proton groups identified as corre- 
sponding to states in “B are labelled numerically, 1 referring to the first excited 
state, etc. Several groups due to the principal target impurities of carbon and 
oxygen were observed. ‘These groups were identified by their rate of change of 
energy with angle and are labelled by the symbols of the residual nuclei. It will 
be noticed that group 8 is shown cut-off in figure 1; this is because it was almost 
completely obscured by a strong deuteron group. Also group 12, which arises 
from a transition to a broad virtual state of "B, is coincident with the group leading 
to the fifth excited state of 18F. 

It was not possible to determine the absolute Q-value since the exposures 
were primarily made to measure angular distributions and no precise determination 
was made of the beam energy. However, it was possible to determine the energy 
levels since these depend only on the difference between Q-values. It should 
be noted that since the ground state proton group was not observed, the energy 
levels have been normalized to be consistent with the value of 4-459 Mev reported 
for the second excited state by Van Patter, Buechner and Sperduto (1951). 


group was observed at all angles of observation. 'The energy levels thus obtained 
are shown in table 1 together with the previously reported values. In general, the 
differences are small and within the limit of experimental errors. 

The excited states above 8-667 Mev are virtual and may decay by «-particle 
emission. ‘The state at 9-87 Mev has previously been obsérved by Li and Sherr 
(1954) who observed resonances in the 7Li (a, «’y) reaction. They report 2 
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Figure 1. A proton energy spectrum measured at an angle of observation of 15° from the 
bombardment of a thin target of beryllium with 5-7 Mev *He. 
Table 1. °Be(?He, p)"B 
Group Level Energy (Mev) Ib, Spin and Parity 
(1) (2) (3) (4) (5) 
0 — 0 — —_— 3/25 3/2 to 9/2- 
i 2:144+0-010 2:138+0-014 — —_ 325 3/2 to 9/2- 
2, 4-4597 4:-459+0-:014 0+2 1/2 to 5/2- 5/25 3/2 to 9/2- 
4 3 5-037+0:010 5:034+40-014 042 1/2to5/2- ((3/2-)) 3/2 to 9/2- 
4 6:753+0:010 6-758+0-013 Cy, 2 tei 9 2) 7 7/2=) 3/2 to 9/2- 
5 6:805+0-:010 6:808+0-013 14+3 1/2 to 7/2+ (3/2*) Se D2 to 11/22 
6 7:299+0-:010 7:298+0:012 143 1/2to7/2+ ((5/2-)) 1/2 to 13/2- 
7 7:989+0-010 7:987+0:014 143 1/2 to 7/2+ 3/2 to 9/2- 
8 8:567+0-010 8:568+0-012 0 UPA gy Sy 
9 8-923+0:010 8-927+0-012 0 1/2sto-512-" 3/2-,5/22_<0/2, 7/2" 
10 9-189+0:010 9-191+0-012 Se 
11 9-278+0-010 9-276+0-012 


: (1) present investigation 3 (2) Van Patter et al. (1951) and Elkind (1953), from the 
- 10B(d, p)"B reaction; (3) spin and parity prediction from double stripping ; (4) spins and 
parities reported by Ferguson e¢ al. (1958) and Groshev et al. (1958); (5) spins and parities 
reported by Evans and Parkinson C1084), Sjogren (1957) and Bilaniuk and Hensel (1958) 
from deuteron stripping. 


+ The present results were normalized to this value as determined by Van Patter et al. 
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level at 9-86 Mev excitation with a width of 125+10kev. The latter figure is 
not inconsistent with an estimated total width of 150 kev made directly from our 
spectrum but which includes an overall instrumental width of about 20 kev. 

The proton angular distributions are shown in the centre-of-mass system in 
figure 2. The arbitrary unit of intensity, which is the same for all angular distri- 
butions reported in this communication, is very roughly equal to 50 wbnsterad. 
The curves shown have been calculated from an approximate expression des- 
cribing a double stripping process which is discussed in more detail in §4.1. It 
may be noted that for the 8-92 Mev state better agreement was obtained by adding 
a small isotropic background to the theoretical curve. 
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Figure 2, Angular distribution of the proton groups from the *Be(?He, p)"B reaction. — 


The curves shown were calculated from an approximate form of an expression — | 


derived by Newns (to be published) for a double stripping process. 


3.2. °Be(*He, d)°B 
A deuteron energy spectrum, measured from the same nuclear plate used 
to obtain the proton spectrum of figure 1 is shown in figure 3. All the groups in 
the figure arise from the ®Be(*He, d)°B reaction except for a small group at an 
energy of about 5-3 Mev which is from the reaction #3C(®He, d)!4N and corre- 
sponds to the formation of !4N in its first excited state. No groups were observed 
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from the more abundant target impurities of 1#C and 140, since in both cases the 
(He, d) reactions have large negative Q-values. 

The energy levels of 1°B have been calculated and the mean values of several 
determinations at various angles are listed in table 2. ‘These are in agreement, 
within the experimental errors, with the levels reported by Bockelman, Browne, 
Buechner and Sperduto (1953) from a study of the inelastic scattering of protons — 


and deuterons from 1°B. The latter values are also listed in the table. K 
‘Lable2.q.°BeGhed)2o 
Group Level Energy (Mev) ‘ 
« 
(1) (2) lp Jt IT Qy y~2 
0 0 0 1 3+ 0 4 2 

1 0-717+0-010. 0°727+0-005 1 A fas 0 8 4 

2 1°744+40:010 1°739+0-005 1 0+ 1 15 8 

3 2°156+0:010 2-152+0-005 1 if 0 3 3 


(1) present investigation; (2) Bockelman et al. (1953) from the }°B(p, p’) and ?°B(d, d’) 
reactions; Q, and y,? in relative units. 


Angular distributions of the deuteron groups leading to the ground and first 
three excited states of 9B have been measured. ‘These are shown in the centre 
of-mass system in figure 4. Born approximation stripping curves have been 
calculated from the theory of Newns (1952). To obtain good agreement it was 
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Similar curves have also been calculated from the Butler form of the theory 
(Newns 1952). These are shown in the figure by the broken line. As in the 
Born approximation case, good agreement was obtained using the same radius 
for the first three groups and a smaller value for the fourth group. ‘The radii 
found most satisfactory were 5-8 and 4-5 fermi respectively. The /-values are 
listed in table 2 together with the known spins, parities and isotopic spins 
(Ajzenberg and Lauritsen 1955). Also tabulated are the relative proton capture 
probabilities Q,, calculated from the Born approximation theory, and the relative 
reduced width y,”, derived from the Butler theory. 


sie beCPHe, £)°B 

A strong triton group was observed while measuring the energy spectra of the 
alpha particles from the °Be(He, «)*Be reaction (to be published at a later date). 
Tritons and alpha particles were simultaneously counted since it is difficult to 
distinguish between them. ‘The triton group was identified by its rapid rate of 
change of position with angle and by its large width. Both these factors arise 
because the dispersion of the instrument is three times as great for tritons as for 
«-particles and protons. This assignment was also checked by detailed range 
measurements made with a higher power objective than is usually used for 
counting. ‘The Q-value was calculated on the assumption that the group was 
due to the reaction *Be(®He, t) leading to the ground state of 9B. A Q-value of 
— 1-077 Mev was obtained which agrees well with the value of — 1-087 Mev 
expected from the mass defects. 
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Figure 5. Angular distribution of tritons from the *Be(*He, t) reaction leading to the 
ground state of °B. 


. The angular distribution of this group has been measured and is shown 
plotted in the centre-of-mass system in figure 5. There are as yet no specific 
theories for the (He, t) reaction but from the strong forward peak observed in 
the angular distribution it seems likely that the reaction is at least in part pro- 
seeding by a direct process. The general form for an angular distribution 
esulting from a direct reaction is approximately |j,(ka)|?, where in this case & is 
the difference in the He and triton wave numbers, i.e. the momentum transferred 
uring the interaction. The curve shows was computed for /=0 and a=5:8 
ermi. 
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§ 4. DiscussION 

Many of the (*He, p), (He, d) and (He, t) angular distributions presented in 
this communication strongly suggest that a direct process is playing an appre- 
ciable role in the reaction mechanism. ‘This is rather surprising, since the 
results of other investigations, admittedly at lower incident energies, show little 
evidence in favour of this. In particular the work of Schiffer et al. (1956) on a 
number of (3He, p) reactions at an incident energy of 4-7 Mev, as compared with 
our 5-7 Mev, is inconclusive as to the nature of the reaction mechanism. 

A comparison of the peak differential cross sections of the various reactions 
indicates that the (#He, d) reaction is strongest. This would be a surprising 
result if the reaction mechanism was due only to compound nucleus formation, 
since it is hardly likely that deuterons would be emitted with greater probability 
than protons. 


4.1. *Be(@He, p)'B 


Since in a (?He, p) reaction two particles are transferred to the target nucleus 
as compared with one ina (#He, d) reaction, stripping might be thought to bea less 
likely reaction mechanism. Also the fraction of the reaction proceeding via 
compound nuclear formation and decay may be larger than for a (He, d) or 
(?He, «) reaction, thus partially masking any stripping contribution. However, 
the majority of (#He, p) angular distributions measured in the present investi- 
gation exhibit fairly strong forward peaks similar to those observed in deuteron 
stripping. It was therefore considered worth while attempting to explain them 
on the assumption of a double stripping process. The predicted spins and 
parities could then be compared with the known values as a check on the stripping 
assumption. 

In a double stripping process a neutron and a proton are captured by the 
target nucleus with angular momentum /p and Jp respectively. The resulting 
angular distribution is then characterized by L, where 


L=1n+1) eececee (1) 
the spin of the final state Jr is given by 
yeh tLtiss / © S25 oe tee (2) 


and there is a parity charge only if L is odd. For the formation of a particular 
state /, and /p are determined by the shell model, but unless Jy or lp is zero, equation 
(1) allows a multiplicity of L-values. Thus, in general, in a double stripping 
process, unlike deuteron stripping, the angular distribution is characterized by 
more than one Bessel function. 

An expression for the angular distribution expected from a double stripping 
process has been derived by Newns (to be published). This is difficult to 
evaluate and an approximate form has been used to fit the experimental obser- 


vations in figure 2, viz. 
o(P)o 2 IA) -In(ka)? 


where j,(ka) is a spherical Bessel function and A(L) is a constant analogous t 
the capture probability occurring in the Born approximation deuteron strippin 
theory. For a particular transition, e.g. L=0+2, the ratio A(2)/A(0) is solel 
dependent on the nuclear properties of the state formed and can be determine 
by fitting the theoretical curve to the experimental points. 
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To check the validity of the approximation, the exact expression was evaluated 
for L=0 with In = f=0, for L=1 with ,=1, Lb=2; and.for L=042. with 
n=/p=1. The first two cases applied to the 8-92 Mev state and the third to the 
4-46 Mev state. For all cases the curve calculated from the exact expression 
closely resembled that obtained from the approximate expression. In figure 6 
are shown the approximate and exact expressions computed for the 4:46 Mev 
state with £=0+2 and h=4=1. For-both curves a radius of interaction of 
5-0 fermi was used, and the ratios A(2)/A(0) adjusted to obtain best agreement. 


Approximate 
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a (0) (arbitrary units) 


Exact. 
Expression 
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Figure 6. Angular distribution of the protons from the *Be(*He, p)"B reaction 
corresponding to the state at 4-46 mev. 


It may be noticed that for most of the curves shown in figure 2 it was neces- 
sary to use a radius larger than is normally required in deuteron stripping. How- 
ever, there is some justification for this since in the latter process °Be is a special 
case requiring a large radius (Huby 1953). 

In table 1 are listed the L-values giving best agreement, and in column (3) 
are the predicted spins and parities. For comparison in column (4) are listed the 
spins and parities determined by Ferguson, Gove, Kuehner, Litherland and 
Bromley (1958) and by Groshev, Demidov, Lutsenko and Pelekhov (1958) 

- from y-ray investigations, and in column (5) are those determined from deuteron 
stripping by Evans and Parkinson (1954), Sjogren (1957) and Bilaniuk and 
Hensel (1958). The L-value assignments are consistent with these data 
except for the states at 7-299mev and 7:989mev. ‘The predicted parities for 
these states disagree with those of Sjogren from 800kev deuteron stripping. 
Also for the 7-299 Mev state there is a disagreement with the very tentative parity 
assignment of Ferguson et al. It may be noted that the parity assignment of 
Bilaniuk and Hensel for the 8-923 Mev state disagrees with that reported by 
-Groshev et al. (1958), the latter result being consistent with the present L-value. 
The above parity discrepancies may be ascribed to distortions of the angular 
distributions produced by Coulomb effects. Distortion due to resonances in 
the compound nucleus is unlikely since the excitation of the latter is about 30 Mev. 
The present results suggest that double stripping may be the predominant pro- 
cess at a bombarding energy of 5-7Mev, although the parity discrepancies are 
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disturbing. However, it is clear that further tests should be made, preferably at 
higher bombarding energies, before this technique can be used as a tool in nuclear 
spectroscopy. 

4.2. *Be(?He, d)°B 

A probable mechanism for a (*He, d) reaction is stripping. ‘The inverse 
process has been theoretically treated by Newns and more recently Butler (1957) 
has discussed in detail the mechanism of (*He, d) stripping. ‘The good agree- 
ment between theoretical stripping curves and the experimental observation 
shown in figure 4 provides strong evidence in favour of this mechanism. In all 
cases the /-values are consistent with the known spins and parities of the state of 
10B but it is unfortunate that all four curves are of the /=1 type. 

It may be noticed that in two of the angular distributions shown in the figure, 
the experimental points fall below the theoretical curves at small angles. ‘This 
is a familiar phenomenon in deuteron stripping (Dalton, Hinds and Parry 1957) 
and is probably due to the neglect of Coulomb forces in the stripping theory. It 
is surprising that the effect is not greater due to the increased charge of a *He 
particle but this may have been minimized by adjustment of the radius. 

The values of the relative reduced widths, y;?, deduced from observations on 
some (d, t) and (d, *He) reactions have been discussed by French and Fujii 
(1957). ‘These authors conclude, from the available data, that they are not as 
reliable as those extracted from deuteron stripping reactions. ‘This presumably 
will also apply to (?He, d) reactions, but, since in the present case the /-values are 
the same for all groups, and the deuteron energies differ by only 2-3 Mev, the 
relative reduced widths shown in table 2 may be more meaningful than those 
discussed by French and Fujii. 


4.3. *Be(?He, t)®*B 

The triton angular distribution for the ground state transition has been fitted 
with an /=0 curve calculated for a general type of direct interaction. The measure 
of agreement obtained confirms that a substantial part of the reaction proceeds — 
via some type of direct process. There are various possibilities for the latter, 
one of which simply involves a proton—neutron exchange between the ?He pro- 
jectile and the target nucleus. In detail this may be visualized by considering — 
the *He particle as consisting of a neutron-proton pair and an odd proton. The 
latter causes a (p, n) direct surface interaction and the emitted neutron is then — 
captured by the neutron-proton pair which has remained outside the range of 
nuclear forces throughout the reaction. This mechanism is similar to that pro- 
posed by Fairbairn (1957) for the inelastic scattering of deuterons. 

The /=0 assignment is in agreement with the known spin and parity of the 
ground state of °B. It is of interest to note that in a (He, t) direct reaction 
between mirror states an /=0 transition should always be observed. 


ACKNOWLEDGMENTS 


We would like to thank Dr. K. W. Allen for his continued interest and for 
much useful discussion and advice. We are grateful to Dr. H. C. Newns for 
communicating the results of his work on the double stripping process prior to 
publication, and also to Mr. D. A. Proctor and Mr. H. Marchant for assistance 


The Bombardment of °Be with 5:7 MeV *He 207 


in making the exposures. Our thanks are also due to the Van de Graaff operating 


staff, the microscopists for scanning our plates, and to Mr. F. A. Howe for pre- 
paring the targets. 


REFERENCES 


AJZENBERG, F., and Lauritsen, T., 1955, Rev. Mod. Phys., 27, 77. 

BILANIUK, O. M., and HEnsEL, J. C., 1958, Bull. Amer. Phys. Soc., Series II, 3, 188. 

See m K., Browne, C. P., BUECHNER, W. W., and SpeRDUTO, A., 1953, Phys. Rev., 
92, 665. 

Briccs, C. H., 1954, Rev. Mod. Phys., 26, 1, 472. 

Browne, C. P., and BuECHNER, W. W., 1956, Rev. Sci. Instrum., 27, 899. 

Butter, S. T., 1957, Nuclear Stripping Reactions (London ; Pitman). 

DattTon, A. W., Hinps, S., and Parry, G., 1957, Proc. Phys. Soc. A, 70, 586. 

Et-Bevewt, F. A., 1951, Proc. Phys. Soc. A, 64, 947. 

E.xmnp, M. M., 1953, Phys. Rev., 92, 127. 

Ence, H. A., 1954, University of Bergen, Naturvitenskapeleg rekke, No. 1. 
Evans, N. T. S., and Parkinson, W. C., 1954, Proe. Phys. Soc. A, 67, 684. 

Farrsairn, W. M., 1957, Proc. Roy. Soc. A, 239, 448. 

Fercuson, A. J., Gove, H. E., Kueuner, J. A., LITHertanp, A. E., and Bromiey, D. A., 

1958, Phys. Rev. Letters, 1, 414. 

FRENCH, J. B., and Fuyi1, A. ,1957, Phys. Rev., 105, 652. 

GrosHEv, L. V., DEmipov, A. M., LursenKo, V. N., and PELEKHOV, V. I., 1958, Ailas 
of the y-ray Spectra from Thermal Neutron Capture (Moscow : Chief Authority 
for the Utilization of Atomic Energy (G.V.I.A.E.) for the Council of Ministers of 
the U.S.S.R.). 

Hotmcren, H. D., Buttock, M. L., and Kunz, W. E., 1956, Phys. Rev., 104, 1066. 

LT, J. R., and Marsuam, T’. N., 1953, Proc. Phys. Soc. A, 66, 1032. 
By, 1953; Progr, Nucl. Phys. 3) 4775— 
C. W., and Suerr, R., 1954, Phys. Rev., 96, 389. 

Newns, H. C., 1952, Proc. Phys. Soc. A, 65, 916. 

SCHIFFER, J. P., BONNER, T. W., Davies, R. H., and Prosser, Jr., F. W., 1956, Phys. Rev., 
104, 1064. 

GREN, B., 1957, Ark. Fys., 12, 537. yo s 
Patter, D. H., BugcHNER, W. W., and Sperputo, A., 1951, Phys. Rev., 82, 248. 


_—— 


yt r ; #88 ; i - t P i ties 
Bt {a4 ‘ : aes on: ey: 
y bie OF By aad hot . “> Ae Bass Ae & oe ee rs 
ns05) a! ede Peg el “ig iokehe 20° Ok Yes ioe 10) Ge ae are 
’ > 4 < a x a . f 4 +4 *y ee Fle Oe 
7 = See 3 . " ‘2 H 4 2 Sate a a ey 6 Mi ’ 
Dir aad: STise ea Ue ovo, WO Tet a 


208 


The Thermal Conductivity of Monatomic Dielectric Liquids 


By R. EISENSCHITZ anp A. R. BOOT 


Department of Physics, Queen Mary College, University of London 
MS. received 30th January 1959 


Abstract. In thermal equilibrium the relative coordinates of a pair of molecules 
are statistically independent of the coordinates of their centre of mass. ‘This 
independence persists in viscous flow and was supposed to persist in presence of a 
gradient of temperature. This assumption leads, however, to difficulties if the 
heat flow is to be expressed in terms of molecular interaction. A new distribution 
function for molecular doublets is deduced which is appropriate to non-uniform 
temperature and involves the coordinates of the centre of mass and the relative 
coordinates. This distribution function is superior to those put forward previously 
as it takes account of the uniformity of pressure and the vanishing of flow in a steady 
gradient of temperature. By means of this distribution function an expression 
for the coefficient of thermal conductivity is obtained which differs from similar 
expressions as put forward by previous authors. 


§ 1. INTRODUCTION 


HE conduction of heat in liquefied rare gases and similar fluids is almost 
entirely due to the transmission of energy by the intermolecular forces. A 
quantitative relation between the heat flow and the forces was established 
by Born and Green (1947) and by Green (1952); they obtained an expression for 
the divergence of the heat flow from the principles of molecular dynamics. A 
similar deduction by Irving and Kirkwood (1950) gave a result which agrees 
neither with Born and Green’s nor with an expression previously suggested by 
Kirkwood (1946). By generalizing the virial theorem Eisenschitz (1955) obtained 
an expression for the heat flow, as distinct from its divergence, which does not 
agree with any of the above authors’ results. 

In the present paper the discrepancies between these results are resolved and 
the validity of the ‘ virial ’ expression is established. This result necessitates a 
revision of the previous theories of the thermal conductivity of liquids (Eisenschitz 
1949, Zwanzig, Kirkwood, Oppenheim and Alder 1954) which depended on the 
validity of the older expression for the heat flow. The coefficient of therma 
conductivity has previously been derived from the distribution function of the 
relative positions of pairs of molecules without taking account of the distributio 
of their centre of mass. ‘This is no longer admissible if the new expression for th 
_heat flow is employed. 

In the present paper the complete distribution in coordinates for a pair o 
molecules is derived for the first time in such a way that the gradient of temperatur 
is taken into account. It is found that there are specific statistical correlatio 
between the movement of the mass centre and the relative movement. Thes 
correlations do not appear either in thermal equilibrium or in viscous ow. Th 
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resulting expression for the coefficient of thermal conductivity differs sufficiently 
from previous results to affect any comparison with experiment. 


§ 2. THe Heat FLow 


Consider a pair of molecules labelled h and i. Let mbe the mass, rp and ry 
their positions and py and p; their momenta. It is convenient to employ the 
variables 

Rni= 3(rn+ri) Pni= 3(tn—ri) 

Phi=Pn+ Pi Phi=Pn—Pi 
Intermolecular forces are derived from a potential energy pi which is assumed to 
be given as a function of the distance apart of the molecules which is equal to 
2rni- Further, let fni® be the normalized probability distribution in the momenta 
and coordinates of a pair of molecules. Flow vectors are then defined by 


ona = (1/16m) | Pai fni® dP ni dpni jn=3(Jni+jni) | 


jni= (1/16m) | Pnifni? dPni dpni ji=4(Sni—jni) | 


which are, in general, functions of the coordinates. 
In this notation the macroscopic flow of heat is equal to (Eisenschitz 1955): 


4N? 
= Ef x (rns) dn dR ns drs tec (23) 


where WN is the number of molecules, V is the volume I is the unit tensor and the 
tensor x is defined as 


X (ni) = dni (27ni) I — Phi (=) S ee te (2:4) 


The expression given by Born and Green (eqn 4.15 of these authors) differs from 
(2.3) by omitting that term in (2.4) which is proportional to %, apparently assuming 
that this term vanishes on the average. Equation (2.3) should accordingly be 
compatible with theory of Born and Green whether or not their assumption is 
right. 
; The formula given by Irving and Kirkwood differs from (2.3) by substituting 
4(J+j) for J, thus admitting a finite value of the heat flow whenJ=0. ‘This was 
indeed implied in the previous theories of thermal conduction but is strictly 


ruled out if (2.3) is correct. 
It can be shown that this result of Irving and Kirkwood is due to a minor error. 
Equation (6.22) of these authors can be written in the form 


ays 7 LD | (int i)-x ermddrns ARs ones 


which is in accordance with our equation (2.3). The significant term in (2.5) is 
rearranged by the use of delta functions as 


+ [aren AR is (rin, Rin) x (r’) 3) (rin oa r’) dr’ 
+ jn (rin, Rin) (3 (0) 8 (rni—F’) ar’ | slots « (206) 
vhere r’ is half the distance vector of two points in three-dimensionalspace. Sub- 


-quently Irving and Kirkwood commute the order of integrations in (2.6). By 
) 
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doing so they inadvertently change the sign of rin in jn. A permutation of i and 
h transforms rip into — rip and jy(—rin, Rin) into ji(rin, Rin), leaving x invariant. 
By applying this permutation to equations (2.2) it is found that 
jn (—rin, Rin) =ji (tin, Rin). 

Hence the commutation of the integrations does not leave (2.6) invariant but 
replaces jn by ji and ji+jn by 2ji. In this way the result of Irving and Kirkwood’s 
investigation (equation 6.24) is arrived at. Since it is in contradiction to their 
equation 6.22 it may be regarded as erroneous. 

The theory of thermal conduction in liquids should accordingly be based on 
equation (2.3). If the distribution functions as given by previous authors are 
inserted into (2.3) the resulting heat flow vanishes. The deduction of the distri- 
bution functions appropriate to non-uniform temperature is accordingly due for 
reconsideration. It will have to be shown that they involve not only the relative 
positions of molecular doublets but also the positions of their centre of mass. 


§ 3. DouBLetT DIsTRIBUTIONS IN PHASE SPACE 
The deductions of this and the following section follow largely a familiar 
pattern (Kirkwood 1946, Eisenschitz 1952) but involve points of detail which have 
not yet been clarified. 
The normalized distribution in full phase space f™ satisfies the Liouville 
equation 


2 +3(0 a +Fige)hym=o rier (3.1) 


i m er; 


where F; is the total force acting on the molecule i. Doublet distributions are 
defined as 


- 


fri” =| f™ dBni 


where the differential applies to positions and momenta of all molecules except h 
and i. By integrating equation (3.1) with respect to dByi a reduced equation is 
obtained : 


hem Pore pelo (2) 0 a 
(G+ SP aen + Br ar) f= — | (Fogo + Fi-ge,) FB 


Let the average of some function é with respect to momenta and positions of N—2 
molecules be denoted as ‘ 


(6) ni = [ 7>aBu/ [7>aB.. H 


ea 


Averages of this kind are to be added to either side of equation (3.2) so that they 
vanish in thermal equilibrium and are small if deviations from equilibrium are 
small. Add accordingly 


0 r) 
F Yana! Real! 
(< bhi api + (Fini. i) fri®. 
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Equation i 2) is seen with naa to the time between —7 and 0: 


O Ph 
(5 + rd + (Fh )ni- Sp: + — Pi + (Fy ni. a) fn 


m m _ 


= —fri?+ | fni® (Pa —Apn, pi— Api) Wad (Apn) d(Api) 


- J, (Fad. 5 


+ (Fini. Sp) fu Chile i aie daalipas ea® (3.3) 


where 


0 
Apn= | F, dt 


W Dee alas im 
= Ap}, Apj const. foi a DUET PARR OP IETS enshe aus (3. ) 


can be regarded as a probability distribution in App and Ap; which is almost 
independent of the time. In liquids the increments in momentum are regarded as 
small so that the right-hand side of (3.3) simplifies : 


See ap, (dapat 2 Pn). (ApiAP,.)ai) | fir® +0 ((AP)). 


In this expression the mean aol can be expressed in terms of the correlation 
functions of the intermoiecuiar forces. In this procedure attention has to be 
given to the difference in temperature at the positions of the molecules. The 
assumption of local thermal equilibrium is made so that the ‘temperature of a 
molecule’ agrees with the experimental temperature recorded in its immediate 
Vicinity. Denoting the gradient by b the temperature of the molecule i is equal to 
Tii=T+b.r;, T being the average temperature. 

The mean value of Ap;, its square and of Fj are accordingly derived at the 
temperature 7'\;, whereby the N —2 molecules differing from h and i are assumed 
to be at the temperature 7. Mean products, such as App Api, which are in any case 
of minor importance, are to be taken at some intermediate temperature 


Tri=2( Tat dae): 
In evaluating the mean values in equation (3.3) it is assumed that the integrand 
of (3.4) corresponds to thermal equilibrium at the time ¢=0 but depending upon 
he increments of momenta: 


and 


Api? mee 
(2)]-1 — [| i+Api/? os TLE Soe YE Ge el ok rere 32 
[ini] exp | - mkT a 8 rs ea 


vhere k is Boltzmann’s constant. 
Friction tensors are now defined in terms of the temporal correlation functions 


f the forces : 
Bei SCART) ie (Fae EPYFIO) ud! Tose (3.6) 


t is assumed that these quantities are insensitive towards the precise value of r 
nd havea positive diagonalsum. Reasons for this assumption were advanced by 


‘urner (1958). It follows that 
0 
(Api ni = —(Pii - Pit Pin - Ph) + at (Fi nidt eee 


(ApnApi ) =2mkTpiBni- 
02 
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Equation (3.3) is now transformed into 


F) Pp, a é |} \ d (2) 
Ee SS Lh fa ae a F i-=— 9) ae =— -Pin-PrJ/h ) 
1 72 E or, ( 2h Op, fs _> se op, Re f 


l=h,i 
o? 1 : ofni” 
——__ : (mkT,, Bin fri) } + — {{ F, )ni- dt 
ta OpioP, (m In cy tn )} ae oy « Dh op, 


z i ES [ Fina [I . Pinta (3.8) 


It will be shown that the last two terms in this equation may be ignored. If, 
in addition, the friction tensors with i# h are neglected, equation (3.8), which is of 
the type of the Fokker—Planck equation, agrees essentially with an equation put 
forward by Kirkwood (1946) without deduction and applicable to uniform tem- 
perature. Equations of this type are, at present, the only practicable means for 
describing transport processes in liquids, either by the method employed in this 
paper or an alternative approach due to M. S. Green (1954). For further calcu- 
lations the friction tensors Ri; are replaced by a scalar constant f and it is assumed 
that the temperature gradient is constant. 


§ 4. DouBLET DISTRIBUTION IN COORDINATES 


In the following the subscripts by which the molecules are labelled will be 
dropped, since this does not lead to any ambiguity. It should, however, be re- 
membered that the doublet distributions refer to a pair of specified molecules. 

Averaging equation (3.8) with respect to the momenta yields 


apenaog dca? is ingiunies 
apesen i apie eregewetare (4.1) 
where 
o(R,r,t)=4 | gue e Cah, one Sane (4.2) 


In this procedure the two last terms of equation (3.8) vanish; this follows from 
the fact that f® can be regarded as a function of the time and the initial momenta 
so that the time integrations commute with the differentiations and integrations _ 
with respect to the momenta. 


Multiplying (3.8) in succession by pp and p; and averaging with respect to the 
momenta results in 


J= 2 Ny ak Be : Ra I . (2) : 
wal (Pty te ag (T+ b-R)— 1k 2 (b r) fe | 
eee De yan 3 1 d (2) 
ase Jha, (T+b.R)— hoy (br) |g 
where Ft=3(Fn+Fi) and F-=3(Fn—Fi). ‘These expressions depend parth 


upon averages of the squares and products of the momenta which are replaced by 
their values in thermal equilibrium. 


_ By inserting (4.3) into (4.1) an equation for the function g® is obtained. Thi 
function is written in the form 


g=y(R) exp (=r) bist DeWiow go tea ee (4.4) 


Here N*y isthe product of the local number densities at two points in the liquid i 
local thermal equilibrium corresponding to the positions of the two specifiec 
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molecules. © is the ‘effective’ potential energy which is related to the forces in 
thermal equilibrium by (Kirkwood 1935): 


ae (5): soak (4.5) 


The unknown function w(R, r, t) specifying the distortion of the local thermal 
equilibrium distribution is derived from a differential equation which is obtained 
by inserting (4.4) into (4.1) and neglecting terms of the order b?. 

® is, in principle, determined by the radial distribution function in thermal 
equilibrium. The dependence of y on R is derived from the variation of density p 
with the temperature at constant pressure : 


Meme Diese, 1 rT eee (4.6) 
« being the coefficient of thermal expansion. 

The force (F+) vanishes in thermal equilibrium; its value in presence of a 
temperature gradient is difficult to assess but its contribution to the coefficient of 
thermal conductivity should be negligible. 

The equation determining the distortion function w has the form 


Bis ots Bee Popo Zh a Sart puiw _ 1 /d®\?"]b.R 
@R OR Or Or kT Or Or a = RT \dr ] \kT? 
walang (4.7) 
A particular solution is readily found : 
Wise RUT ieee i ka i be (4.8) 
where wu is a scalar function of a scalar variable and must comply with the equation 
du [2 dO |du ek a DY a | ] (4.9) 
Ge" | >” kPa | a Tar dys) > RAT Ae esis ; 


The general solution of equation (4.9) is expressed in terms of two constants 
of integration C and D as 


u(r)= D+ |" [ aa exe (GP) | ope “dss exp (— 2) 


Epes! (OT pee adoration (4.10) 
Hence, defining 


PAC ta cond OE Et = Peers (4.11) 
the function (4.4) takes the form 


pe =y(R) exp (- zr) +b. R[oG)eDID ....-- (4.12) 


To this can be added any solution of the homogeneous equation corresponding 
to (4.7) such as 


‘ Wes ® 
es =y(R)exo (— zt) | 1+ grab R |. oe (4.13) 


‘This contribution takes account of the fact that the radial distribution function 
‘must vary from point to ‘point when the temperature is not uniform. The 
; te distribution function is then written in the form 


g®=(1—A)ge + Ags AS inn oes (4.14) 
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where A isaconstant of integration. By (4.14) and (4.3) the following expressions 
for the flow are obtained: 


pees P( ar) | 28-1) + gab F 


~ Impve *\ kT kT?" ar 
—bi (1-4) sgb-w | 
ae e ame + Senall sbeee (4.15) 
foe EY. pala EPA Hl PN 
ists A) saa? ( zr) | en " Or 
3 
- 5 bw] 


In order to specify the distribution function and, hence, the coefficient of 
thermal conductivity in full, it remains to determine the values of the constants 
of integration. 


§ 5. THE COEFFICIENT OF THERMAL CONDUCTIVITY 


The constants A,C,D are to be determined in such a way that the pressure is 
uniform and that the flow of matter (in three dimensions) vanishes; the flow of 
heat should, however, be finite. 

The condition of vanishing flow of matter may be expressed in one of the 
following equations 


| Gn+indari=0 [Gminddrn=0. ee (ia 


If the distribution (4.14) is employed the two integrals are equal to each other, 
whatever the value of the constants of integration. ‘This can be shown by 
separating the integrands into an even and an odd partand showing that the even part 
enters with equal sign and the odd part with opposite sign into the two expressions. 

The first integral is evaluated so that it is a function of rp. In performing 
the integration it is admissible to replace rj by r without changing the limits. 
Cartesian coordinates are employed and the x component of the integral is 
evaluated. It follows that 


D=2(«—T-)(1— A)1-8A(S3+S,)[RT?2V(1— A)]>2 
=8(S Nay 


where 


= tx [exp ( — en) 


It can be verified that these values for C and D are suited to satisfy 
components of equation (5.1). 


a a eae Cie A peel 
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oie constant A is determined by the condition that the pressure should be 
uniform. Using an expression for the pressure given by H. S. Green (1947) 
the condition says that 
NRT) 2aN? ¢ 

Mgt bc} 2 


dp 
dr 


o(2) 
ro} 


Toe te OETA (5.4) 


should be independent of the coordinates. Writing the function g®, as deter- 
mined by equation (4.14), in the form 


co) 
Bees astiy.| pce 
£ v exp ( i) Lieb GS) liom Dom bala suns (5.5) 
the condition becomes 
di ct) 
IZ exp (— 7) Oiidee Oy epieemen are (5.6) 
Hence: 
fe kT[2V —8T(S,+ S,)|S,— TVS; 57 
8S,_(kT?2(S,+ S,)—(S3+S,)] + VS,-kRT?VS, (2-7) 
where 
eee ees 
5 7 [ exp( zr) 7 urdr 
a . O\ , ad 
Sy=4z | exp(— 5) irae dr je (e.. 6-0 Oe (5.8) 


S=4n | exp(— pp) Gora | 


By entering with (5.7), (5.2) and (4.15) into (2.3) the coefficient of thermal 
conductivity is obtained: 


a (N\2RT © rdd  A® 
= 23/27 (__ |) —_ uth dois ag OTS eee se 
; “(F) im | OP a) sere pre" Aye+F | 


rdf rd® AO ¢ 
$e At E |}re re (5.9) 


_where 
= $7 1-45.48.) + Ga (So+ 50 | 


and A is given by (5.7). 

This expression is the result of the deductions of the last three sections. 
Before discussing its significance a subsidiary result should be pointed out. By 
integrating the function Ng® with respect to the coordinates of a molecule (for 
instance ry) an expression for the local density is obtained. It does not agree 
with the local density as derived from the assumption of local thermal equilibrium 
and the use of the experimental coefficient of thermal expansion but provides 
for an excess in the expansion coefficient equal to 


wee 9 
‘ 2a-7-)-8| (1-4) — gray | 
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§ 6. DiIscussION 


Expression (5.9) for the coefficient of thermal conductivity} differs appre- 
ciably from the result of previous deductions. ‘This is a consequence of the 
revised expression for the flow of energy. The new distribution function 
depends upon the relative coordinates and the position of the mass centre of 
molecular doublets, angles entering exclusively by the way of the latter. In 
contrast the previous distribution functions depended on the orientation of the 
distance vector. All known or proposed distribution functions are derived from 
equation (4.1) or an equation of similar form. Previously solutions of this 
equation were obtained subject to the restriction that deviations from equilibrium 
were independent of the position of the mass centre. This restriction is abandoned 
in the present paper and its place is taken by the condition of uniform pressure. 

Important aspects of the theory are, however, not affected by the new ap- 
proach. In particular the previous conclusions concerning the temperature 
effect (Eisenschitz 1949) remain valid since the new as well as the old distri- 
bution function remains continuous at r=0. It also remains true that the only 
quantity specific for transport theory which enters into the coefficient of thermal 
conductivity is the friction constant f. 
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+ Whereas here a closed expression for « is obtained there was, so far, no similar expres- 
sion known for the viscosity since the differential equation corresponding to (4.9) had to be | 
solved numerically. We have now found a solution of this equation in closed form by the — 
use of a Green’s function ; 


, be (t) 
Bier) paoch Ws - 
int [ie (Ge) Vi . 


which yields the coefficient of viscosity in a form similar to (5.9). 
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On the Thickness of Helium Films 
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ACKSON AND GRIMES (1957, 1958) have recently measured the thickness 
of liquid helium films for the height range 1-7cm. Between 1-1-6 cm 
the (experimental height, thickness) curve can be represented within the 
probable experimental error by the formula proposed by Atkins (1954), 


H=(5) ms (3) cae (1) 


where dis the film thickness, H the film height, and a and b are adjustable constants. 
For curves at the different temperatures the value of 5b has to be changed. 
Franchetti (1957) has suggested an expression 
a Oe VOT) 
which is expected to hold good for a much wider range, but the final figures are 
not yet available. 

The purpose of this note is to point out that for a sufficiently wide range the 
variation of film thickness with height can be represented by the simple relation 

ES, Corgis a han ee) een er (3) 

The value of A and the ranges for which the equation (3) holds good within the 
experimental error are as follows: 


‘ae 


T (°K) 1-62 1-83 2°04 
105 x A (cm) e122 e719 e114 
Range H (cm) 2-6 2-5 2-5 


- It is possible to extend the validity of equation (3) for the range 1-5 cm by 
adding another factor on the right hand side to read 


B 
d= Ac rH pe vesene (4) 


where B=40 x 10-® cm is another constant. The values of A for equation (4) 
for the range 1-5 cm are: 

T (°K) 1-62 1:83 2°04 

10° xA (cm) eal24 e7120 e7hié 


Above 5 cm height the calculated curves for different temperatures according 
to equation (4) are consistently lower than the corresponding experimental curves 
and come closer to each other while the experimental curves appear to diverge 
in this region. One should expect that at sufficiently great height the film 
thickness will acquire some minimum value for all temperatures. 

i 
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NOTICE TO AUTHORS 


Authors of papers on experimental measurements are advised to include 
information concerning the purity and structure (grain size, homogeneity, 
degree of working phases present, etc.) of materials used. This should be as 
complete as the nature of the measurements being made requires and sho Id 
include the source of the material and method of preparation. _ ae 
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REVIEWS OF BOOKS 


Handbuch der Physik, Vol. 38/1, External Properties of Atomic Nuclei, edited 
by S. FLucce. Pp. vi+471. (Berlin, Gottingen, Heidelberg: Springer, 
1958.) DM 135. 

Probably the most important job for a reviewer of a volume of the Handbuch 
der Physik is to give a list of contents, which is as follows for this volume: 
Atomic masses of nuclides, by A. H. Wapstra, 37 pp. 
With table of binding energy and mass excess, a discussion of trends 
and magic number effects, alpha and beta decay systematics. 
Determination of atomic masses by microwave methods, by S. Geschwind, 
21 pp. 
Revised from the article by the same author, Gunther—Mohr and Townes 
in Rev. Mod. Phys., 1955, 26, 444. 
Determination of nuclear spins and magnetic moments by spectroscopic 
methods, by F. M. Kelly, 37 pp. 
Atomic spectra (optical) and atomic beams; statistics in molecular 
spectra. 
Isotope shifts, by Lawrence Wilets, 24 pp. 
Nuclear mass, field, deformation and compressibility effects. 
Nuclear magnetic resonance, by G. Laukien, 257 pp. 
Theory, practice and results of nuclear magnetic resonance, with table 
of nuclear magnetic moments and spins. 
Determination of nuclear quadrupole moments, by C. H. Townes, 77 pp. 
A thorough discussion of nuclear electric quadrupole effects in atoms, 
molecules and solids, with table of quadrupole moments. 


The most striking feature of this volume is that the one article in German 
(the rest are in English) is an order of magnitude longer than any of the others. 
Containing such details as circuit diagrams, scale drawings of permanent 
magnets and magnetic induction heads, Dr. Laukien’s article is a good-sized 
monograph on nuclear magnetic resonance and might perhaps have better been 
issued as such. It now occupies rather more than half a volume costing DM. 135, 
and at this price is not likely to be found on the tables of many research students 
“in nuclear magnetic resonance. B, BLEANEY. 


Solid State Physics, by A. J. DEKKER. Pp. xiv+540. London: Macmillan, 
1958). 45s. 

The transition from the study of the ‘ properties of matter’, as defined in 
many an examination syllabus, to a real understanding of the properties of solids 
has now reached a stage when several good undergraduate textbooks have become 
available. Dekker’s Solid State Physics is one of the best of these. Messrs — 
Macmillan are to be congratulated on bringing out this edition at so reasonable 
a price. It is to be hoped that the book will achieve a success that will encourage 
the production of similar editions of other useful but expensive American texts. 

The book opens with an account of the properties of crystals, which 
moves rapidly from a consideration of crystal lattice types to lattice vibrations, 
lattice defects and dislocations. ‘There follow chapters on the dielectric and 
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conduction properties of non-metals, on the electron theory of metals, and on the 
properties of semiconductors. ‘The remainder of the book discusses special 
topics, the longest section dealing with magnetic properties. ‘The treatment is 
generally elementary, with mathematical proofs kept to a minimum. ‘This 
policy enables the author to cover an immense range of topics without taking 
the student out of his depth, but some of the omissions are surprising; for 
example, in the chapters on the electron theory of metals the formula for the 
free electron specific heat is simply quoted with a reference to Seitz, though 
a later chapter gives a proof of Bloch’s theorem and a discussion of the Kronig— 
Penney model. 

The book succeeds in its object of presenting an overall picture of an important 
and rapidly growing section of physics. It is well printed and produced, and 
can be recommended as a very useful text for students in their final undergraduate 
or first graduate year. A. H. COOKE. 


Colloque National de Magnétisme (commémoratif de l’oeuvre de PIERRE WEIss). 
Pp. x +338. (Paris: Centre National de la Recherche Scientifique, 1958.) 


The place and subject of this conference reminds one of the 1939 Strasbourg 
Conference on Magnetism and one is tempted to compare the two. This would 
be unfair to the book under review. ‘The 1939 Conference was an international 
meeting covering all aspects of magnetism. Its proceedings, containing 
authoritative and meaty reviews of all aspects of magnetism with a seasoning 
of fully reported discussions, provided a unique picture of the status of magnetism 
at the outbreak of World War JI. This 1957 Conference was modest in scope, 
and national in character, with only two contributions from outside France. It 
was organized to celebrate the 50th anniversary of the publication of Pierre 
Weiss’ paper which postulated the ‘ molecular field ’ and thus laid the foundation 
of modern theories of ferromagnetism. 

L. Néel, in a masterly review, traces the development of Weiss’ ideas and 
shows how the replacement of the ‘ mean’ molecular field by a ‘ local’ molecular 
field has finally led to an understanding of antiferromagnetism and to the concept _ 
of ferrimagnetism. ‘The other general review in the proceedings is by C. 
Guillaud and R. Vautier on ferromagnetic domains. It describes, in simple 
terms, domain theory and the mechanisms of magnetization and is particularly — 
notable for the large number of excellent photographs of Bitter patterns. There — 
is no doubt that if this book fell into the hands of fabric designers or interior 
decorators we should soon have the ‘ méandres arborescents ’ of the domains of 
Ni-ferrite greeting us from walls, curtains and—why not—ladies’ dresses. 

The remaining 24 more specialized contributions cover a variety of topics. 
There are two comprehensive papers on rare earth metals and oxides (by Trombe 
and by Mlle. Blanchetais), a brief theoretical discussion by Friedel and de Gennes 
of the effect of spin disorder on electrical resistivity, several papers on ferrites 
and garnets, and a paper by Weil on the behaviour of single domain particles 
(‘ paramagnétisme apparent’, or ‘ superparamagnetism’ in American nomen- 
clature). Other subjects include metamagnetism, antiferromagnetism and 
magnetic resonance and relaxation. On the whole this is a useful book which 
gives a good idea of the problems and preoccupations of modern magnetism. 

N. KURTI. 
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Principles of Modern Physics, by A. P. FRENCH. Pp. viit+355. (New York: 
Wiley; London: Chapman and Hall, 1959.) 54s, 


This is an excellent book about atoms, electrons, radiations and nuclei; 
its method and style are those of the lecture-room and the tutorial class rather 
than those of the textbook writer’s study. It is suitable for students who 
are familiar with classical physics as taught in the earlier years of most university 
courses and who have some preliminary knowledge of the atomic structure of 
matter, the nuclear structure of atoms and the facts of quantum physics. 

Professor French achieves a well-judged balance between the historical 
approach and the more economical but less educative plan of dealing only with 
currently accepted facts and theories. He mentions some of the historical 
blind alleys, without going far up them; and when giving examples of experi- 
mental results he chooses sometimes the earliest and sometimes the best 
measurements. ‘Thus, while the logical framework of his book is the growth 
of physical concepts, Professor French has managed to include a substantial 
amount of information, giving much more than a commentary if something 
less than a full account of the subjects. 

The order in which topics are taken is crucial, and those which come 
early get the best showing. ‘The first two chapters deal with molecules in 
gases and with electromagnetic theory, the next two with the atomicity of 
electricity and the quantization of energy. ‘There follows a chapter on quanta 
and atoms which reviews the main phenomena of atomic physics in terms of 
the Bohr-Sommerfeld quantum theory; the emphasis on dynamics as opposed 
to basic structure is illustrated by the small prominence given to Rutherford’s 
discovery of the nucleus. Relativity and de Broglie—Schrédinger quantum 
mechanics lead to a final chapter in which selected nuclear phenomena are 
reviewed. 

It is easy to criticize the selection of individual topics (for example, the 
impact of Bohr’s theory of nuclear reactions is blunted by the introduction 
of alpha-ray resonances in place of the more spectacular and _ historically 
significant neutron resonances) but it would not be easy to make a generally 
better selection from the riches of atomic and nuclear physics. P. B. MOON. 


Physics, by L. S. Powett. Vol. I, Mechanics, Heat and Sound. Pp. xvit+488. 
21s. Vol. Il, Electricity and Magnetism- Pp. xvi+543. 30s. Vol. III, 
Light. Pp. xvit+252. 25s. (London: Pitman, 1958.) 


These volumes are written for students attending National Certificate courses 
in technical colleges and the complete work is, no doubt, thoroughly adequate 
for this purpose. The needs of the readers for whom the work is intended 
are reflected in the distribution of emphasis and the methods of presentation, 
both of which differ from those in books on pure physics of a comparable 
standard of attainment, namely G.C.E. advanced and scholarship levels. The 
emphasis on applied physics is most noticeable in the section on Heat in volume I 
and in Electricity and Magnetism, volume II. 

On the whole, the author makes a praiseworthy attempt to induce his readers 
‘to follow and appreciate fairly rigorous presentations of physical principles. 
Occasionally the attempt is half-hearted, however. For example (although this 
is perhaps excusable) the idea of mass is only vaguely presented, and the treat- 
‘ment and diagrams of a Fletcher’s-trolley type of system may well mislead 
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students into thinking that the tension in a string supporting a vertically 
accelerating mass is equal to the weight of the mass. It is questionable, too, 
whether a cornering cyclist should be treated as a case of equilibrium. ‘The 
section on the formation of drops (p. 387, volume I) is quite erroneous and 
appears to lead nowhere. 

It is understandable that the author should use the m.k.s. system of units 
in volume II. In a major work of this kind, however, in which the logical 
development of the subject is elsewhere by no means ignored, the failure of 
the m.k.s. method of presentation to exhibit the step-by-step growth of electrical 
theory is only too obvious. To Mr. Powell’s credit it must be said, however, 
that immediately after stating the m.k.s. definition of the ampere he gives a 
qualitative account of the action of various current-measuring instruments. 
This partially bridges the gap (often left wide open in m.k.s. textbooks) between 
the infinitely long straight wires of the definition and the somewhat more 
compact instrument labelled ‘ amperes ’ which the student finds on the laboratory 
bench. Volume II contains a substantial amount of alternating-current theory 
and of electronics, both of which are well done. 

Volume III, on Light, differs very little from an advanced level textbook and 
is very satisfactory indeed, despite one or two ray diagrams which ought to be 
re-drawn in the next edition (for example, rays passing through the centre of a 
lens in figure 81 appear to suffer deviation). 

Mr. Powell has made a substantial and, on the whole, a very sound contri- 
bution to the collection of physics textbooks for engineers. R. C. BROWN. 


Introduction a la Théorie des Gaz Ionisés, by J. L. Detcrorx. Pp. xi+170. 
(Paris: Dunod, 1959.) 1100 fr. 


The theoretical study of ionized gases can be undertaken from two comple- 
mentary standpoints. One approach is to consider the microscopic description 
of the state of the gas, determine the velocity distribution functions, taking 
into account applied forces and collision phenomena, and then apply the methods 
of the kinetic theory of gases. The other method is to consider the macroscopic 
description and the hydrodynamics of the ionized gas, which is a more compli- 
cated treatment than that for the case of ordinary fluids because an ionized 
gas is a mixture of several interacting constituents—electrons, ions and neutral 
molecules. For the reason that the neglect of the microscopic method can, in 
some circumstances, lead to serious error, the author of this excellent monograph 
has based his treatment of the fundamentals of ionized gases on the microscopic 
approach. 

There are four useful introductory chapters on the elastic collisions of 
particles, explaining how the law of scattering is calculated from the law of» 
force between the particles. Chapter V deals with the theory of a free electron 
gas and considers the effects of an alternating electromagnetic field and the 
phenomenon of gyromagnetic resonance. In the next two chapters Boltzmann’s- 
equation is used to calculate the electrical conductivity and velocity distribution 
in a weakly ionized gas acted on by a magnetic field and an alternating electric 
field. In the next two chapters the macroscopic equations applicable to a 
component of a gaseous mixture are derived and applied to a feebly ionized gas, 
and in Chapter X the elementary theory of a collective phenomena is given and 
applied to the oscillations of a plasma. In the final two chapters the microscopic 
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and macroscopic properties of a strongly ionized gas are treated and the expression 
for the electrical conductivity is derived. 

The treatment is very clear and simple throughout and can be recommended 
to the Honours undergraduate student and research physicist alike. 


Fale: 


Liquid Helium, by K. R. Atkins. Pp. x+312. (Cambridge: University 
Press, 1959.) 60s. 

In this, the first book devoted entirely to the properties of liquid helium. 
Professor Atkins has given a wide survey of the work done to date. Experi- 
mental methods and observations are quite fully discussed together with accounts 
of current theories, which now go a long way to explain the behaviour of this 
strange liquid. 

Most of the book, naturally, deals with the properties of helium II, but 
there are chapters on liquid helium 3 and on liquid mixtures of helium 3 and 
helium 4. ‘There is a useful introductory chapter in which the chief character- 
istics of helium II are briefly but clearly described. The author’s well-known 
interests are reflected in two comprehensive chapters on first and second sound 
and on helium films. One or two topics (especially thermal conductivity) 
are divided somewhat between several chapters, but can be located with the help 
of the index. 

There are about 500 references which give a pretty complete, although not 
entirely comprehensive, summary of the literature. All in all, this is a very 
useful book which will be prescribed reading for workers entering this field and 
a valuable source of reference for everyone else. J. WILKS, 


Le Bruit de Fond, by P. Grivet and A. BLAQUIERE. Pp. xi+496. (Paris: 
Masson, 1958.) 6.500 fr. 


Le Bruit de Fond is the fourth in a series of textbooks on various aspects of 
slectronics written under the direction of Professor Grivet. In general the 
900k is well written although somewhat chaotically organized. It should 
prove easy to read by students with an elementary knowledge of both French and 
mathematics. The book is rich in both numerical examples and supplementary 
‘eferences and contains an admirable collection of formulae pertaining to the 
srigins of noise in various electrical systems: transistors, photoelectric cells, 
onization chambers, thermocouples, as well as more conventional circuit 
lements. The last two chapters deal with noise filtered through non-linear 
vetworks and noise from the point of view of information theory. 

In contrast to the modern content of the sections which deal with the origins 
»f noise in electronic systems, the treatment of the mathematical theory of 
iltered noise, i.e. the structure of noise, is regrettably old fashioned. . At the 
yutset (p. 122) the authors refuse to deal with what in Brownian motion is called 
he Langevin equation, and statisticians call an auto-regressive scheme. On 
he one hand it is asserted that such schemes are physically unjustifiable (a 
lebatable point), but on the other they resort to the even more questionable 
yrocedure of Fourier analysis of a single noise record. Although the statistical 
oundation of the time series is acknowledged, the authors only mention the 
listribution of amplitudes and make no mention of the existence of a transition 
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probability connecting one amplitude to the next, thereby losing the distinction 
between a process and an uncorrelated collection of numbers. 

For this reason, it would seem advisable for the student to read this book in 
conjunction with a more theoretical treatment. M. N. MOORE. 


Sampled-Data Control Systems, by E. I. Jury. Pp. xv+453. (New York: 
John Wiley; London: Chapman and Hall, 1958.) 128s. 


This well-produced book is concerned almost entirely with the mathematical 
analysis of sampled-data systems, and does not discuss their practical problems. 
But within the mathematical field the book is comprehensive, and gathers 
together a great deal of work previously available only in papers and theses, 
The author, assisted by his research students at the Electronics Research 
Laboratory of the University of California at Berkeley, has himself made a 
considerable original contribution to this field of work, and clearly writes with 
authority. The fact that in some control systems the data are available only as 
samples—an example of this, of growing importance, is the use of digital com- 
puters in a control system—allied with the advantages of sampling even when 
continuous information is available, e.g. time-sharing, makes the subject one 
which is certain to grow in importance. It would appear therefore that this 
book is likely to become a basis for much technical advance. 

The main process used in the book is the z-transform method of analysis. 
(The z-transform is the Laplace transform of a sampled signal.) ‘The mathe- 
matical level is high, and the book will be usable only by postgraduate students 
with a mathematical leaning and research engineers and physicists of the more 
academic type. ‘To these the book can be recommended. D. G. TUCKER. 


The Neutrino, by James S. ALLEN. (Investigations in Physics, Vol. 5.) 
Pp. viiit168. (Princeton, New Jersey: Princeton University Press; 
Oxford: University Press, 1958.) 36s. 


The neutrino was invented in 1933. When it was discovered is difficult 
to define, but somehow in the past quarter-century it has risen to the status 
of a fully established elementary particle. This is so in spite of the remarkable 
paucity of observable properties that can be ascribed to it. In the very recent 
past, in connection with the discovery of parity violation our knowledge of its 
characteristics has become much more precise and, in addition, the entirely 
new fact has been established that the neutrino possesses a screw sense. Unless 
big surprises are in store our picture of the neutrino now seems to be pretty 
definitive. 

The book under review represents the first attempt to give a survey of the 
entire field of neutrino physics. Though relevant theory is not omitted, the 
emphasis is experimental. Chapter by chapter, the book gives an excellent 
account of how the various attributes of the neutrino have been established. 
Since work up to March 1958 is included the account is up to date in its main 
features, though unfortunately some of the most conclusive experiments reported 
in the past year could not be included. Even so the book can be warmly 
recommended to both experimental and theoretical workers in the field. It 
may be hoped that a new, definitive edition will soon appear. N. KEMMER 
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Elasticity and Plasticity (Surveys in Applied Mathematics, Vol. ERbyals NG 
Goopter and P. G. Hones, Jr. Pp. ix+152. (New York: John Wiley; 
London: Chapman and Hall, £958.) - 50s: 

It was an ambitious project to summarize the developments in elasticity 
and plasticity during the last twelve years within the compass of 120 pages ; 
the coverage can scarcely be adequate, and the condensation must be excessive. 

It is odd to find the theory of plates and shells excluded from the theory 
of elasticity, but by such selection the author is able in 42 pages to mention 
most of the other main branches of the subject, although no more than a sketch 
is attempted. Moreover, the exposition is based mainly on the Russian school 
and on Green and Zerna’s book, and the further concentration on the less 
accessible references makes it difficult for the reader to supplement the author’s 
account from other readier sources. ‘The 77 pages on plasticity prove easier 
to read but no less difficult to master, because the lucid exposition of the flow 
theory and the illustrations of kinematic, isotropic and slip hardening by means 
of the Prager yield stress frame need to be thoroughly understood before the 
capabilities as well as the limitations of the easier deformation theory can be 
appreciated. For these reasons neither essay is suitable for students except 
under expert guidance. 

The chapters on plasticity are in the main simply informative; the mathe- 
matical tools are laid out in good order, and the reader will find the display 
useful in selecting the tool for this particular job; and whichever tool he chooses, 
even if it be the deformation theory, he should be better able to use it to advant- 
age. Far otherwise with the chapters on elasticity, which starting with the 
complex variable too quickly advance into the realm of purely mathematical 
analysis, epitomized by the passing reference to singular integral equations. 
This is a valuable and entrancing study, but it is not the only one, and the subse- 
quent short paragraphs on other branches serve only to heighten the emphasis 
on boundary, and particularly mixed boundary, problems. 

Each paper is in effect a descriptive guide to the mathematical literature, 
and the gain to the reader will depend on how much more reading he is prepared 
to undertake. 

The printing and proof reading are excellent, the layout not so good. 

H. L. COX. 


‘Liquid Scintillation Counting, edited by C. G. Bett and F. N. Hayes. 


: 


Pp. xi+292. (London, New York, Paris, Los Angeles: Pergamon Press, 
19538.), 70s. 


This book consists of papers presented at a three-day conference on liquid 
scintillation counting held at Northwestern University, U.S.A. in August 1957. 

It is largely concerned with the use of liquid scintillators in routine counting 
of “C and °H in a wide variety of tracer studies. In view of the widely different 
interests of the participants, most papers take little for granted and there is 
consequently a certain amount of duplication in the descriptions. 

A large number of the problems encountered in the use of liquid scintillators 
are however described, surmounted in a variety of ways or merely endured. 
Somewhat naturally there tends to be an insufficient discussion of the reasons 
for using liquid scintillators in particular applications. However, this notably 
does not apply to the paper on carbon dating by J. R. Arnold. A description 
of the Los Alamos human counter by E. C. Anderson is of considerable interest. 
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Of interest to physicists, there are papers by Kallman and Furst on ° ‘The basic 
processes occurring in the liquid scintillator’; Swank on ° ‘The limits of sensi- 
tivity of liquid scintillation counters’; Harrison on ‘ Liquid scintillation counters 
and their application to physics’ and Brooks’ short paper on ‘Scintillation 
counters with pulse shape selection to distinguish neutrons from y-rays’. 
Finally, perhaps most interesting of all, Reines on ‘ Giant liquid scintillation 
detectors and their applications ’. 

In the absence of a textbook devoted to liquid scintillation counters this 
book constitutes a useful substitute in addition to being a well-produced account 
of the proceedings of a conference. D. WEST. 


Nuclear Spectroscopy Tables, by G. J. Nijcu, A. H. Wapstra and R. VAN 
LizsHout. Pp. viit+135. (Amsterdam: North-Holland Publishing Co,, 
1958.) 60s. 


The title of this book is, perhaps, misleading. ‘The book contains very 
little factual information about nuclear spectra (although there is quite a good 
deal about atomic spectra), as distinct from information relevant to the study of 
nuclear spectra. ‘The title ‘‘ Tables for Nuclear Spectroscopists ’’ would have 
been more accurate. 

The book is a compilation of numerous diagrams, tables and nomograms 
giving such information as: mass and abundances of stable isotopes; range, 
energy and magnetic rigidity tables for electrons, protons, etc.; absorption and 
scattering of y-rays; functions relating to allowed and forbidden f-spectra; 
x-rays and Auger electrons; angular correlation formula and tables for the 
simpler types of process. In addition, there is a chapter on nuclear models, 
which rather surprisingly includes the data on measured nuclear spins and tables 
of Clebsch—Gordan coefficients, as well as some of the chief results of the ‘ shell ’ 
and ‘ collective’ models. 

Workers in the field of nuclear spectroscopy will certainly find compilations 
such as the present one useful, but no two of them would agree about what 
should or should not be included. Nevertheless, it would seem hard to justify 
the devotion of much space to such things as logarithmic tables and the theory 
and practice of errors, whilst at the same time omitting such information as 
nuclear magnetic and electric moments, Coulomb-excitation cross sections, 
internal conversion coefficients, and even a table of the known radioactive 


nuclei. S. DEVONS. 


The Green Flash and Other Low Sun Phenomena, edited by D. J. K. O’ CONNELL. 
Pp. 192. (Amsterdam: North-Holland Publishing Co., 1958.) 45s. 


This book is attractively produced, with 80 photographs in colour, by C. 
Treusch, chiefly devoted to recording and explaining the causes of an interesting 
_ meteorological phenomenon infrequently observed in this country. It is to be 
seen at early sunrise and late sunset; sunrise in Egypt is propitious. Explana- 
tions have been given calling on physiology, sea-wave refraction, anomalous 
dispersion or selective absorption in the atmosphere, Rayleigh scattering, and 
absorption and scattering by dust. The author considers that all except the 
first two are concerned. When the upper rim of the sun is almost on the 
horizon, most of the orange and yellow is absorbed, the red has already ‘ set ’ 
and the green and shorter wavelengths are left. If, in addition, the blue an¢ 
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violet are scattered, green remains. The author has made experiments in the 
laboratory to simulate these conditions. A. C. MENZIES. 


Quantum Particle Dynamics, by J. MCCONNELL. Pp. xii+252. (Amsterdam: 
North-Holland Publishing Co., 1958.) 40s. 


In the introduction, Professor McConnell states that the purpose of this 
book is to introduce the uninitiated student to (1) the special theory of relativity, 
(2) quantum mechanics, (3) quantum electrodynamics and (4) their application 
to meson and elementary particle physics. The book is 245 pages long and 
the above four topics occupy 23, 120, 62 and 40 pages respectively. 

‘To expound all these ideas satisfactorily in 245 pages has proved impossible. 
Although the exposition is clear, it suffers from over-condensation, omission of 
important topics and a lack of applications, so essential for gaining an under- 
standing. ‘These criticisms apply particularly to the 87 pages devoted to 
non-relativistic quantum mechanics. In the chapters on quantum electro- 
dynamics there are helpful applications to Compton scattering, etc. The 
non-covariant formalism is used which is probably justifiable in an elementary 
introduction. Such important topics as the quantization of the Dirac field 
are omitted. 

The two concluding chapters, on mesons, antinucleons and strange particles, 
could do no more than whet the reader’s appetite. Unfortunately, much of 
the material presented is out of date and misleading. To give one example: 
rather than repeat the Compton scattering perturbation calculation for meson— 
nucleon scattering, it would have been better to discuss the (3, 3)-resonance 
which dominates pion physics. F., MANDL. 


Vacancies and Other Point Defects in Metals and Alloys (Monograph and Report 
Series No. 23). Pp. iv+238. (London: The Institute of Metals, 1958.) 
40s. 


In December 1957 the Institute of Metals held a very well attended 
symposium at Harwell at which the six review articles which are now published 
were presented. The papers are: Point defects and the mechanical properties 
of metals and alloys at low temperatures, by A. H. Cottrell; The effect of 
lattice defects on some physical properties of metals, by T. Broom and R. K. 
‘Ham; Point defects and diffusion in metals and alloys, by W. M. Lomer; 
Point defects and mechanical properties of ionic crystals, by P. L. Pratt; Point 
defects near the surface of a metal, by E. C. Williams and P. C. S. Hayfield; 
and Point defects and the mechanical properties of metals and alloys at high 
temperatures, by D. McLean. 

Amongst the many topics which are dealt with are the effect of irradiation 
on the mechanical properties, resistivity measurements after quenching, 
irradiation and annealing and their interpretation, creep and the mechanism 
of oxide film formation. Whilst the papers show how the concept of point 
defects has enabled us to interpret phenomena in many different fields, they 
also emphasize that we are still a long way from fully understanding the details 
of the mechanisms which are involved. 

"4 The book includes the discussion of the papers and extensive bibliographies. 
‘It should prove a most useful reference to all who are interested in the physics 
f metals. H. M. ROSENBERG. 
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Planning of Experiments, by D. R. Cox. Pp. vii+308. (New York: John 
Wiley; London: Chapman and Hall, 1958.) 60s. 


In contriving their experiments most physicists make little use of statistical 
design methods because their experimental objects are simple compared with 
biological material and they are able to secure a comparatively large degree of 
isolation between their experiments and the outside world. Physicists working on 
the fringes of, say, biology or meteorology, or concerned with experiments on 
a production scale in industry must, however, know that the efficiency of experi- 
ments and the best use of data may depend critically on the proper appreciation 
of random factors. The book under notice is an admirable elementary account 
of the techniques of randomization. Its approach is reasonable rather than 
mathematical; there are a great many examples, taken mainly from agricultural, 
medical and industrial experiments, which indicate the kinds of error which 
can be reduced by proper experimental design. Each chapter contains a useful 
summary of its scope, and is well provided with references. 

The analysis of variance, the mathematical treatment of results to assess their 
significance, is specifically excluded, so that other statistical help will usually 
be required. The ideas underlying some of this analysis are however presented 
particularly clearly. H. J. J. BRADDICK. 


The Magneto-ionic Theory and its Applications to the Ionosphere, by J. A. 
RATCLIFFE. Pp. x+206. (Cambridge: University Press, 1959.) 40s. 


The magneto-ionic theory has found its main applications in radio studies 
of the earth’s ionosphere and since Appleton first published the basic equations 
in 1927 and 1932, there have been many papers dealing with the interpretation 
of various aspects of the equations. In this monograph Mr. J. A. Ratcliffe 
provides a most comprehensive and excellent account of the whole subject. 
Any consideration of the problem of electromagnetic wave propagation in an 
ionized medium with an imposed magnetic field, inevitably involves some 
complicated mathematical formulae and in this book all the relevant mathe-— 
matics will be found, but the general approach is essentially that of a physicist 
and at every stage the author has been concerned to present a clear and 
detailed description of the basic physical processes. The result is a very 
lucid and satisfying presentation of this complex problem. 

In Part I of the book the equations governing the dispersion and the 
absorption of the waves are each derived from ‘ macroscopic ’ and ‘ microscopic’ 
standpoints. Most published work has been based on a macroscopic approach 
and much of the ‘fine-structure’ type of analysis now given, especially the 
treatment of the absorption process, represents an original (and instructive) 
approach. 

In the six chapters which form Part II, a thorough survey is made of the 
“implications of all the various aspects of the equations and the important 
features are presented in graphical form. The calculations of the refractive 
indices and absorption coefficients from the basic equations, for any specified 
set of conditions, is extremely tedious and in this connection there is a valuable 
chapter outlining a method whereby the essential features of the curves can be 
obtained fairly quickly. 
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The application of the equations to the terrestrial ionosphere is described 
in Part HI and here again attention is given to the physics of the phenomena 
and an interesting chapter included in which numerical estimates are made 
of the movements of electrons in the ionosphere under the influence of a wave 
from a high-power radio sender. 

In the concluding section various miscellaneous topics are discussed. These 
include a consideration of the Lorentz term controversy, of waves in electron-ion 
mixtures, of propagation in inhomogeneous media and of the relationship 
between magneto-ionic propagation and the optics of crystalline media. 

An adequate bibliography is included with brief notes on the contents of 
the more important papers. 

Unfortunately there has been, until recently, no commonly agreed nomen- 
clature for this subject, but in 1954 a Committee of the International Scientific 
Radio Union (U.R.S.I.) prepared a comprehensive list of symbols for use in 
magneto-ionic theory and it is gratifying to note that these have been used 
in the present volume. It is to be hoped that all future contributors to the 
subject will now adopt this set of symbols. 

The production of the book is fully in keeping with the high standards of the 
publishers and the monograph will be indispensable to all workers in this field. 

W. J. G. BEYNON. 


The Electrical and Magnetic Properties of Solids, by N. Cusack. Pp. xiv+428. 
(London: Longmans, Green and Co., 1958.) 45s. 


While there are excellent books dealing with solid state physics either 
as a whole, or in specialized applications, there has been a lack of textbooks 
treating the subject at a level suitable for undergraduate or immediate post 
graduate students. The present book is therefore very welcome since it provides 
an introduction at a suitable level to a wide range of phenomena which are of 
interest both theoretically and experimentally. 

The scheme of treatment adopted is to discuss in the first chapter the free 
electron model and in the next five chapters investigate how far this approxi- 
mation provides an explanation of observations on contact potential, electrical 
resistivity, thermoelectric effects and so on. The essential correctness, as 

well as the inadequacies, of the simple theory are thus demonstrated and the 
reader is guided to think of the effect of the crystal lattice on the electrons. 
Chapter 7 introduces the band theory which is used wherever necessary in 
the following chapters. This method of approach has much to commend it 
to those readers for whom the book is intended and the treatment of the different 
topics will enable them to progress to the more specialized articles and books 
referred to in the text without being overwhelmed at the outset by mathematical 
complexities. A book of this character, although wisely restricted to deal only 
with electrical and magnetic phenomena, is still necessarily selective even in this 
field and the emphasis will almost certainly differ from what is required in some 
‘undergraduate courses. However, the arrangement of material is such that 
supplementary matter may easily be introduced in lecture courses. 
_ The author is to be congratulated on producing a book which admirably 
fulfils his intentions. The price, clear type and easy opening of the book will 
contribute to its success. . F. E, HOARE. 
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Annual Review of Nuclear Science, Vol. 8 (1958), edited by E. SEGRE. 
Pp. vii+417. (Palo Alto, California: Annual Reviews Inc., 1958.) $7.50. 
The eighth volume of this well-known series maintains the tradition of 
speedy publication established by its predecessors. Many of the articles were 
completed as little as 8 months before the volume became available for review; 
as usual they primarily survey developments of the last few years in their subjects, 
but several give a more extensive general account. Among the latter are the 
articles by G. C. Wick on ‘ Invariance principles of nuclear physics’ and by 
H. Feshbach on ‘ The optical model and its justification’. Many readers will 
welcome a statement on the optical model by one of its founders which brings 
together both the high and low energy aspects of this useful concept. 

W. F. Fry gives a short descriptive summary of knowledge on * Hyper- 
fragments ’ and E. Segré, in a mainly experimental article of exceptional clarity 
and interest, relates the story of ‘Antinucleons’. Another experimental article, 
by J. W. M. DuMond, gives an account of the techniques and the extremely 
precise results of ‘Gamma-ray spectroscopy by direct crystal diffraction ’. 
There follows ‘Conceptual advances in accelerators’, by D. L. Judd, a 
stimulating article dedicated to the ‘“‘ almost explosive growth of accelerator 
construction in the range above 500 Mev in the past 4 years”’, and giving 
impressive testimony to the genius of the late E. O. Lawrence. ‘The evolution 
of this subject into a major field of theoretical and experimental research is © 
well outlined. 

There are four articles, not unrelated, on affairs of the cosmos. H. V. Neher 
reviews ‘'The primary cosmic radiation’, H. E. Suess gives a sober, timely 
account of the ‘ Radioactivity of the atmosphere and hydrosphere’, L. T. 
Aldrich and G. W. Wetherill discuss both old and new methods of establishing 
‘ Geochronology by radioactive decay’ and A. G. W. Cameron reports on the 
whole fascinating story of stellar evolution from condensation to supernova 
in his article ‘ Nuclear astrophysics ’. 

The volume concludes with a useful statement by B. J. Moyer on ‘ Practical 
control of radiation hazards in physics research’, a review of radiation damage 
from the biological point of view (‘ Cellular radiobiology’ by T. H. Wood) 
and an article by H. Quastler on ‘ Information theory in radiobiology ’. 

W. E. BURCHAM. 


| 


The Logic of Scientific Discovery, by K. Popper. Pp. 480. (London: 
Hutchinson, 1959.) 50s. 

This English translation of Professor Popper’s Logik der Forschung, brought 
up to date by 150 pages of new appendices, will be welcomed by all those who 
are interested in the philosophy of science. Professor Popper’s widely known 
main thesis is that the question of ‘ falsifiability’ and not ‘ verifiability’’ must 
furnish the basic criterion as to whether or not a theory has a real scientific 
content (as opposed to being empty of such content, e.g. ‘ metaphysical ’). 
In this book, the author develops a systematic presentation of his point of view. 
Along with a cogent criticism of the familiar positivist doctrines concerning 
the ‘ meaninglessness ’ of any statement that is not verifiable in experience, he 
presents an answer to many of the obvious objections to his own point of view, 
which must arise even on a cursory inspection of the problem. For example, 
the same line of argument which shows that no conceivable set of experiments 
can ever definitely verify a theory shows equally well that no such set ca 
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definitely falsify a theory either. In order to deal with this and other similar 
difficulties, Professor Popper has given a set of further criteria, which serve to 
define what he calls the empirical content of a theory. ‘These criteria include 
the notion of theories that are sub-classes of broader theories, theories that 
are of a different ‘ dimensionality ’ with regard to the empirical data and theories 
that are ‘ simpler’ than others. In doing this, he has, in fact, begun to develop 
at least the nucleus of what may be called a theory of the role of theories in 
scientific research. 

Professor Popper does not ignore the basic difficulty that even with the aid 
of the criteria described above no probability theory can, strictly speaking, be 
made either falsifiable or verifiable. He proposes to solve this problem by 
regarding probability statements as ‘ existential ’ (i.e. as statements of particular 
facts rather than as universal laws). The reviewer must admit that he was not 
convinced that the problem can satisfactorily be solved in this way. Never- 
theless, many of the arguments are well worth further study, especially those 
involving the suggestion of defining the property of randomness in terms of 
absence of correlations in recurrent sequences approaching infinite length. 

Without a doubt, Professor Popper has successfully answered many of the 
objections that can be raised against his notion of the fundamental role of 
falsifiability in scientific theories. ‘The reviewer feels, however, that a number 
of important questions have not adequately been faced, especially some of those 
connected with the theory of probability. In addition, he cannot accept the 
proposal to identify the empirical content of a theory completely with its 
falsifiability. For example, it is evidently true, as Professor Popper points out, 
that any theory that is a special or limiting case of a broader one is easier to 
falsify, and therefore, has in a certain sense, a greater empirical content. Yet, 
the broader theory may have another kind of content; namely the prediction 
of new qualities, which are not falsifiable at the time when the theory is first 
proposed (as the relativity theory, although containing Newtonian mechanics 
as a special case, also predicted new qualities, such as the transformation of 
mass into energy, which were capable of being tested only some time after the 
theory was originally developed). Moreover, it practically never happens 
that a broader theory does not predict new qualities. Professor Popper’s 
analysis evidently does not provide any clear way of deciding the relative degree 
of falsifiability of theories standing in the above described relationship, and 
‘therefore does not really help guide us in the choice between such theories. 

Without wishing to detract from the importance of the idea of falsifiability, 
the reviewer would like to suggest that there is another question that must be 
considered seriously first, if this idea is to be placed in its proper setting, namely 
that of how and why it has been possible for scientific theories quite systematically 
to comprehend new phenomena very different from those that gave rise to them. 
To answer this question, one may well have to go outside the narrow domain 
of the problems of verification and falsification, to consider once again the 
relationship between our theories and the reality about which they are somehow 
able to give us genuinely new kinds of knowledge. 

Finally, with regard to Professor Popper’s discussions on quantum mechanics, 
it seems to the reviewer that they suffer from the fact that he has not taken Niels 
Bohr’s point of view seriously enough. For even those who disagree with 
Bohr’s conclusions must admit that his arguments are coherent, and that in 
‘some parts, they furnish very important insights into the meaning of the quantum 
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theory. Indeed, it seems doubtful that Bohr’s interpretation of the theory 
can be refuted, except by presenting from the outset a very different interpreta- 
tion. But Professor Popper can perhaps be pardoned for not fully appreciating 
Bohr’s point of view, because the latter has, unfortunately, not anywhere been 
given a clear systematic, and up to date expression. 

There is no question that this translation, with its new appendices, will 
fulfil a real need, to help make clear the foundations of Professor Popper's 
notions of falsifiability, which by now have become almost part of the unconscious 
mental equipment of those who try to think about the meaning of scientific 
research. The reviewer hopes that the publication of this translation will 
also serve as a stimulus to all of us, and not least of all, to Professor Popper 
himself, to think about the many further questions that grow out of the problems 
that he has treated in this book. DAVID BOHM. 


Handbuch der Physik, Vol. LI, Astrophysics 11: Stellar Structure, edited by 
S. FLicce. Pp. viii+831. (Berlin, Gottingen, Heidelberg: Springer, 
1958.) DM 175. 

It must be an extremely difficult problem for the editor of an encyclopaedia 
to decide how much material can go in without allowing the volume to grow 
beyond reasonable bounds. In the present case it appears that the availability 
of books has been an important factor in deciding the length of the various 
contributions. ‘Thus the existence of Schwarzschild’s new book on stellar 
structure has made it possible to have a relatively brief first section (by 
Marshal H. Wrubel) on stellar interiors and a similarly brief survey (by 
Halton C. Arp) of the observational situation concerning the Hertzsprung— 
Russell diagram. 

These two useful surveys are followed by a magnificent and lengthy chapter 
on stellar evolution by E. M. and G. Burbidge. ‘The whole diffuse field is 
described in detail, with none of the awkward questions and problems glossed 
over or overlooked. In spite of the rapid developments in this field, the subject 
of this major article will remain valuable for many years to come. 

Next come brief but thorough surveys of the abundances of the elements, — 
by Aller, Suess and Urey, followed by chapters on variable stars and stellar 
stability by Ledoux and Walraven. ‘These two chapters make up a substantial 
fraction of the entire volume and give the first connected account of the theory 
of the subject since Rosseland’s book, over ten years ago. ‘The thorough discus- 
sion will be of value not only to the specialists, but to anybody who is interested 
in developments in higher dynamics. ‘This part of the book, together with 
the brilliant article on stellar evolution already referred to, make up the core 
of the book and its most permanent contribution to the subject. ‘ 

The theory of white dwarfs is discussed concisely and comprehensively by 
Schatzman, and very useful surveys of the subjects of magnetic fields of stars, 
novae and supernovae are given by Deutsch, C. Payne-Gaposchkin and Zwicky. 
The comprehensive lists given in these surveys will be of advantage to all students 
of the subject. 

The volume is particularly valuable therefore because it contains surveys 
of theoretical and observational fields which are not brought together anywhere 
else in the literature. Its completeness is marred slightly by the brevity of the 
first chapter, and here and there one is a little disturbed by lack of reference 
to work done in this country. But these are minor blemishes in a fine book. 

H. BONDI. 
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Fluctuations of Photon Beams: The Distribution of the 
Photo-Electrons 


By L. MANDEL 
Department of Physics, Instrument Technology, Imperial College, London, S.W.7 


MS. received 16th October 1958, in revised form 1st April 1959 


Abstract. The probability distribution p(n, T) of the number of counts n from a 
photoelectric detector illuminated by coherent light for a time T is studied, by 
associating photons stochastically with Gaussian random waves. The cumu- 
lants of the distribution are derived and it is shown to be of the expected form for 
a boson assembly in a limited volume of phase space. ‘The distribution depends 
strongly on the degeneracy of the light beam. It approaches the Poisson form 
for classical particles at low degeneracies and the distribution characteristic of 
classical waves at high degeneracies. The analysis leads, incidentally, to an 
expression for the extent of the unit cell of phase space in the direction of the beam. 
It is argued that this should be adopted as the measure of coherence length. 


§ 1. INTRODUCTION 


detected in a light beam can be calculated by associating the photons stochas- 

tically with Gaussian random waves of the appropriate spectral distribution. 
The validity of this approach has been questioned by Fellgett (1957), but it leads 
to results which are confirmed by experiment (Hanbury Brown and Twiss 1957) 
and consistent with Bose-Einstein statistics (Mandel 1958). 

While the analysis in the last paper was, with one exception, confined to the 
calculation of the second moments of the fluctuations, here it is proposed to use the 
same approach to investigate the probability distribution of m. With the help of 
an approximation it will be shown that the distribution is of the form to be expected 
for a boson assembly in a finite volume of phase space. ‘The results show that the 
form of the distribution is largely determined by the degree of degeneracy of the 

ight beam and give a picture of the transition from the classical particle to the 
classical wave statistics. 

In anticipation of some later considerations, it will be useful first to digress 
briefly, in order to derive generally the probability p,(m) of finding a state in 
which n bosons are distributed among s equal cells of phase space. We shall 
have occasion to refer to it later. 


P URCELL (1956) has shown that the fluctuations of the number of photons n 


§ 2. THE PROBABILITY p,(1) OF FINDING n BOSONS DISTRIBUTED AMONG 
s EquaL CELLS oF PHASE SPACE 


Let there be n; pe in the ith cell, where i=1, 2,....5, so that 
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If p’(n,) is the probability distribution of the m,; then it is well known (e.g. 
Furth 1928) that 
7 1 
MOO= Cray FLAY 
1 
The probability of realizing any particular distribution of the n particles, i.e. any 
microstate, is therefore 
7 1 
al > Trae sTAy 
Since this is independent of the n,’s all distributions are equally likely. p,(m) 
is therefore obtained from the above by multiplying by the number of different 
realizable distributions, which is given by the well-known combinatorial expression 


for n;>0 and, using (2), 


(s+n—1)! 
n\(s—1)!° 
The required probability p,() is then 
oa 1 (st+n—1)! 
bs") = Tay ao/ap nl =i)! 
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where B(a, 5) is the beta-function defined by 
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When s=1 the product (s—1) B(n+1, s—1) is to be interpreted as the limit s+1. 
By writing (5) in the form 
ted 1 (s—1)(s)(s+1)...(s +n—1) 6 
Pala) = (1+//s)8(1+5/n)” (S11 jnvts iv 4¢ pO aie (6) 


we can immediately confirm that 


1 Baba les 
22= cram Tap 
=1, as required. 


We shall later have occasion to refer to these results, which are quite general. 


But we now return to consider the special case of a light beam falling on a photo- | 
electric detector. 


§ 3. ‘THE PRopaBILity DisTRIBUTION OF THE PHOTO-ELECTRONS 


As before (Mandel 1958) we shall represent the narrow, coherent, plane 
polarized beam of light by a real Gaussian random variate y(t) with normalized 
spectral density ¢(v) and assume that the r.m.s. spectral width Av of (v) is small 
compared with the mean frequency vy. When this beam falls on the photoelectric 
surface, the probability that a photo-electron is ejected in the short interval 
between ¢ and t + dt will be «P(t)dt, where « is a constant representing the quantum 


2 
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sensitivity of the photo-cathode and P(t) is the classical beam intensity, i.e. P(t) 
is the local average of y?(t) defined by 
p, [ttr/2ro 
PO= (et) tf" ey ar’ 
r is a small integer. M J t-1/2% 
Now let p(n, t, T) denote the probability that n photo-electrons are detected in 
the interval between tandt+7. From the stochastic association of the photons 


with the classical wave intensity, we can write 


Didi ULV erkr (Liisa = he en ae (7) 
It then follows from first principles that the expectation value of m in the interval t 
and t+ T is 
t+T 
: | P(t’) dt’ 
t 


and that p(n, t, T) is a Poisson distribution in 7: 


placa lie ale} Pena]! exp| -a[" Peryae'], 


However, as has already been pointed out (Mandel 1958) this distribution is not 
observable and only the time average p(n, t, T)=p(n, T) has any physical signi- 
ficance. But, if y(#) is a stationary random process, we may regard p(n, t, T) as 


a function of 147 
| P(t')dt'=E 
t 


and average over the ensemble of E. 
Unfortunately, the exact probability distribution A(L)dE of E—which is 


related to that of 47 
| y(t’) dt! = F 
t 


(cf. Mandel, 1959+ )—is not, in general, expressible explicitly (cf. Rice 1945, Kac 

and Siegert 1947, Siegert 1954). Rice (1945) has suggested a simple approxi- 

mation to the distribution of F, which we shall take up later. But first we shall 

examine some properties of p(n, t) that follow directly and quite generally from (8). 
The moment generating function M,(x) of p(n, T) is 


M, (x)= apts (xn) p(n, t, T). 
By using the well-known properties of the Poisson distribution this can be 


gas M,(«)=exp [«E(e*—1)] 
=Mg|«(e*—1)], eee eas: (9) 
where the bar now denotes the ensemble average over Hand Mg (x) is the moment 
generating function of the distribution P(E) dE. The corresponding expression 
for the cumulant generating functions C(x) and Cy(x) is therefore 
Cole) = Cale(er— 1 
es) a*(e* = I 
On 00 at xi 
= ne 
1114)! 
+ Paper read at Physical Society conference on Fluctuation Phenomena and Stochastic 


Processes, March 1959, to be published. s 
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where x, is the ith cumulant of the distribution A(E)dE. If K;, is the corres- 
ponding cumulant of the required distribution p(n, T), we have, by comparing 
coefficients of powers of x in (10a): 


Ky, =a, 
K,=ak,+ 0k, 
Ky =ak,+ ox, (105) 


eeeeee 


K,=aK,+a%K, 
etc. 


Now the cumulants «, of the distribution A(F) dF of F—which is similar to 
the distribution P(E) dE of E when T>1/v) or when T=r/v9, where r is a small 
integer (cf. Mandel 1959)—have been obtained by Slepian (1958). From his 
results it follows that, for a stationary Gaussian random process y(t), x; 1s 
expressible as a multiple convolution integral in terms of the normalized auto- 
correlation function 

y(r)=y(t+7)y(Z)/P of y(t). 
Thus: 


+ 7/2 


g= 2-1-1) Bi | i i: AG EVE EES aay (ad Re, aE 
—T/2 : 


for te 20 A | estes (11) 
With the help of (11), the cumulants K; of p(n, T) then follow directly from (10). 
In principle, the distribution p(n, T) is therefore determined. 
_ Two limiting cases of p(n, T) are of particular interest: (a) the mean intensity 
P is very small, corresponding to a non-degenerate photon beam; (b) the mean 
intensity P is very great, corresponding to a highly degenerate photon beam 
(cf. Mandel 1958). 

Since P(t) in (8) always occurs in conjunction with «, it is mathematically 
convenient to explore these two limiting cases by allowing «+0 under (a) and 
a> oo under (bd). 

When «->0, it follows at once from (10) that 


Kixgech=aoP Data | cotune (12) 


so that p(n, T) is a Poisson distribution in m with mean 7. Thus, a weak, non- — 


degenerate photon beam behaves like a beam of classical particles. 
In the second case, when «> 00, we see from (10) that 
erties cae pee 2 a ee es (13) 
so that the distribution of m tends to become identical with that of «EF. Nown 
is the quantal measure of the total energy absorbed in time 7, while «EF is the 
classical measure. It follows that the quantal and classical fluctuations of highly 


degenerate beams become identical. This result is, of course, to be expected 


from the correspondence principle., 

We see therefore that, as we pass from very weak to very intense light beams 
we move from the statistics of classical particles to the statistics of classical waves. 
But it is unfortunately true that the absence of an explicit expression for the 
distribution p(n, T) prevents us from gaining very much insight into the nature 
of this transition. For this reason it is useful to explore the form of p(n, 7) with 


} 
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the aid of an explicit approximation to the distribution P(E) dE, which arises 
from a suggestion first made by Rice (1945). 


§ 4. ‘THE APPROXIMATE ForM OF THE PROBABILITY DISTRIBUTION p(n, 1) 


Rice appears to have been the first to investigate the distribution of F and 
to calculate some of the low order moments. He found (Rice 1945) that 


F=PT 1 
A2F = F2— Fr 
and Ae ASSES ie Coy (14a) 
=4P | (T— 7) y?(7) dr. 
0 
It is readily shown that the corresponding expressions for E are 
E=PT | 
Baa Waals Ba 
and ME =4P* | Clee alee capt a= eae (145) 
0 
= Pree. 


The latter integral was already encountered in the calculation of A?” and denoted 
by +7€ (Mandel 1958), where € has the dimension of time and > 7. We shall 
continue to use this notation. 
Rice now suggests that, as a first approximation, (aF’) is a gamma-variate 
with parameter 8, i.e. 
F)*- exp (—aF) 
PEPFAR (= at) 
where a and k are to be determined so as to satisfy (14a). We shail now make 
the assumption that E approximately obeys a similar distribution, namely 


(aE)*— exp (— aE) 
D(R) 


in which a and & are determined to satisfy (146). How this distribution can 

arise and some of the approximations involved in the derivation have already 

been discussed (Mandel 1959). Loosely, speaking, (155) arises when the 
wave y(t) is pictured as a serial superposition of a certain number of wave packets. 
_ The following properties of the distribution should be noted: 

(1) By definition, it gives the first two moments of E correctly, whence it follows 
from (10), that the first two moments of n will also be correct (cf. Mandel 
1958). 

(2) It is correct for short time intervals T< 1/Av. 

(3) It is correct for time intervals T>1/Av when the spectral distribution ¢(v) - 
is rectangular. This is shown in the Appendix, where it is proved that the 
rth cumulant of the distribution of Z will, in general, be in error by the 
factor 


.~ : co r—1 (oe) 
a [fo wee] [fo eee. 
(4) It tends to the correct limit as the time interval T— 00. . 
From equations (145) and the properties of the gamma-distribution (155) we 


(ie RICE ue (15a) 


P(E) dE~ Fea Oe ere (15) 
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have apoibeails | a nae (16) 
and ME =P?TE=k/a?, 

otaat Gag | ed (17) 
and k=Tjé, } 


We can now evaluate p(n, 7’) by averaging (8) over the ensemble of E. Thus 


vasa hs =" (8) ool aCe A) 
(aPé)” = T(n+T/€) 


~ (14 abet th nT (TYE) * 
Since «PT = i, this can be written in the form 


= 1 T(n+ T/E) 
(14 7&/T)"*(1+ T/né)” nT (T/E) 


___ ety | 
(Mane Terre eS Ti Biea ty tie yy 
This is the observable probability distribution of the number of counts in an 
interval T. If we now compare the distributions (18) and (5) it will be seen that 
they are identical if 7/£ is integral and equal to s. In other words, p(n, T) is the 
distribution of a boson assembly in a phase space of T/€ cells. 
Of course, while p,(m).in (5) was defined only for integral values of s, p(n, T) is 
a continuous function of T/f. It can be regarded as a generalization, when one 
of the cells is not necessarily fully populated on the average. The distinction 
disappears for long intervals 7, when T/€ becomes a large number. Since €<T, 
we see that the number of cells T/€>1 and the shortest interval T defines one 
cell. ‘This is in accordance with the interpretation of T/€. 
As has been shown (Mandel 1958), € becomes constant and independent of T 


for intervals long compared with 1/Av. The asymptotic value €,, is, by Parseval’s 
theorem, 


p(n, T 


fn=4 | *r)dr=a [* om ee L (19) 


It is therefore reasonable to regard 1/€,, as the average number of cells per unit 
time interval, or cé,, as the average length of a cell associated with the light beam in 
the direction of motion. Since c€.,, is also the path difference within which inter- 
ference effects can be observed, there are good reasons for calling é,, the coherence 
time of the light. As has been shown (Mandel 1958), é,, is of the order 1/Av. 

We shall return to a discussion of these points. But first we must examine 
some properties of the distribution (18). 


§ 5. SOME PROPERTIES OF THE DISTRIBUTION (18) 


Inspection of equation (18) shows that the parameter (”é/T)—the average — 
number of particles per unit cell, or the degeneracy—plays a key role in determining } 
the form of the distribution. If we regard p(n, T)= p(n, T, né/T) as a continuous 
function of the degeneracy parameter #é/T (with €/T constant) which may range 
from zero to infinity, then (7'/€—1)p(n, T, #€/T) is a beta-prime distribution (cf. 
Kenney and Keeping 1951) of #é/T with parameters +1 and T/é—1. The case 
T/€=1 must be regarded as a limiting case. 
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When the degeneracy is very small, p(n, T) simplifies very considerably. 
By writing (18) in the form (6) it can be seen at once that, for en} 
exp(—7)(T/E)" 7 
(De IP Ws a eRe 7 
p(n, T) (Tyay" a! 7 Ril 7. )\stve eed (20) 
which is the classical Poisson distribution. This confirms the result obtained 
more generally in §3. 

This situation will generally apply when stellar sources are being studied. The 
light from these sources is always so weak that #€/T<1 and the degeneracy is 
unlikely to be detected in measurements on a single beam. The situation is, of 
course, improved when correlation measurements are undertaken on two or more 
coherent beams (Hanbury Brown and Twiss 1956), since these measurements 
single out the degenerate photons (Mandel 1958). Even so it is unlikely that any 
faint stars could be studied in this way. 

When the degeneracy is very great, p(n, T) approaches another limit. If 


mand mare large we can expand n! and ['\(n + T/€) in (18) by Stirling’s theorem and 
so obtain 


T\7 exp (—nT/n€)nT/é-1 
n, T)~ {— SEA ale ee 
pew T= (Ge) ror 
By introducing the almost continuous variate z= // we can express this in the 
form 


rf es (2je\tieet exp (—27/£) 9 
pz, T)d eal gee dete ae ae (21) 


Thus, for highly degenerate beams, z7'/€ becomes a gamma variate with para- 
meter 7'/é and behaves like the variate RE/E of equation (15 4). 

This result was, of course, to be expected from the more general considerations 
of §3 and directly from the correspondence principle. In the limit of high 
degeneracy n/i~ E/E, since we are dealing with light of limited spectral extent 
and the distribution of z must tend to that of E/E. Some examples of the function 
p(z, T) are shown in the figure for different values of the parameter T/é. It 
should be stressed that the point s=0 does not satisfy the condition n> 1. 


0 | 2 3 
x 


The probability distribution for the highly degenerate case. 


Thus, as (€/T) ranges from small to large values, we pass from the statistics 
~ of classical particles to the statistics of classical waves. Although the forms of the 
distributions (20) and (21) are generally quite different, they have a common limit. 
Thus, it is well known that the Poisson distribution for large # and the gamma 
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distribution for large parameter 7'/£, both tend to the Gaussian form. However 
the similarity of these two limits disappears if we examine the variances. oe 

The moment generating function M(x, 7’) of p(n, T) is easily found by writing 
(18) in the form (6). Thus 


io) 


M(x, T)= 2 Pn, T) exp (xn) 


1 exp anc|r alt 
Ul enn ~ 14+ T/A 
=[1+(aé/T)(l—expx)]-7*. sae (22) 

From this we can immediately obtain the second moment : 
n= fi+n(1+é/T) 

and ‘A® = (1+ nE/T) je Ole a) Werk inet blowecee (23) 

which is the result found previously (Purcell, 1956, Mandel 1958). ‘Thus for non- 

degenerate beams A’n = fi and for highly degenerate beams A?n = 7é/T. The two 
variances therefore differ by the degeneracy factor, even though the distributions 
may be of similar form. 


§ 6. COHERENCE TIME AND DEGREES OF FREEDOM 


As has been shown in §4, there are good reasons for adopting the quantity €,, 
defined by equation (19) as the measure of coherencetime. This definition makes 
the coherence length in space and the size of the unit cell in phase space comple- 
mentary concepts in the wave and particle descriptions of the beam. Since €,, is 
the interval within which the photons are intrinsically indistinguishable, we see 
that the idea of coherence, in general, implies a phase relationship in terms of 
classical waves and intrinsic indistinguishability in terms of photons. 

Our definition €,, is based on the same distribution, viz. y?(7), as the measure 
of coherence time Aty recently proposed by Wolf (1958) where : 


(spe | fo PF eae / } : pte ag a PE (24) 


€.. and Atw are both measures of the width of the y?(z) distribution, but, whereas 
Avy is chosen a little arbitrarily so as to satisfy an inequality, €,, arises naturally 
from consideration of the fluctuations. 

It is useful to have some idea of the relation between them. If the spectral 
density for positive v has the form of a narrow Gaussian distribution with mean vp 
and r.m.s. width Av, then y(7)=cos (2797) exp (— 272Av?7?). It follows that 

£=1/(2+/mAv) 
and Ary =1/(24/2nAv), , 
so that £.,/Atw = 1/(27) inthis case. Since the spectral distributions encountered 
in practice are often nearly Gaussian, the order of magnitude relation 
(eg) Pd rer giv on 9 ew GTO ts Rete (25) 

will usually hold. 

_ We have seen that, for long intervals, 7/€ gives the mean number of inde- 
pendent cells of phase space contained within T and hence the number of indepen- 
dent data or statistical degrees of freedom of the energy distribution within T. 
This number should be compared with the upper limit fT given by the sampling 


>» 


Me Pee ~~ he, 
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theorem (Gabor 1946, Shannon 1949) for the intensity of a wave whose normalized 
spectral density ¢(v) vanishes outside a frequency interval f. We find that, for 
any shape of the narrow distribution ¢(v), €,, > 1/f,sothat T/é,.<fT. Thenumber 
of independent data determined by the coherence time £.. therefore has an upper 
bound given by the sampling theorem. These independent data describing the 
energy distribution of the beam within 7 are just the quantum numbers 
n(t=1 to T/€,,) which were used to define the state of the radiation field in § 2 (cf. 
also Gabor 1950)t. In general, T/é,, will be of the order AvT. For example, 
for the Gaussian spectral density, T/,, =24/aAvT. 

Although the definition of €,, is based on y?(7), it is clear from (16) that €,,/T is 
simply the percentage variance of the classical energy Zina long wave train and we 
can write 

littg(2.40p) AA) EB? ee me weet. ces (26) 
T>20 

This equation also follows from (23) by the correspondence principle, since 
nc FE for highly degenerate beams. 

It is interesting to note that (26) is the relation to be expected if the long wave 
train of duration T is pictured as a random assembly of similar elementary wave 
packets of duration €,. Since P(t) varies only slowly within the interval é,, 
(Mandel 1958), the picture is not altogether unsound. These wave packets in 
real space must not be confused with the wave packets in phase space which are 
occasionally used as representations of photons (cf. Sillito 1957). In the first 
case the number of wave packets within the interval T is quite independent of the 
intensity. Thus €,, can be defined and interpreted in purely classical, as well as 
quantum statistical terms. 

We have seen that the quantity 7€/T, the mean number of photons per unit cell 
or the degeneracy, plays a crucial role in determining the statistical behaviour of n. 
When 7€/T is large, the distribution of m or of energy tends to the classical form 
for Gaussian waves. Conversely, when #&/T is small p(n, T) tends to the classical 
distribution for particles. Although. most of the phase cells are then empty, 
the classical waves associated with the beam do not change their general form and, 
on the average, consist of just as many wave packets as before. If we interpret the 
variate y(t) as the magnitude of the electric vector associated with the light beam, 
then the continuing rapid fluctuations of y(t), even when few photons are present, 
can be regarded as a consequence of the uncertainty relations connecting the 


- electric field strength and the number of photons. For the operators representing 


the field strength and the photon number do not commute (cf. Heitler 1954) and 
the product of the uncertainties in the field strength and in number is therefore 
finite. As the degeneracy gets less and less, the classical representation of the 
beam therefore becomes increasingly inaccurate. 


+ In a recent paper on beam fluctuations, Kahn (1958) used the sampling theorem. to 
expand the classical wave amplitude in a series of sinc functions centred at the sampling 
points. The degrees of freedom or ‘ modes ’ are the expansion coefficients. 
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APPENDIX 


THE CUMULANTS OF E WHEN T>1/Av 


It is well known that, for a narrow band process, y(7) is expressible in the 
form 


y(7) = V(r) exp (271v97) + V* (7) exp (—2zvp7), 
where V(r) is a slowly varying, decreasing function, which becomes very small 
for t>1/Av (cf. Mandel 1958). It follows that the integrand in (11) will be 


greatest when t,~f,~... ~¢#, etc. and very small when t,—t,>1/Ay, etc. If 
T>1/Av and if we introduce the substitutions 


1B — Xx, 


t,—ts = Xo 


into the multiple integral (11), we can write 


SA El2 co 
22 (r— 1) Pr at,| | soo [yea et bobs) 
—7/2 — 0 


X y(xX_)y (xg)... .¥(%,) dg dxg.... dX,» agte JAS 
Now, from the Wiener-Khintchine theorem, 


IF V(%_+%3+ ....%,)y(Xq) dt, = 


| J _ b(v)exp [2aiv( my +xy+ ...%,)] dr, 


ce 


since ¢(v) is the F ourler transform of y(r). When (A2) is introduced into 
(A 1), all the remaining variables become separable and we obtain 


Ke, 22H —1) | PrT © #0) de. oi (Ae 
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Next consider the approximate distribution (15 5) with a and k given by (17). 
From the properties of the y-variate the rth cumulant is given by 


k,=(r—1)! PTE 
But, as has been shown (Mandel 1958), for T's 1/Av, 


éx2/" gv) dv, 


so that (A 4) becomes 
1,2 2P-H(r— Pea] | Mere (\ ab \- wie? (A5) 


Comparison of (A 3) and (A 5) shows that the second cumulant is always correct, 
but that the higher ones are in error by the factor 


ire sodv 1” b'(v) dv. 


This factor is unity for a rectangular spectrum of the form 
$(v)=1/2Av for vp—4Av<v<v_)+ $Ay, 
=0, for any other v>0, 


and $(—v)=$(»). 
If we transform the variable E to the standard form 

(E— E)|(A?£)*? = (E— PT) /P(TE)*, 
the first cumulant of the new distribution is zero and the higher cumulants are 
multiplied by [P(Té)!?]-. Inspection of (A 3) and (A 5) now shows that, as 
To, the cumulants of higher order than the second tend to zero. Since the 
second cumulants given by (A 3) and (A 5) are, in any case, equal it follows that 
the limit of the approximate distribution (15 6) is Gaussian with the correct mean 
a ind variance. 
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Optical Energy Gap Variation in the GaSb-InSb System 
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Abstract. The production of specimens of alloys in the GaSb-InSb system suit- 
able for electrical and optical work is first discussed. X-ray data are given to show 
the variation in composition and the degree of homogeneity of specimen sections 
cut from long rod ingots produced by very slow directional freezing techniques. 
The results of measurements of infra-red transmission on such specimens are 
presented together with a graph of the variation of wavelength for onset of trans- 
mission, interpreted as optical energy gap, as a function of composition. ‘The 
form of this graph is briefly discussed. 


§ 1. INTRODUCTION 

ECENT work has shown that in many alloy systems involving two AU!BY 
R emp solid solution occurs throughout the whole range of com- 
position (Folberth 1955, Weiss 1956, Goryunova and Fedorova 1955, 
Woolley and Smith 1958, to be referred to as 1). The results already obtained 
for the germanium-silicon system (Herman, Glicksman and Parmenter 1957), 
where solid solution also occurs at all compositions, show that the values of such 
semiconductor parameters as energy gap and mobility vary continuously with 
composition from the germanium values at one end to the silicon values at the 
other. By analogy, a similar variation of parameter values might be expected to 
occur in the ranges of solid solution between compounds. Up to the present, few 
of the systems involving compounds have been investigated to any extent, the main 
data available being the optical and electrical results for the InAs-InP and GaAs— 
GaP systems (Folberth 1955, Weiss 1956). In addition, some optical work has 
been carried out on similar alloy systems involving A,™B,¥' compounds 
(Goryunova and Grigor’eva 1957), and AUBY! compounds (Goryunova, 
Grigor’eva, Konovalenko and Ryvkin 1955, Kolomiets and Malkova 1958, 
Lawson, Nielsen, Putley and Young 1959). The present work reports an 
investigation of the variation of optical energy gap in the GaSb-InSb system 

by means of infra-red absorption methods. 


§ 2. PREPARATION OF ALLOYS 

Each of the two compounds concerned was first prepared separately, by 
melting together under vacuum the appropriate amounts of the elements. The 
elements used were all of 99-999% purity, and in the case of InSb the compound 
was further purified by normal zone refining methods. 

As has been indicated previously (I), the preparation of solid ingot alloys in 
the GaSb-InSb system is somewhat difficult because of the very low diffusion 
rates in the materials. One method by which such alloys may be produced is by 
very slow directional freezing of an ingot of suitable mean composition. In I it 


Suita « 
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was shown that for an ingot of length 14cm, frozen so that the freezing surface 
required 14 days to move from one end of the ingot to the other, there was a smooth 
variation of composition along the length of the ingot, but that in each cross 
section there was an inhomogeneity in composition of approximately +4mol%%. 
In the present work in order to obtain better homogeneity in the section of an ingot, 
the same directional freezing techniques were used, but the rate of cooling was 
reduced so that freezing of the whole ingot required 5 weeks. It was shown in I 
that for an ingot of initial mean composition 50 mol% GaSb 50 mol% InSb, 
the resulting range of composition was from 85 mol% GaSb 15 mol% InSb to 
6mol% GaSb 94mol% InSb. In the present work in order to obtain specimens 
representing the ce range of composition in the system, two different ingots 
were prepared, of initial mean compositions 30mol% GaSb 70mol% InSb 
(ingot A) and 70 mol% GaSb 30 mol% InSb (ingot B) respectively. 

Several sections were cut from each ingot perpendicular to its length, and parts 
of each section were powdered and x-rayed using a 9 cm powder camera and Cu Ka 
radiation. ‘This x-ray photograph was then used to find the composition of the 
material of the particular section, from a determination of the lattice parameter. 
For this purpose, reference was made to the results showing variation of lattice 
parameter with composition given in I. As these results were effectively the 
standard of reference as far as the directionally frozen specimens were concerned, 
representative specimens, annealed to good equilibrium condition in powder 
form, were first x-rayed and then sent to Messrs. Johnson Matthey for chemical 
analysis. ‘The results of the analysis and the estimated compositions were found 
to agree within + 1 mol%. 
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From the x-ray measurements on sections of the ingots, the variation of com- 
position with position along the ingot was determined for each ingot and these 
results are shown in figure 1. 

For investigation at compositions close to GaSb, alloys containing less than 
5 mol% InSb were made in ingot form by melting appropriate amounts of GaSb 
and InSb together and then annealing the resulting ingot until a reasonable 
homogeneity was obtained. For these particular compositions, it was found 
that annealing for 4 weeks at 520°c gave a satisfactory material. 

Sections were cut both from the directionally frozen ingots and also from the 
annealed ingots, and prepared for the infra-red measurements as indicated below. 
After the infra-red measurements had been made, each specimen was powdered 
and x-rayed. The resulting x-ray photograph was used to determine both the 
composition of the sample and its homogeneity. The homogeneity was found to 
vary to some extent with position on the ingot, and the degree of homogeneity 
obtained is illustrated by the curves in figure 2. These show the measured profile 
of a suitable high angle x-ray line (the 731 line) for two different specimens, the 
intensity of line being plotted as a function of Braggangle. For this high angle line, 
the Cu Ka doublet is easily resolved with a 9 cm camera, and figure 2 (a) shows the 
profile obtained with a specimen of good homogeneity the Ka, and Kx, components 
being resolved. A number of the specimens used for the infra-red work showed 
this degree of homogeneity, which is little worse than the results for the separate 
compounds. Many of the samples had a degree of homogeneity illustrated by figure 
2 (b) where the two peaks are considerably broadened and the occurrence of the 
Ka, peak can only just be observed. The change in Bragg angle corresponding to 
a change in composition of 5 mol% is also shown in figure 2, so that the inhomo- 
geneity in composition corresponding to the curve in figure 2 (b) can be estimated. 
Specimens which to any great extent were less homogeneous than that illustrated 
by figure 2 (b) were rejected, because although an infra-red absorption edge could 
be observed, it was not possible to determine with reasonable accuracy the com- 
position to which this edge corresponded. Preliminary results for infra-red work 
on this system given by the authors at the Brussels International Conference 
(Woolley, Smith and Evans 1959) are modified to some extent by the present 
work, because of the use initially of less homogeneous specimens. 

Preliminary electrical measurements, including conductivity and Hall effect, 
have been made on specimens cut from ingot A. All such specimens were found 
to be p-type in the impurity range. With specimens taken from adjacent sections 
to those used in the infra-red work, the effective number of impurity carriers was 
found in all cases to be in the range from 1 x 10" to 5 x 10!” per cm’, 


“ee 


§ 3. OpticaAL MEASUREMENTS 


Measurements were made of the percentage transmission through the various 
specimens as a function of wavelength. For this purpose, sections cut from the 
ingots, as described above, were each ground to a parallel sided plate some 200 
thick, and were then polished with diamond paste, giving specimens which had 
thicknesses somewhere in the range 70-120. These were then used for normal 
transmission measurements with a converted Halle spectrometer using a single 
beam and a calcium fluoride prism. The detector was a Schwarz thermocouple, 
the output from which was amplified by a Barr and Stroud thermocouple amplifier, 
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the incident beam to the specimen being chopped at 5c/s to give the necessary 
modulation. . 
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mol °%% GaSb 10 mol % InSb, (c) 68 mol % 
GaSb 32 mol % InSb, (d) 48 mol % GaSb 
52 mol % InSb, (e) 36 mol % GaSb 64 mol 
°% InSb (approx.), (f) 20 mol % GaSb 80 
mol % InSb, (g) 8 mol % GaSb 92 mol % 
InSb. 


Figure 3 shows graphs of percentage transmission as a function of wavelength 
for various typical specimens. For each specimen, the wavelength corresponding 
to apparent onset of transmission has been estimated, and this wavelength con- 
verted into an energy value which has been taken as the optical energy gap Eg. 
The resulting values of E, for specimens of various composition are shown in 


figure 4. 


§ 4. CONCLUSIONS 


In the case of the germanium-silicon alloys, the graph of optical energy gap 
against composition shows two sections (Johnson and Christian 1954, Braunstein, 
Moore and Herman 1958) witha definite discontinuity at 15 at. % Si. Herman and 
his co-workers have suggested (Herman, Glicksman and Parmenter 1957) that 
in the Ge-Si case, the alloys between pure silicon and the discontinuity have a 
band structure similar to that of silicon with the conduction band minima in the 
100 directions, while those between the discontinuity and pure germanium have 


_ the germanium type of band structure with the conduction band minima in the 111 


direction. Each band structure is continuously modified by change in com- 
position, and there is a change in the effective conduction band minima at the 
composition corresponding to the point of discontinuity. It is also suggested that 
at compositions around the point of discontinuity interband scattering should 


occur, and this is observed experimentally in an extra reduction in the value of 


‘ 


carrier mobility at these compositions (Glicksman 1958). 
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It is of interest to see whether similar effects occur in the GaSb—InSb alloy 
system. It is possible that the values of Eg shown in figure 4 show two dis- 
continuities, one at 20 and one at 73 mol%, GaSb. The method of estimating Eg 
from transmission data however does not allow a sufficiently accurate determina- 
tion of Eg to state this with complete certainty. The problem is also complicated 
by the fact that at the moment little information is available concerning the band 
structure of the compounds, particularly GaSb. More detailed measurements of 
optical effects are to be made for various compositions close to the values at which 
discontinuities are suggested. Additional data will be obtained from electrical 
measurements. Also, to increase the accuracy of these later measurements it is 
hoped to improve the methods of producing the alloys, so as to obtain more 
homogeneous specimens. 
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Abstract. Electron spin resonance in a single crystal of LaF, containing 0-01°% 
Gd** shows three magnetically distinguishable ions per unit cell in a rhombic 
crystalline electric field which is consistent with a hexamolecular unit cell of sym- 
metry C6/mem. ‘This is in disagreement with recent crystallographic measure- 
ments, but in agreement with the interpretation of the Faraday rotation given 
by Van Vleck and Hebb. The parameters of the spin Hamiltonian are given in 
table 1. ‘The crystal field splitting in zero magnetic field is of the order of 0-3 cm=! 
which makes this a possible salt for maser operation in low magnetic field. 


§ 1. INTRODUCTION 


HERE is interest in the investigation of new lanthanon salts, particularly those 
| without water of crystallization, as some of them may be suitable for use in 
solid state masers. From a theoretical point of view it is of additional 
interest to study a homologous series of salts so that the changes in crystalline 
electric field parameters can be traced from ion to ion throughout a large part of 
the lanthanon series. Some work has been started on the anhydrous lanthanon 
trifluorides ; this paper discusses the results of electron spin resonance of Gd?* ina 
single crystal of LaFs. 

The anhydrous lanthanon trifluorides do not form an isomorphous series, 
Those lanthanons with larger ionic radius form fluorides isomorphous with hexa- 
gonal Tysonite (LaF;) and the others are isomorphous with orthorhombic YF3. 
However, some of the smaller ions such as Ho*+ and T'm** appear to crystallize in 
both forms, and it is probable that small quantities of any of the lanthanons could 

_ be substituted in the lattice of LaF’. 
There has been some doubt until recently about the crystal structure of LaF; ; 
“it was not known whether the unit cell is bimolecular with C6/mmc symmetry or 
hexamolecular with C6/mcm symmetry (see Wyckoff 1951), though recent 
crystallographic evidence favours the smaller unit cell (Schlyter 1952). A para- 
magnetic ion replacing either of the La’* ions in the smaller unit cell would 
experience the same crystalline electric field, and hence its electron spin resonance 
_ spectrum in either site would be the same, giving only one effective magnetic ion 
per unit cell. In the larger unit cell the principal axes of the crystalline electric 
field could be different at all six sites; or, if one of the principal axes lies along the 
“crystal hexad axis (afterwards called the crystal axis), then the six sites are mag- 
netically equivalent in pairs leaving three effective magnetic ions per unit cell, 
BT'he latter symmetry was suggested by Van Vleck and Hebb (1934) to explain the 


§ Now with the Operational Research Dept., Richard Thomas and Baldwins Ltd., 
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Faraday rotation in single crystals of CeF;, which is isomorphous with LaF3. 
They supposed that the three ions are situated in electric fields of rhomic symmetry 
which are identical except for a 120° rotation about the crystal axis between each of 
them; one of the principal axes of the rhombic field is parallel to the crystal axis. 
These authors pointed out that this was the simplest model which fitted the 
experimental data, but that more complicated models, such as one where the princi- 
pal axes of the crystal fields are tipped away from the crystal axis, could not be 
excluded. One cannot distinguish between these models because the Faraday 
rotation is an average effect of all ions. 

Electron spin resonance is a technique ideally suited to investigate this problem 
further as ions in different crystal fields give different resolved spectra. We have 
not been able to observe resonance in LaF; containing Ce*+ at temperatures above 
15°K, but it is expected that the Gd?+ ion, in which resonance has been observed, 
has the same symmetryT. 


§ 2. CRYSTAL PREPARATION AND STRUCTURE 


The specimens were made by crystallization from the melt, using lanthanum 
fluoride, specially prepared by Thorium Ltd. ‘The method of crystallization was 
that normally used for the growth of crystals of fluorides, in which a crucible 
containing the melt was lowered through a sharp temperature gradient. A 
vacuum furnace was used, and its construction was substantially the same as that 
previously described by Stockbarger (1949). The crystals were grown in graphite 
crucibles and in an atmosphere of dry oxygen-free nitrogen at a pressure of 20 
microns of mercury. 

Some purification of the lanthanum fluoride powder was required before 
satisfactory crystals could be grown. ‘This was done by ‘scavenging’ the 
material with lead fluoride. ‘The procedure was to mix about 5% PbF, with the 
LaF, powder before loading into the crucible. ‘The furnace chamber was then 
evacuated and when the pressure had dropped to about 1, the temperature of the 
furnace was raised to about 70°c and left to dry out for twenty-four hours. At the 
end of this period the temperature was slowly raised to the melting point of LaFs, 
taking care that at no time the pressure exceeded 5u. When the temperature was 
about 100°c below the melting point of LaF, nitrogen was introduced into the 
furnace to bring the pressure to 20u. ‘This was necessary to avoid loss of material 
by evaporation. The melting point has not been measured accurately but was 
between 1400 and.1450°c. When the salt was completely molten, the crucible 
was lowered in the furnace at a rate of 2 mm per hr. 

The first crystallization produced a polycrystalline mass about 70% of which 
was clear optically. ‘These clear pieces were picked out and recrystallized again, 


using 5% PbF, as scavenger. The resulting material was colourless and of very 


good optical quality. 

Gadolinium was introduced into the lanthanum fluoride crystal by mixing the 
appropriate percentage of GdF, with LaF; which had been purified by the above 
method. ‘This mixture was again crystallized by the method described. 

The figure shows the immediate neighbours of a trivalent ion in projection ona 
plane perpendicular to the crystal axis. Figure (a) shows the bimolecular unit 

+ Note added in proof : Mr. R. S. Rubins at the Clarendon Laboratory has observed 
resonance at 20°K in specimens of LaF, containing Ce®+ since this paper was submitted 


for publication. The analysis of these results is not yet complete, and there may be 
3 or 6 ions in the unit cell. 


Electron Spin Resonance of Gd3+ in Lanthanum Fluoride 251 


(a) (b) 


The environment of a trivalent ion shown in projection on a plane perpendicular to the 
crystal axis; (a) for the bimolecular unit cell C6/mmc, (4) for the hexamolecular 
unit cell C6/mcm. The unshaded circles represent trivalent ions and the shaded 
ones represent fluorine ions; distances above and below the plane are given as 
fractions of the lattice parameter, those for trivalent ions being written above the 
circle, those for fluorine below the circle. 


cell and figure(b) the hexamolecular unit cell with the distortion from the simpler 
symmetry somewhat exaggerated. 

The crystals were found to cleave in a plane perpendicular to the crystal axis, 
which facilitated the mounting of the crystals in the resonance cavity. 


§ 3. EXPERIMENTAL RESULTS 


Resonance was observed at 90°K and above at both X band (~0-3cm7) 

and K band (~0-8cm~*) ina single crystal grown from a melt containing 0-01% 

molar concentration of gadolinium. ‘The measurements show that there are three 

ions per unit cell each being in a site with rhombic symmetry and related to one 

another by 120° rotations about the crystal axis. One of the principal axes of the 

rhombic crystal field, the x axis, for all ions lies along the crystal axis. The 
€ spectrum of each ion is described by the following spin Hamiltonian : 

: H =gBH.S+ B20, + BLO, + BPO, + B,20,? + B20,2+ B20e+BY0,! 

4+ BetOnt + BS O°. 

Here the B,,” form a set of empirical coefficients which can be calculated from the 

experimental results and the O,,” are spin operators, which have been described 

by Stevens (1952) and whose explicit form is given in table 3 of the Appendix. 

When the external field is in the z direction the off-diagonal terms in the energy 

matrix are small. This gives rise to a spectrum which is almost symmetrically 
: disposed about the 1<—— } transition, and which is described essentially by the 
first four terms only of the spin Hamiltonian. 
When the external field is in the x or y directions the Hamiltonian may be 
written in a form diagonal in the Zeeman term by transforming the spin operators 
in a way described in the Appendix. This gives the following form, where only 
; R2 


i 
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those terms which give diagonal and appreciable off-diagonal elements have been 
retained (the upper sign is for the x direction and the lower for the y direction) : 
H = g BH .S+{— 4B, + $B2}O.9 + (BB F gBe + EBHjOL 

+{— Bo + Bee Bo! t ty Bo}Ooo + {—3Bs° F 4Bs7}O0," 

+ {8B = 7BP— 2BY0,. 
In these directions the off-diagonal elements cannot be regarded as small com- 
pared with the Zeeman splitting and second and third order effects are appreciable. 

From measurements at one frequency in the three principal directions it should 

be possible to evaluate all of the crystal field parameters and, as B,” and B,° cannot 
be separated, there is one more equation available than unknowns to be found so_ 
that a check of self-consistency should be obtained. Measurements in inter- 
mediate directions in the wy plane would enable B,? and B,° to be separated but as — 


Table 1. Parameters of the Spin Hamiltonian for Gd?+ in LaF, at 90° 


b,9 =3B,9= +239+1 

b2=3B A= —5+2 

b,° = 60B,°= —5-6+0:2 

by? =60B,2= +2743 

b= 60B,= —43 +3 

bg =1260B,°= +0:14+0-2 

be? + be? =1260 (Be? + Bg’) = +8543 

bgt=1260B,4= —145 
g=1-990+0-001 


— 


The crystal field parameters are given in units of 10-*cm™, and the signs are only 
relative. 


Table 2. Measured line positions (gauss) and those calculated from the para- 
meters in table 1. The remaining discrepancy in the x and y directions 
may be partially due to a small contrib ution of the O,? term 


~ 
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these terms proved to be small and the spectrum analysis would be complex, this 
was not attempted. In fact we were not able to find all of the transitions in the 
principal directions at either of the two frequencies used but just enough data were 
available at X band to calculate all of the crystal field parameters; the K band data 
provided a check. ‘The values of the parameters are listed in table 1, while the 
observed line positions and those calculated using the parameters are compared in 
table 2. From this table it can be seen that some of the lines are almost coincident 
with others in the spectrum. This at least partially explained the initially puzzling 
fact that the spectrum appeared to consist of too few lines; for all of the missing 
lines at X band their predicted position is such that they could be obscured by 
another line. 

The line width increases appreciably on going from the 4<-> — } transition 
to the +7/2<-— +5/2 transitions, presumably due to a random distribution of 
values of the crystal field parameters. With the external field parallel to the 
# axis the full width at half intensity of the central line is 10 gauss and that of the 
outer lines is 40 gauss. In the x and y directions the width of the outer lines is 
slightly greater and that of the central line is 16 gauss (y direction) and 20 gauss 
(x direction). The large linewidth of the +7/2<- +5/2 transitions prevents 
their being observed in some directions even when they should be resolved from 
other transitions; whenever they are observed their intensity is correspondingly 
small. 

As the resonance saturated at 20°K it was not possible to measure the absolute 
signs of the crystal field parameters in the usual way. Hence the signs given in 
table 1 are only relative to one another. 


§ 4, CONCLUSIONS 


The positions of the paramagnetic resonance transitions of the Gd?* ion in 
LaF, are adequately described by the usual type of spin Hamiltonian. Of the 
crystal field parameters B,° is by far the largest, as is usually found to be the case 
in other gadolinium salts (see Bowers and Owen 1955). Thus the strongest 
term in the part of the spin Hamiltonian arising from crystal fields effects is an 
axial one about an axis perpendicular to the crystal axis. This is very different 
from the six-fold symmetry about the crystal axis which each ion would have if 
the crystal structure were of the simpler form. 

Our results are completely consistent with the larger hexamolecular unit cell. 
The symmetry of the crystal field is precisely that which this structure would 
give, as can be seen from the figure (b). It should be said, however, that the 
existence of three magnetically distinct ions in the unit cell with a symmetry 
which is consistent with the larger of the proposed unit cells does not conclusively 
prove that this is the crystal structure which is appropriate to pure lanthanum 
fluoride. It is possible that the distortion of the axial symmetry of the La?* site 
in the smaller unit cell is caused by a misfit in the lattice of the larger gadolinium 
ion. It is also possible that the distortions necessary to produce the crystal field 
_ observed are too small to be detected in the crystallographic measurements (in 
this connection it is unfortunate that the theory of the crystalline Stark effect in 
§-state ions is too rudimentary to enable one to calculate the size of distortion 
required to give the observed crystal field parameters). The discovery of three 
magnetically distinct ions in the unit cell with staggered rhombic fields does, how- 
ever, add confirmation to the theory of Hebb and Van Vleck explaining the 


a 
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Faraday rotation in Tysonite. As the Faraday rotation measurements were 
made in pure CeF, this evidence strongly favours the larger hexamolecular unit 
cell for the lattice which is undistorted by impurity ions. 

The fact that there are three magnetically distinct ions per unit cell is a distinct 
disadvantage of the crystals examined considered as the element of a solid state 
maser. However, the crystals are mechanically robust and insoluble in water, 
and the large crystal field splitting, which is about 0-3 cm~! in zero magnetic field, 
may make the substance useful for maser applications in this frequency range as 
only a small magnetic field would be required. 
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APPENDIX 


The spin Hamiltonian used in this paper to describe the spectrum of Gd?* 
in LaF, has non-zero values for the coefficients of all possible even terms in the 
expansion of the crystalline Stark effects in terms of spin operators O,. The 
form of these spin operators is given in table 3. The matrix elements of those 
which have not previously been tabulated (Stevens 1952, Elliott and Stevens 
1953, Judd 1955, Baker, Bleaney and Hayes 1958) are given in table 4. 


Table 3. Form of Operators O,,” 


0,°=35,—S(S+1) 

O2=3(S4? + S_?) 

0,9 =35S,4— (30S(S +1) — 25} S,2—6S(S +1) +3S%S+1)2 

O2=3[{7S,2— S(S+1)—5}(S42+ S_) + (S.2+S_2){7S2— S(S+1)—5}] 

O,=}(S,4+ S_*) 

O,° = 231S,* — 105{3S(S + 1) —7}S,4+ {105S%S +1)? —525S(S +1) -+294}8,2 
— 5,S3(S + 1)3 + 40S2(S + 1)?—60S(S+1) 

O,?=4[(33S,4—[18S(S +1) + 123]S,2+ SUS+ 1)? +10S(S-+1) +102} 
(S42+.S_2) + (S,2+ S_2){33S,4—etc.}] 

Ot =4[{115,2— S(S+ 1) —38}(S44+ S_4) + (S444 S_4){118,2— S(S +1) —38}] 

0° =3(S45+ S_*) 


In order to calculate the position of the resonance transitions when the 
external field is not parallel to the z axis it is convenient to use states such that 
the Zeeman terms, which are usually the biggest, are on the diagonal of the ; 
energy matrix. One therefore has to consider what happens to the operator 
equivalents O,,” on rotation. The operator O,” is written for O,+”+O,-™ 
because the symmetry of the crystal field is such that they occur added in this way. 
However, as O,,+” and O,,-” do not transform in the same way upon rotation, 
arbitrary direction of the external field it is necessary to consider all of the com- 
ponents O,,+” and O,,-™ separately and they do not have equal coefficients after _ 
rotation. When the external field is in the plane perpendicular to the z direction - 


Table 4. Matrix Elements of O,2, O,” and O,? 


255 


nan ee ee te 
O.2=4 (S,2+S_2) 


C£NJFID ¢42[]0> ¢+3][41> <+4][42> «+5]] +3) (+6|[44> <+7|/+5> <+8]|+ 


S 
1 i 
2 3 
3 6 
4 10 
5 15 
6 21 
7 28 
8 36 
Coglt a> 
[2 V3 
[2 3/2 
/2 2/15 
[2 51/6 
[2 3/35 
Dm 14/3 
m 12/7 


5ll+ 3) 


34/105 


. 
5 
+5 


V21 
2721 
6 V6 

15 4/2 
5/33 


+3) 


2/7 
63 3/5 
3 4/30 /165 / 66 
522 6/11 3 1/26 V/91 
3/110 2/195 V 546 36/35 2/30 
9 5 
HE) GERD GB Gee 


6 
34/15 /55 
V 330 3/22 V/V 78 
2/165 6/13 / 273 V105 


Os? =4[{7S,? — S(S + 1) — 5}(S4? + S_?) + (Sy? + S_*){7S,? — S(S + 1) —5}] 
Fo ¢+1|[F1> <+2|fO> <+3][41> <+4][42> <+5][+3> <+6][44> <47][45> «+8][46 


—4 
—20 
—60 


V6 

— /30 
—11+/10 
— /210 


6/15 
10/7 
0 


—22+/105 —24,4/10 
—94/21 —130V3 


—54/35 


—6/1155 —3+/110 


BF siiety> (aS]ad> Coded 


30/7 
10/3 12/5 
23 »/30 24/165 454/66 
1522 116/11 121/26 66/91 
12/195 154/546 §8=©78+/35 78 /30 


(2248) (2B led 2B le) G E22 


m3 —5/2 34/10 

/26 —44/15 V5 5/21 

/2 21 -—5/6 — 4/14 2/21 18 

/2 12 —8/35 —3-+/70 5/6 13/15 9/55 

/2 3 —210/3 =62V715. —15 7/2 13 1/330 95/22 55/78 

[2 6 —120/7 —23/105 —154+/33 8/165 80/13 25 273 36/105 


O,2=4[(33S,4-18S,? S(S +1) —123 S,2+ S°(S +1)? +10S(S + 1) + 102}(S,7 + S*) 
+ (S42+ S_?){33S,4—18S,2S(S + 1) —1238,?+ S%S +1)? + 10S(S +1) +102}] 
F ¢#1|[zi> <+2||0> <+3][41> <+4][+2> <+5][43> <£6]]44> <+7|[+5> ¢+8]]+6 


ae 2-15 —2+/30 /15 

30s 83 0 — 36/7 24/7 

3606 628 2/210 —11./42 -1473 —1475 

72.420 224/105 —631/10 —84+/30 —14/165 70+/66 

1080 70 104/210 7 yg 14/2? 2 4/11 0 114/91 

264 315 78/35 4/1155—42+/110 —49+/195 —20V/546 13/315 182/30 

% 13 9 15 11 

SF (282) Ca Sf} (aS lle8> <eZled> (2 lleg gles) ( gle 2) 
[2 24 xi ASee— 2a 5/21 
j= 240 7/6 Soy i4 = S/o 21 
/ 216 12/35 —V70 —35/6 —14/15 14/55 

p20" 9354/3 334/15 36472 — 4.47330 2°=34/22 114/78 

£32010 00130447 34/105 —733 —-7V165 —21+/13 /273 13/105 


The numbers in column F are multiplying factors common to all the elements in the row. 
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this complication does not arise provided that either the x’ or y’ axes of the new 
system of coordinates in which the rotated operator equivalents are described is 
allowed to coincide with the initial x axis. Under these circumstances the 
operator equivalents transform as shown in table 5 when the external field, and 
therefore the x’ axis, makes an angle ¢ with the initial x axis. 

It is seen that when the external field is parallel to either of the initial principal 
directions (w or y) of the crystal field, the terms O,,"" where m is odd drop out and 
the expression becomes fairly simple. It is in these directions that the measure- 
ments previously described were made. For this reason the form of the odd 
operator equivalent has not been calculated. However, in order to obtain the 
expressions in table 5 it has been assumed, in accordance with past practice, that 


Table 5. ‘Transformation of spin operators on rotation of the z axis into the 
perpendicular plane xy so that 2’ makes and angle ¢ with x and y’ is 
parallel to z 


1 3 
02 = = piel he 5 Oe" 


1 il 
O;? > € Ox ae 2 or] cos 2h ao wah OM sin 2¢ 


3 5 35 
Or ae Ow+ 3 O,7+ 8 O,! 


1 1 7 wp 7 ; 
of +(- 3 Oe" Pea 04) cos 2p+i (; Og+ 08) sin 2¢ 


il 1 1 
Oh € Of— 508+ 5 on) cos 446 —i(O4!—i0,°) sin 46 


8 
5 105 63 231 
O 0 7 ey Se anaes je ee ae Hoe 
Oc Sig age Sig tere Oe 
1 il 3 33 ail 9 33 
(Oke —> (i O,o+ 32 O,2+ 16 O,'- 32 08] cos 2¢-i (; O,+ 3 O,+ .y 0.) sin 2¢ 


1 5 13 11 1 5 
Oe (- re 39 Oe + To O,t- 0") cos 4h +7 (3 O,;+ rh lee Ls 9) sin 4¢ 


1 ils 3 1 we 2 3 
Opes (Lov- 33 Oot ce Ho) cos 6p—i € O,t- get 504") sin 6¢ 


the spin operator is derived from that part of the cartesian form of the appropriate 
spherical harmonic Y,,” which is left after any common numerical factor has been 


taken out. The rules for proceeding from the cartesian to operator form have 


been given by Stevens (1952). 
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The Scattering of Fast Charged Particles: V 
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Abstract. ‘The multiple scattering of fast electrons and positrons within the 
energy range of 7 to 17 Mey in xenon has been measured using a cloud chamber. 
A study has been made of the errors involved and also the use of the technique 
of overlapping intervals. At the higher energies the multiple scattering agrees, 
within the experimental errors, with the theoretical values predicted by Moliére 
but at energies of less than 10 Mev the experimental values tend to be lower. 
The measured scattering for the mean energy values agree with the predicted 
values of Moliére but are higher than the values given by the theory of Williams. 
There is no significant difference between the multiple scattering of electrons 
and positrons. 


§ 1. INTRODUCTION 


FTER traversing a layer of matter the distribution of the angular deflections 
a of scattered electrons is given by 
L(G (OS (0) ee aE ee (1) 

where G(6@) = (2707)—1?? exp (— 67/207) is the Gaussian distribution and S(@), 
the single scattering contribution which only becomes important at large angles. 
The factor describing the shape of the normal distribution is the variance o? and 
it is this quantity, or its square root, which is often studied in any experimental 
investigation of the multiple scattering of fast particles. 

One of the earliest theories of multiple scattering was due to Williams (1939) 
who based his work on the fact that after traversing a layer of matter the distribution 
of the angular deflections is Gaussian. ‘The variance of the normal distribution 


according to Williams is given by 


Oh “i 2 pe Omax 
o? =87N 4% OP dx \n eS Pa gen ee TH! (2) 
where N, Z and A are the number of scattering centres per cubic centimetre of 
the material, its atomic number and atomic weight respectively, 7) and p4( = myc”) 
are the classical electronic radius (2°81 x 10-!%cm) and the rest mass of the 
electron with energy pf, dx is the path length of matter traversed by the particles 
in gcm~*. The angles Omax and Amin are the limits of the deflections which 


have to be introduced in order to keep the variance finite, and 9max/@min may 


be taken as (1812-1)? 3 
The single scattering term S(@) in equation (1) can be expressed approxi- 


‘mately as 7/6 with a suitable cut-off at smaller angles. A later theory by 


Goudsmit and Saunderson (1940) was developed from the idea that the probability 
that an electron is scattered between angles @ and @+d0 can be expressed as a 
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series of Legendre polynomials. The coefficients in the series depend upon 
two parameters which are proportional to the path lengths and to the screening 
of the nucleus by the orbital electrons. This makes the theory valid for all 
angles. Fora'Thomas—Fermi atomic model, the log term of equation (2) becomes 
In 219(p/mc)Z—18 where p is the momentum of the particle. 

The theory of Moliére (1947, 1948) is similar to that of Goudsmit and Saunder- 
son, namely, that both theories depend upon a single scattering parameter but 
the derivation of the results is different. Moliére’s method consists of deter- 
mining separately the contributions to the scattering of particles which are 
scattered one, two....... i times and then summing these contributions to 
obtain the total angular scattering distribution. This theory also predicts an 
approximately normal distribution with the variance defined as the product of 
the two quantities B and D which are related by the expression 

e8 = 1:31 B12 D1? /O min 
where Omin is a minimum angle due to the screening such that 
Omin = 1:142(mcZ13/181p) [1-13 + (1-942/137B)?]??. 

Another theory by Snyder and Scott (1949) which gives results closely 
related to those of Moliére, is based on the solution of the diffusion equation. 
None of these theories however considers the spin-orbital coupling and conse- 
quently all give the same results for positrons and electrons. ‘The differences have 
been estimated by Mohr (1954) based on the extrapolated values of the single 
scattering of electrons and positrons below 30° for energies of 1, 4 and 13 Mev 
and for a range of values of 7/137. 

In recent years there have been many experiments on the multiple scattering 
of electrons in foils. One of the most notable of these experiments was carried 
out with a range of elements varying in atomic number from 3 to 82 and 
was reported by Kultchitsky and Latyshev (1942) and later by Andrievsky, 
Kultchitsky and Latyshev (1943). These investigators used electrons with 
an energy of 2:25 Mev and they found reasonable agreement with the theory of 
Williams, and Goudsmit and Saunderson, provided that the width of the distri- 
bution calculated for nuclear collisions was multiplied by (1+ 1/Z)"?, to account 
for electron—electron scattering in the light nuclei. For heavy nuclei, however, 
the experimental results gave a distribution which was approximately 10% 
narrower than the theoretical values. 

A later paper by Hanson, Lanzl, Lyman and Scott (1951) described the 
results of scattering of 15-7 Mev electrons in thin beryllium and gold foils. The 
e~1 widths of the angular distribution of the electrons agreed well with the theory 
of Molicre. However Spencer and Blanchard (1954) have improved this theory 
by introducing a more accurate single scattering expression for larger angles. 
This modified Moliére distribution still differed from the results of Hanson et al. — 
which indicate an excess of scatters at larger angles. . 

Other investigators have used nuclear emulsions to study multiple scattering, — 
in particular Gottstein, Menon, Mulvey, O’Ceallaigh and Rochat (1951) of — 
the Bristol group, and the method has been established to such an extent that — 
multiple scattering measurements are now frequently used to estimate both the 7 
energy and mass of fast particles. Some disagreement between experiment and 
theory has been found notably by Voyvodic and Pickup (1952) and Hisdal(1952). 
Corson (1950, 1951) however, found satisfactory agreement with Moliére for 
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20 Mev positrons and electrons in nuclear emulsions. More recently Heymann 
and Williams (1956) measured the mutiple scattering of electrons and positrons 
in nuclear emulsions in the energy range 1 to 3 Mev, and found larger differences 
than predicted by Mohr. 

Multiple scattering in gases has been studied with cloud chambers by Ruling 
and Gheri (1949), Groetzinger, Berger and Ribe (1950) and Groetzinger, Hum- 
phrey and Ribe (1952). The former studied the scattering of electrons in air 
at energies from 4 to 10 Mev and found quite large discrepancies with theory. 
Groetzinger et al. examined the scattering of 8-particles from 22P source (up to 
1-7 Mev) and positrons and electrons from *@Mn (up to 2-6 Mev) and !*Rh (up to 
3-55 Mev) in a cloud chamber containing argon and found a difference of about 
10% between the scattering of electrons and positrons. Furthermore the varia- 
tion of the r.m.s. scattering angle with energy indicated that the theoretical results 
were too high at the lower energies and decreased too rapidly with increasing 
energy. Cusack and Stott (1955 a) carried out an elegant experiment to investi- 
gate the mutiple scattering of positrons and electrons with energies of about 
0-4Mey, and found no significant difference in the behaviour of positrons and 
electrons. 

Another interesting experiment on the multiple scattering of protons in 
nuclear emulsions in the energy range 1 to 5 Mev has been reported by Bird and 
Hines (1954). The shape of the curve showing the variation of the r.m.s. 
scattering angle with proton energy is very similar to the one given by Groetzinger, 
Berger and Ribe. In general it may be said that some of the experimental work 
is in accord with the theoretical results but there are still some outstanding 
experimental results which are difficult to explain and in particular the variation 
of the scattering with energy. Altogether there are only a few reports on multiple 
scattering measurements of high energy electrons using the cloud chamber and 
there have been no direct comparisons of positron and electron scattering at 
higher energies. One of the fundamental advantages of the cloud chamber 
method is that by using a magnetic field the energy of individual particles in the 
scattering gas can be measured. In their concluding remarks Bird and Hines 
suggest that the energy dependence of scattering should be investigated at higher 
energies and it is the purpose of this work to measure this for positrons and 
electrons with energies in the 10Mev region. ‘The single scattering of positrons 

_ and electrons has already been studied for angles greater than 5° (see Allen et al. 
1956, 1957) and the present paper describes an extension of the work to smaller 


angles. 


§ 2. EXPERIMENTAL ARRANGEMENT AND THE METHOD OF MEASURING 
MULTIPLE SCATTERING 


The source of high energy electrons was a 20 Mev betatron. It is possible to 
extract the beam of electrons from the betatron with a magnetic shunt, but a 
sufficient number of electrons was obtained by scattering in the target within 


- the betatron toroid. The high energy photons were absorbed in a lead wall and 


{ 
2 


the electrons collimated into a magnetic channel which directed them into the 
cloud chamber through a 0-020 inch thick aluminium window. Positrons were 
formed by pair production in a 0-020 inch thick lead foil, and were deflected 
into the chamber through a magnetic channel. The electrons were directed 


into a lead wall. 
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The cloud chamber was 28cm diameter mounted horizontally between a 
Helmholtz coil system, consisting of two groups of three-layer pancake coils 
wound with } inch wide copper strip. The coils produced a field of 1200 gauss 
and fluxmeter measurements of the uniformity of the field in the median plane of 
the chamber indicated a reduction of only 2% in the field strength at a distance 
of 12cm from the centre. Illumination was provided by two type LSD.14 
flash tubes, the light being focused into a well-defined parallel beam with cylin- 
drical lenses. ‘The chamber was filled to a pressure of 96cm mercury, the gas 
mixture consisting of 20° xenon, and 80% helium. The gas mixture was 
analysed by means of a mass spectrometer which yielded an accuracy to better 
than 1%. 

Two methods of measuring the multiple scattering were investigated. 
Initially the photographs were reprojected through the same optical system used 
for taking the photographs. The image was projected full size on a screen, 
and the angle between successive inch long chords along the track was measured. 
This method was rejected as being too inaccurate. The second method which 
was finally adopted was to measure the film directly with a travelling microscope 
(Cambridge universal measuring machine). Angles were measured with a 
protractor eye-piece. This method was more tedious and slower than the first but 
yielded more accurate results. ‘The position of the film was adjusted so that the 
zero point on the graticule in the microscope eye-piece coincided with the point A 
at the beginning of the track, the protractor eye-piece being positioned so that 
the graticule lay along the line AB. The film was then moved along the x and y 
axes, so that the ends of the graticule crossed the tracks at points Band C. The 
difference between the two protractor readings gave the angle between the adjacent 
chords. By carrying out this procedure for successive chords CD, DE, EF, 
etc. the multiple scattering along the track length was measured. Lattimore 
(1948) has shown that the scattering measured by determining the angles 4; 
between chords is equivalent to measuring the angles between the tangents. The 
distribution of these angles is approximately normal with a sample variance of 

: es 12 
(a )ay= —~ > (a;-m)? where m== > «, 
na— il fel n i=l 
As n increases the experimental value of («”)ay approaches 3c where o? is the 
theoretical mean square scattering deflection, see Groetzinger et al. 

The maximum amount of information on the scattering of a track could be 

obtained by measuring the angles between the lines joining adjacent droplets but 


this is almost physically impossible. On the other hand in order to compare the | 


experimental results with Moliére’s theory it is necessary to use a cell length 


greater than a certain value. This arises in connection with the single scattering 


terms in the Moliére expression; these terms converge slowly for small cell 
lengths. From these considerations a chord length of 2-54 cm was used for these 
measurements. 

In an attempt to obtain a more accurate estimate of the mean value of the 
scattering angles for a given track, overlapping measurements were made on a 
group of tracks. ‘This was done by dividing the primary cell length into four 
equal parts. After the angles between chords had been measured once, the 
measurements were started from a point one-quarter of the primary cell length 
from the beginning of the track. Further sets of scattering measurements were 


“yy 
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obtained starting from points one-half and three-quarters the length of the prime 
cell length from the beginning. This increased the number of angles per track 
by almost a factor of four and is similar to the overlapping method used for nuclear 
emulsions with one exception. Thus when the gas pressure in the cloud chamber 
is approximately 76cm of mercury, the number of angles per track is small since 
the cell length is normally only about an order of magnitude less than the total 
track length. Furthermore, the minimum cell length is governed by the minimum 
permissible number of scatters per cell length. Obviously in the limiting case, 
when a very small cell length with only one scatter occurs, angular deflections could 
hardly be considered to be due to multiple scattering. Normally in photographic 
plates it is nearly always possible to obtain up to 30 second differences per track 
but the average number of angles for multiple scattering measurements in the 
cloud chamber is rarely greater than seven and if corrections due to distortion near 
the chamber walls are made this number may be reduced. The sets of overlapping 
readings are dependent and although the amount of labour involved in measuring 
the tracks may be increased several fold it does not necessarily imply that the 
increased accuracy in determining m has warranted this increased effort. In order 
to examine this question of accuracy, the multiple scattering of 24 electron tracks 
was measured with a primary cell length of 2:54cm and three additional sets of 
4, 5 and ? times the primary cell length overlapping the readings were taken. The 
value of m was calculated for all sets of readings giving a total of 4 values for each 
of the 24tracks. ‘The correlation between these sets of results can be examined by 
measuring the intra-class correlation coefficient p which was given by Kendall 


(1945) as 


where k is the number of overlaps, v is the variance of the means and vm is the 
variance of the mean of each track about the total mean of the individual means. 

The value of p for the four separate populations was found to be +0-29 
indicating quite a significant correlation. ‘The question is then if this value of p 
arises by chance from populations which are uncorrelated. Kendall has shown 
that the sampling distributions of p for a normal population is 


at 
i (r 2) (27)? sech’—1/2 (z oe ¢) exp — 4 (z— f) 

Ss T'(r—1) 

where pee 

1+] _, 14a, 

z=oln; and ¢=In7—y ; 
r is the number of tracks, / is the sample intra-class coefficient and 

i sracaubers Feeeee z 1] 

» k—1| (k—-1)o?2+0,? 


_ where o,? is the population value of v — vm and that of vm is o,°/(k — 1). 
If we test the hypothesis that the intra-class correlation is zero, then s=0-36 
and ¢€=0. 
Now the variance of z— ¢ is approximately equal to 
1 1 


BL hae oye one 
(t+sa) 


262 K. Phillips and K. R. Allen 


for the present case. The deviation x—{ is then nine times greater than the 
variance. This is very improbable and therefore the observed correlation is not 
likely to be purely accidental. 

Another check on the correlation between the overlapping angular measure- 
ments may be obtained by examining their distribution for different amounts of 
overlap. The distribution of the mean 


n 
moe 


of the 24 tracks is shown in figure 1 (a), whilst figure 1(b) gives the distribution 
of the means of angles used in (a) together with the first set of overlapping readings. 
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Figure 1. Histograms of overlapping values for different degrees of overlap, (a) non- 


overlapping, n angles, (6) non-overlapping and 1st set of overlapping readings, ~2n > 


angles, (c) non-overlapping with 1st and 2nd set of overlapping readings, ~3n 
angles, (d) non-overlapping with 1st, 2nd and 3rd set of overlapping readings, ~4n 


angles, (e) comparison of the relative standard deviation for different degrees of 
overlap. 


Figures 1(c) and 1 (d) include the second and third set of overlapping readings 
respectively. From the shape of these distributions it is easy to see that the effect 
of using the additional angles obtained from the overlapping readings is to yield 
a narrower distribution of m. The standard deviation about the mean m for 
the four distributions has been calculated and is plotted in figure 1 (e) against 


cd 
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F ment the time interval between expansion and the light flash was kept as small as 
- possible. Not all of the distortion due to gas turbulence is time dependent, and 
= 
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the degree of overlap. The error limits are taken as plus and minus the standard 
deviation of the standard deviation which for a normal population N is given by the 
s.d./(2N)"?. The reduction of the standard deviation with overlap is quite 
significant but it is not as large as one would like. For instance in the third over- 
lap there are almost four times as many second differences than if the readings 
were completely independent. The use of overlapping intervals in multiple 
scattering measurements for the coordinate method has been studied theoretically 
by Schonland (1955). He showed that the minimum value of the relative errors 
were only reduced by about 12% by using doubly overlapping intervals and by a 
further 4° when triply overlapping measurements were made. These results 
have also been plotted in figure 1 (e) for the purpose of comparison and tend to show 
a smaller reduction than the present values indicate. It may not be strictly 
permissible to compare Schonland’s values here since the overlapping techniques 
are somewhat different and furthermore the present results are only for a few 
angular deflections pertrack. Evensothe measurements substantiate Schonland’s 
idea that the decrease in the error is not commensurate with the additional work 
involved. 


§ 3. ESTIMATION OF ERRORS 


The angle between successive chords of an electron track in a cloud chamber, 
i.e. for any cloud chamber track divided into sections, may be taken as a measure of 
the radius of the track in the magnetic field, and the multiple scattering of the 
track. ‘These measurements are modified by the observer errors and any dis- 
tortion of the track due to turbulence of the gas in the cloud chamber. As the 
validity of an experiment of this sort depends so much on the estimation and 
elimination of such errors, a careful study of the various sources of error was made. 

Although each track was measured twice it was felt that a true estimate of the 
errors could not be effectively made once the observer had carried out a series of 
measurements and had access to the results during the repeat run. ‘This method 
may help to eliminate any large errors such as taking the wrong scale reading, 
but there may be a tendency for the observer to keep to the initial set of readings. 
In an attempt to estimate the observer errors, successive measurements of the 
angles were made on one track and repeated at an interval of several days, the 
observer not being allowed access to the previous measurements. This precaution 
was taken in an effort to eliminate any bias and not only gave an accurate estimate 
of the error but also an idea of the long term consistency of the results. A total of 
ten separate measurements was made on the same track, giving ten readings for the 
angle between the first and second chord, second and third chord, etc. The 
means of these sets of readings were calculated and the variances were found to be 
0-057 for the electrons and 0-051 for the positrons. 

Another likely source of error is due to the motion of the gas in the chamber. 
Cusack and Stott (1955 b) have shown by a double flash technique that only when 
the first photographic flash occurred at a time interval greater than 100 milli- 
seconds after the expansion of the chamber, and when the time interval between the 

first and second flashes was more than 150 milliseconds was it possible to detect 
track doubling. They also point out that the distortion nearly always occurs at 
the edge of the chamber. In an attempt to avoid distortion in the present experi- 


/ 


264 K. Phillips and K. R. Allen 


in the course of the scanning, it was noticed that some of the tracks had small single 
scatters near the edge of the chamber. This effect was possibly due to the motion 
of the gas, caused by temperature gradients or irregularities at the chamber’s 
edge, and was examined in greater detail by comparing the angular deflections 
of the first and last measurements with the other angles along the rest of the track. 
An analysis of the variance of these two groups of measurements was carried out 
from a sample of 67 electron tracks. 

The variance ratio between tracks and the remainder was 3-68 whilst the 
variance ratio between groups and the remainder was 180. The theoretical F value 
for these degrees of freedom are approximately 1:5 and 9-8 respectively, thus 
indicating that the distortion in the end cell was highly significant and on the basis 
of this result, portions of tracks included in a ring 2-5 cm wide around the edge 
of the chamber were ignored. Distortion also arises when an electron track. 
approached. an area of intense ionization such as may be produced by heavily 
ionizing particles. In order to avoid this, photographs which showed any form 
of «-particle contamination were discarded. 

In the determination of particle energy the obvious question arises as to how 
the multiple scattering of the electron affects the measured energy of the particle. 
Williams pointed out that multiple scattering introduced a spurious curvature of a 
track in a magnetic field. Bethe (1946) gave an expression for the mean scattering 
curvature of the form p/p = 8/8, where B, c is the critical particle velocity, below 
which major contribution to the curvature arises from scattering, with 


Z (BP\*? 
By = 16-5 as) 


where H is the magnetic field in oersteds, Z is the atomic number, P is the number 
of nuclei per molecule, B= 1+ 0-444 log (pdmax)/(mc Z"), x and p are the path 
length and momentum of the electron respectively, ¢émax is the maximum angle 
which can be readily recognized as a single scatter = 0-1 radian. 

Under the conditions of the present experiment these expressions indicate 
that the error in the radius due to multiple scattering is only about 1% for a track 
of 40cm radius. Normally the radius of curvature of a reprojected electron 
track is measured by comparing the track with circular arcs inscribed on a thin 
Perspex sheet. ‘This method works very well on a track which is not scattered. 
For instance it was found that the radii of test circles could be measured to within 
+0:5cm. For a-track which had a certain amount of scattering, particularly 
small single scatters of about 15°, errors in the radius were as large as + 20%, if the 
observer did not take into account the scattering. A better method of estimating — 
the radius of the track was obtained from the angular deflections of successive 
chords. ‘The radius is given by chord length/(2sin }m). By this method small _ 
single scatters can be detected and eliminated. 5 

Due to the curvature of the track in the magnetic field the chord length does ; 
not exactly correspond to the length of the track. For instance for a track of 40 cm ; 
radius the chord length is less than the true length of the track by about A 
Since, however, the mean scattering angle is proportional to the square root of the 
chord length the error will only be about 2%. 


§ 4. RESULTS AND COMPARISON WITH 'THEORY 


About 200 positron and 200 electron tracks were measured and after end 
measurements had been eliminated in an attempt to avoid distortion, abou 
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1000 second differences remained. The mean energy of the tracks which were 
distributed in the energy range 7 to 17 Mev was 13-5 Mev for the electrons and 
10-9 Mev for the positrons. The distribution of the angular deflections for both 
electrons and positrons is plotted on arithmetical probability paper in figures 2 (a) 
and 2(b) together with the normal part of the distribution for Moliére’s and 
Williams’ theory. The theoretical values have been adjusted to take into account 
the errors in measurement and a correction was also made to the actual path length 
due to the curvature of the track. The value of the experimental standard 
deviation for electrons with a mean energy of 13-5 Mev was found to be 0:98 + 0-045 
and the theoretical value given by Moliére was 1:04. For the positrons with a 
mean energy of 10-9 Mev the experimental standard deviation was 1-32 + 0-044 and 
the theoretical value was 1:36. The error limits on the experimental values are 
taken as plus and minus the standard error/(2N)"?. From these results it can be 
seen that there is reasonable agreement between the experimental results and 
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Figure 2. (a) Experimental angular distribution of electrons compared with the normal 
part of the distribution for the theories of Moliére and Williams. (b) Experimental 
angular distribution of positrons compared with the normal part of the distribution 
for the theories of Moliére and Williams. 


values given by Moliére’s theory. The theoretical values given by the Williams 
~ theory, equation (1), are about 10% higher than these values. ‘There are slight 
discrepancies in the angular distribution between the experimental results and the 
theory of Moliére for electrons particularly in the larger angles. The differences 
are relatively small and cannot be considered significant. 
In order to investigate the variation of scattering with energy, the total popula- 
tion of electrons and positrons was divided into 1 Mev groups and the r.m.s. 
multiple scattering deflection of each group was calculated. These results are 
shown in figures 3 (a) and 3 (b) together with the theoretical curves of Moli¢re 
and Williams. In general there is reasonable agreement with the theory but it is 
‘not possible to differentiate between the two theories due to the magnitude of the 
statistical errors in the experimental results. There is however a tendency for the 
experimental variation of the multiple scattering with energy to be flatter than the 
theoretical curves for both electrons and positrons, i.e. the values are lower than 
the theory for energies less than 10Mev. The shapes of these curves shown in 
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figures 3 (a) and 3(b) are very similar to the results of Bird and Hines for the 
multiple scattering of protons up to 5 Mev and Groetzinger et al. for electrons up 
to2mev. In both cases the experimental results were too low at the lower energies 
and do not fall off rapidly enough with increase in energy. Even so it does not 
seem reasonable to compare the present results with the results of these investiga- 
tions as they were carried out in different energy ranges. Since there is good 
agreement with theory for the mean value of the energy, averaged out over the 
whole range, it seems necessary to look for another explanation of this effect. If 
there were large errors in determining the energy of the individual tracks it is 
likely that the mean value of the energy of the total population is accurate but the 
errors in the energy determinations would re-distribute some low energy tracks in 
the higher energy region and vice versa. ‘This argument may be applied to the 
results of all cloud chamber experiments but it cannot be applied to the results of 
Bird and Hines who chose accurately known Q-values and energy spectra which 
made it possible to determine the energy of the protons accurately. It does seem 
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Figure 3. (a) Variation of the experimental value of the r.m.s. scattering angle with energy 
for electrons compared with the theories of Moliére and Williams. (6) Variation of 
the experimental value of the r.m.s. scattering angle with energy for positrons 
compared with the theories of Moliére and Williams. 


however that the multiple scattering of electrons at low energies (approximately 
0-5 Mev) is less than that predicted by Moliére theory. Hisdal who measured the 
scattering in nuclear emulsions found that the ratio of the observed mean angle of 
scattering to the theoretical value was 0:62. The work of Cusack and Stott for 
scattering in argon tends to confirm these results. In the present work unless 
there is an error in the energy determination it is difficult to see how any other 
experimental error can possibly reduce the multiple scattering. Experimental 


errors which were larger than estimated would only widen the distribution with a 


consequent increase in the r.m.s. scattering. Ifthe present results are extrapolated 
to lower energies they will give similar discrepancies to those found by other 
workers. At the higher energies the results agree reasonably well with theory and 
confirm the measurements of Corson (1950, 1951) for the scattering of 20 Mev 
positrons and electrons in nuclear emulsions and also with Hanson e¢ al. for 15:7 
Mev electrons. Since the majority of experimental results tend to be low at lower 
energies it is of interest to enquire into the reason for this. It is difficult to see 
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that the differences are due to the statistical theory of multiple scattering but they 
may be attributed to the approximation made in the Thomas—Fermi field. Some 
doubt has already been thrown on this field representation by Lenz (1954) who 
was able to find better agreement with the results of the small angle scattering 
by Biberman, Sushkin and Fabrikant (1949). 


§ 5. CONCLUSIONS 


The following conclusions may be drawn from the results of the present work ; 
(1) Good agreement is found between the theory of Moliere for the multiple 
scattering of electrons and positrons with mean energies of 13-5 and 10-9 Mev 
respectively. (ii) The experimental r.m.s. scattering angles indicate a slightly 
smaller value at energies less than 10 Mev but agree reasonably well with theory at 
higher energies. ‘This tends to confirm the results of previous workers that the 
scattering at lower energies may be smaller than predicted by theory. (iii) There 
is no significant difference between the multiple scattering of electrons and 
positrons. ‘This is in agreement with the calculations of Mohr who indicates 
that the differences were only likely to be of the order of 1%. This differs from 
the findings of Heymann and Williams. (iv) Overlapping measurements of the 
multiple scattering indicate that there is little advantage to be gained by this 
technique. 
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Abstract. It is shown that the scalar representation of electromagnetic fields 
introduced in an earlier paper leads to a new model for energy transport. The 
energy may be considered to be carried by two mutually incoherent scalar waves, 
each of which arises from contributions of circularly polarized components of the 
same helicity. In a monochromatic field the energy density and the energy 
flow of each of these two partial waves are time-independent and the energy flow 
is at every point of the field in the direction of the normal to the surface of constant 
phase of the wave. Mathematically, the two partial waves are represented by 
‘analytic signals’ (containing spectral components of only positive or negative 
frequencies) into which the complex potential of the field may be decomposed. 

As an immediate consequence of these results, a new representation of an 
unpolarized quasi-monochromatic electromagnetic field is obtained and it is 
shown that, under usual conditions, the ‘complex disturbance’ of the classical 
scalar diffraction theory of optics may be identified with the complex potential 
of this representation. 


§ 1. INFRODUCTION 


N an earlier paper (Green and Wolf 1953, to be referred to as I) a new repre- 

] sentation of electromagnetic fields in a vacuum was introduced. ‘The field 
was represented by a (generally complex) scalar potential, in terms of 
which the energy density and the energy flow were defined by expressions similar 
to the quantum mechanical expressions for the probability density and the pro- 
bability current. Such a representation was obtained by utilizing,in an appropriate 
manner, the subsidiary (Lorentz) condition of electromagnetic theory. The 


_ analysis was extended to regions which include charges and currents by Roman 


(1955), and the method was used by him and also by Nagy (1955) in quantum 
mechanical investigations. Focke (1957) employed the theory in the analysis 
of an optical diffraction problem for which the usual optical scalar theory is 
inadequate. Recently Roman (1959) has investigated the transformation 
properties of the complex potential and derived the associate energy-momentum 
tensor. 

In the present paper some further aspects of this new representation are 
discussed. In particular itis shown that the representation leads to an interesting 


‘new model for energy transport: The energy may be considered to be carried 


by two mutually incoherent scalar waves, each of which contains contributions 


+ The research described in this paper was sponsored by the Air Force Cambridge 
Research Center of the Air Research and Development Command, United States Air Force, 


_ through its European Office, under Contract No. AF 61(052)—169. 
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from circularly polarized plane wave components of definite helicity (right- or 
left-handed). Mathematically these two waves are represented by two ‘analytic 
signals’ (containing spectral components of only positive or negative frequencies) 
into which the complex potential of the field may be decomposed. In a mono- 
chromatic field, the energy density and the energy flow vector of each of the two 
waves are time-independent and the energy flow of each is along the normal to its 
surface of constant phase. 

As an immediate consequence of these results a new representation of an 
unpolarized quasi-monochromatic electromagnetic field is obtained, and it is 
shown, that under usual conditions the (usually undefined) ‘complex disturb- 
ance’ of the classical scalar diffraction theory of optics may be identified with 
the complex potential of this representation. This analysis places the optical 


scalar theory on a rigorous foundation and the theory is found to have a much 


wider range of validity than is usually believed to be the case. 


§ 2. TRANSITION TO THE SCALAR ‘THEORY 


It will be useful to begin by briefly summarizing the main results obtained 
inI. At the same time some of the formulae will be recast into forms which are 
somewhat more convenient for the purpose of the present discussion. 

As is well known an electromagnetic field in vacuum is completely specified 
by a real vector potential A(x, t), which satisfies the subsidiary condition 


divA=0. baw reds (2.1) 
We assume that A may be represented in the form of a Fourier integral 
A(x, t)= | fa(k, t) cos (k.x) + b(k, t)sin (k.x)}dk, ...... (2.2) 
Kt 


where, since A is real, the integration is taken over half of k-space. We chose 
the half-space (denoted by K+) for which the z-component k, of k, with respect 
to some fixed system of Cartesian rectangular axes is non-negative. 

The condition (2.1) implies that for each k (except perhaps for a set of measure 
zero which is of no physical interest) 


Keak, 2) =k, DUK. f) see ye ea (2.3) 
To utilize fully these conditions we associate with each k two real, mutually 
orthogonal unit vectors 1,(k) and 1,(k), both at right angles to k: 


k kal 
Lith) see i ae 
i(k) Fete 1,(k) [teal Lioelzoce anit (2.4) 
where n is a (real) arbitrary but fixed vector. According to (2.3) the vectors 
a and b lie in the plane of 1, and 1, and hence may be expressed in the form 


a(k, ¢) =a], + alo= (a. 1))1, + (a. 1p)le, \ (2.5) 
b(k, t) = djl, + daly= (b.1,)1, + (b. 1). rt 
Next we form the complex combinations f 
a(k, t) = ay + 19, \ 
Hs bstea 2.6 
B(k, t)=b, + tbe, ( 


and regard « and f as Fourier coefficients of a new function V, called the complex 
potential of the field: 


V(x, t)= i alts t) £08 (Ke) + Blk, £)sin (K..x)} dk. ......(2.7) 


—— 
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Once the constant vector n which enters the expressions (2.4) for the base 
vectors has been chosen, the complex potential V is uniquely specified by the 
Fourier components a and b of the vector potential A and hence by A itself; 
conversely it is easily seen by using the Fourier inversion formula that the vector 
potential A is uniquely specified by the complex potential V. 

We shall now express the relation between A and V ina more compact form. 
For this purpose it is convenient to begin from a Fourier representation of A 
which involves the exponential rather than trigonometric functions, i.e we write 


AQt)=| elke t)exp (ikiax aku pee (2.8) 


where the integration is now taken over the whole k-space (denoted by K). 
In place of (2.3) one now has, as a consequence of (2.1) 


RACK tO ee ath oy oe (2.9) 
for every k. Moreover, since A is real, 
chee IAG ARS wee Eo Te ieee (2.10) 


where the asterisk denotes the complex conjugate. 
Next we introduce a set of complex base vectors L, defined in terms of 1, 
and 1, of equation (2.4) by 


L(k)=1,(k)-#21(k). (&,20), - ..2... (2.112) 
Dee ye LK) tem eg Ska (2.116) 
and define the quantities 

WK ee LK )ec( Kyi). 2 oe Ys ae ces (2.12) 

Then the complex potential V is given byt 
ome | PAID Ext) SO. 0k Ne ape (2.13) 

K 
Now from (2.12), using the Fourier inverse of (2.13), 

Mika) = a8 L(k). | AC Heep Gaik’ x!) axy Jee, (2.14) 


the integration being taken over the whole x’-space. Substitution from (2.14) 
into (2.13) leads finally to the formula 


Vi%,t)= | A(x’, t).M(x'—x) dx’, seen (2.15) 
_ where 


M(x) = ar). (ky ee0 (ie iks x) dice (210) 


+ Between the quantities a, b and c, and between «, f and y the following relations 
hold: 
eke sts (k, 1) -ibtk, 2)] k,20, 
[a (—k, t)+ib(—-k, ¢)], &, <9, 
ik Be oe 1) i(k, 2)] k,20, 
4[a(—k, t)+78(—k, #)]. &, <0. 
These relations, as well as the equivalence of the formulae (2.13) and (2.7) are easily 


established by direct comparison, expressing the right-hand sides of (2.8) and (2.13) as sums 
of two integrals, each over one half of the k-space and on using the fact that A is real. 
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The formula (2.15) expresses the complex potential V as a linear transform of 
the real vector potential A, the kernel M of this transformation being the Fourier 
transform of the set of the complex base vectors L(k). 

The inverse transition from the complex potential V to the vector potential A 
may also be expressed as a linear transform, One finds from (2.12), with the 
help of (2.11) and (2.10) that 

c(k, t) = $[y(k, 2) L*(k) +y*(—k,#)L(k)]. —.... (217) 

On substituting on the right of (2.17) from the Fourier inverse of (2.13) it follows 
that 


(kin) = Te, [L*(k) | 71) exp (—ik.x!) dx’ + L(k) V*(x’, t) 
mexp (42k.x!) dx! ee (05s (2.18) 


On substituting from (2.18) into (2.8), and using the relation M(—x)=M(x) 
which follows from (2.16) and (2.116), we obtain the required formula: 


A(x, 1)=2 | V(x',f)M*(x'—x)a’, eee (2.19) 


& denoting the real part. 
It was shown in I, that because A satisfies the vector wave equation 


12 

VA= aA, ws Ghee (2.20) 
the complex potential V satisfies the scalar wave equation 
; eee 
= POU nt) an & |p i cn cick (2245 
a result which may also readily be verified with the help of (2.15). 

For the purpose of later discussion, the following results are also needed: 
In terms of V, the energy density w of the field may be expressed in the form 


Vea 


‘fg A oe ee 
w= sc(a VV++0V.V*), Fe (2.22) 
and the energy flow vector S is given by 
Ss = (V*V + VIS on tell auithebioe! 4 (2.23) 
These expressions, which satisfy the usual conservation law 
dw : 
= + div Sat (), ipa CoS LEAR (2.24) 


are formally identical with the quantum mechanical expressions for the probability — 
density and the probability current. A justification of the expressions (2.22) and 
(2.23) was given in I. A more complete discussion of this point will be found — 
in a paper by Roman (1959). ; 


§ 3. A New Mopet ror ENERGY TRANSPORT 


Let us represent the complex potential V as a Fourier integral with respect 
to the time variable t: 


V(x,t)= | “20% a)exp (—iwt) de sad batpada 
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We divide the range of integration into two parts corresponding to negative and 
positive frequencies and write 


V(x, t) = V(x, t) + V_(x, py 
where 


0 (oe) 
Pox; t) = | u(x, w) exp (—iwt) dw = | U(X, —w) exp (iwt) dw, 

— 0 

os (3:3) 
V_(, )=| o(x, «w) exp (—iwt) de. 

0 4 
Since V is in general complex, V, and V_are not, in general, complex conjugates 
of each other. Because V satisfies the wave equation each Fourier component 
v(x,@) of V, and hence also each Fourier component of V, and V_ satisfies 
the Helmholtz equation. This implies that Vand V_ satisfy the wave equation, 
i.e. 
oY 


2 Soe) | eleispevere 


VV ,= z V4,° WV_= 


CS 


We shall refer to V, and V_ as partial waves. 


Consider the energy density w of the field. If we substitute (3.2) into (2.22) 
we obtain 


WWE We tes EUS s IGE (3.5) 
where 


70 


ex A(hraPrves7..27.) | 
= (=V_V*+VV_.vV_* 

8a \c? 

are the energy densities of the two partial waves and 


wes 2 E (VV #40 ,4V_)+(WV,.VV_A+ 0,4. vv.) | 
TT 


is the contribution to the total energy density arising from the interference of 
the two partial waves. 
Similarly, according to (3.2) and (2.23), the energy flow vector S of the field 


_may be expressed in the form 
S2=S 2+ SaS outs & ot o>) ater. (3.8) 


_ where 
S.=- (VAW +00") 
pene Z OLSEN Op II (3.9) 
_ are the energy flow vectors of the two partial waves and 
f one 2 (VFVV_4VVV_*#4V AV 4V_VV A) sees (3:10) 


is the contribution to the total flow vector arising from the interference of the 
_ two partial waves. 


274 E. Wolf 


We shall now evaluate the time averages of w and S. For this purpose 
consider a typical term on the right of (3.7). Using (3.3) it may be expressed 
in terms of the spectrum v of V as follows: 


Vee V_*=— lite wu'v(x, —w)v* (x, w’) exp [i(w +o’ )t] dw dw’. 


0 ) 


Hence the time average (denoted by angular brackets) of this quantity is 


r o fo 
(V.0_*) = —lim | dt { { we'd (x, —wo¥(x, co" exp [é(eo + «»")t] deo des! 
—T 0 0 


T>o 
woe ae teed, A : rf. (sin [(w+w’)T] We she 
= ( iP ww'v(x, —w)v (<0!) lim (ee i w dw 
a= (). 


In the same way the time average of each of the other three terms in (3.7) may be 
shown to vanish, so that 


CU De Vie, a ee a ouicce (3.12) 
In a similar manner it follows that 
10 1) ie Saree ie eras (3.13) 


Thus on the time average, the two partial waves do not give rise to interference 
effects, the time averaged energy density and the time averaged energy flow vector 
of the field being equal to the sum of the time averaged energy densities and the 
time averaged energy flow vectors respectively, of the two partial waves: 
(a) = (m4) + (w_), \ see (3.14) 
(P= 4S 2 eta65=)- 
We may say that the two partial waves are mutually incoherent. 

Since according to (3.3) each of the partial waves has spectral components 
which belong to one half of the frequency range only, the wave functions V. 
and V_ each represent what in communication theory is known as an analytic 
signal+. ‘This name derives from the fact that under fairly general conditions 
such a function, when considered as function of complex ¢ is analytic in 
one half of the complex plane, V_, being analyticin the lower, and V_ in the upper 
half of this plane. ‘The real and imaginary parts of such a function are related 


by Hilbert’s reciprocity relations. Thus if superscripts r and i refer to real and 
imaginary parts, 1.e. if we write 


Ve FO FiO" Vises VO FAV OS ue aus (3.15) 
where V,™, V,®, V_ and V_® are all real, then 
+2 ¢ ) Ui f+ , 
VO (x, t) = — = | rE) ay V,9~,)=2 | te Es 
Timi Uy trod T Jeawm vt’ —-t 
and ; 
Yd a V_(x t') Pte yw t’ 4 
V_(x, t)= = eS ae (r) gv 2K Ee : 
(x, t) =| a dt’, V (x,t) -| ea | 


and P denotes Cauchy’s principal value at t’ =t. 


et, The concept of an analytic signal is due to Gabor (1946). The properties of such 
signals’ have been extensively studied (cf. Ville 1948, 1950, Oswald 1956). Analytic 


coe net play an important role in some branches of optics (cf. Born and Wolf 1959, 
chap. X). 
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Before discussing the physical significance of the two partial waves it will 
be shown that the decomposition into these waves has some interesting conse- 
quences for a monochromatic field, i.e. when A is of the form 


A(x, t) = F(x) exp (—iwt)+ F*(x)exp(iwt), sven. (3.07) 
where F is a (generally complex) vector function of position. If we apply to 


(3.17) the transformation (2.15), we obtain 


BAX: bye VS (KG Ea Xb) ek wa eddie (3.18) 
where 


V_(x, t)= U_(x) exp (—iwt), V,(x,t)=U,(x) exp (iwt), ...... (Se19) 
and 
U(x) = | F(x). M(x =x) dx, } 
ee: (3.20) 
U(x) = | F#(%') M(x’ —x) do. | 


On substituting from (3.19) into (3.6) and (3.9) the following expressions are 
obtained for the energy densities and energy flow vectors of the two partial waves: 


1 /w? 
a a(S U_U*+VU_.vU*), 
bina aie efi es eR ia) ORE ood Share (3.21) 
ae ae U,Ut+VU,.VU,*) 
a = (GAVU ULV UL"), 
me Pe (3.22) 


Sin = (USN fa UNC), 


The formulae (3.21) and (3.22) show that the energy density and the energy flow 
vector of each of the two partial waves associated with a monochromatic field are 
time-independent. 

Let a_ and a, be the amplitudes, and ¢_ and ¢, the phases of U_ and U, 
respectively, i.e. let 


U_=a_exp(is_), Uj=a, exp (i$,),  s... (3.23) 


Ewhere the a’s and the ¢’s are real. On substituting from (3.23) into (3.22) it 
follows that 


Sivas eve, S,=- pt Vbw neh ax (3.24) 
TT 


i ith a monochromatic 
i.e. the energy flow of each of the two partial waves associated wit 
field is at every point in the direction of the normal to the surface of constant phase 
of the wave. z ‘ 
In the usual representation the orthogonality between the energy flow an 
the surface of constant phase is, in general, valid only in the limit of the geometrical 
_ optics approximation, i.e. in the high frequency limit w-> 00 (cf. Born and Wolf 
1959, pp. 112-113). In the present representation this orthogonality is seen 
to hold rigorously for each of the two partial waves of a monochromatic field, 
me Pecuive of the frequency. 
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§ 4. THE PHysicaL SIGNIFICANCE OF THE TWO PARTIAL WAVES 
In order to appreciate the physical significance of the two partial waves it 
will be sufficient, as will be seen shortly, to consider a monochromatic field. 
Thus we consider a vector potential of the form (3.17): 
A(x, t) = F(x) exp (—twt)+ F*(x)exp(zwt). —..- (4.1) 
We represent F in the form of an angular spectrum of plane waves, i.e. in the 
form} 
+ 00 +0 
F(x) = | | exp {i(k,x +h,y)}[P (Ras ky) exp (ik,2) + @(Ry» k,) exp (—t.2)] 
Oy all de ldhs thoes (4.2) 


w 2 1/2 
kate [(¢ ) ~ he ky | 5 edge CRO (4.3) 


On substituting from (4.2) into (3.20) and using the inverse of (2.16) one finds 
that 


+a +0 
Vee | } {L(k(). P(R,y ky) exp (ik. x) 
+ L(k‘). Q(,, k,) exp (ik. x)} dk, dh, 


wheret 


Uox)= [0 [7 {L(K-%).P* ashy) exp (ik) 

“AS + L(k™). Q*(k,, k,) exp (—ik™.x)}dk, dk,. | 

where eee, (4.4) 
saa mats (4.3) 


It is seen that for each pair of values k,, k,, there are two monochromatic 
plane scalar waves which contribute to V_ viz. 


VW _O(x, t)=W_ M(x) exp (—iwt) 
= L(k™).P(k,,k,) exp [i(k .x—wt)], 

V(x, t)=W%_'(x) exp (—iwt) 
=L(k), Q(k,, k,) exp [i(kO. x —wt)]. 
‘These wave functions represent waves propagated in the direction specified by 


the vectors k‘ and k™ respectively. 
There are two similar contributions to the other partial wave V,, namely 
W O"(x, t) =U, (x) exp (iwt) 1 
= L(k) .P*(k,, k,) exp [—i(k.x—wt)] | 
Vx, t) =H (x) exp (iat) [ 
=L(k™). Q*(k,,k,) exp [—i(k\.x—wt)]. | : 
oe That such a representation is possible is shown in the Appendix. If, as is often the 
can ine a field obeys Sommerfeld’s radiation condition in the half-space z>0, 


ai When Rik > w?/c?, k, is complex and equal to ket +khyt—(w/o)*P*. $T 
corresponding terms in (4.2) then represent evanescent (damped) waves. 
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To find what kind of vector potential corresponds to these waves we apply 
the transformation (2.19). Let A denote the vector potential corresponding 
to ¥\), A the vector potential corresponding to /© ete. Then, if the inverse 
of (2.16) and the relation (2.11 d) are also used one finds that 


A_H)(x, t)=A[L(k), Piz. k,)] L*(k“) exp [i(k .x — wt)], 
A O(x,t)= ALL(k™).P*(k,, k,,)]L* (kK) exp [—i(k(Y. x 02) |e aan see (4.9) 
The vector potential A_“ may be formally obtained from (4.8) by replacing 


P by @ and k‘ by k©, and the vector potential @ (0 by making the same 
substitution in (4.9). Next we set 


L(k). P(R,,k,)=g exp (ab), \ (4.10) 

Epa ePe (EBRD) Sir exp(2y),J ab) wnt Male : 
where g, h, y and y are real. Remembering that L*=1,—il,, (4.8) and (4.9) 
become 

A_H= gil, cos [P +k .x— at] +1 sin [P+kO.x—-—wt], 2.0... (4:91) 

A O=hi1,™ cos [y+k.x—wt]—-1,sin [y+ k.x-wt]}, ...... (4.12) 
where 1,™ is written in short for 1,(k™) etc. Since 1, and 1, are mutually 
orthogonal unit vectors at right angles to the propagation vector, it follows that 
@_“ and @,™ each represents a circularly polarized plane monochromatic 
wave, one of these waves being left-handed, the other right-handed. There is 
a similar interpretation for A_\~ and @,“. The following theorem is now 
evident: 


If the vector potential of an electromagnetic field is decomposed into mono- 
chromatic plane waves of all possible frequencies and directions of propagation, and 
if, further, each plane wave is decomposed into two circularly polarized components, 
one left-handed the other right-handed, then the partial wave V _ 1s the complex 
potential formed by all the circularly polarized components of one kind, and the 
partial wave V.. is formed by all the circularly polarized components of the other 
kind.t 

Now each circularly polarized monochromatic plane vector wave may be 
specified by:: (1) its propagation vector k, (2) the radius a of it polarization circle, 
(3) a phase angle @ and (4) the sense in which the polarization circle is described 
(helicity). ‘The corresponding contribution of such a wave to the appropriate 

“partial wave of our scalar theory is a exp {i[0 + (k.x—wt)]} the choice of the sign 
in the exponent depending on the helicity. | 


§ 5. A REPRESENTATION OF AN UNPOLARIZED QUASI-MONOCHROMATIC 
FIELD 


It will now be shown that the preceding analysis leads to a very simple repre- 
sentation of an unpolarized, quasi-monochromatic field. 
Let us consider such a field and let the associated complex potential be 


decomposed into the two partial waves, 
Vix Da PaOG ip VaR Lt cen p ae cxee: (5.1) 


+ The superposition of circularly polarized plane waves of the same frequency but of 
different directions of propagation does not, in general, give rise to a wave which itself 
is circularly polarized. Hence the suggestion made in the last sentence of the footnote on 


p. 1134 of I, relating to the significance of a partial wave is incorrect. 
x. 
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On physical grounds it is obvious that on the time average the two partial waves 
(5.1) have now the same energy density and also the same energy flow; for 
if this were not so, there would be an asymmetry in the physical situation which 
is inconsistent with our conception of an unpolarized field. Hence 


(w_)=(w,), <(S_)=(S4) 
and from (3.14) one sees that 


DIRE A \ baw (5.2) 
(S) = 2¢S_) = 2<S,). 

It follows that the (time averaged) energy density and energy flow vector of an 
unpolarized field may be derived from a single complex scalar wave function which 
is an analytic signal, i.e. which contains only negative, or only positive, frequency 
components. 

Consider now a stationary quasi-monochromatic field, which for simplicity 
is assumed to exist only for a finite but long time intervalt -T<t<T. Thenit 


follows by a straight forward calculation similar to that made in connection with 
(3.11), that 


the approximation arising from the replacement of the integral 


[_exp(-ilo—0'9 dt 


by 5(w—w’), 6 being the Dirac delta function. In (5.3) w, isthe energy density 
and S_, the energy flow vector associated with a typical monochromatic (Fourier) 
component v(x, | w)exp(+zwt), of the complex wave function{. If a,(x) 
denotes the amplitude and ¢,,(x) the phase of v, i.e. if one writes 


U(X, to )= a(x) expiid. (he ak oS uence (5.4) 


where a, and ¢,, are real, then 


2 
W= 7 {(2) vot + Ve. Vor | 
4m \\c 


=2 {| (2)"+ (Vos | at (Va, are (5.5) 


S =+ = {pt Vo— over} 


TT 
= =e = a,,"V¢,,+ eoeeee (5.6) ‘) 


; According to (5.3) the time averaged energy density (w) of the field is propor- 
tional to the integral of the energy densities w,, associated with all the spectral 


t By ‘long’ we mean here that T>1/Aw, where Aw is the effective spectral range. 
The restriction to a finite time interval is imposed here to avoid a lengthy mathematical 
refinement which, whilst necessary in rigorous treatment of stationary random processes, 
adds little to the physical significance of our results. 

} The upper or lower signs are taken here and also on the right hand side of (5.6 
according to whether V, or V_ is chosen to represent the unpolarized wave. 
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components (incoherent superposition); and the time averaged energy flow 
vector S of the field is proportional to the integral of the flow vectors Sie us the 
spectral range is sufficiently small} and centered on a mean frequency @, one can 
take the energy density w, and the energy flow S, which correspond to this mean 
frequency as being representative of the spectral distribution of (w) and (S$) 
themselves. 

These results have an interesting bearing on the question of validity of the 
scalar diffraction theory used frequently in optics, in the study of diffraction 
effects of apertures and in the analysis of optical images. In such investigations 
a single monochromatic scalar wave function is usually used to represent the 
‘complex disturbance’ (or the ‘light disturbance’); and the intensity I(x) of 
the light is determined from the time independent part v(x) = a(x) exp {76(x)} of 
this wave function by means of the formula 

CSE NE Se en NT Pre (5a) 
where C is a constant. As is well known, this procedure, which, from the 
theoretical point of view is usually regarded as a crude approximation, is in 
excellent agreement with experiment. However, the meaning of the ‘complex 
disturbance’ is obscure. 

It is tempting to try to identify the complex disturbance with the complex 
potential of our theory. If the optical intensity is interpreted as the absolute 
value of the time averaged flow vector S, such an identification is, according to 
(5.6), justified as long as in the region under consideration the absolute value of 
the gradient of the phase function varies slowly from point to point in comparison 
with the variation of the squared amplitude a?=vv*. ‘This later requirement 
is usually satisfied. In the limiting case of very high frequency (the geometrical 
optics limit), one may in fact assume that |V¢|=w/c=constant{. But even 
under conditions where the geometrical optics approximation is not valid, the 
identification may be justified. Consider, for example, the region of focus. 
Here the diffraction effects are very prominent, but it was shown recently (Linfoot 
and Wolf 1956, Farnell 1957, 1958) that in the immediate neighbourhood of 
focus the surfaces of constant phase are effectively plane and uniformly spaced, 
so that the gradient of the phase function is nearly constant. In this case, one 
again has, by (5.6), a proportionality between |{S)| and vv*. 

If the optical intensity is identified with the time averaged electric energy 
density the situation is somewhat less clear. However, if the first term on 
the right of the first relation in (5.5) is assumed to represent the electric energy 
density and the second term the magnetic energy density as seems plausible 
from the discussion given in I, then the intensity is strictly proportional to 
vu*. es 

In any case we may conclude that our present representation 1s completely 
adequate to answer all questions relating to the time averaged energy density 
and the time averaged energy flow in an unpolarized quasi-monochromatic field. 


- + An estimate of the permissible spectral range must be made separately in every 
particular case (cf. Theimer, Wassermann and Wolf (1952), p. 435). <n 
_ { This result follows in the usual way by setting $=woF(x)/c, then substituting 


: v=a exp {iwe¥(x)/c} 


a ' 
into the Helmholtz’ equation and retaining the terms of highest power in w only; one then 
ybtains the eikonal equation (Vo¥)*?=1 and this is equivalent to the relation | V¢|=w/c. 
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APPENDIX 


In this Appendix the formula (4.2) will be established. According to this 
formula the time independent part F(x) of a monochromatic wave function may | 
be represented in the form | 


Fom)= [J exptethos + ap HPC fy) (ih) 
7 +Q(k,, ky) exp (—ik,2)] dk, dky ...+5- (A1) 
where k,= + [(w/c)?—k,? —k,?]?”. 


It will be assumed that F(x)= F(x, y,z) has a Fourier integral representation 
with respect to the variables x and y, i.e. that F may be represented in the form 


F(x) = | a | ‘ f(Ray Ry 2) exp {i(Ry +hyy)} ky dky.  sssees (A2) 


Since F satisfies Helmholtz’ equation, one has from (A2), on using the Fourier 
inversion formula, 


d*f(k,,, Ry, 3 
wes es — [th k,.2); ecccce (A3) 
where 
2_(%\" Fig OF Oe 
tend Exel Pret Pomme t Re. ea RE Pe ALY (A4) 
The general solution of (A3) is 


f(A, Ry, %) =P(Rq, ky) exp (uz) + Q(k,, ky) exp (—mz), ..-.(A5) 
where P and @ are arbitrary functions of k, and k,. On substituting fom 
(A5) into (A2) and writing k, in place of that value of » which is given by the 
positive square root on the right-hand side of (A4), the formulae (A 1) follow 
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Abstract. ‘The transformation properties of the single complex quantity, 
introduced by Green and Wolf to describe the electromagnetic field, are investi- 
gated and the physical energy-momentum tensor of this field is derived in 
terms of the scalar theory. In particular, it is found that the energy density, as 
defined in the previous paper, is identical with that given by the physical energy— 
momentum tensor; and that the energy flow density differs from the one given 
by this tensor only by a divergence-free vector. 


§ 1. INTRODUCTION 


electromagnetic radiation field in terms of a single complex ‘scalar’ 

potential. ‘The formalism has been extended by the present author to 
the case where charges and currents are also present (Roman 1955). In this 
paper it was also shown that Green and Wolf’s theory describes properly the spin 
of the electromagnetic field. Further, the quantization of the general field was 
performed successfully. Recently, Wolf (1959) derived further properties of 
the formalism. 

A ‘scalar’ theory of electromagnetism is indeed very useful when dealing 
for instance with diffraction phenomena. Green and Wolf’s theory utilizes, in 
essentials, the fact that in a proper gauging all electromagnetic quantities can be 
expressed by two (transversal) components of the vector potential. ‘These are 
then rearranged in such a way that, as we shall see later, they form in a certain 
sense a two-component quantity: The field has definite transformation pro- 
perties, if one uses always a proper gauge. However, before applying the 
formalism to actual optical problems, there is still a question to be settled, 
namely that of the proper form of the energy- and momentum-density of the 
field. 

In their original paper, Green and Wolf (1953) derived expressions for these 
quantities such that their integrals over the whole space give indeed the total 
energy and momentum of the electromagnetic field. We shall see later that 
their expressions agree with those obtained from the canonical energy-momentum 
tensor. In the case of the energy density, this fact has already been used by 
Roman (1955). But it is well known that the canonical energy-inomentum 
tensor, which is derived from invariance under the operations of space and time 
anslations alone, is generally not the same as the ‘ physical’ energy-momentum 
or, which was defined by Hilbert (1915) as the source of the gravitational 


+ The work reported in this paper has been partially sponsored by the Air Force Cam- 
ge Research Center of the Air Research and Development Command, U.S. Air Force, 
rough its European Office, under Contract No. AF61(052)-169. 


S OME years ago Green and Wolf (1953) succeeded in describing the free 
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field. In our special case, the problem has another aspect, too. The scalar 
theory is completely equivalent to the usual vector theory. As pointed out, for 
example by Hill (1951), it therefore follows that the Lagrangians of the two 
theories can differ only by a four-divergence. Then, although the total energy, 
for example, will be the same in the two theories, the density of any dynamical 
quantity may be a different function in the two theories. Conditions for the 
identity of the densities were recently investigated in general by the present 
author (Roman 1958). In particular, it was shown that the canonical energy- 
and momentum-densities in two equivalent theories agree if, and only if, the two 
Lagrangians differ by a four-divergence which does not depend explicitly on the 
coordinates. Since in the present case the transition from the vector theory to 
the scalar theory is accomplished by an essentially non-local transformation, 
this criterion cannot be fulfilled. One may try to proceed in the straightforward 
way, expressing the original Lagrangian in terms of the scalar potential alone 
and finding in this way the difference between the two Lagrangians explicitly. 
One would then construct from this the terms which must be added to the 
canonical densities. Due to the non-locality of the transformation, however, 
the mathematical expressions become unwieldy and it does not seem possible to 
obtain useful results in this way. 

The only solution to the problem seems then to accept the view that every 
theory has a unique physical energy-momentum tensor as defined by Hilbert. 
We have therefore to calculate Hilbert’s physical tensor in the scalar theory and 
then, knowing that the scalar theory is equivalent to the vector theory, we can 
be sure that this will be the proper physical energy-momentum tensor for electro- 
magnetism. ;' 

Now the Hilbert tensor is given for theories with a first-order Lagrangian by 


Tiki? si —g*L, 
where g'* are the components of the metric fundamental tensor. Therefore we 
ought to know the general covariance properties of the fields. At this point one 
usually runs into difficulties, as for instance in the present case. Hilbert’s 
physical energy-momentum tensor, however, can also be calculated in the 
framework of special relativity. In fact, Belinfante (1939, 1940) has developed 
an ad hoc method to calculate a symmetrical energy-momentum tensor. This 
starts with the.canonical tensor and gives a prescription for calculating some 
terms which have to be added. Rosenfeld (1940) has shown that the Belinfante 
tensor is identical with the physical tensor of Hilbert. A simpler and more 
general proof of the identity, which applies also for higher-order fields and for 
fields in interaction with external sources, was given by Marx and Roman (1956) 
(see also Marx 1952). It should be pointed out that the canonical tensor itself 
does not necessarily agree with the physical Hilbert tensor even if it happens to 
be already symmetric. Thus, when working in the framework of special 
relativity, one has always to make sure that the additional terms of Belinfante 
vanish. An example to the contrary is furnished by the Lagrangian of the 
electromagnetic field used by Schwinger (1948), and this was treated by Marx 
and Roman (1956). Another instance is given, as we shall see, by the scalar 
theory of electromagnetism which we are considering here. : 


t We are indebted to Professor D. Bohm (Bristol) for this enlightening remark. 


A Scalar Representation of Electromagnetic Fields: III 283 


The applicability of Belinfante’s method depends on the Lorentz-covariance 
of the theory. Green and Wolf’s scalar theory of electromagnetism, however, 
is not covariant in the usual sense: the ‘scalar’ field function V has Fourier 
coefficients which are linear combinations of the first and second components of 
a vector. Nevertheless, the formalism that we shall derive is covariant under a 
combined Lorentz and gauge transformation. Although the physical impli- 
cations of such transformations are somewhat less obvious than those of pure 
Lorentz transformations, the result is a self-consistent scheme readily applicable 
to practical problems for which the scalar theory was intended. 

In §2 we shall investigate the transformation properties of the field and in 
§3 deduce the physical energy-momentum tensor. 


§ 2. ‘TRANSFORMATION PROPERTIES AND COVARIANCE 
The ‘scalar’ field function in Green and Wolf’s (1953) theory may be defined 
by t 


te MicyespGloik) ln see (2.1) 
where 
y(k, t) =y1(k, t) +1y2(k, 1); bee A'S (2.2) 
with 
y=c-h, SA ee ee he (2.3) 


Here c is the Fourier component of the electromagnetic vector potential A of 
the usual theory, and this is resolved into three components according to f 


e(k, t)=y,1,(k) +yolo(k) +ysla(k), Tees 


where 1, =k/|k|, and 1,, 1,, 1, are the unit vectors of a right-handed coordinate 
system in half of the Fourier space, e.g. wherek,>0. We agree further to asso- 
ciate with —k a left-handed system, so that 


1,(—k)=1(k), 1,(—k)=1L(k); 
and therefore we have the reality conditions 
dae co.) sass (25) 
y2(—k, t)=y2*(k, ¢). 


-y is a complex quantity, and we have 
V¥*(x, t)= | Pali ex (eikcx\zcaan eee . (2.6) 


Now it follows (using the Lorentz condition) that V and V* satisfy the field 
equations 


OV=0, Gel Veta Orr lie et ate pectic « (2:4) 
These can be derived from the action integral 
x at hopes 0,VOV dx= — Ldx veeeee( 8) 


+ We use here complex Fourier representation, as in Roman (1955), but a Fourier 

integral rather than a series. The field function we denote by V, as was done in Green and 

Wolf (1953), and the Fourier coefficients of V by y. 

t In the paper of Green and Wolf the gauge was chosen from the outset so that y,;=0. 
Tae 
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(t=1, 2, 3,4; x,=1ct, 0,=0/0x,, dx= dx,dx,dx,dx,; and summation over dummy 
indices 7 from 1 to 4 is throughout understood). 

The transformation properties of V can be inferred, if one realises that 
according to (2.4) the quantities ;, y, are the first and the second components 
of a vector, and therefore the Fourier coefficients y(k) of V, given by (2.2), are 
linear combinations of these vector-components. 

Let us now perform a coordinate transformation of the Fourier-space frame 
1,, 1,, 1;=k/|k|, for each Fourier component separately. We can easily find 
the corresponding changes in y, and y, and thus in y(k, ¢). 

In particular, consider first an infinitesimal rotation in k-space with an angle 
« around the axis 1,=k/|k|. Then 


YN =Mt+eve 
Ya>Yo = — ite 
so that, by (2.2), 


ea ie } beat pe (2.9) 
yt >y*'=y* +tey*. 

Next we show that this rotation, if performed separately in each Fourier 
component, amounts to a definite rotation around the third axis of an overall 
coordinate system. Such a coordinate system can be constructed by a suitable 
averaging over the individual wave vectorsk. In fact, consider the three mutually 
orthogonal vectors 


A(k) = Zy(k)h(k) — Fy(k)L(k), 
B(k) =.%y(k)I,(k)+By(k)(k), $ vse (2.10) 


C(k) = |y(k)[I3(k). 
Using (2.9) we find that when performing the transformation in the individual 
Fourier components, the result is 


A-A-+<B, B->—<«A-+B, C+C, 


We can at this point choose a coordinate system in x-space, adapted to the 
radiation field. ‘This may be done in an arbitrary manner, but we shall choose 
to take the vectors 

X=A(P), Y=B(P), 2 CUP eee ee (2.10 a) 
as a system of orthogonal axes. Here P is some suitably chosen average over 
the wave vectors, for example the total field momentum. ; 

It now follows that under (2.9) XK>+>X+eY, Y>—eX+Y, Z->Z, ice. the 
transformation (2.9) amounts to a rotation by an angle e around the third axis of 
the coordinate system in x-space specified by X, Y, Z. Thus, our procedure of 
performing the rotation on the individual Fourier components is indeed meaning= | 
ful as a coordinate transformation in the usual sense and therefore, substituting - 
the transformed values (2.9) of y into (2.1) and (2.6), we obtain the trans- 

formation formulae in x-space 


V>V'=V-ieV, 
V*¥+V*'=V* +ieV*. i 
These describe the behaviour of V and V*, if a rotation with the infinitesimal 


angle « is performed around the third axis of the overall coordinate system 
specified by the vectors X, Y, Z. 
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Equations (2.11) show that it is useful to join V and V* in a two-component 


quantity 
Pelle leaf pla |X Tacx: en) 


so that the infinitesimal transformation in x-space can be written 


p> p= (1+ely)p. 
Here J, is the infinitesimal operator for the rotation around the third axis and 
has the matrix elements 


i= -1, I= +4, dE ERAN Se (2.13) 
We can now proceed similarly with other rotations and special Lorentz 
transformations. We shall find, however, that those matrix elements of all 


other infinitesimal operators J,, which act on J, and jp, (ie. V and V*), vanish 
identically. In fact, a rotation around, say, the 1, axis in k-space gives 

Vi ya 45 

Ya> V2 =Yat eye; 
thus 

Miia Leys, 

where y; is the Fourier component of the ‘longitudinal’ part of the potential. 
On the other hand, a rotation around the 1, (or 1,) directions of each Fourier 
component is again equivalent to an overall rotation about the axis X (or Y) in 
the x-space. 

An analogous result is obtained if we apply a special Lorentz transformation. 
Then the scalar potential enters. 

In both cases it thus appears that the coordinate transformation leads one 
out of the framework furnished by the #s-description of the electromagnetic field. 
The situation can, however, be remedied if we amend the coordinate trans- 
formation by suitable gauge transformations. To see this, let us write for the 
complete electromagnetic field 

p 
a Hi 


where both % and A have two components; 7 is given by (2.12) and A contains 
the longitudinal and scalar part of the field. Apply now a gauge transformation 


~Q, such that 
tel 


Apply now ‘0 X a general Lorentz transformation A. This can be represented by 
RUS 
on E e: 
where R, S, T, U are 2x2 matrices. We obtain 


XoAxX= bas =X’. 


Let us now apply a second gauge transformation Q,, such that 


[es 
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The net result of the three transformations can be written as 


X>X' = xX=QAQ x= A’, 


Pe 7 is0 
aa ( i): 
This then shows that for the A’ transformations the #-field will provide a 
covariant representation space, in the sense that 
pop = Rp. 
However, gauge transformations commute with Lorentz transformations and 


the product of two gauge transformations is again a gauge transformation. 
Therefore we may write 


where 


N=OA, 


Further, all physical observables of the theory are gauge invariant; therefore 
the physical effect of A’ will be the same as that of a pure Lorentz transformation 


For an infinitesimal transformation, in particular, we may put 
R=14 deel p45 
where ¢,,=—€,, are the infinitesimal parameters of the coordinate transfor- 


mation and J,,, are the corresponding infinitesimal operators. From the above 
digressions it follows that their relevant matrix elements are 
AOE == Oifors( rs eyo (Lie ae Ee male wags (2.14) 

while for (7, k)=(1, 2) they are given by (2.13). 

Now we proceed to show that the theory is covariant under the A’-group. 
The general criterion for covariance is clearly 
oL oL 
ay des + Boab 
Here oj and 60,5 are the infinitesimal variations of the field functions and their 
derivatives under a A’-transformation. In particular 


50,5 = EGO ;th + $e 1,0, ; cow e ee (2.16) 
and 7 represents in (2.15) the totality of the field functions and summation over 
these must be understood. 

In order to apply the criterion (2.15), it is useful to rewrite the Lagrangian 


in (2.8) in terms of the two-component field function introduced in (2.12). We 
have clearly 


Die pak (a eee (2.15) 


ee 1 * 
a a ree (2.17) 


Since 


OL peat ch : 
Bap — Ton oP” 
the left-hand side of criterion (2.15) gives, using (2.16), 
— 1678L = €,,0,h* Of + $€:1,0,*T,,0,4f + C.c. 
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The first term vanishes by symmetry. Due to (2.14) only one term survives 
from the second half, and this vanishes in the end as well: 


= SN heal V 
— 16m8L = €120,* 1120, + c.c. = €120,|V*V| ( i i) 0, Fa 1 C.Cr== Us 
Thus (2.15) is indeed fulfilled for the A’-transformation group defined above. 


§ 3. ‘THE ENERGY-MoMENTUM TENSOR 


Belinfante’s method starts off by calculating first the canonical energy— 
momentum tensor 6;;, according to the well-known prescription 


aL oL 
0;,—16,,.— ——, dah — ———0ahi* 
ik i 35 O,xb 30, ee <a ae Aare (Say) 
Then the physical energy-momentum tensor is 
T;;,=9;;,+ iB ke ee reee (3.2) 
where 
Ts = 0,-B tej eee eee (323) 
with 
Brs= —§ (Sp — Shae — Sire)s nt wee (3.4) 
Here 
eds 2S Le ep 
S-m= Banh Texts ddah* Len os vy £7 6 2 0 e 0 (3.5) 


Due to the antisymmetry of the infinitesimal operators J,,, the quantity S.,,; is 
antisymmetric in its first two indices, and the same holds for B,;,;. 

The operators J,,, in (3.5) denote the infinitesimal operators of the Lorentz 
group. We have proved that the ‘scalar theory’ is invariant under the A’-group, 
and that the infinitesimal operators of this group reduce to the relevant part of 
the infinitesimal operators of the Lorentz group if we eliminate consistently the 
longitudinal and scalar field by suitable gauge transformations. ‘Thus we are 
now prepared to use (3.5) for constructing the physical energy-momentum 
tensor. The significant matrix elements of [,,, are given by (2.14). 

Using the Lagrangian (2.17) we obtain the canonical tensor from (3.1): 


1 . 1 x 1 : 
“= — 9%, — ib + — Oe ee pestle 6 
: Oe = — Bin pom OOP + r= BuPROal + z—— BybOuh (3.6) 
In particular, for the energy density w= —4,, we obtain 
w= re 0,V 0,V GV 04V 
spk (pradV* pad V2 VOW ers, (3.6 a) 
87 c 


and for the energy flow density g;= —70,4 (¢#4): 
giz — (GV 88 + V0) 
EVRA O VE *\ seater eer (3.65) 
87 


‘These are just the expressions derived in Green and Wolf’s (1953) paper. 


} 
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Now we proceed to construct the quantities S,,;, as defined by (3.5). 
Remembering (2.14), only four of them will be different from zero, and we have 


for these 
Syo= — Sou= Tow [Ob* Loy + Oxblyo* b* | 
A a (V*2,V— Vad"), G= 12sec eee (3.7) 
7T 


Therefore, the only (independent) non-vanishing elements of B,;,; are, according 


to (3.4), 


By, = — FSi (=1, 2, 3, 4) 

Bogi= — 2S128 

Beis =e gh) et ee ee (3.8) 
Byyg= — 2S404 

Boyy= Sie 


We can now calculate the ‘correction terms’ T;,’ to 6, as given by (3.3). 
According to (3.8), there is no B,,, different from zero so that 


age ae Sa eae 3.35 
Then 
Tyq! = 9,Boq) = $ pS 194 = = 0,(V*0,V —Vo,V*) 
~_ avev_vve 3.10 
= pare VRP YARD Sie ee Saar os (eae (3.10 a) 
Similarly 
pgunielicr toss ape tp ys bam aye 2) (3.108) 
167c 
but 
OMe ee a Nee | i eee ee (3.10 c) 


It follows from the manner of derivation that these correction terms are valid in 
the coordinate system defined by the vectors X, Y and Z which were introduced 
in (2.10a). Hence the asymmetry of 7;,’. 

Putting 

F=V*V—VV*, 
we notice that the correction terms to the energy flow density are (apart from a 
constant) the components of the curl of the vector 
M= (0, 0, F). 

Therefore, in applications where integration over a surface is involved, as is 
usually the case in optics, one can use the original canonical energy flow density 
as well. ‘The energy density, moreover, is in any case equal to the canonical one. 

We notice that the energy-momentum tensor, as derived above, has no 
‘obvious ’ transformation properties. Nevertheless, it is the physically meaning- 
ful quantity which can be used consistently in the framework of the ‘scalar ’ theory. 


ACKNOWLEDGMENT 


The author is indebted to Dr. E. Wolf for calling his attention to the problem 
and for many delightful clarifying discussions. 


| eae ay 


an 


A Scalar Representation of Electromagnetic Fields: III 289 


REFERENCES 


-BELINFANTE, F., 1939, Physica, 6, 884. 
—— 1940, Ibid., 7, 449. 
Green, H. S., and Wotr, E., 1953, Proc. Phys. Soc. A, 66, 1129. 
-Hizeert, D., 1915, Géttinger Nachrichtungen, 395. 
Hm, E. L., 1951, Rev. Mod. Phys., 23, 253. 
Marx, G., 1952, Acta Phys. Hung., 1, 209. 
Marx, e and Roman, P., 1956, Magyar Tud. Akademia, IIT. Oszt. Kézl., 6, 269. 
Roman, P., 1955, Acta ina Hung., 4, 209. 
—— 1958, Nuovo Cim., 10, 546. 
-RosENFELD, L., 1940, Mém. Acad. R. Méd. Belg., 8, No. 6. 
“Scuwincer, J., 1948, Phys. Rev., 74, 1439. 
‘Wotr, E., 1959, Proc. Phys. Soc., 74, 269. 


; 


- 
- —_ . — ; . aes 
PRM GL Ft — = 
Ac is7 ptt : r 2 4 - / : ; , 
oe wet Paes acxys te ScrieRIG 2F ny [SIO SES yey 
rt” es Jerk? bow rac - att s Pm ’ ; ; b 
Ye DOD Se oS te 


es 237! eet ‘phn. te Sse Ie bseCcinL , 
ane * ee ffras gti tive broods iy borer oe aes efits mae 
piosecsf te The oes baeet gacihirguin tHot! aves vor ake 

7 at e : Wesel odd 5, erery ies ‘ Cais 


eg a epi 
DTT Paes oo 
. oe 


290 


Magnetic Susceptibilities of Iron-Chromium Alloys 
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Abstract. Measurements are reported on the magnetic and other properties of 
alloys of chromium with small quantities of iron. The results show, as expected, 
that each iron atom carries a moment of 28, but it is surprising to find that the 
moments are freely orientable in a matrix of chromium, which is presumably 
antiferromagnetic. ‘The implications of this are discussed and further experi- 
ments are suggested. 


§ 1. INTRODUCTION 
T metals of the first transition series range from scandium to nickel, 


and are a group of elements in which, in the free atoms, the energies of 

the electrons in 3d and 4s states are not very different. ‘The tendency is 
for the 4s shell to contain only one or two electrons while the number in the 3d 
shell increases from one for scandium to eight for nickel. It is to the partially 
filled d-shell that the magnetic properties of the transition metals are mainly 
attributed. 

In the solid, metallic, state the concept of electrons in 3d and 4s orbits is less 
satisfactory and many attempts have been made to formulate more suitable 
schemes. One such theory is due to Mott and Stevens (1957), and it was with 
this in mind that the present experiments were begun. From a survey of the 
experimental results obtained with iron and its alloys it is suggested that metallic 
iron can be regarded as composed of a sea of conduction electrons together with, 
on each iron atom, two localized electrons with parallel spins. The moment of 
approximately two Bohr magnetons from each pair of localized (non-conducting) 
electrons accounts for most of the moment of ferromagnetic iron, and it is sup- 
posed that in the ferromagnetic state these localized moments are parallel. Above 
the Curie temperature the localized moments still exist but there is no ordering. 
While it is not certain how the coupling between the localized moments takes 
place it is probably due to the existence of the conduction electrons, which are 
slightly polarized. 

Metallic chromium has two less electrons per atom than iron, and has the 
same crystal structure and almost the same lattice constant. It is not, however, 
ferromagnetic. ‘This suggests that chromium may differ from iron in that it 
does not have the two localized electrons per atom. The clouds of conduction 
electrons may, however, be similar in the two metals. One difficulty is that 
chromium is known to be weakly antiferromagnetic, and it is not clear whether 
antiferromagnetism arises from the conduction cloud or whether it is due to 
partial populations of the localized orbits by electrons. 

It seemed that some light might be thrown on these problems by studying the 
magnetic and other properties of iron atoms dispersed in chromium metal. For 
this purpose we obtained a chromium specimen and alloys no. 1, 2,3 and 4, 
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containing 1-05, 2:06, 5-76 and 16-88% of iron in chromium respectively, and 
Investigated their susceptibilities, electrical resistances and thermal expansion. 


§ 2. EXPERIMENTAL DeralILs 
2.1. Preparation and Treatment of Specimens 

The specimens were prepared from spectroscopically standardized iron and 
chromium supplied by Johnson, Matthey and Co. The chromium contained 
dissolved oxygen. All the specimens, which were prepared in an argon arc 
furnace at the Atomic Energy Research Establishment, Harwell, were sealed in 
evacuated quartz tubes and annealed at about 1200°k fora month. This tempera- 
ture was chosen because it is approximately the highest temperature at which no 
excessive volatilization of the chromium occurs. The alloys were then water 
quenched, ensuring that they remained in the body-centred cubic «-phase. The 
anneal served to homogenize the specimens. It is not clear what happens to the 
oxygen. It may remain dissolved or it may form chromic oxide, but in either case 
it will have little effect on the magnetic properties, particularly as all measurements 
were made relative to the chromium. A trial experiment with alloy 3 showed that 
a further anneal and quench had no effect upon the susceptibility. X-ray powder 
photographs taken after the quench showed only lines corresponding to the body- 
centred cubic structure, indicating that no other phases were present. 

The alloys were analysed by Johnson, Matthey and Co., who also conducted a 
micrographic analysis to see if any ‘coring’ had occurred. There was no sign of 
this in any of the alloys. The specimen of chromium was given the same heat 
treatment as the alloys. 

Finally, the specimens were machined into the form of 2 cm long rods of varying 
diameters, such that they would fit the specimen holder of the Gouy apparatus 
used to measure the low temperature susceptibilities. 


2.2. Magnetic Measurements 


The temperature dependence of the susceptibilities was investigated over the 
range 90° to 700°K. From 90° to 293°K the Gouy method was used (Bates 1951). 
Various magnetic fields were used throughout the temperature run and in no case 
was ferromagnetic impurity detected, although, as will be seen later, the suscepti- 
bility of alloy 3 showed a field dependence at low temperatures. ‘The homo- 
geneity of the specimens was checked at room temperature by reversing the speci- 

“meninits holder. Above room temperature the susceptibility was measured in an 
apparatus based on the Curie method (Leach 1955, Newmann 1958). Each 
apparatus was calibrated using pure tantalum as a standard (Hoare and Walling 
#951). 

2.3. Resistance Measurements 
The resistivities of the specimens were measured for temperatures ranging 


from 90°K up to temperatures between 293° and 393°K. ‘The potential differences 
across the specimen and across a standard resistance in series with it were measured 


on a potentiometer (Loasby 1957). 
2.4. Expansion Measurements 


The linear expansions of alloys 1, 2 and 3 were measured over the ranges 90° 
to 340°x, 293 °K and 393°k respectively, using a simple extensometer, the specimens 
being the 2 cm rods used in the previous measurements. 
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§ 3. EXPERIMENTAL RESULTS 
3.1. Susceptibility Measurements 


The susceptibility of the chromium specimen is shown as a function of 
temperature in figure 1 and the reciprocal susceptibility 1/ya of the alloys in figures 
2,3, and 4. The susceptibility of the chromium is almost independent of tem- 
perature, rising from 3:52x10-%e.m.u. go! at 90°K to 3-61x10~° at room 
temperature. Above this it remains constant up to the highest temperatures 
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Figure 1. Temperature variation of 
susceptibility for chromium. 
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obtained. ‘The behaviour of the alloys is significantly different, for they all show 
marked temperature dependence. ‘This is emphasized in figure 5 which has bee 
obtained as follows. We assume that the chromium matrix in the alloys has th 
same susceptibility as pure chromium and that the net susceptibility of an allo 
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is the sum of the chromium and iron susceptibilities. Then the susceptibility per 
gramme of iron is given by 


_ Xa—(1—2) xe 
0 lien ge 
g 


where x¢ is the measured susceptibility per gramme of chromium and Xa is the 
measured susceptibility per gramme of an alloy containing a fraction g by weight of 
iron. Linear (1/y,, 7) curves, above the temperature of the kink, were then 
obtained for alloys 1, 2 and 3, from which estimates of the effective magneton 
number, pert, per iron atom, could be made with fair accuracy. ‘The results 
obtained were: 


Alloy vA Pert 
1 1-05 2°87 
2 2:06 2°85 
3 5-76 2:90 


Referring again to figures 2, 3 and 4 it will be noticed that, with the exception of 
alloy 4, the (1/xa, 7) curves shows a kink, representing a susceptibility increase 
with increase of temperature of about 0-2, 0-2 and 0-5 x 10-%e.m.u. g— for alloys 
1, 2 and 3 respectively. For alloy 3 the susceptibility at temperatures below the 
anomaly is slightly field dependent, but in the wrong direction for ferromagnetic 
impurities. In figure 3 two (1/ya, T) curves are shown for alloy 3 above room 
temperature. Curve A represents the results for the specimen after the 1200°x 
anneal and quench, while curve B represents the results after ageing the specimen 
by cold-working and annealing at 700°K for three days. It is apparent that an 
increase in the susceptibility has occurred as a result of the latter treatment, and 
subsequent X-ray analysis showed lines other than those belonging to the body 
centred cubic phase, indicating the presence of a second phase. It is likely that 
this is o-phase iron—chromium, which is known to precipitate in more concentrated 
alloys. No use has been made of this susceptibility curve for estimating Perr. 
In interpreting these results we assume that all the iron has entered the 
chromium lattice. We have been conscious that this does not necessarily happen 
and that there is the alternative that particles of free iron may exist in our alloys. 
The long anneals were carried out in an attempt to dissolve any such particles. That 
we were successful is indicated because if there were appreciable amounts of free 
iron present the susceptibilities would be much greater, since y is proportional to 
M®, the average value of the squares of the moments of the particles. For example, 
the susceptibility of  ferromagnetically coupled iron atoms is approximately 
times as great as that of m independent ions. 


3.2. Resistance Measurements 

Figure 6 shows the resistivities of chromium and the alloys plotted against 
temperature. The curve for each alloy (except that of 4) shows a marked 
decrease in resistivity at about the same temperature as that at which the suscepti- 
bility anomaly occurs. The magnitude of the change increases with iron content, 
while the temperature at which it occurs decreases almost linearly with increase in 
iron content. It is apparent that if alloy 4 shows an anomaly it will be below the 
lowest temperature used. As all the samples contained some oxygen the absolute 
alues of the resistivities are probably not representative of the pure alloys, but the 
perature variations should be reliable. 
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3.3. Expansion Measurements 


The fractional change in length of alloys 1, 2 and 3 with temperature is shown 
in figure 7. The main importance of these results is that they show that there is a 
sharp drop in the expansion coefficient, and in some cases an actual contraction, at 
about the same temperature as there are anomalies in the resistivities and 
susceptibilities. 


3.4. Discussion 


The observation that the addition of iron to chromium gives a temperature 
dependent contribution to the susceptibility, with per; approximately equal to 
2°87, strongly suggests that the iron atoms have localized moments corresponding 
tounitspin. For, neglecting orbital contributions, the theoretical p.;; should then 
be 2:83. ‘This conclusion is in good agreement with the ideas put forward by 
Mott and Stevens (1957), and we may suppose that the unit spin results because 
the two extra electrons on each iron atom are in non-conducting orbitals, of which 
there are two per ironatom. ‘The fact that the susceptibility of the separated iron 
atoms follows a Curie-Weiss law with a small Curie-Weiss constant then leads to 
the result that the iron atoms, which are fairly well separated from one another, 
cannot be interacting strongly either with themselves or with the chromium atoms. 
It is not easy to understand why. ‘The difficulty arises because chromium is 


of 


reported to be antiferromagnetic (Shull and Wilkinson 1953). While this con-— 
clusion has been questioned, and if it were in error we would have a simple 


explanation of the weak interactions between the iron atoms, we prefer to assume 


that the chromium atoms do carry moments, which are antiferromagnetically _ 


a 


aligned in our temperature range, and to look for another explanation. We 


therefore suppose that the chromium matrix in which the iron atoms are placed is 
antiferromagnetic below 473°k, the Néeltemperature of pure chromium. Without 
inquiring too deeply into the origin of the antiferromagnetism we suppose that 
each chromium moment is aligned by coupling to its neighbours. If we now 
substitute iron atoms for some of the chromium atoms, and allow that these iron 
atoms also have unpaired electrons, how is it that the moments of the iron atoms 
are not also aligned? It can be argued that the interaction between an iron atom 
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and its neighbouring chromium atom is much weaker than that between two 
chromium atoms. We know that, in ferromagnetic iron, there are strong ferro- 
magnetic couplings between neighbouring iron atoms and it is just possible that 
the iron-chromium interaction is a mean of the iron-iron and chromium—chromium 
interactions, in which case it would be small. Even if this is so there remains the 
problem of the anomaly in the physical properties of all the alloys and of pure 
chromium. Although this is the last point which we shall discuss we believe 
that its understanding is the key to the whole problem. 

It has been suggested that the anomaly in the susceptibility of chromium at 
about room temperature is due to the presence of chromic oxide, which has an 
antiferromagnetic Curie point in this region. We do not believe this is the full 
explanation because: (i) the presence of dissolved oxygen is not necessarily the 
same as having free chromic oxide, (ii) the anomaly occurs in all the physical 
properties of chromium, and is most pronounced in those properties which would 
seem least likely to be affected by the change in magnetic phase of the oxide (e.g. 
electrical resistance) and (1ii) the addition of a small amount of iron depresses the 
transition temperature by a disproportionate amount. We would like to put 
forward the following consideration. The neutron diffraction work on chromium, 
while showing thatit is antiferromagnetic, has not been used to determine thesuper- 
lattice structure. Now in a body-centred cubic structure at least two different 
superlattices are possible. One would consist of two interpenetrating simple 
cubic sub-lattices with each simple cubic lattice having ferromagnetic alignment, 
but with the moments of the two sub-lattices balancing. ‘The second would have 
interpenetrating simple cubic lattices each of which is itself antiferromagnetic. 
We suggest that the anomaly at room temperature in pure chromium is due to a 
change from one antiferromagnetic structure to another. Suppose now that a 
chromium atom is replaced by an iron atom. ‘There is then the possibility that, 
in the neighbourhood of the iron atom, one of these antiferromagnetic structures is 
preferentially stabilized. We suppose that it is the high temperature structure. 
As the temperature is lowered the chromium matrix will want to change its mag- 
netic phase at about room temperature, but the presence of the iron will tend to 
prevent it happening. ‘That is, it will stabilize the high temperature sub-lattice 
structure to lower temperatures, giving a qualitative explanation of the depression 
of the anomaly by addition of iron. If also the high temperature structure is the 


second of the two we have described, then each iron atom is surrounded by a 


magnetically balanced array of chromium atoms, and it may indeed be very weakly 


‘coupled to them. Such a model seems capable of explaining qualitatively all the 


observations, but in view of its tentative nature we shall not pursue it further. 


§ 4. CONCLUSION 


This work was started because it offered the possibility of testing some of the 
ideas of Mott and Stevens. In particular we wanted to see, by separating iron 
atoms in a matrix which, as far as the conduction electrons are concerned, is 


probably very similar to iron, whether the iron atoms would show a spin of unity. 


This proved to be so, though, because of the inherent antiferromagnetism of 
chromium, the investigation seems to have raised more problems than it has 


‘solved. We have regarded it as of value to discuss these at some length and to put 
forward certain suggestions, but undoubtedly more experiments are required. 
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The results of Lingelbach (1958) and Wei, Cheng and Beck (1959) suggest 
directions in which further study will be of value. 
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Electron Attachment Coefficients in Oxygen, Dry Air, Humid Air 
and Water Vapour 
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Abstract. Electron attachment coefficients were measured in oxygen, dry air, 
air saturated with water vapour at room temperature and in water vapour. An 
electron filter type apparatus was used. The results have been compared with 
those of other workers. An approximate evaluation has been made of the 
influence of humidity on the breakdown voltage of air gaps in a uniform field 
using the present results and the known ionization coefficient data. 


§ 1. INTRODUCTION 


spherical or plane electrodes was slightly higher in moist air than in dry air 

at atmospheric pressure. Earlier experiments of Ritz (1932) showed that the 
breakdown voltage of a lcm gap with a uniform field at atmospheric pressure 
increased by about 2°% when the water vapour pressure was increased from 10 to 
25mmHg. With a2cm gap the change was 3% when the water vapour pressure 
rose from 5 to 15mm Hg. 

Recently Kéhrmann (1956) measured the increase of breakdown voltage in 
air at a total pressure of 760 mm Hg when the water vapour pressure was changed 
from zero to 1OmmHg. He found that the percentage difference increased 
slightly with gap length; it was 2-4% for a 0-5 mm gap and 3-2% for a 2:0 cm gap. 

It is possible that this increase of breakdown voltage with moisture content 
could be explained in terms of electron attachment. It is well known that the 
formation of negative ions by electron capture modifies the Townsend equation 
for the pre-breakdown current and this phenomenon changes the breakdown 
voltage. The effect is most pronounced in electronegative gases and in recent 

_ years the problem has been studied in connection with the insulation properties 
_ of these gases (Harrison and Geballe 1953, Howard 1957). 

The attachment of electrons in dry air has been investigated earlier by 
Bradbury (1933) and more recently by Harrison and Geballe (1953) and the 
author (Kuffel 1958). A considerable discrepancy was observed between the 
_ earlier results of Bradbury and the present results but the latter are in reasonable 
agreement with the more recent results of Harrison and Geballe (1953). ce 
This paper describes data obtained for electron attachment in dry air, in a 
ixture of air and water vapour corresponding to saturated air at atmospheric 
mperature and pressure, and in water vapour. 

In addition measurements were made of the attachment coefficients in oxygen. 
hese were made primarily for comparative purposes and for checking the 
paratus. The results are in good agreement with those of other workers. 

uU 


I: has long been known that the breakdown voltage of the gap between two 
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§ 2, APPARATUS 


The method employed was similar to that used by Bradbury (1933); the 
chamber was considerably larger than Bradbury’s and to some extent this avoided 
the early onset of corona discharges. Consequently the present method was 
applicable at slightly higher mean electron energies. 

Provision was made for varying the relative distance between the grids and 
the emitting plate. 

The essential parts of the apparatus are shown in figure 1. A beam of ultra- 
violet light from a mercury arc was focused at the centre of a polished copper 
plate P where it generated photo-electrons. The electrons then proceeded in 
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Figure 1. Cross section of the electron filter apparatus. 


the field towards a collector H which was connected to an electrometer. The 
field was maintained uniform between P and H by means of a potential divider 
chain and the guard rings A, B, C, D, E. Each ring consisted of a brass disc of 
8cm outside diameter and 4cm inside diameter and they were spaced at intervals 
of lcm, ‘The beam of electrons was limited to the central part of the channel 
by covering most of the emitting plate with a layer of graphite. The graphite 
was deposited by painting the plate with an aqueous suspension of graphite and 
subsequently it was baked in an oven at a temperature of 200°c for several hours. 
Only the central part of about 1cm diameter was exposed to the ultra-violet 
illumination. 3 

Two identical grids G, and G, each consisting of co-planar parallel copper 
wires 0-10 mm diameter 1 mm apart were employed for separating electrons rom : 
negative ions. ‘The wires were cemented with an araldite resin on to a flat mica 
ring and they were so arranged that a high-frequency alternating field could be 
applied between each pair of adjacent wires. 
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Grids consisting of 0-05mm diameter wires spaced 0:5 mm apart were also 
tried with the hope of extending the method to higher pressures. However a 
difficulty was encountered with the onset of corona discharges at rather low values 
of E/p and consequently the finer grids were abandoned. 

A suitable choice of field strength and frequency of the alternating field 
between grid wires will cause the electrons to be collected by the grid. The 
mobility of the negative ions is lower by a factor of 1000 or more, so that if the 
grid field frequency is high enough the ions will continue to flow towards the 
collector H with very little transverse disturbance of their motion. The oscil- 
lator supplying the high frequency alternating field was a modified Hartley type. 
The frequency of the ouput voltage could be varied between 2 and 16 Mc/s and 
the output voltage could be varied between 0 and 100 volts (r.m.s.). 

The grids were maintained at a mean potential equal to that of the adjacent 
guard ring and consequently they did not distort the main field appreciably. 

The distance between the grids was measured with a travelling microscope 
and for most of the work the grids were set 2‘0cm apart. When the attachment 
values were high (e.g. in oxygen and water vapour) the spacing was reduced to 
10cm. In the study of dry air for which the attachment value was relatively 
small the grid spacing was increased to 3-Ocm. Whenever it was decided to 
change the spacing between the grids, comparable readings were taken with both 
spacings and good agreement was obtained. 

The whole assembly was enclosed in a glass cylinder 12in. in diameter and 
12in. high. The grids could be moved into the central region or they could be 
retracted by a mechanical arrangement which was operated from outside the 
chamber. ‘The chamber could be evacuated down to about 10->mmHg. Leak- 
age increased the pressure overnight to a value not greater than 10-*mm Hg. 

_ The gas pressure was measured with a manometer containing Apiezon oil B for 
which the vapour pressure at room temperature was approximately 10~’ mm Hg. 


§ 3. EXPERIMENTAL PROCEDURE AND RESULTS 
3.1. General 


The attachment coefficients were determined from measurements of the 

surviving electronic currents at the grids G, and Gy, When the alternating 
potential between the grid wires of G, was zero, and G, was retracted, the electro- 
meter measured the total ionic and electronic current reaching the collector H. 

_ On applying a suitable voltage Vz and frequency f between each pair of adjacent 
wires of the grid G, the electrons in the vicinity of G, would be collected by the 
grid. Then the electrometer registered only the ionic current which was formed 
in the space between the plate P and grid G,. The procedure was repeated with 
G, in the central position and G, retracted. If we denote the current registered 
by the electrometer when Vg, .=0 by i) and the values when V, e1= V and 
Vg.= V by i, and i, respectively, then the ratio of the surviving electronic currents 
I, and I, at G, and G, respectively will be 

; Lo get Ary 

f I, t9—#. 

Also, the ratio of the electronic currents at two points distant «, and x, from 

plate P will be given by 


43 = exp{—a(m.—%)} eotons. (2) 
: u2 
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where 7 is the attachment coefficient which is defined by analogy with Townsend’s 
ionization coefficient as the mean fraction of the electrons which form negative 
ions by attachment per centimetre of their drift in the field direction. 

Hence from equation (2) 


1 AE 3 
Oe: eitcee (3) 


Equation (3) gives the attachment coefficient directly in terms of the measured 
current ratio. 

It remained to determine suitable values for the grid voltages and frequencies 
but the problem has been fully discussed by Loeb (1955). A plateau of a nearly 
constant value of ion current can be observed over a considerable range of Vg. 
A typical curve for oxygen is shown in figure 2. Thus it was necessary to deter- 
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Figure 2. Variation of electrometer current with grid voltage in oxygen. 


mine the optimum values of f and Vg for each particular field strength E and 


pressure p. Most of the present work was done at gas pressures between 6:8 
and 10-0mm Hg. 


3.2. Results on Oxygen 


The attachment coefficients in oxygen have been studied by various workers 
and the oxygen data are generally accepted as the most reliable. ‘The present 
apparatus was checked by measuring the attachment coefficients in oxygen. 
Furthermore, whenever the apparatus was modified the method was re-checked 
with oxygen. Medical grade oxygen over 99-5°% pure was used. (The typical 
impurities quoted by the suppliers were A<0-5%, H,O=0-02%, Ny possibly a 
trace, CO,<10 parts per million, H, and CO nil.) Measurements were made 
with aan from three separate sulin and the results in each case were the 
same within the limits of experimental error. A typical curve for oxygen is shown 
in figure 3 which also shows the comparable results of other investigators 
(Bradbury 1933, Healy and Reed 1941, Herreng 1952, Doehring 1952). The 
~ present results generally fall within the range of variation of the other results and 
this criterion was taken as an indication that the apparatus was operating correctly. 

3.3. Results on Humid and Dry Air i 

The results obtained during the study of dry and humid air are shown in 

figure 4. ‘The investigations were carried out over a period of 3 months, but ‘4 


| 
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temperature remained within the limits 23+1°c. Air was dried by storing it 
for several hours (usually overnight) in a flask containing P,O;. Subsequently 
the air was passed slowly through a trap cooled by liquid nitrogen and then into 
a subsidiary flask containing P,O, from which it was admitted into the experi- 
mental chamber. The introduction of a drying agent (P,O,;) into the chamber 
had no influence on the results. ‘ 
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In the humid air experiments two methods were employed for obtaining 
the required mixtures of air and water vapour. In one case the air was stored 
in a large flask which also contained water at room temperature. ‘The air—water 
vapour mixture was then introduced into the evacuated chamber so that the 

' partial pressures were in the same ratio as in saturated air at atmospheric tem- 
perature and pressure. In the second method the chamber was evacuated and 
a predetermined amount of water vapour was introduced by measuring the 
vapour pressure carefully. Dry air at room temperature was then allowed into 
the chamber until the total pressure was reached at which the proportions of 
the constituents corresponded to those of saturated air at atmospheric tem- 
perature and pressure. The attachment values in the two cases agreed well and 
either method was employed during the subsequent investigations. 

_ The difference in the measured attachment coefficients for wet and dry air 
was checked by making successive measurements in dry air and in wet air and 
‘vice versa. Each set of results was found to be reproducible within the experi- 

_ mental error. 

In all the experiments the air was freed from dust particles and from other 

- condensation nuclei by passing it through a cotton-wool filter. 
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3.4. Results for Water Vapour 


The formation of negative ions in water vapour has been studied by Bailey 
and Duncanson (1930) and also by Bradbury (1934). ‘The attachment curve 
obtained by Bailey and Duncanson increased very rapidly above E/p= 13 and 
flattened off at about E/p=20vcm-1(mm Hg). The value for the attachment 
coefficient in terms of 7/p on the flat part was 0-25. At lower values of E|p 
Bradbury reported a pressure dependence of the attachment coefficient which he 
explained as due to the presence of a large number of aggregates of molecules 
which may be very effective in forming negative ions. ‘The problem was further 
investigated in the present work and the results were similar to those of Bradbury 
(see figure 5). At higher values of E/p a difficulty was found in appointing the 
correct grid voltage Vg and frequency f. The plateau part on the current-grid 
voltage curves did not appear unless the pressure exceeded 2-5mm Hg. 
Examples of the current-grid voltage curves which were obtained at 2-5 and 
6:8 mm Hg pressures are given in figure 6. With the lower pressures the curves 
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were found to decrease continuously with increasing grid voltages and no plateau 
was observed. On the other hand the flat part at 6-8 mm Hg pressure extended 
over a wide range of Vg without an appreciable change in the current (see figure 
6). Experiments at 15mm Hg pressure showed that after the initial drop the 
(current, Vg) curves remained flat over the full range of the available grid voltage 
(up to 100 volts). 

The pressures used in the water vapour experiments varied generally between 
6:8 and 10-0 mm Hg but for most of the work the pressure remained at 9-0 mm Hg. 
The variation of the attachment coefficient /p with E/p is shown in figure 5. 


§ 4. Discussion oF RESULTS 
4.1. Oxygen Results : 
The results for oxygen shown in figure 3 fall between Healy and Kirkpatrick’s 
and Bradbury’s results. The rising part of the present curve runs along the 
recent Doehring’s curve (1952). Formerly the sharp increase and the peak it 
the attachment curve were believed to be due to the excitation of oxygen at 1-62 ev 
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by a process of electron capture giving O,~ at nearly zero energy with a collision 
stabilization (Bradbury 1933, Massey 1950). Recently Craggs, Tozer and 
Thorburn (1957) obtained results in a discharge experiment showing that the 
peak can be explained in terms of a resonance capture which starts with electron 


energies of 4-6ev. The resonance capture is shown to be due to the process 
O, +e>O0(3P) + O-(2P°). 


4 20 CFV eAtr 

Figure 4 gives the experimental values of the attachment coefficients for dry 
air and wet air; the curve for dry air, as previously reported (Kuffel 1958), when 
corrected for ionization meets the lower end of a comparable curve which was 
obtained by Harrison and Geballe (1953) by a totally different method. At 
higher values of E/p (e.g. 30) the two curves diverge from each other (see curves 
3 and 4 of figure 4). The corrections for ionization in this region will exceed the 
values of the apparent attachment coefficients measured by the present method. 
To compute the true attachment coefficients accurate values of the ionization 
coefhcients and accurate apparent attachment coefficients would be required. 
Thus the corrected curve 4 of figure 4 may be in considerable error due to the 
rapid increase of ionization by collision as the field strength is increased. How- 
ever, the results may be used for comparing the effects with dry and wet air. 


4.3. Humid Air 

There are no published data with which to compare the attachment 
coefficients of wet air (shown in figure 4). The increase in the attachment co- 
efficient for humid air was quite pronounced. Curve 2 of figure 4 refers to an 
air and water vapour mixture in the same proportions as would be obtained with 
saturated air at atmospheric pressure and a temperature of 23°c (i.e. 21 mmHg 
at a total pressure of 760mmHg). ‘The maximum value of the attachment co- 
efficient was about double the corresponding value for dry air and it occurred at a 
rather higher value of E/p. ‘The increase in the coefficients for both dry and 
wet air was approximately at the same rate for values of E/p above 6 or 8. 
However, the wet air coefficient continued to increase approximately linearly 
with E/p into the region of E/p=20 to 26 where the ionization effects were 
shown previously to have an important influence on the apparent attachment 
coefficient in dry air (see curves 1 and 3 of figure 4). The continued increase 
indicates that the increase of the attachment coefficient in water vapour was 
greater than the increase of the ionization coefficient in this latter region of E/p. 


4.4. Water Vapour 
The continuous current decrease with Vg (see figure 6) observed for. lower 
pressures of water vapour is not fully understood. A possible explanation may 
be as follows. At low pressures the ions will consist of a mixture of H~, O- 
and OH-. These have widely different mobilities. Recently Muschlitz and 
Bailey (1956) showed by mass spectrometer studies that the proportions of the 
_ three types of ions vary with pressure. At pressures below 0-5 mm Hg H~- was 
most abundant and OH~ was barely detectable. Beyond 2mm Hg pressure OH 
became more common than O- and at still higher pressure OH~ became the 
most abundant. At that stage the proportion of OH~ to H~ increased very 
rapidly with pressure. It would be expected that with a mixture of H~ and OH— 
a flat part on the current-Vg curve would be unlikely at the lower pressures. 
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At higher pressures with the predominance of ions of one type a distinct plateau 
would be observed. 

The relatively high attachment near zero electron energies is thought to be 
due to the electrons attaching themselves to large clusters of molecules. Such 
clusters are numerous at higher pressures. 

The observed increase in attachment above E/p=13 (see figure 5) appears 
less rapid than was previously reported (Bailey and Duncanson 1930). The 
present values in the region of E/p of about 25 or more may be reduced appre- 
ciably as a result of ionization by collision. No correction for ionization can be 
made at this stage since there are no available data for ionization coefficients in 
water vapour below E/p=31. Earlier workers (von Engel and Steenbeck 1932) 
quote values for the ionization coefficient («) in water vapour above E/p=31, 
and in the region of E/p between 31 and 50 their values fall between those for 
hydrogen and air. 

The sharp increase in attachment above E/p=13 was formerly believed to 
be due to dissociative attachment represented by the reaction (Bradbury 1934) 


H,O +e+5-11 volts+OH-+H 
or possibly 
H,O+e+ energy >H,+0O-. 
Muschlitz and Bailey’s (1956) investigations indicate that the OH™ ion 
originates from an ion-molecule reaction of the form 
H-+H,O+OH-+H, 
or 
O-+H,0~+ OH-+0OH 
where H~ and O7- ions are formed in single collisions of electrons with water 
molecules. 


4.5. Estimated Influence of Humidity on the Breakdown Voltage of an Air Gap 


A knowledge of the values of the ionization and attachment coefficients for 
dry and humid air could be used to estimate the breakdown voltages of uniform 
field gaps in humid air. The principles are outlined in the Appendix and the 
method determines the increase in the breakdown voltage above the accepted 
values for dry air. 

The experimental values of attachment given in figure 4 do not extend to 
sufficiently high values of E/p for spark gaps in air at atmospheric pressure. 
Accordingly, the curves have been extrapolated to an E/p value of about 40 which 
is the approximate region for the breakdown of a 1:0cm gap in air. For the 
present purposes it has been assumed that the difference between the values of 
the attachment coefficients for wet and dry air remains nearly constant over the 
range of E/p under consideration. 

The table gives the estimated changes in the breakdown voltages of 0-5 to” 
2-0cm uniform field gaps for dry and humid air at atmospheric pressure. The 
humid air was approximately saturated with water vapour at a temperature of 
23°c; the water vapour pressure was 21mm Hg. 

The breakdown voltages for dry air in the table were measured in this labo- 
ratory. ‘They were in good agreement with those of Kéhrmann (1958). The 
attachment coefficients were measured at 23°c and for comparison purposes the 
measured breakdown voltages were reduced to 23°c. The corresponding 
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ionization and attachment coefficients «q and 74 Were taken from Harrison and 
Geballe (1953). 

The ratios of the measured breakdown voltage (table) were also determined 
from measurements at 23°c during the present experiments. 

There are no published data for the ionization coefficients in moist air and 
for the present purpose it was assumed that the increase of humidity did not 
change the value of the ionization coefficient «w; the values shown in the table 
are those corresponding to dry air at the increased breakdown voltage. The 
attachment coefficients for humid air were obtained by correcting the dry 
air attachments coefficient. The correction was made by adding to the known 
attachment coefficients in dry air Harrison and Geballe (1953) at the increased 
breakdown voltage the difference between the extrapolated curves 1 and 2 of 
figure 4. 


———_—_—_— Dry Air ——___—_ — Saturated air at 23°c 
@) = (2) 3) eT KS) 6) (4) (5) (6) (7) (8) 
0-5 16-45 16:29 42:8 20:2 4:31 AF) 2 lone 9> / See O4 Ome O42 
Pe 30"h) 629-79 .239°2, 12:85 3-93 415 Set Sno. 4m 0 OREO 50) 
SE See 43°28 42-850 372018 19-97 193378 AO AD 14-6558 :79l-06/ ee -059 
200 56:0 55-44 36:48 8-23 36-9 39227 2 ee 5-0 mn) Smee OOD 


(1) Gap length (cm); (2) breakdown voltage (kv) at 20°c; (3) breakdown voltage (kv) at 
23°c; (4) E/p at 23°c; (5) ionization coefficient at 23°c; (6) attachment coefficient at 23°c; 
(7) estimated Vy/Vq; (8) observed Vy/Vq (V = breakdown voltage). 

The predicted increase in the breakdown voltage for saturated air was greater 
than the measured increase (see table). Nevertheless, the agreement between 
the two sets of results was considered satisfactory in the circumstances. How- 
ever, in view of the various assumptions which were made, and because of the 
lack of experimental data for the various ionization coefficients, the general agree- 
ment between the predicted and observed results may be fortuitous. Further 
measurements of attachment and ionization coefficients in the appropriate 
region of E/p are required before it can be concluded that the increase in break- 
down voltage in wet air is due primarily to the increase of the attachment co- 
efficient, which was assumed in the present considerations. 


§ 5. CONCLUSIONS 


The present paper provides some information on the electron attachment 
coefficients in oxygen, dry air, humid air and water vapour. It includes new 
information on the influence of humidity on the attachment of electrons in air. 

The electron attachment coefficients which were obtained for oxygen were 
in reasonably good agreement with the results of other workers (Bradbury 1933, 
Healy and Reed 1941, Herreng 1952). In dry air there was a discrepancy 
between the present results and the early results obtained by a similar method. 
However, the present results are in reasonable agreement with more recent data 

obtained with a different method (Harrison and Geballe 1953). The matter 

| has been discussed earlier (Kuffel 1958). In the case of humid air there is no 
available information with which to compare the present results. The latter 
showed that the attachment coefficient was approximately twice the corresponding 

value for dry air at certain conditions of E/p. ' 

4 In water vapour the attachment coefficient at first decreased as Elp was in- 

‘creased from zero. ‘Then it increased rapidly for E/p=13 and higher which is 
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in agreement with the earlier investigations (Bailey and Duncanson 1930, 
Bradbury 1934). However, the present values were considerably lower than the 
results of earlier workers. 

At low values of E/p the attachment coefficient was found to be pressure 
dependent in agreement with Bradbury’s observations (1934). At higher 
values of E/p difficulty was experienced in separating the electrons from the 
negative ions unless the pressure was higher than 2-5mmHg. This was due 
probably to the presence of ions with widely different mobilities. 

The results for humid air together with the existing ionization and attach- 
ment data were used to make an approximate estimation of the increase in the 
breakdown voltage of uniform field gaps when the air humidity is increased. 
The estimation was made on the assumption that the higher attachment value 
for humid air was the factor responsible for the increase in breakdown vo'tage. 
In addition it was assumed that the primary ionization coefficient 7 and the 
secondary ionization y remained the same for humid air as for dry air. The 
estimated change in breakdown voltage with humidity was in general agreement 
with the experimental results. 

Further measurements are required before the suggested method of estimation 
could be applied with confidence. In particular more precise information 1s 
required on the values of the ionization coefficient « in humid air and of the 
secondary coefficient y in dry and humid air. 
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APPENDIX 


UNIFORM FIELD BREAKDOWN IN Dry AND Humip Arr Gaps 


In the case of electron-attaching gases the equation for the current flowing in 
a uniform field gap is given by (Geballe and Reeves 1953) 


| = |e ul 
i=i,-*— 7) ay (A1) 


= eat eiree ac atk 


ee 
ah 
where « is ‘Townsend’s primary ionization coefficient, 7 the attachment co- 
efficient, y the secondary ionization coefficient, d the gap length and i, the back- 
ground current. The critical conditions for the formation of a spark is that the 
denominator equals zero, 


as 


ie, Sf ees yee The 
Ys aa [exp {(%s —7s)d} 1] 1 
or, approximately, since exp {(«s—7s)d}>1, 
Ys = exp { (as = ns)d} =v 10) WP 5, O MIRE Trees (A2) 
maf 


where as, 7; and ys are the corresponding values of «, 7 and y at the sparking 
condition. 

The terminology used by Druyvesteyn and Penning (1940) for non-attaching 
gases may be extended to attaching gases. Let es=(as—7s)/Es where Es = V5/d, 
V; being the breakdown voltage. ‘Then equation (A2) becomes 


Speed CEN be NI Cha ie (A3) 
&g— 7s 
Using subscripts d and w at the sparking condition for dry and humid air 
respectively and assuming that ys remains the same in dry or humid air then 
equation (A3) for the two cases becomes 


Ys ow, e eww = ig ecccee (A4) 
Sw — Dw 
Veo e ada | oeceee (A5) 
a“ aq THT | 


_ Dividing equation (A4) by equation (A5) and re-arranging gives 


TE ra LPN feo Bs PO Fe EO or) SORE (A6) 
Ay ad 
The breakdown voltage in dry air Vq is known and the values of «q and 7a 
are available (Harrison and Geballe 1953). 

If the values of «w and 4 w were known for the appropriate range of E/p then 
V could be determined from equation (A6) by a process of trial and error. In 
the present estimation it will be assumed that «,, equals aq at the increased break- 
down voltage due to the presence of water vapour. In addition, it is assumed 
that 7 w equals 7q at the increased breakdown voltage plus the difference between 
curves 1 and 2 of figure 4. (The latter curves have to be extrapolated to cover 


the required range of E/p.) 
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For convenience re-write equation (A6) as 
(aw —nw)d—(aa~na)d = tne in ee te: (A7) 
tw ad 
Consider as an example the case of a 1:0 cm gap in air at atmospheric pressure 
and 23°c. The breakdown voltage for dry air is 29-8 kv and this gives the break- 
down field strength per mm Hg pressure as E/p=39-2. The corresponding — 
values. of «/p and »/p taken from Harrison and Geballe (1953) are 16-9 and 5:17 | 
respectively. This gives «q=12-85 and ya=3-93. Take Vw (the breakdown — 
voltage in air saturated with water vapour at 23°c) arbitrarily as 5-8% higher than 
Va, then E/p=41-48. The corresponding dry air values for « and 7 are 17-48 ; 
and 4-32 respectively. When the attachment coefficient is corrected for the 
presence of water vapour this gives «w=17-48 and 7 w =9-04. Substitute these 
values into equation (A7) to obtain 
~~ left-hand side = (17-48 — 9-04) — (12-85 — 3-93) = — 0-48, 
8-44 8-92 
right-hand side =2:3 {lo rra5 17-48 —log —— iD. ae — 0-36. 


The agreement is inexact and a higher value of Vy is required. Take Vy 
6:2% higher than Vq so that E/p=41-63. This gives aw=17-77 and nw=9-06. 
Substituting into equation (A7) gives: 


left-hand side= —0-22, right-hand side = — 0-345. 


The correct value of V y to give solution of equation (A7) lies between 5- 89% 
and 6:2% above the breakdown value for dry air. The corresponding experi- 
mental value is 5:0%. oe 
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Abstract. Investigations are reported, based on a study of the mark left on the 
anode by a spark in air, which give information about the distribution of con- 
ductivity across a spark channel during the first microsecond after initiation. 
These indicate (a) that the spark channel becomes ‘hollow’ after a few tens of 
millimicroseconds, with maximum conductivity towards its periphery, (5) that 
the diameters of the conducting channel, of the mark left on the anode, and of 
the shock front generated by the spark are approximately coincident for about one 
hundred millimicroseconds, and (c) that the energy which generated the shock is 
all supplied to the channel during the first few tens of millimicroseconds. 


§ 1. INTRODUCTION 


N previous publications (Somerville and Grainger 1956a, b) a technique has 
] been described which makes visible the areas of the anode surface through 

which the current of a spark discharge flows. In air at atmospheric pressure, 
using spark discharges carrying currents of some tens of amperes in rectangular 
pulses of varying duration, it was shown (Somerville and Grainger 1956b) that, 
after the first microsecond or two, the current leaves the anode through a ring- 
shaped area, indicating that the spark channel is ‘hollow’ at the anode, its con- 
ductivity being greater at its periphery than at the centre. Such a state of affairs 
appears to persist for times of the order of 10 usec or more. 

In those experiments, the ring structure at the anode was found to be already 
established by the end of the duration of the shortest current pulse used, namely 
2usec. The first part of this article describes an extension of this work, using 
shorter current pulses, down to 20 musec duration, for the purpose of studying 
the development of the anode mark prior to the establishment of the ring structure. 


a. 
§ 2. EXPERIMENTAL PROCEDURES AND RESULTS 


2.1. Single Current-Pulse Method 


Figure 1 shows schematically the apparatus used for generating a spark in 
which the current passes as a single rectangular pulse and for obtaining the mark 
left on the anode by the spark. The pulse is formed by discharging the effectively 
open-ended coaxial line L, of variable length, through its characteristic 
impedance R, (50Q) in series with the spark gap. This gap is enclosed in a spark 
chamber S, which is joined to the coaxial line by a conical matching section. (A 
second similar chamber is capable of evacuation.) The hemispherically ended 
tungsten cathode C (radius 1-7 mm) may be inserted in one of several holes, at 
varying distances from the axis of the system, in the small metal strip B mounted 
yn the polystyrene disc D. The plane circular anode A may be moved axially 

d also rotated by means of the knob K, so that several concentric rings of anode 
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marks may be obtained on a single anode. The coaxial line is charged to a 
negative potential between 1 and 5kv through the large resistance R (60MQ). 
The spark is initiated by slowly moving the anode towards the cathode until 
breakdown takes place. 


Figure 1. Spark gap and pulse forming line used for generating millimicrosecond 
current pulses. 


The anode was polished palladium covered with a film of barium stearate a 
few hundred angstroms thick, as previously described. Results similar to those 
described in this article were also obtained by using both a copper anode covered 
with a copper oxide film and an aluminium anode covered with an electrolytically 
formed film, so that the phenomena are not specific to either the material of the 
anode or the film. 

Figure 2 (Plate 1) shows a typical series of anode marks left by current pulses 
of durations from 20 musec to approximately 500mysec. It will be seen that 
the area over which the individual spots forming the anode mark are spread 
increases during the first 100 mysec or so, but that thereafter no significant further 
increase in this area takes place. Instead, the outer spots begin to grow in size. 
This is shown graphically in the histograms of figure 3. 
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Figure 3. Histograms showing the mean area of the individual spots constituting anode 
marks like those of figure 2, as a function of the distance of the spots from the centre 
of the mark. The time ¢ is the duration of the spark forming the mark. 


The obvious physical interpretation of these observations is that initially 
current flows from the anode through the central spots, but quickly transfers to 
an outer ring of spots which increase in area with time, due to melting, as energy 


- 
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continues to be supplied to them. The fact that the central spots do not increase 
in area indicates that after some tens of millimicroseconds no further energy is 
supplied to them, i.e. current ceases to flow through them. 

One may seek to identify the expansion of the anode mark in the early stages 
with the expansion of the conducting spark channel itself. However, in a 
situation in which current flows from the anode continuously during the life of 
the spark channel, there is the possibility that the development of the anode mark 
may be substantially influenced or even determined by specifically anode processes 
rather than by the expansion of the spark channel. 


2.2. Double Current-Pulse Method 


In order to eliminate to a large extent the role played by anode processes, a 
second technique was used. The spark channel was initiated by a 30 musec 
current pulse, and was then allowed to expand freely without any current through 
it for a variable time, after which a second, probing pulse was passed through the 
channel. Anode marks caused by the initiating pulse alone and by the initiating 
pulse followed by the probing pulse were obtained and studied. The apparatus 
used for generating these pairs of pulses, having, perhaps, applications other 
than the specific one for which it was designed, is described elsewhere (Somerville 


1959). 
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Figure 5. Histograms showing the number of individual spots of an anode mark as a 
function of distance from the centre of the mark. The left-hand set of histograms 
shows the distribution of all spots formed by a 30a 30 mysec initiating pulse followed 
by a similar probing pulse after a delay as indicated. The right-hand set of histo- 
grams shows the result of subtracting the distribution for the initiating pulse alone 
from the total distribution. 


Figure 4 (a) (Plate II) shows the mark left on the anode by a 30 mysec 304 
initiating pulse and figure 4 (5) that left by a similar initiating pulse followed by a 
probing pulse 720 mysec later. It is readily seen that the probing pulse current 
passes from the anode through a distinct outer ring of spots. Figure 5 shows 
histograms giving the radial distribution of individual spots in the anode mark 
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for various values of the delay between the initiating and probing pulses. From 
the set of histograms on the left it is clear that the central spots are properly 
attributable to the initiating pulse, and the right-hand set is the result of subtracting 
the distribution attributable to the initiating pulse from the whole, thus obtaining 
the distribution of the additional spots formed by the probing pulse. For the 
longer delays, the double-peaked nature of the total distribution suggests strongly 
that the probing pulse current passes only through the outer ring of spots. An 
interesting transition case occurs at a delay of 50 mysec, when some of the inner 
spots can be seen to be unusually large, indicating that they have been used both 
by the initiating and the probing pulses. 
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Figure 6. Graphs showing the radius R,, of the mark left on a coated palladium anode by 
both single and double current-pulses as a function of the time ¢ as defined in the 
figure. ‘The peak value of the current in each case was 30a and the duration of the 
individual pulses of the double pulse was 30 musec. ‘The sparks were in air at the 
pressures indicated. 


Figure 6 shows a double logarithmic plot of the radius of the anode mark Rp 
(the radius of the smallest circle which will enclose all the individual spots 
forming the mark) as a function of t where ¢ is the duration of a single pulse, or 
the time between the beginning of an initiating pulse and the end of a probing 
pulse, as the case may be. 


§ 3. Discussion 


The anode marks left by single and by double pulses are consistent with the 
view that within a few tens of millimicroseconds the conducting spark channel 
has a hollow structure with most of the plasma conductivity near the periphery. 
In the double pulse method, when the electric field of the probing pulse is applied, 
electrons are deposited on the thin insulating anode layer which breaks down and 
allows the passage of current. ‘The role of the coated anode under these 
circumstances is that of an indicator of the distribution of plasma conductivity. 
In the case of a single sustained pulse, the current initially flows through the 
central spots, but, as the region of maximum plasma conductivity moves out- 
wards, these spots become untenable and other spots form in an outer ring or 
rings and the current transfers to them. Figure 6 shows that, for the first 
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100 musec, there is no great difference in the radii of marks formed by single and 
double pulses with corresponding values of t. 

Experimental investigations (Abramson and Gegechkori 1951, Vanyukoy, 
Isaenko and Khazov 1955) have shown that, for a time after the initiation of a 
spark, the boundary of the luminous conducting channel substantially coincides 
with the shock front generated by the release of energy in the spark. Sub- 
sequently, the shock front leaves the luminous channel, which continues to 
expand more slowly. It is consequently of interest to compare the rate of 
expansion of the anode mark with the rate of expansion of a cylindrical shock front 
such as the spark might generate. 

Drabkina (1951) has shown that if the energy per unit length supplied to the 
axis of the spark up to time ¢ is E(t) ergcm~!, then the radius R(t) cm of the 
resulting cylindrical shock front is given by 


R(t)= (=)"| | (B(oyrrae | eae (1) 


where py (gcm~%) is the initial gas density and « is a dimensionless constant 
whose value for air is 0-55. The radius of the shock front thus depends not only 
on the total energy supplied but also on the way in which it is supplied in time. 
If we take two special cases, one in which the energy £, is all supplied instan- 
taneously at time t=0, and another in which the energy is supplied uniformly, 
so that E(t)= Wt where W is a constant, we get 
Instantaneous release: A(ty==(a)p,)ciy ke | vtec (1 a) 
Uniform release: WRAL) elec tog h(E SEAT en os crssene (1 db) 
In figure 6 the initial parts of the (log Rm, log t) curves are approximately 
linear, with a slope close to 0-5, so that comparison with (1 @) and (1 5) shows that 
the variation with time of Ry» is of the same type as that of a cylindrical shock front 
caused by an instantaneous energy release. ‘This is consistent with the fact, 
previously noted, that the radius of the mark left by a spark in which the current 
flows continuously for a time ¢ is no greater (actually slightly less) than that of 
the mark left by two 30 musec pulses spanning the same time ¢. Clearly, the 
energy supplied after the first 30 musec contributes little or nothing to the expan- 
sion of the channel. If the spark channel expands in the same way irrespective 
of whether the current is single or double pulsed, one might well expect the mark 
left by a single pulse to be somewhat smaller than that left by a double pulse. 
‘This would be so, because, with current flowing continuously from the anode, 
“the channel boundary must advance somewhat before existing spots are 
abandoned and new ones formed, thus introducing a lag between mark radius and 
channel radius. 
The energy supplied in the initial stages to the channel is given substantially 
to the electrons, and the time taken to generate the shock will depend on the 
time required for the transfer of energy from the electrons to the molecules in the 
form of kinetic energy. In air at atmospheric pressure, an electron with a few 
volts energy makes about 2 x 10 collisions per second, and the fraction of its 
“energy passed on at collision to a molecule in kinetic form is of the order of 
3x 10-, so that the characteristic time for such energy transfer between electrons 
and molecules is of the order of 2x 10-8sec, which is consistent with the con- 
slusions of the previous paragraph. It is of interest to note, moreover, that 
the curve of figure 6 corresponding to an air pressure of 200 mm Hg has a slope of 
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0-6, which is consistent with the fact that at the lower pressure the time for gener- 
ation of the shock is increased and the supply of energy no longer effectively 
instantaneous with respect to time of the order of 10-7 sec, over which the major 
part of the expansion takes place. 

It would be an advantage to be able to make an absolute comparison between 
equation (1 a@) and the observed rate of growth of the anode mark. This requires 
a knowledge of E», the energy input per unit length to the channel. In the brief 
times involved, estimates of power input from voltage and current measurements 
are not very satisfactory and we have attempted to estimate Ey by collecting and 
measuring the energy which is not dissipated in the spark and subtracting this 
from the energy originally stored. This gives little better than an order of mag- 
nitude estimate, but the value of E, under the conditions prevailing for those 
curves of figure 6 appropriate to atmospheric pressure is probably 10*ergcm 
to within a factor of two. ‘The broken line in figure 6 shows the radius of a 
cylindrical shock front generated by this amount of energy instantaneously 
released and it is seen that it is approximately the same as the observed radius of 
the anode mark. The rate of expansion of the shock wave is, according to 
equation (1 a), very insensitive to Ej, depending on its fourth root, so that, in 
spite of the uncertainty in Ej, we may say that the rate of expansion of the anode 
mark is roughly equal to that of the shock wave during the first 100 musec. 
Thereafter, in the case of a sustained current, the current appears to anchor 
completely at the outer spots. ‘The mark left by the pair of pulses, on the other 
hand, continues to expand, but very slowly, much more slowly, in fact, than the 
rate of expansion of the conducting channel predicted by Drabkina (1951) sub- 
sequent to the separation of the channel from the shock front. 


3.1. The Influence of Initial Gas Density 


Figure 7 shows the influence of the initial gas density py (which is proportional 
to the gas pressure P) on the size of the anode mark for various single current- 
pulse durations. This influence is seen to be quite marked and, to within the 
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Figure 7. The radius Rm of the mark left on a coated palladium anode by 30 a sparks" 
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accuracy of the measurements, the variation of Rm with p, may be represented 
by a relationship of the form Rm ocp)~” where 7 lies between 0-44 and 0:55. df 
Ey or W were independent of py equations (1a) and (16) would both predict a 
variation in which »=0-25. If we are correct in substantially identifying the 
early expansion of the anode mark with that of the shock front, then it would 
follow that, under the conditions of the experiment, i.e. static breakdown of the 


gap, the energy per unit length going into the shock increases as the pressure is 
lowered. 
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Lens Designing by Electronic Digital Computer: I 


By M. NUNN anp C. G. WYNNE 
Wray (Optical Works) Ltd., Bromley, Kent 


MS. received 24th October 1958, in revised form 25th March 1959 


Abstract. 'The method of Successive Linear Approximation at Maximum Steps, 
described in the previous paper, has been applied to automatic lens designing on 
an electronic digital computer. A description is given of the form of programme 
used and the results of applying the method to three design problems are quoted. 


§ 1. INTRODUCTION 


Mark 1* electronic digital computer at the Armaments Research and 
Development Establishment of the Ministry of Supply, Fort Halstead. 

The aim of this work has been to find a method of programming the machine 
to alter the design parameters of a given form of lens system so as to give the 
highest attainable optical performance, in terms of some criterion supplied to 
the machine. No attempt has so far been made to programme the machine to 
initiate new lens forms, for example by adding further components. 

The problem of optimizing the performance of a given lens form is one of 
considerable complexity. The aberrations of a system are determined by the 
tracing of a number of sampling rays passing through appropriate points in the 
aperture and object field; for practically useful systems from 25 to 50 such 
aberrations may be required to give an adequate description of the lens perfor- 
mance. ‘These aberrations are highly non-linear functions of the design 
parameters, which in typical systems may be from 20 to 50 in number. 

The method we have adopted is that of Successive Linear Approximation 
at Maximum Steps (sLaMs) described by Wynne (1959). Our initial purpose 
was to explore the effectiveness of this method for automatic lens designing and 
to find the best way to apply it. ‘The first machine programme was, therefore, 
restricted in the number and type of variables available to the machine for the 
automatic correction process, and also in the degree to which the machine pro- 
gramme was fully automatic, manual intervention and control being either | 
necessary or possible at various stages. As experience of the method has con- | 
firmed its efficacy and thrown light on the type of controls required, the scope 
of the programme is being extended. 

The main initial limitations have been: q 

(a) The machine has so far been programmed only to deal with spherical 
surfaces and with changes in surface curvatures and separations, i.e. the available 
continuous variables, the problem of automatic design with the discontinuous and 
mutually related refractive indices and dispersions of available optical materials 
having been deferred to a later stage. 


(b) The sLams method requires that a least squares solution be found to | 
number of simultaneous equations, the number of equations being equal to th 


a HE work described in this paper has been carried out using the Ferranti 
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sum of the number of design parameters being used and the number of aberrations 
being corrected, and the number of variables being equal to the number of 
design parameters. Our initial programme was restricted to a maximum of 
32 equations in 20 variables. This has since been extended to 48 equations in 
20 variables and further extension is being undertaken. 

(c) Anumber of rays are traced through the initial optical system and through 
subsequent variants of it, it being important for effective lens designing that 
these rays should pass through the most significant sampling points in the aperture 
and object. No attempt has been made to programme the machine to select 
these sampling points automatically: suitable points have been found by previous 
ray-tracing for each initial system and the automatic design programme has 
continued to use these for subsequent variants. This has so far proved satis- 
factory, presumably because we have used the automatic design methods on 
initial systems either already having a first-order correction of their aberrations, 
or being not very far from such correction, so that no fundamental changes have 
been effected in the lens form by the process of improvement. However, if all 
stages of optical design were to be programmed for an automatic machine method, 
the selection of appropriate sampling points would be a necessary part of this. 
A discussion of the problem is given as an Appendix to this paper. 


§ 2. "THE PROGRAMME 


The general structure of the programme of automatic design will be described 
first in this section, certain necessary complications to it being discussed there- 
after. 

(a) The first operation of the machine is to trace the specified set of rays 
through the initial optical system and to compute its aberrations. The ray- 
tracing method used is an algebraic one based on that first given by T. Smith 
(1915, 1918) for skew rays, a simplified scheme of the same type being used for 
rays in a meridian plane. A manual control can cause the results to be printed 
out at this stage or at any subsequent stage of ray-tracing. ‘I'wo alternative 
ray-tracing programmes are available, the second, which is only called into 
operation occasionally, giving the coordinates of the intersection of each ray 
with each surface in addition to the aberrations of the system. For principal 
rays the distortion and the departure of the sagittal and tangential foci from the 
paraxial focal plane are calculated and for other rays the distance of the ray- 

intersection point on this plane from the principal ray intersection point. In 
addition the optical path length of each ray in each dispersive medium is calculated 
and the chromatic aberration is computed from these as a wave-front aberration. 
At this, and subsequent complete ray traces on new systems, more aberrations 
may be calculated, and therefore available for inspection, than are subject to the 
process of automatic improvement. 

(b) Next the system is subjected to a systematic set of changes of each of the 

available design parameters (curvatures and separations), the set of rays giving the 
aberrations to be automatically controlled is traced through each of these systems, 
and the change in each aberration for each change is stored in the machine; if 
desired these can also be printed. In changing the design parameters, a method is 
‘used which avoids changes in the equivalent focal length of the system. Each 
curvature is changed, proceeding serially from the front, by a fixed amount; 
for each such curvature change the next following air—glass or glass—air surface 
3 
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is adjusted to restore the paraxial ray convergence in the following space, and the 
remainder of the curvatures are scaled to conserve the paraxial ray angles of 
incidence; similarly each separation is changed, one by one, and the following 
curvatures are again scaled to conserve paraxial angles. A matrix of numbers 
a,; is thus calculated giving the change of each aberration A, with each of the 
design parameter changes A,, the parameter changes themselves not being simple 
ones, but between them comprising all the available curvature and separation 
changes in the complete lens and being of such a nature that the compounding 
of given multiples of each of the changes into a new lens design can be performed 
by the machine. Some latitude exists in the choice of the basic parameter 
changes; they must be large enough for the aberration changes they produce to 
be substantially larger than the cumulative rounding-off errors of the ray-tracing, 
but small enough to be within the range of approximate linearity of the aberrations 
with parameter changes; for maximum efficiency of the sLams method the basic 
change of each parameter should be chosen to have the same range of linearity. 

For the first cycle, matrix elements a;; will generally be calculated for changes 
of every curvature and separation, though this is not always the case. For 
example, the register glass in a lens for aerial photography may be of some specified 
thickness, so that this is not an available parameter ; or again, in the type of wide- 
angle lens using large divergent front lenses to increase the relative illumination at 
large field angles by introducing coma of the entrance pupil (Slussareff 1941), 
the requirement of maximum pupil coma for a given power defines the shape 
and distance from the stop of these front negative lenses, so that these are not 
available design parameters for the correction of other aberrations. Controls 
are available to restrict the range of variables used by the machine in such cases 
and subsequently the range is restricted automatically in cases which are discussed 
below. 


(c) Having computed the matrix of differentials a;,, the machine proceeds 
to set up the equations used in the sLaMs method, 


[a,;]ag + Ag=0 } (1) 
sie Race Pubes non BS 
the first set of these equations giving the proportion x; of each basic design para- 
meter change A; which would be required to reduce each of the aberrations A; 
to zero if the aberrations changed linearly with the design parameters, and the 
second set of equations (1) having the effect, when P is suitably chosen, of re- 
stricting the size of the parameter changes to the largest size for which the assump- 
tion of linearity is approximately valid, as described in the previous paper 
(Wynne 1959). Having set up equations (1), the machine forms the normalized 
equations corresponding to a least squares solution of these and solves for xq 
using the method of pivotal condensation. Before this can be done, the size 
of the weighting factor P must be specified and also the metric of the various 
aberrations A, and of the corresponding matrix elements a;;. 
_ Considering first the metric of the aberrations, it will be immediately obvious 
that the aberrations calculated are not directly comparable, since they are of a 
variety of essentially different kinds—wave-front aberrations for the chromatic 
terms, longitudinal ray-aberrations for the sagittal and tangential foci, and 
transverse ray-aberrations for the remainder. | Making reasonable approxima- 


tions, the aberrations that are not transverse ray ones may be converted to this | 
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form by multiplying by the appropriate function of the aperture angle, for example 
the transverse axial chromatic aberration of a marginal ray would be obtained 
by dividing the wave-front aberration by half the aperture angle. A second 
factor affecting the appropriate metric for the various aberrations is that, when 
these are all converted to the same form, they are not generally of equal importance 
in the final correction; for example, the degree of correction of distortion required 
is often less than that of aberrations affecting resolution of the image; again the 
lens performance at the extreme field angle may be of less importance than that at 
smaller angles. A suitable metric for each aberration A,, which takes the form 
of an appropriate weighting factor multiplier for each A, in the first set of 
equations (1), must therefore be supplied to the machine. Reasonable first 
trial values for these weighting factors, to meet the requirements mentioned above, 
can be estimated after some experience of the method, and these can be adjusted 
in the light of the results of one or more cycles of automatic improvements by the 
machine, more weight being given to aberrations which are being corrected 
rather slowly, and less to aberrations whose correction is particularly good. 
Once suitable values are found, these can be used satisfactorily for a series of 
cycles. 

The weighting factor P is also chosen initially in the light of previous experi- 
ence with the method and adjusted if necessary after the first cycle of the pro- 
gramme. A first check on the suitability of the P value is available when the 
machine has carried out the least squares solution of equations (1), the values 
of x; so found being printed out. These are inspected and, with the size of 
basic change of the design parameters we are using, if the largest x, is not in 
excess of 2 or 3, nor less than unity, the value of Pis retained and the machine 
is allowed to proceed to the next stage. If the largest x; is much less than unity, 
a smaller value of P is used in equations {1)-and the process is repeated, giving a 
solution with larger values of x;; similarly if the largest x; is too large, P is 
increased. 


(d) When, by an appropriate choice of P, a set of values of x; of the required 
range of magnitude has been obtained, the machine sets up a new lens design 
derived from the original one by taking x, times the basic change of thejth design 
parameter for all the parameters; the data for this new lens may be printed if 
desired. ‘The complete set of rays is traced through the new lens, and the aberra- 
tions printed, together with values of the aberrations predicted assuming that they 

~ change linearly with the design parameters, these predicted values being simply 
the residuals of the first set of equations (1), reduced by the corresponding 
weighting factor, for the x; values used. The aberrations calculated by actual 
ray-tracing can then be compared with those predicted and if the difference 
is large compared with the improvement effected from the initital lens, the 
machine can return to a solution of equations (1) with a larger value of P, giving 
smaller x; values and therefore a closer approximation to the linear prediction. 
The choice of P from the earlier criterion is however generally found to be 
satisfactory, and a suitable value of P found at the first cycle is found to be so for 
subsequent cycles. 

This concludes one cycle of the basic machine programme. At this stage 
the machine has produced a new design of lens with improved aberrations, 
the improvement being the maximum which is possible, within the range of 

linearity of the aberration changes with design parameters, for the value of Xx,? 
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which has been determined, by the choice of P, to be as large as the range of 
approximate linearity allows. The machine returns to the first stage, using the 
improved lens design as its starting point, and repeats the cycle as often as is 
required. 

In the description of the basic programme above, it has been assumed that 
the design parameters are infinitely variable. This is not in fact the case, in 
particular the range of lens thicknesses for physically realizable systems must be 
restricted. All separations between surfaces must be positive both along the 
axis and at the full aperture that is being used; for divergent lenses the centre 
thickness must be sufficient for manufacture to be possible, and for convergent 
lenses the thickness must be sufficient to allow a diameter rather larger than that 
required to pass the full cone of light, so that the lenses can be held in a mount. 
Provision is made in the programme to ensure that these conditions are met. 
A minimum value can be set, independent of changes of curvatures of surfaces, 
for axial separations between lenses and for axial thicknesses of divergent lenses ; 
these are supplied to the machine inititally. When the least squares solution of 
equations (1) has been found and the new lens set up corresponding to the 
solution, the machine tests these separations to see whether the conditions have 
been violated. If any thicknesses or separations have been reduced below their 
minimum values, these design parameters are removed from the set of design 
parameters available to the machine and a new set of equations (1) set up and 
solved excluding these variables. In addition, since it has been found from 
experience that similar changes of the design parameters are generally made in 
successive cycles of the sLams method, the exclusion of the variables which have 
violated the minimum conditions at one cycle is automatically maintained for the 
two following cycles, by which time a lens form will have been evolved so different 
from the previous one that its aberration characteristics will often no longer tend 
to produce further reduction of these separations. For the requirement of positive 
edge-separations between surfaces, the position is rather more complicated, since 
the edge-separation depends both on the axial separation and on the curvatures, 
which are being changed in the design process. A limit to the centre thickness 
of a convergent lens or a divergent air space can be given to the machine exactly 
as for the cases above and, where the curvatures bounding the space concerned 
are changing slowly, this is an appropriate procedure. Alternatively, no limit 
may be set to such separations at this stage and the machine proceeds, having 
solved the equations for x,, to trace the complete set of rays for the corresponding 
new system. At this stage it computes the path length between successive 
surfaces and if, for the ray passing between them at the greatest distance from the 
axis, this length is less than some positive value previously specified to the machine, 
it again reverts to equations (1) with the offending variable removed for this and 
two succeeding cycles. : 

A further safeguard, this time against machine faults, is that at intervals 
throughout the programme, the whole state of the calculation at that point is 
stored, so that in the event of a machine fault developing, the machine can be 
switched to revert to the previous safeguard point and repeat the calculation 
from there. 

§ 3, APPLICATIONS OF THE METHOD 


It is axiomatic that no computing programme can give a solution to an 
insoluble problem. The present state of knowledge of aberration theory is 
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inadequate to determine in general what forms of lens are capable of yielding a 
high degree of aberration correction, but for simple forms of two or three lenses 
the presence of inherent limitations to correction are demonstrable. Fora satis- 
factory test of the ability of the methods described in this paper to yield highly 
corrected lens designs, lens forms of at least a moderate degree of complexity 
must, therefore, be chosen. On the other hand, the limited number of variables 
with which the present programme can operate has excluded very complicated 
systems, leaving only a restricted range of problems that could be usefully under- 
taken. By choosing optical systems of moderate complexity and restricting the 
automatic correction to the monochromatic aberrations, it has however been 
possible to demonstrate the potentialities of the method with the limited matrix 
size of the initial programme. The systems chosen were ones in which the mean 
refractive indices of some of the components were ones for which glasses are 
available having a variety of different dispersions, so that the correction of the 
chromatic aberrations, omitted by the machine, could be carried out as a separate 
operation, either simply by an appropriate choice of dispersions, or by inserting 
cemented surfaces, without disturbing the monochromatic correction. 

Since these problems were the first to which the method was applied, the 
application has involved considerable experimental work on the effect of different 
weighting factors on the aberrations and of different step-sizes, so that the course 
of the machines work has not been as direct as will be possible in future applica- 
tions of the method, and the times taken on the machine cannot generally be 
given. ‘This is, however, done in one case below in section (c) where the results 
of a single direct machine run are quoted. 


Example (a). ‘The automatic design programme was first applied to an attempt 
to improve the performance of a wide-angle lens of 5 glass double-Gauss form, 
having the type of construction described by Wynne (1953) which had already 
been brought to a high degree of correction for this type of lens using traditional 
methods of lens designing. In this form of lens, a general improvement to the 
aberrations can be effected by reducing the thickness of any of the components, 
so that in the initial design these were already reduced to the minimum values 
attainable in production, and the number of variables at the machine’s disposal 
was thereby automatically limited. In this lens, a number of the aberrations 
have both their first and second orders balanced against their third orders, so that 
for example the graphs of sagittal and tangential field curvature and of distortion 

against field angle had the form shown in figure 1, curve (a). By increasing the 
weight attached to any one of these aberrations so that the machine paid more 
attention to the correcting of this rather than of the other aberrations, the curve 
could be automatically flattened at each lobe, curve (b), showing an automatic 
correction simultaneously of three orders of aberration, but this could only be 
achieved at the expense of a deterioration of other aberrations. No general 
improvement of the performance of this particular lens appeared to be possible 
with the variables available to the machine. 


Example (b). A lens of symmetrical double-Gauss form, having a very high 
degree of correction at unit magnification over a moderate aperture and field 
angle (f/3-9 + 17-3° field) was taken, and the machine was given the problem of 
redesigning this to be corrected for an object at infinity. The design of a sym- 
_ metrical lens at unit magnification is simpler than for any other conjugates, since 
“symmetry ensures the complete correction of all orders of coma and distortion. 
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This problem was chosen since it seemed plausible that a form of lens having a 
high degree of correction at one magnification might have the potentiality of a 
high correctibility for other magnifications; this proved to be true in this case. 


(b) 


(ax _¢ 


Figure 1. 


The results of the process of automatic design are shown graphically in figure 2, 
The upper curves show the longitudinal aberration from the paraxial focal plane, 
as a fraction of the equivalent focal length, as abscissa against aperture as ordinate 
for object points on axis and at field angles 12-3° and 17-3° off axis; curves (a) 
show the aberrations of the original lens at unit magnification, curves (b) the 
aberrations of the same lens, before correction, with an object at infinity, and 
curves (c) those of the corrected design produced by the machine. ‘The points 
marked on the curves indicate the rays actually traced, sixteen different aberrations 
having been used by the machine in the automatic correction process. The distance 
of the zero aperture point from the origin in the curves for oblique imagery 
represent the tangential field curvature, and the isolated points on axis marked S 
denote the position of the sagittal foci. In order to make the upper curves of 
figure 2, relating to lenses at different magnifications, more readily comparable, 
curves (a) have been drawn with an aberration scale one quarter that of curves (c), 
so that curves (a) as drawn, if taken to be on the same scale as curves (c), would 
represent the longitudinal aberrations of a lens corrected for an object at infinity 
having the same wave-front aberrations as those existing in the original 1:1 
lens; in this sense the upper curves (a) and (c) are directly comparable. The 
curves (b) are on one tenth the scale of curves (c). The lower curves show the 
percentage distortion as abscissa against field angle off axis as ordinate. For the 
original symmetrical lens at unit magnification the distortion is, by symmetry, 
zero at all field angles. 

It is clear from curves (5) that the effect of transferring the object of the 1:1 
lens to infinity is to introduce heavy aberrations, mainly primary but also some 
higher order ones, all of which the machine, in redesigning the lens, has reduced 
to very small values indeed. We do not know of any lens of comparable aperture 
and field having such a high degree of correction as this final design. 


Example (c). A third type of lens on which the automatic design process has 
been used is a wide-angle one of the form in which large front divergent lenses 
are used to give increased illumination at the outer part of the field, by introducing | 
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coma of the entrance pupil. The shape and position relative to the stop of this 
front part of the lens system are fixed by the requirement that the pupil coma 
shall be a maximum, so that these variable were not made available to the machine 
in the design process. Behind this divergent front part, the lens system had 
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Figure 2. The upper curves show the longitudinal aberration as a fraction of the focal 
length at three field angles, 0°, 12:3° and 17-3°, (a) being for the original lens at unit 
magnification, (5) for the same lens with the object at infinity, and (c) for the cor- 
rected lens with object at infinity. The lower curves show the percentage distortion 
in the three cases. 


five additional lens components. The front divergent component, besides 

introducing the desired pupil coma, also has the effect of reducing the obliquity 
in the rest of the system of the wide-angle pencils in the object space, and in 
consequence fewer orders of aberration of oblique imagery are significant than 
in the double-Gauss form of wide-angle lens discussed under (a) above, and an 
adequate account of the lens performance can be derived from rays traced from 
only two off-axis sampling points in the object. 

The initial design given to the machine was one on which one of us (C. G. W.) 
had worked using traditional methods for a considerable time. Its longitudinal 
aberrations, on axis at f/5-8 and for substantially unvignetted pencils both in 
the meridian plane and in the secondary planes, at 30° and 45-3° off axis, and its 
distortion are shown in figure 3(a). Considerable higher order coma, astigmatism 

! distortion are present, with appropriate primary aberrations to balance 
‘these, a second order overcorrect oblique spherical aberration in the meridian 
plane in evidence at 30° is balanced against a still higher order undercorrection 


wos ee 


324 M. Nunn and C. G. Wynne 


Axis 30° 45-3° Distortion 
°° 45:3" 
a) 
=a 
5 g 
a=] 
(a) % 3 
o- in 
L~ @ 
-0-01 0 +0-0! -0-03 +0-01 -0:1% 0 +01% 
* 
“se 
a 
Pa 
4 
ma 
(4) 
‘ 
‘ 
‘ 
} + 
-0-:01 0 +0-01 -0-01 , | +0-01 -0-01% O +0-01% 
' 
‘ 
e 
’ 
. 
. 
‘. 
~ 
(c) 
-0-01 0 +0-01 -0-01% 0 +0-01% 


Figure 3. The sets of curves (a), (b) and (c) show the aberrations of the original f/5°8 
wide-angle lens, and of two successive improved designs derived from it. The first 
three graphs in each set show the longitudinal aberration, as a fraction of the focal 
length, on axis and at field angles of 30° and 45-3° off-axis, the full line showing the 
aberration in a meridian plane and the dotted line the aberration in the secondary 
plane. The right-hand curve in each set gives the variation of distortion with field 
angle, that for lens (a) being on one-tenth the scale of () and (c). 
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at 45-3°, and in the secondary plane (the dotted curves in figure 3) a higher order 
overcorrect oblique spherical aberration of oblique imagery is present, the 
sagittal field curvature having been left undercorrect to reduce the effect of this. 

After a continuous run of 44 hours of the automatic design process, involving 
six iterations, the machine had arrived at the design whose aberrations are shown 
in figure 3(b), in which the distortion curve is drawn on a scale ten times that of 
the corresponding curve in 3(a). Very considerable reduction is evident in the 
higher order aberrations in the meridian plane, the first order ones being reduced 
accordingly; the higher order overcorrect oblique spherical aberrations in the 
secondary planes from the sagittal focus has been slightly reduced, and the 
sagittal field curvature reduced correspondingly. 

The table gives the constructional data of the original lens design, lens 1, 
whose aberrations are shown in figure 3(a), and of the design whose aberrations 
are given in figure 3(b) (lens 2). The radii, separations and glass constants are 
given serially from the front, a positive radius being one which is convex toward 
the front, a negative one concave. Both designs are given for an equivalent 
length of unity. 


Lens 1 Lens 2 
Axial Axial 
Radii separations Radii separations na yp 
1-51712 1-51712 
0-:03408 0-03408 1-700 56:2 
0-79484 0:79484 
0-81275 0:82732 1 
0:41764 0:41838 
0:20318 0:10247 1-613 59:3 
1-21430 1:32849 
0:03216 0-11965 1 
0:27141 0:29030 
0:02130 0:03077 1-748 27:9 
0-21875 0:23754 
0:23346 0:23059 1 
—0: —0-20770 
oe 0:02130 0-:02130 1-748 27:9 
—0-26565 — 0:26307 
0-:00102 0-00350 1 
= -—1- —1-30014 
pa 0-21553 0-21553 1-651 58-6 
—0-41553 —0-40854 
0:80937 0:76947 1 
=e —0-75128 
toi 0:03408 0:03408 1:748 27:9 
—1:49349 — 1-49148 


Entrance pupil 0°8627 behind front surface. 


Beyond this point, no significant improvement could be effected by the 
machine with the variables available to it, i.e. the curvatures and separations 
alone, with the types of glass fixed. Since the automatic process does not yet 
embody changes of glass constants, manual intervention was employed in changing 
some of the glass types, in ways suggested by general experience of lens designing. 
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Various changes were tried; the effect of glass changes made in this way is, of 
course, to give a lens whose aberrations are at first uncorrected, the lens being 
then subjected to the automatic design process to give the best performance 
possible with the new glasses. The best form of lens so far produced by this 
process has aberrations shown in figure 3(c). A further considerable improve- 
ment over figure 3(b) is evident, including a halving of the aberrations in the 
secondary plane. ‘The degree of aberration correction in this final lens design 
is very high and we believe this to be the first published example of a systematic 
reduction of the aberrations of skew rays. 


§ 4. CONCLUSION 


The results given above, although limited in scope by the size of the initital 
programme capacity, demonstrate the power of the method. Apart from the 
gain in speed from an electronic digital computer, the simultaneous variation of 
up to twenty variables to give the greatest possible reduction of up to twenty 
aberrations within a limited range of approximate linearity is a task beyond the 
scope of traditional methods and in the examples (b) and (c) above, a higher 
degree of correction has in fact been achieved by the machine than was possible 
hitherto. It appears to be possible to accommodate within the capacity of the 
machine an extended programme, using the same basic method, allowing the 
correction of a greater number of aberrations and providing for the automatic 
choice of the refractive indices and dispersions of lens components as well as of 
curvatures and separations. With such an extension, the advantage over 
traditional methods should be still greater; work to this end is proceeding. 
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APPENDIX 
Sampling Points for Ray Tracing 

In order to obtain reasonably complete information about the aberrations of 
an optical system by the tracing of a finite number of rays, the sampling points 
in the object and pupil through which these rays are traced must be suitably 
chosen. For well corrected systems this choice of the most significant rays is a 
matter of some complexity, depending on (a) the form of the aberration curves, 
(5) the aberrations of the entrance pupil, which is the image of the physical stop, 
and (c) when oblique pencils of light are vignetted, on the degree and type of this _ 
vignetting, the best choice of which again depends on the form of the oblique _ 
aberrations. ‘The complications involved in a choice of sampling rays are well 
‘known to lens designers, but little attention seems to have been paid to the 
problem in the optical literature. 


(a) The form of the aberration curves. i 


The aberrations of a lens system are a function of p, o and ¢ where o is the 
distance off-axis of an object point and p, ¢ are polar coordinates of a ray inter-_ 


- 
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section point in the pupil plane, the angle ¢ being measured from the meridian 
plane containing the object point. One aspect of the choice of sampling points 
in the aperture and field (i.e. of values of p, o and ¢ for which rays are to be traced) 
can be considered in terms of a set of curves showing the variation of the aberra- 
tion with one of these variables at a time, for constant values of the other two. 
For example, curves may be considered showing the change of longitudinal 
aberration with aperture p, for different values of o and ¢, and the variation of 
distortion with o, as was done in figures 2 and 3; similarly the tangential and 
sagittal field curvature (ep =0, 6=0 and 7/2) could be shown as a function of the 
field size co, and so on. For a system whose aberrations are uncorrected, each of 
these curves will be of the form shown in figure 4(a), the aberration increasing 
progressively with aperture p or field size o. For such a system the obviously 
necessary sampling points are at zero and the maximum values of the varying 
parameters: that is to say one would trace a paraxial ray, a principal ray, with its 
associated astigmatism calculation, at the maximum field size c, and full aperture 
rays through the axial object point and at the maximum field size. When, in the 
first stage of optical design, suitable amounts of the primaryaberrations are intro- 
duced to balance the higher order aberrations present, the various aberration 
curves will take the form of figure 4(b). At this stage a reasonably full description 


() (<) (d) 


Figure 4. 


of the aberrations of the system will require the tracing of rays not only at zero 
and the extreme values of the aperture and field, but also at intermediate ones, 
corresponding to the maximum bulge in figure 4(b); that is to say rays will be 
required at zero, full and an appropriate intermediate aperture both at zero, full, 
and an intermediate field size; in some systems, where no possibility exists of 
correcting the skew aberrations, rays will be traced only in a meridian plane 
~(¢=0); in more highly corrected systems a corresponding set will be traced in 
secondary planes ($=7/2). For systems more highly corrected still, rays would 
be necessary for further values of ¢. 
In systems for which a reduction of the higher order aberrations is possible, 
the first stages of this reduction generally lead to a flattening of curve 4(5) without 
change of its form, but in some cases it is possible to reduce to zero at any rate 
some of the aberrations for the full and the chosen intermediate value of the 
‘parameter, the curve then generally taking the form of figure 4(c). ‘To determine 
the form of the aberration in this case, rays at new sampling points corresponding 
to values of the varying parameter near the two bulges are required. In highly 
‘corrected lenses a correction of this form is sometimes attainable for a number of 
he aberration curves; it can often be achieved for axial spherical aberration 
nd in lenses of large field angle this form of correction may be obtained for both 
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sagittal and tangential field curvature, distortion and coma. A further complica- 
tion is that the curves for different aberrations may have maxima at significantly 
different values of a parameter; for example, in a wide-angle lens with sagittal 
and tangential field curvatures of the form of figure 1(c), the effective distortion 
curve, which is not normal to the axis of abscissae at the origin, may have the 
form of curve 4(d), requiring additional sampling values of o to determine its 
maxima. 

For the designer using traditional methods, information is obtained of the 
state of correction at successive stages of the design, the change in form of the 
aberration curves is generally obvious, and the ray sampling points are adjusted 
accordingly. For a completely automatic machine process of design starting 
from an uncorrected form the necessary programming to determine the most 
significant sampling points would appear to present considerable problems if 
the number of rays traced at each stage is not to be very large. 


(b) Pupil aberrations. 

The entrance pupil of an optical system, which is the image of the physical 
stop formed by the part of the lens between this stop and the object, is itself 
subject to aberrations; these are normally not corrected and they may be large, 
being sometimes deliberately made so, for example to increase marginal illumina- 
tion. ‘The normal procedure in lens designing is initially to assume the entrance 
pupil to be aberration-free; a ray at the full aperture required from an axial 
object point is then traced, together with rays at each of the required field angles 
through the centre and at the full aperture of the Gaussian image of the physical 
stop. Such a set of rays is indicated in figure 5, M being a full aperture axial 
ray and A, P, Z, A, P, Z, rays at two obliquities, the entrance pupil being shown 


Figure 5. 


>» 


by the dotted lines S. In general when these rays are traced to the space con- 
taining the physical stop S’, where the rays are indicated as P,’, P,’ etc., P,’ and | 
P,’ will not pass through the centre, nor A,’, Z,’, Ay’, Zo’ through the edge of | 
the physical stop. From the pupil aberrations found by the ray-tracing new | 
incident ray coordinates are calculated, a Gaussian approximation usually being 
sufficient, to give incident ray pencils which pass appropriately through the stop. 
For a fully automatic design programme on a computer making very consid 
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changes to the lens form, this procedure would have to be programmed and 
repeated at intervals in the design process. 


(c) Vignetting. 

The discussion hitherto has assumed that the lenses permit the passage at 
each field angle of the full cone of light passed by the main aperture stop. In 
many lenses this is not the case, pencils at the larger field angles being restricted 
by the diameter of lens mountings or by vignetting apertures before and behind 
the axial aperture stop. For most common forms of lens this is necessary to 
Secure an adequate performance, the full aperture pencils at the larger field 
angles being very heavily aberrated. For some relatively simple forms of lens 
the large aperture oblique correction may be so bad as to make it desirable to 
secure the maximum degree of vignetting attainable by restricting the diameter 
of both the front and the back lens to the minimum required to transmit the full 
aperture axial pencil; in this case the problem of specifying ray coordinates is 
fairly simple. But for better corrected lenses the determination of the best form 
of vignetting is of considerable complexity ; a discussion of some of the problems, 
ignoring the effects of stop aberrations, was given by Wynne (1944). In general, 
if for a pencil at a particular field angle some determined degree of vignetting is 
required to give adequate performance, this may be achieved by vignetting stops 
of suitable diameter located over a range of positions before and behind the 
main stop; the effect of choosing these vignetting apertures nearer to the main 
stop is that the degree of vignetting at smaller field angles is increased, while 
that at larger angles is reduced, and vice versa for vignetting apertures further 
from the main stop. The determination of the optimum vignetting aperture 
positions and sizes therefore requires a consideration of the whole aberration 
characteristics of the lens; and for any choice of vignetting apertures the effective 
entrance-pupil through which the incident rays must be appropriately directed 
is formed by the superposition in the object space of the images of at least three 
physical stops, each having different aberrations. Once again a completely 
automatic machine programme to deal with the problem would present 
considerable difficulties. 
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Abstract. It is shown that many simple relations exist between various reduced 
matrix elements of the form (f” WUSL || U¥ ||f" W’U'SL’), where W= (w,z223) 
and U=(u,u,) are irreducible representations of R, and G, respectively. ‘This is 
done by using the fact that for k=2, 4 and 6, the components U,* of the tensor 
operators U*, when multiplied by 1/(2k+ 1), transform among themselves as the 
irreducible representations (200) of R, and (20) of G,. ‘The number of linearly 
independent sets of matrix elements for a given W and W’ is equal to the number 
of times the identity representation (000) of R; occurs in the reduction of the 
product (w,w,ws;) x (200) x (w,'w,'% 3’); similarly, the number of times the 
identity representation (00) of G, occurs in the reduction of the product 
(uyuy) x (20) x (u,'uy’) determines the number of linearly independent sets of 
matrix elements that can exist with U= (u,u,) and U' = (u,'u,'). ‘These two num- 
bers, which are denoted by c(WW’(200)) and c(UU’(20)), are tabulated for all 
W, W’, U and U’ which occur in f”, and the use of the tables in calculating the 
splittings induced in the levels of rare earth ions by the surrounding crystal 
lattice is illustrated with a number of examples. 


§ 1. INTRODUCTION 


N extremely common problem in quantum mechanics is the evaluation of 
x matrix elements of the type (A;|H,;|B,). Sometimes it is known how 
A,, H; and B;, transform under the operations of agroup Y. For simpli- 

city, we shall restrict our attention to those cases where the states 4; (1<i<a) and 
B,(1<k<b) span the respective irreducible representations [, and I’, of 
dimensions a and d, and where the operator components H; (1<j<h) transform 
like the h-dimensional irreducible representation [,. Other matrix elements 
(Ai | H;™ |B,™) can often be constructed with states 4,” and B,”™ which also 
span the same irreducible representations I', and I, of Y, and with operator 
components H,” which transform like I. We shall suppose that a one-to-one 
correspondence exists between the quantities 4;, H;, B, and A\”, H,”, BL; 
for example, the matrices describing how the states A; transform among them-. 
selves under the operations of Y are identical to the matrices for the states A. 
The following theorem is central to the present paper: if the identity representa- 
tion I’; occurs x times in the reduction of the product I’, x I’, x I',, itis not possibl 2 
to construct «+1 sets of matrix elements (4, | H,” | B,), each set comprisin 
ahb matrix elements, such that every set is linearly independent of every other se 
In other words, any set of matrix elements can be expressed as a linear combinatio 
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of « independent sets, i.e. constants g,, can always be found such that 
z£ 
(AA, |B)=S en (AM|H(BM ae (1) 
n=1 


for alli,jandk. This result may be proved for finite groups by first constructing 
the various functions involved in evaluating the matrix elements, and then setting 
up the linear combinations of these functions which transform as the irreducible 
representations contained in the reduction of [,xI',xI,. The coefficients of 
the functions are determined by group-theoretical considerations alone. When 
we integrate over all space, only those linear combinations which transform like I, 
are non-zero; hence we obtain ahb — x equations relating the matrix elements of a 
set to one another, and the x degrees of freedom left are expressed in an equivalent 
way by (1). The theorem is equally true for continuous groups; see, for example, 
Weyl (1928, p. 158, or 1931, p. 177). 

Before applying the theorem to obtain relations between the matrix elements of 
tensor operators, it might clarify matters to discuss a simple case which has 
recently arisen in the theory of paramagnetic resonance (Bleaney 1959a, b). 
When a paramagnetic ion is situated in a cubic lattice, it sometimes happens that 
the ground state is a quadruplet. In Bethe’s (1929) notation, the four states form 
a basis for the irreducible representation I’, of the cubic group. The question 
arises as to whether the matrix elements of the term BH.%,(1;+2s,) in the 
Hamiltonian can be reproduced by an operator between states with an effective 
spin S=%. (In this expression, H stands for the magnetic field.) ‘These states 
also form a basis for [,, so one requirementis satisfied. Now (1;+2s,)isa vector, 
and transforms like [,; in addition it can be shown that I’, occurs twice in the 
reduction of [,xI,x Iz, so we have a case of x=2. ‘The three components. 
SY, SP and S transform like [, when p is an odd integer; hence the matrix 
elements of BH. (1;+2s;) between the various states of the quadruplet can be 
reproduced by the expression 


BH, (gS? + fS,1) + BH, (gS? +fS,2) + BH, (gS? +fS.4) 


between states of effective spin 3, provided p and q are odd (and unequal) and 
g and f are suitably chosen. In selecting p=1 and q=3, Bleaney (19594, b) 
puts the ‘spin-Hamiltonian’ in its most convenient form. 


] » 

a § 2. IRREDUCIBLE TENSOR OPERATORS 
& 

4 


The irreducible tensor operator T” is defined as a set of 2k +1 operators T,*, 
where g=k, k—1,..., —k, which transform like the spherical harmonics Y,%. 
‘Tensor operators are of fundamental importance, for many interactions which 
arise in atomic and nuclear physics can be expressed in terms of them. Our 
present interest in them derives from a desire to calculate the splittings induced in 
the levels of a rare earth ion when the ion is situated in a crystal lattice; for it is 
convenient to expand the electric potential in which the 4f-electrons of the rare 
earth ion move in a series of spherical harmonics. ‘The problem is therefore to 
ate matrix elements of the form 


(f7 SLIJ,| U* |f" 7’ SL'S'J,’); 
vhere S, L, J and J, have their usual meanings, 7 stands for additional quantum 


mbers which may be necessary to specify a state, and where the tensor operator 
¥2 
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U* is the sum of the single particle operators u* for which 


(fllu* If) =1. 


Racah (1949) has shown that by classifying the states according to the irreducible 
representations W and U of the groups R, and G, respectively, an immense sim- 
plification is achieved. In fact, for terms of the highest and next-to-highest 
multiplicities in the configurations f”, the quantum numbers f” WUSLJJ, 
uniquely specify a state. 

From Elliott, Judd and Runciman (1957), with a slight change of notation, 


(fr SLIJ, | Ug fr’ S'L'I'S,') 


=3(5,9')(—1""#(_5 s ) fe SLI] Ux’ SLI"), 


sates (2) 
where 
(fs SLI || U* || fr 7’ SL'J’) ie 
= (=1yesee are 1yQr'+ NPY 5, 7, 9 | CMU) 
obete (3) 
and 
(IVE LY) ; 
=n D(H" [aL+ nen eayped 74% } 
7 
ayes (4) 


The symbol ¢ stands for the set of quantum numbers 7SL. The only difficult step 
in this procedure is the last. The fractional parentage coefficients ({|%) must be 
constructed from the table of Racah (1949), and the sum over the parent states can 
be very tedious. It is the purpose of the present paper to show that extremely 
simple relations hold between many of the reduced matrix elements (x || U* ||’) of 
different configurations, so that the summation in (4) can often be avoided. 


§ 3. REPRESENTATIONS 


In order to apply the theorem expressed by (1), we must examine the trans- 
formation properties of the states and the operators U,*. Under rotations in 
three-dimensional space, the 2.J+1 states |J, J,) transform as the irreducible 
representation , of Rs, while the components of U* transform like D,. In 
evaluating (fr SLJJ,|U,*|f" 7’ SL'J'J ,') we therefore investigate D, x D; X Dy. 
The identity representation , occurs once only in the reduction of this product, 
but this knowledge is not of any value to us since it merely gives a group-theoretical 
reason for the existence of equation (2). However, we obtain non-trivial results | 
when we examine how the states and operators transform under rotations in the 
seven-dimensional space spanned by the states 1],=3, 2,..., —3 of a single f- 
electron. ‘The irreducible representations of R, are described by three integral 
numbers W= (ww, ws) satisfying 


W,>W,>U,20. 


Racah (1949) has observed that under rotations in R, the quantities 4/(2k +1) U,# 
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for k= 2, 4, 6 and all permissible values of g transform according to the irreducible 
representation (200) of R;. This simple result is of great use, since it is precisely 
these values of k which are required in applications of the theory (see Judd 1957, 
1959b). On performing the reduction R,-> G,, an irreducible representation of 
R, breaks up into a number of irreducible representations of G,. The latter are 
described by two integers U=(u, uy) satisfying 


It is particularly fortunate that (200) breaks up into the single irreducible 
representation (20) of G, for we can now consider the three tensors U2, U4 and US 
as transforming like either (200) or (20) as we please. 

The first problem is to determine how many times the identity representation 
(000) of R; occurs in the reduction of 


(zwaws) x (200) x (20'ws'z,’). 


This number, which is obviously the same as the number of times (w,'w»'w’) 
occurs in the reduction of (w,w w3) x (200), will be denoted by c(WW’(200)). 
We may proceed in either of two ways : 

(i) A rather indirect, but sometimes very rapid, method is to form the product 
of the Young tableaux [w,w,w,] and [2] after the manner described by Littlewood 
(1950, p. 94). In the present case this consists of adding two cells to the tableau 
[ww,w 3] in every way possible such that the final tableau is standard and the two 
additional cells are not in the same vertical column. For example, 


ao 


[11] x [2] = [31] + [211]. 


In symbols: 


We can apply a dimension check by using table 3 of Flowers (1952): 
21 x 28 =378 +210. 


_ The Young tableaux describe irreducible representations of the unitary group in 
: seven dimensions U,, and the branching rules for U;-> R, may be obtained either 
_ from Littlewood (1950, p. 240) or from table 6 of Flowers (1952). Thus, for the 
_ present example, 


(110) x {(200) + (000)}= (310) + (200) + (110) + (211) + (110). 


; But 
(110) x (000) = (110), 
and by subtraction, 


(110) x (200) = (310) + (200) + (110) + (211). Saree (7) 
We can immediately apply a dimension check with the aid of table 4 of Flowers 


21 x 27 =330+4+27+214 189. 
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(ii) Weyl (1926, p. 389) has.given a.general formula for the characters of a 
semi-simple group, and it may be adapted to deal with the present case. We use 
a theorem due to the same writer (Weyl 1946, p. 229) to obtain the final result 


(ww, 3) X (200) = 2(w,waws) + > (Wy +H, Woty, Wyeth). veeeee (8) 
The sum runs over all integral values of x, y and 2 satisfying 
|~|+]y]+]e1<2. 


Because negative values of x, y and z are allowed, irreducible representations of R, 
sometimes occur in the sum which do not satisfy (5). In these cases the following 
equivalences may be used : 


(w,w, wz) = —(w,—1,4, +1, W3) = — (w,, W3—1, w,+ 1); 
(w,, We, — 1) er (w, Wo) 0), Sistevstete (9) 
(w,, Wo, —2)= a8 (w,, Wo, B. 


We observe that (w,, w,+1, ws), (wy, Wa, W.+1) and (w,, wy, wy +2) are null 
representations. The required numbers c(WW’(200)) are set out in table 1 for all 
irreducible representations occurring in the configuration f”. 


Table 1. The Numbers c(WW’(200)) 


(000) ~ (100). (110) (200) ~ 111) (210) “¢211), 20) ° G21) "eae 


(000) 1 
(100) 
(110) 
(200) 
(111) 
(210) 
(211) 
(220) 
(221) 
(222) 


of aL Se MU fa | 
ial | | 


ee) ee i ee | 
jE CSU aii 
ele eee | 


fel tlrwurl let 
lrRerenwmtre lel | 
fre? AS) Seah (| tila et | 
Swrt ses ft ft ft ft 
See} ptt vit 


§ 4. THE Group G, : 


We have now to carry out an analogous treatment for G,. The number of | 


times (00) occurs in the reduction of the product 


(uyU2) x (20) x (14't4") 


will be denoted by c(UU'(20)). The method corresponding to (i) involves 

knowing the branching rules for R,;>G,. The special cases which have been 

given (Racah 1949) are not complete enough for the present purpose, and the 
following general rule was therefore derived : 


(y9%5)> > [@—A,j +k) +(G—-k-1,i-J)], 
where the sum extends over all integral values of i, j and k satisfying 
Wi 2I>W,, = We >jfSW3, wWeek> —wWy. 


Equations analogous to (9) are required when representations appear which are 
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not consistent with (6). They are 
(wyuy) = —(uy—1,u, +1), 
(u,, —1)=0, 
(u,, —2)= —(u,—1,0). 


The dimension of (u,v) may be obtained by using the general formula of Weyl 
(1926, p. 389). The result is 


(uy +2) (uy +1) (uy — uy +1) (uy + ey +3)(uy + 2g +4)(2uy + Uy + 5)/120. 


Equations (10) are consistent with this expression. The general method will 
be illustrated by an example. From (7), 


{(10) + (11)} x (20) = (31) + (30) + (21) + (20) + (10) + (11) 
+ (30) + (21) + (20) + (11) + (10). 


By subtracting 
(10) x (20) = (30) + (21) + (20) + (11) + (10), 


which itself can be obtained by considering (100) x (200), we obtain 
(11) x (20) = (31) + (30) + (21) + (20) + (10) + (11). 
The dimension check is 
14 x 27=189+ 77+ 644+27+47+ 14. 


For irreducible representations of G, of high dimensionality, this process 
becomes lengthy, and it is more convenient to use the analogue of (8). It can 
be found by a similar method and is 


(usta) x (20) = (uyug) + Y (ur +, uy +): 

The summation runs over all integral values of x and y which satisfy 

Ixl<2,  y|<2, [vty] <2, 
with the additional proviso that the terms in the sum for which 

K<1,  bl<i, [etyl<t 
occur twice. The numbers c(UU'(20)) are collected in table 2. Both tables 1 

- and 2 must obviously be symmetrical, and since they have been constructed 

row by row, all off-diagonal numbers are automatically checked. 


Table 2. The Numbers c(UU'(20)) 
(00) (10) (11) (20) (21) (30) (22) (31) (40) 


(00) = = “ 1 z ES . a i 
m0) 1 : : : : GD erp SAMO? 
i (11) £ il 1 1 1 1 - 1 = 
~ (20) 1 1 1 2 2 1 1 1 1 

(21) - 1 1 2 2 2 1 2 1 

(30) - 1 1 1 g 2 1 2 1 

(22) ES = = 1 il il 1 1 1 

(31) - - 1 1 2 iz 1 3 2 

(40) = - - 1 1 1 1 2 2 
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§ 5, APPLICATION OF THE ‘TABLES 


The general techaigue can probably best be described by means of examples. 
From table 1, we see that (200) occurs once only in the reduction of (111) x (111). 
Hence (000) occurs only once in the reduction of (111) x (200) x (111). The 
terms of maximum multiplicity of f?, namely 4S, 4D, 4F, 4G and 4J belong to (111). 
This result can be obtained from the tables of Racah (1949), of Flowers (1952), 
or of Elliott et al. (1957). Hence a constant Q exists such that 
(f"(111)US2L||U* || fetus eb’) 

=O(P (11) UAL) GO" f2( Li) OL ene (11) 
for all U, U’, L and L’ consistent with the existence of the states in question and 
for k=2, 4.and 6. The reduced matrix elements on the right-hand side of (11) 
have been tabulated by Judd (1959). Suppose we wish to investigate the crystal 
splittings of the terms of maximum multiplicity of Pm**4f*. We set n=4, S=2 
in (11) and use (4) once to find Q. In fact Q=—1 for this case. (It might be 
mentioned in passing that the equation Q?=1 could be obtained by finding the 
eigenvalues of an operator formed by subtracting Casimir’s operator for R, 
from an analogous operator for U;. This operator is given explicitly in equation 
(15) of Judd (1959a).) The summation in (4) is thus completely avoided for 
the remaining 3 x 5?—1=74 reduced matrix elements. (The saving of labour 
is not quite as great as this figure implies, for a number of matrix elements are 
obviously zero when the triangular conditions for the non-vanishing of the 
6-7 symbols in (4) are not satisfied.) Again, for n=6, S=2, we find Q=—1. 
This result would be required in an investigation of the excited states of Eui+ 
or Am?*, 

Table 2 can lead to equally powerful results. For example, (00) occurs 
once only in the reduction of (10) x (20) x (21), and therefore a constant ’ 
exists such that 
(f° 17 (10)°°*9E [UF] |p" (21)°82) 

= Q'(f2(100)(10)°F || U*|[f9(210)(21)PL’) 


for all allowed values of L’, and for k=2, 4 and 6. The symbol F denotes a state 
with L=3. When n=6, S=2, W= (111) and W’=(210), we find Q’= 1/3. 
Again, the equation 
(f°(210)(20)°L]|U*||f°(210)(20)°L’) 

= $(°(111)(20)4L]|O*|[f>(111)(20)4L’) 

+3(f°(210)(20)°L]| U*||f>(210)(20)?L’) 

for k, L, L'=2, 4 or 6 (in any combination) exists in virtue of the fact that ( 0% 
occurs twice in the reduction of (20) x (20) x (20). 


Certain simple results for the configurations f and f? make themselves felt 
in more complex configurations. Since 


(f(100)(10)2F || U*|] (100) (10)2F) = 1, 


and since (00) occurs once only in the reduction of (10) x (20) x (10), the reduced 
matrix elements 


(fF W(10)S+7F || U* || fe" (10)°S+1F) 
will always be independent of k (provided k is even). 


‘ 
: 
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Since all the fractional parentage coefficients (f*{|f) are unity, we obtain 


from (4) 


(?(200) (20)4Z|(2k + 1)¥2U4|| f2(200) (20)1L’) 


Pa oat a 
=2[(2L+1)(2 Ze ue 
[(2L +1)(2k+1)(2L’ +-1)] o 3 Ae eee: (12) 
The right-hand side is symmetrical with respect to < any interchange of L, k or L’. 
It is sufficient to remark that 


(P(111)(20)*L]|(24 + 1)¥U* || f5(111)(20)4L’) 


shares the same property and that (00) occurs twice in the reduction of 
(20) x (20) x (20) to prove in general that 


(f° W(20)?S+1L]|(2k + 1)¥2U*|| fe W’(20)28+1L) 


= (fT (20)28+1R||(2L-+ 1)!2U4|] fo 17 (20544) 
for k=2, 4 or 6. 

We shall conclude this discussion by giving an example which can be expressed 
directly in terms of experimental observations. Consider the levels ®P3,. and 
SF 3. of Dy**4f%. ‘To discover how these levels split up when a dysprosium ion 
is situated in a crystal lattice, we set up the two 4x4 matrices spanned by the 
states J,= 3, 4, —4, — 3. The perturbation can be represented by }A,2U,¥, 
where the constants A;¢ depend on the particular environment of the ion. Because 
all the relevant matrix elements are between states of the same parity, terms in 
the summation for odd k can be discarded. The term k=0 may also be dropped, 
since it does not affect the splittings of the levels. The 3-7 symbol in (2) vanishes 
unless J, k and J’ form a triangle; hence we need only concern ourselves with 
k=2. From (2) it is apparent that every element of the matrix for °F). stands 
to the corresponding element of the matrix for ®Py. as (f97°F 5/||U?||f%7°F 3/2) 
stands to (f97’6P3/||U?|| fz’ P3/2), since the factors 


arcane Ae 

an q zi) : 
_ multiplying the reduced matrix elements will occur in both matrices. A theorem 
of Kramers (1930) assures us that the 4x4 secular determinants formed from 


these matrices will give a pair of doubly degenerate levels; and from what has 
_already been said we see that the ratio of the splittings of °F gj and ®Psjp is 


q (ETO TP, IOFOTO) as)” 


where the embols 7 mE 7’ have been Hele Abe the Shae Recs wu plascif 
cations. From (3), Por ’ 


f 4 (er10)(10)F| 14149(110)(10)°F) 


FR patoyarppiariparoyay?) 


N 
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Now (000) occurs once only in the reduction of 
(110) x (200) x (110), and hence 


5 3} ((110)(10}#F 7 f2(110)(10)"F) 


€ 


LO pl 


a 

ll 
——— 
nie W 


who QW leo 


 poleo} Go poh 
Do win 


(eS 


\ (f?(110)(11)?P|| U7|f2(110)(11)°P) 


£) oifida2<3\ af fd tA ngehlecel 
i} 33 at/ei2 SB iale 


The last step can be easily made, since the reduced matrix elements for f? may be 
immediately written down in the same manner as (12). Using the tables of 
Biedenharn (1952) to evaluate the 6-7 symbols, we find 


1 


3° 


poles 


I 
— 


To first-order in perturbation theory we therefore conclude that the separation 
between the two doublets of ®P3. is three times the corresponding separation 
for °F 5, and that either level is inverted with respect to the other. This result 
is independent of the nature of the crystal lattice. Dieke and Singh (1956) 
have carried out an investigation of the absorption and fluorescence spectra of 
DyCl,.6H,O. They claim to have observed the level ®P3., but the present 
writer considers that it is much more likely to be °F. from its position in the 
spectrum. It would be out of place here to discuss the problem of identifying 
levels in a complex spectrum; the point of the above analysis is to illustrate the 
theory for a simple case and show how it has a direct bearing on actual observations. 
When experiments on other dysprosium crystals have been performed it might 
be possible to test the value of R; at any rate it should be of service in dis- 
tinguishing the levels °P5). and °F 3). 


§ 6. CONCLUSION 


If we wish to examine the splittings induced by a crystalline electric field 
in the levels of a rare earth or actinide ion, the procedure is first to discover whether 
states of the same W or U occur inf, f?, or f°. If they do, then we examine tables 1 
and 2 to see how we can make the best use of the results for these fairly simple 
configurations. But even if they do not, we might nevertheless find it easier to. 
perform the summations (4) for configurations where the terms corresponding | 
to the ones we are interested in have fewer parents. The question as to whether 
closed expressions exist for (4) has not yet been answered, though several comments 
on the problem have been made by Judd (1959a). It is clear that the general 
technique could be extended to the configurations d”, since in the five-dimensional 
space spanned by the states /,= —2, —1, 0, 1 and 2 of a single d-electron, 4/5 U? 
and 3 U* transform like the irreducible representation (20) of R;. An extension | 
in another direction would be an investigation of the tensor operators of odd_| 
rank. ‘This would be of considerable mathematical interest, since these operators 
form a complete set of operators for the group R,. 


| 
| 
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The Meissner Effect, Gauge Invariance and Electron Correlations 


By G. L. SEWELL 
Mathematical Institute, The University, Liverpool 


Communicated by H. Frohlich; M/S received 18th March 1959 


Abstract. A perturbative method, which is gauge invariant in infinite order, is 
employed to investigate whether the Bardeen, Cooper and Schrieffer—Bogoliubov 
treatment of the theory of superconductivity leads to the Meissner effect. It is 
found that the theory does not reveal, in any finite order of perturbation, the long 
range correlations between the electronic momenta that are necessary for the 
Meissner effect. 


§ 1. INTRODUCTION AND SUMMARY 


HE experimental discovery of the isotope effect has led to the belief that the 

basic properties of the superconducting state should be derivable from a 

suitable theoretical treatment of Fréhlich’s phonon-electron model (1952). 

The recent approaches to a microscopic theory of superconductivity, due to 

Bardeen, Cooper and Schrieffer (1957, to be referred to as BCS) and Bogoliubov 

(1958), have both been based on methods in which Fréhlich’s Hamiltonian H is 
split into two parts: 

Pe cae ee ee | eke (1.1) 

In these treatments it was attempted to interpret the main properties of the 

superconducting state in terms of Ho, the other part H’ being regarded as a small 

correction. ‘This procedure led to a satisfactory theory of the thermal properties 
of superconductors. 

On the other hand, this same treatment has led to difficulties in connection 
with the theory of the Meissner effect. Here one is concerned with the response 
of the system to an applied magnetic field. ‘The Hamiltonian for Fréhlich’s 
model in the presence of such a field may be written as 


ET Ee at de ee ental (1.2) 
the part Hy; being due to the field. The derivations of the Meissner effect by 
Rickayzen (1958), who used Bogoliubov’s method, and by BCS, were based on the 


replacement of H by Hyin (1.2). Thus, the magnetic properties of the model were 
investigated on the basis of the Hamiltonian 


dig tdds ak 2 fg aie dallas (13) 
In addition, the applied field was represented by a transversely gauged vector | 
potential. It is the replacement of (1.2) by (1.3) which renders these derivations | 
doubtful. The reason for this is that, while the former Hamiltonian is gauge} 
invariant, the latter one is not (cf. Schafroth 1958). 
Apart from this criticism, the above approaches are unsatisfactory in so far as 
they fail to come to grips with the very feature of the superconducting state whichi 
can be regarded as being responsible for the Meissner effect—namely, the longs 
range of the correlations between the electronic momenta. This can be seen if. 
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following Schafroth (1951), we express the relationship between the applied 
magnetic field, given by the vector potential A(x), and the resultant equilibrium 
current J(x) in the form 


J(x)= [Kx —x’) AQ) dx’. ene (1.4) 
The tensor K may be expressed in the form (cf. Nakajima 1956) 


Kix) Mot” 3(x) + * C(x), yer) (1.5) 


where Np, is the number of electrons per unit volume, and C is a tensor which 
represents the space-correlation between the electronic momenta. It is given by 


C(x —x’)= IL Av [exp (AH) j(x’) exp (—AH) j(x)] dA, ...... (1.6) 
where ; 
ee 8 ee") en Ok es ey (1.7) 
where H, j denote the Hamiltonian and current density operator, respectively, 
for the model in the absence of any applied field, and Av denotes the thermal average 
at temperature 7. ‘Thus the magnetic properties of a model are given in terms of 
the space-correlation function C, which is specified by the state of the system in the 
absence of the applied field. 
These properties can be analysed in terms of the Fourier transforms of K(x), 
C(x), namely 


K(p)= Ff K(x) exp (—7zp.x) dx 


ee ee ae ee i NS = ett) Oe pol rnd ge sete (1.8) 
a C(p)= f C(x) exp (—ip.x) dx. 
The requirements of isotropy and gauge invariance lead respectively to 
Kp seas (2) = PPfa(2)): eyinrtitia sxastgoserts 3 +s (1.9) 
and 
GAP =H SAP?) =F (07) 8855 or bos) ec Lise 24 dare te (1.10) 


the f’s being scalar functions of p._ A simple criterion for the Meissner effect is 


that 


{p= = +fr(p?), for Meissner effect, 
and Pp 
¢ f(p2)=fr( 2), for no Meissner effect. 
Here «isa positive constant and f, is a regular function of p”._ It now follows from 


(1.5), (1.8)-(1.11) that 
C(p) = —copp + (2+ x +¢(p?— pp) fr(p*) 


_ P=p/p 

if the Meissner effect is to be exhibited. Only in this case does C(p) contain a 
term pp. This term is proportional to the Fourier transform of VV (1/|x|), a 
non-local function, whereas the remaining terms on the right-hand side of (1.12) 
are transforms of localized functions (e.g. 5(x)). We may therefore regard the 
non-local nature of the electronic momenta correlations, as manifested by the 
term ff, as being the essential physical property responsible for the Meissner 
Birect. +" . 


342 G. L. Sewell 


This property is necessarily overlooked in any non-gauge invariant theory in 
which a transverse gauge (p. A(p)=0 in Fourier representation) is used. For, in 
such a theory, it follows, by (1.9), that the current—field equation will still be given 
by (1.4), but with K(p) replaced by p?/,(p?), the term ppf,(p”) being irrelevant. It 
is only this latter term, however, which could possibly lead to a term pf, and one 
cannot obtain its form from that of f,; in a non-gauge invariant theory, because of 
the violation of (1.10). 

In the present paper we investigate the magnetic properties of the model, as 
treated by Bogoliubov, by means of a method which takes the part H’ of the 
Hamiltonian into account and thereby restores gauge invariance. ‘The essence of 
our method is that we use equations (1.1), (1.6) and (1.8) to express C(p) in terms 
of a perturbative expansion in H'’, i.e. 


C(P)=EC(P) nee (1.13) 


This expansion renders our treatment exact in infinite order, and thus retrieves 
the gauge invariance of the model. 

After performing the expansion (1.13), we examine the formulae for the C,’s to 
determine whether any of them possess a term Pp. It is found that none of them 
do so, each term tending, as p> 0, to a limit which is independent of the direction 
of p. Hence we conclude that the method does not reveal the long range correla- 
tions, required for the Meissner effect, in any finite order of perturbation. 

We have now two alternatives. Either (a) the series (1.13) is uniformly 
convergent or (b) it is not. If (a) is the correct alternative, then C(p) cannot 
possess a term pp, and the Bogoliubov treatment will not lead to a Meissner effect. 
This would mean that the apparent Meissner effect which appears in Rickayzen’s 
treatment would be cancelled by perturbative effects when gauge invariance is 
restored. 

If (b) is the correct alternative, then it is conceivable that C(p) possesses a 
term pp even though the C,’s donot. Even in this case, however, the Bogoliubov 
theory could not be said to lead to a Meissner effect in a satisfactory manner, 
since a comprehensible theory of that effect must surely be one in which the 
required long range correlations could be seen to arise in zero or low order per- 
turbation—i.e. could be seen to arise as a result of the properties of Hj, on which 
the theory of the superconducting state is based. 


§ 2. THE MopEL 


In this section we shall summarize the relevant features of Frohlich’s phonon— 
electron model, as treated by Bogoliubov. 'The Hamiltonian for the model is 


H = vy €(K) at 6g + 2, w(q)b*,b, eS 
k,o 


+ dg (oe (aod gee Pre (2203 


: k’=k+q 
Here, b*,, w(q) represent the creation operator and energy for a free phonon of 
wave-vector q; at,., «(k) represent the corresponding quantities for a free 
electron of wave-vector k and spin o; g is an interaction constant and V is the 
volume of the body. ‘The operators representing the total number of electrons 
and the current density are 


N= ¥ ote cas (kDa 


ae) eee 
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and ies ema Ri(P) exp (7px) a & lo wees (2.3) 
p 
. A h 
respectively, where _j(p) = i 2 DI atacue pes Ose Pac GMa a tatee (2.4) 


In Bogoliubov’s treatment, the constancy of N is not enforced. Instead, a 
chemical potential ¢ is introduced, and the properties of the system are derived 
from the Hamiltonian 


Lita CN ee Pe ee ee (2:5) 
¢ is specified by the requirement that the expectation value of N is equal to the 
total number of electrons present. It is found to differ by very little from the 
Fermi energy for the free electron system. 
The properties of the system are analysed by means of the transformation 
Dg =the = Oyat_,, | 
By =U Kp, UAT, j 
where w, v are real numbers satisfying 
u2?+v27=1. 
The operators a+ represent creation operators for quasi-particles, and satisfy 
the Fermi anticommutation rules. The quantities u, v, which are temperature- 
dependent, were calculated by Bogoliubov according to his principle of internal 
compensation of critical graphs (i.e. graphs which lead to divergencies). This 
calculation led to two sets of values for u, v, one set corresponding to the normal 
state, the other to the superconducting state. It is only with the latter state 


that we shall be concerned. 
In view of (2.1), (2.2) and (2.6), we may rewrite (2.5) in the form (1.1) with 


Hy => E(k) (a4 49 PO aia) OG) 0 (257) 
k q 
1/2 
and H'’= > g (SP) [mph + MeV eB 04 11 + Ue %0) 
k’=k+q 
+ (My the = Me (A oo + M1 %e1)}O*g 
+complex conj.] 
+ DY 2(e(k) — 6) aye O* 0 be + Mere) 
k 


ce 2 [(e(k) — £) (m2 — 0,2) — E(k) ] (4 0% + 21 Get ) 
Hey, 2(e(k)— Co Pt apie Sa Beenie 20 te Ye, ¥(28) 


The quantity E(k) is the energy required to create a single quasi-particle a+ yg OF 
at+,, from the vacuum. Its least value, which occurs when k is on the Fermi 


surface, is positive and represents the energy gap in a one-particle picture of the 


superconducting state. 
Similarly, it follows from (2.4) and (2.6) that 


i(p)= 5 ar SY (KEK) [te + ee) eo 0 ~ Ma Ge) 
k’=k+p 


A (Ue — Mle (A 1B 0 — Meo%1) 1 aaesye (2.9) 
he formulae for H and j, given by (2.7)-(2.9), are exact, whatever the values 
u,v, E. It is only in the calculations of these latter quantities that approxi- 
nations are made. 
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The property of u,v and E that concerns us is that these quantities are all 
continuous functions of k. It was this property, together with the fact that FE 
has a positive lower bound, which in Rickayzen’s treatment led to a Meissner 
effect. 


§ 3. CALCULATIONAL AIDS 


In this section we shall note some very general properties of the model 
which we shall require when formulating the correlation function. 

Ignoring the last sum in (2.8) (a constant c-number), we see from that 
equation that H’ is a sum of terms, each one of which is of the form y@, where 
6 is a product of creation and destruction operators and y is a c-number. ‘Thus, 


we may write 
= 2 ABE); were (3.1) 


where P is a well-defined process, involving the creation and (or) destruction 

of specified quanta. In order to illustrate our definition of the 6’s, we remark 

that one @ corresponding to a term in the first sum in (2.8) is a*,9@*,,b*,, and 

its coefficient y is g{w(q)/2V}1?(u,u.+uy-%,). The process P represented by 

this 6 is the creation of a phonon q, and two fermions, (k,0) and (k’, 1). 
Similarly, we may rewrite (2.9) as 


i(p)= 2.4(2)(2), oars (3.2) 


where 6(Q) is a product of creation and destruction operators for the process Q. 

Every process P (or Q) involves the creations and destructions of specified 
quanta. ‘The energy of each quantum is well defined, E(k) or w(q), and hence 
the energy increase in Hy due to the process P is specified completely by the 
form of #(P). In fact, this energy increase is 


e(P) =e,(P)—e_(P), 


where e, and e_ denote the total energies of the quanta associated with the 
creation and destruction operators, respectively, which form the product 
O(P). (For example, if 0(P)=at, a,,b+,, then e(P) = E(k) + w(q)— E(k’).) 

On comparing (2.8), (2.9) with (3.1), (3.2) we see that y(P) and d(Q) are 
continuous functions of the wave-vectors (k,q) involved in the processes P 
and Q. ‘The energies e(P) and e(Q) are likewise continuous in these wave 
vectors, in view of the continuity of w(q), E(k). : 

In our perturbative calculations, we shall use the interaction representation 


EA) exp (AH, )eexp(—AHp) nee ewe (3.3) 


for various operators €. It now follows from our definitions of e, 6 that (cf. 
Schweber et al. 1954, p. 170) ? 


~= 6(P, )=0(P) Ss (Ae(P)). 
Hence, by (3.1)-(3.3), 
. H'()= p2 y(P) exp (Ae(P))6(P) Seiees (Oean 


and 


i(p,)=3 d(Q) exp (Ae(Q))0(Q). vo GSM 
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§ 4. ‘THE CORRELATION FUNCTION 


In this section we shall employ a perturbative expansion to analyse the 
Properties of the correlation function. By (1.6), (1.8) and (2.3), 


C(p) = exp (BF) lk Spli(p) exp (—AH)j*(p) exp{—(B—A)H}] dA, ... (4.1) 


where F is the free energy of the system at temperature T. We shall concern 
ourselves with cases where T is non-zero, i.e. where is finite. It is convenient 
to write 


1 ER ie es ald in th Sade (4.2) 


where F) is the free energy for the system Hy, so that F’ may be regarded as a 
perturbation. Thus, we may rewrite (4.1) as 


C(p)=exp (BF’) | Avolexp (\Ho)i(p) exp (—AH)j+(p) exp (— (B—A)H) 
x exp (B—A)H,] dd, 


where Av,(€) denotes the thermal average of € for the system A). 
Consequently, using (3.3), 


B e . 
C(p) =exp (8F’) i Avo[i(P,A)SA)i*(P)S*(B—A)] aA, ..- (4.3) 
0 
where 
eC RST eer Os Sy Ve ME ee ee eae (4.4) 
Expanding exp(—AH) perturbatively in powers of H' (cf. Nakajima 1955) 
(4.4) becomes 


S()=1- | AG) ise | aa, { ; A’ (Ay) (rg) Da 


Sates (4.5) 
Hence, by (3.4), (3.5), (4.3) and (4.5), we may write 
C(p)=exp(BF’) >TAv (©), = ween ee (4.6) 
where 
' © = 0(Q)0(Py)0(P2) - - - 0(Ps)0*(Q')8*(Py’)O* (Pya’). «OF (Pr') 
wee ce (4.7) 


ad 
P=(—1)*4(Q)(Q) IT 7) iu (Py) 


x | [ exp 0€(Q)){ | da, | : ais | “exp (es el(P))) a} 


- i cee t J 
x {f an’ {* an... [* : exp ( S&v'e(Ps’)) dn \] Papeete 
0 0 0 k=1 


is to be understood that the summation in (4.6) is taken over all processes 
_ P’, O, QO’, and over all integers s, #2 0. . | 
Tt follows from (4.7) and our definition of the 6’s in $3 that each © is a 
duct formed from creation and destruction operators, ¢.g. 

(2) — a,b,ta3b.a3*a,*. 
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~_ contribution to the sum in (4.6) is 
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The creation and destruction operators in the product for © may always be 
re-arranged, using the appropriate commutation rules, so that © may be re- 
expressed in the form 
@ = 0, (7,)On(75) Se ORG) eee (4.9) 
where each 7 represents a ‘ particle’ (phonon or fermion), and QO, is an operator 
formed from the creation and destruction operators representing 7,. As we 
are concerned only with operations for which Av)(@)#0, it follows that each 
O, must be a product containing equal numbers of creation and destruction 
operators. From this it follows that O, may be expressed as a polynomial 
function of the number operator n, representing 7, 
(e.g. ata=n, ataaat=n (1—n), etc.) 


In view of this, we may rewrite (4.9) as 
O= TT 26() 
3= 


where n,=at*a (fermions) or b+b (phonons), 
and where g, is a polynomial function of n,. 

Moreover, it may easily be verified that Avy(m!) (/ an integer) is a polynomial 
of degree / in # (=Avo(n)) (e.g. for bosons Avo(n?)=n?+n—-1). Hence, by 
(4.10), 

AV, (O) =D (Ny; 7iy,<s os Ng yo oe 41 
where © is a polynomial function of the ”’s. It is now convenient to introduce 
K,(=k or q) as the wave vector for the ‘particle’ 7,. ‘Thus, we may write 


ant tee eer ee (4.12) 
where 
i(k) = [exp (BE(k)) +1] 
eR In ide ek ae a ee? eet eee eee 4.13 
“ i(q) = [exp (Bo(q)) — 1] | oe 


From (4.11) and (4.12) it follows that ® is a well-defined function of the K’s. 
Similarly, the tensor T is a function of the wave-vectors of the ‘ particles’ 
participating in the operation @, i.e. 
AU Ce) ee ee ee (4.14) 
It follows from (4.8) that, for finite 8, is a regular function of the relevant | 
y’s, d’s and e’s. ‘Therefore since, as was shown in §3, these latter quantities 
are all continuous in the K’s, it follows that W is a continuous function of 
the K’s. 
It follows from (4.11), (4.12) and (4.14) that the contribution to the sum 
in (4.6) due to the process @ is 


T(Kyj oss Kp) O(R(K,) 5. +, H(Ky))F(KyyeeeyKy)s. oeese' (4.15) 


The precise form of T depends on the nature of the process @. Corresponding 
to each form for T, i.e. corresponding to each Feynman graph G, the total 


C,(p)= dig ar. (nist Cae osccce( Toleum 

Apsees mm if 

and equation (4.6) may now be rewritten as : 
C(p)=exp (BF’) > alP), sooo (Hl) | 

the summation to be taken over all graphs. 
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We shall now show that T is a continuous function of the K’s. For this 
purpose we first note that, as shown above, W is continuous in those vectors. 
The function ®, on the other hand, is a polynomial function of the a’s. As may 
be seen from (4.13), i(k) is a regular function of k, but A(q) is irregular in q, 
tending to infinity as w(q)>0. The function © is therefore regular in the k’s, 
but has singularities in the q’s. Nevertheless, the function T=®W does not 
have any such singularities, for the folowing reason. 

It may be seen on comparing (2.8), (2.9) with (3.1), (3.2) that whenever 
a process @ has d, or 6,* as a factor, then its coefficient y has (w(q))? as a factor. 
Therefore, by (4.7), (4.8), for every n(q) in , there is a factor w(q)in IT. Hence, 
by (4.11), (4.14) for every (gq) in ®, there is an w(q) in YW. The quantity 
w(q) #(q) is continuous in q, as may be seen from (4.13). Hence it follows from 
(4.15) that T is continuous in all the K’s, i.e. in the q’s as well as the k’s. 

In order to ascertain the nature of the dependence of C, on p, we note that, 
by (4.7), there are exactly two Q-processes, namely 6(Q) and 6+(Q’), in each 
process ©; and, by (2.9) and (3.2), the quanta involved in each Q-process are a 
pair of fermions whose wave-vectors differ by p. It follows that four of the 
K’s in the summand in (4.16) must be fermion wave-vectors k,, k, +p; k,, k,+p. 
If now we denote the wave-vectors of the phonons and of the remaining fermions 
participating in the operation © as qj,...,4q,; k3,...,k,, respectively, we 
may write 

T=T(k,,k, +p; k,,k,+p; ks,...,k,3 Gi,--+» 4) 


Moreover, by (2.8) and (2.9), any q appearing in an operator @ is always the 
difference between two fermion wave-vectors appearing in that operator. Hence, 
we may express a relation between the q’s and k’s appearing in (4.18), i.e. 


q;=k,—k,;+7p; r=0,lor—-1. — a (4.19) 


The actual values of 7, j, 7 corresponding to any q, will depend on the form of the 
graph G. 

Since T is continuous in the k’s and q’s, it follows that, on substituting (4.19) 
into (4.18), we may re-express T as 


TeUle kes pha eer es (4.20) 


~ where U is continuous both in pandthek’s. Thus, equation (4.16) may now be 


rewritten as 
: C,(p)= E Uke soe ketip).madeo ods fone (4.21) 


pee, 


This sum may be converted to an integral, proportional to 
[UCase has p)dk,...dk,, eee hoa 


In view of the continuity of U with respect to p, the integral (4.22) will tend, 
as p->0, to a limit independent of the direction of p. Hence, Cg likewise tends to 
such a limit, and cannot therefore contain a term pp. Thus, by (4.17), we have 
established the contention made in § 1, namely that the model does not reveal the 
long range order required for the Meissner effect, in any finite order perturbative 


levelopment from the Bogoliubov theory. 
Z2 
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It is important to point out that the reason for the continuity of each Cy, as 
given in our theory, is not due to the finiteness of the volume of the system. For 
this finiteness means only that p can never be zero, and not that the function 
C, (p) does not tend to a definite limit as p+0. 

In any case we can avoid all difficulties due to the finiteness of the system by 
replacing (4.17) by a linked cluster expansion for C (cf. Goldstone 1957, Hubbard 
1957). Thus, using linked cluster theory, we may rewrite (4.17) as 


C(P)= BCP) see (4.23) 


the prime over the = denoting summation over linked diagrams only. The 
exponential term of (4.17) is omitted from (4.23) since it deviates from unity due 
to volume-dependent terms which, according to linked cluster theory, are 
cancelled by contributions to UC, that arise from unlinked diagrams. 

If we now reapply our earlier arguments to (4.23) instead of (4.17), it follows 
without further difficulty that the perturbative expansion will not, in any finite 
order, lead to the required long range correlations. 


§ 5. CONCLUSION 


It is now of interest to consider the possibility of deriving the Meissner effect 
by a perturbative method which is based on a different treatment of Frohlich’s 
Hamiltonian. As was pointed out in §1, it would be desirable that the method 
should reveal the required long range correlations in a low order of perturbation. 

Thus we shall consider treatments in which H is split up as in (1.1), with Hy 
the part of the Hamiltonian on which the theory is based. Moreover we shall 
restrict ourselves to formulations in which H) is diagonal in the number operators 
representing the various quanta in terms of which the theory is described. 
(These quanta would not necessarily be the same as in the Bogoliubov theory.) 

We can therefore apply the analysis of §§ 3 and 4, and the correlation function 
will again be given by the equations (4.15), (4.16) and (4.23). Our aim in 
discussing these equations will be to try to determine which basic properties Hy 
should possess if the treatment is to reveal the long range correlations in a finite 
order of perturbation, i.e. if for some linked graph G, Cg possesses a term pp. 

On re-applying the theory of §4 to equation (4.16), it may be seen that Cg 
can possess a term Pp (having no direction-independent limit as p+>0) only if T 
is singular in at least one of the K’s. (It is not sufficient for T to have a finite — 
discontinuity across some surface in K-space, since this would be removed on 
integration.) In other words, the term fp cannot arise in Cg unless either ® 
or Y possesses a singularity. 

The function ® is a polynomial in the #(K)’s. These latter quantities are 
regular functions of K for fermions, but are singular (as energy tends to zero) for 
bosons. Hence, it follows that the required singularity can occur in ® only if 
the basic Hamiltonian, H,, contains bosons. ; 

On the other hand, it may be seen from (4.8) and (4.14) that a singularity 
could arise in ¥ only as a result of a singularity in a coefficient y ord. Sucha 
singularity would render the perturbative expansion extremely doubtful. 7 

It therefore appears that a perturbative treatment can lead to the Meissner 
effect in a satisfactory manner only if the basic approximation H, seardeaa | 
system which contains low energy bosons. (It is also important that t t 
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singularities in ©, arising from these ‘particles’, are not cancelled by zeroes in 
the expansion coefficients, as was the case with the phonons in Bogoliubov’s 
treatment.) ‘Thus, it might be that suitable low energy bosons could arise from 
some collective oscillations of the fermions in the system, as has been suggested 
by Blatt and Matsubara (1958). 
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On the Electron Coincidence Spectrum in Double Beta Decay} 


By S. P. ROSEN 
Department of Physics, Washington University, Missouri, U.S.A. 


MS. received 10th February 1959, in final form 30th March 1959 


Abstract. Though simple qualitative arguments imply that the electron coinci- 
dence spectra for two-neutrino, and for no-neutrino double f-decay are broadly 
peaked at 4, and infinitely sharply peaked at E, respectively (Ey is the energy 
release), a recent calculation has shown that in some circumstances the two- 
neutrino case spectrum may also be broadly peaked in the region of Ey). Asimple 
model, in which only one state of the intermediate nucleus gives a non-zero 
contribution to the matrix element, is used to recalculate these spectra. ‘Two 
extreme approximations are considered: the energy of the intermediate state 
is equal to, or much greater than, that of the initial state. In both cases, the 
qualitative result is confirmed, and the recent calculation mentioned above is 
regarded as incorrect. The model is applied to the double f-decays of %*Zr 
and *8Ca. The relation between the conservation of lepton ‘charge’ and the 
shape of the spectrum is also considered in some detail. 


§ 1. INTRODUCTION 


HE general nucleon—lepton interaction Hamiltonian (Pauli 1957, Enz 1957, 
| Luders 1958, Pursey 1957, Primakoff and Rosen 1959). 


H= X(HpFOnhCa(He*O3 (1 + avs ,) 3 D,($etO,(1 aj 1xYs)bs)} 
hCmiCl Dithc. | ao’ ee (1) 


engenders two types of double B-decay: in the first, two neutrinos are emitted 
simultaneously with two electrons, 
via C 

Ny +Ng— > Ny + Petegt+ Ve eee eee (2) 

via C 
then —> Py +O, +7, + Pet eot de 
and in the second there are no neutrinos 

via C 
Ny Ag ——> 1, + Potegt Vs eeeeee (3) 


via D | 
then —> Pi + ey + pot pg. 4 


The coincidence spectrum for the sum of the energies of the two electrons emitted 
simultaneously (referred to as the electron coincidence spectrum) in the two- 
neutrino decay (2), will be continuous; and since it is reasonable to assume that 


é t an pale shee eae in part by the United States Air Force through the Air 
orce Office of Scientific Research of the Air Research and Devel ent C nder 
contract No. AF 18(603)-108. pane oak - 
) 
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the electron and neutrino pairs have roughly the same average energy, the peak 
of this spectrum should occur at about }£,, where F, is the energy release of the 
decay. For the no-neutrino decay (3), however, the sum of electron energies 
is always EF). 

The two-neutrino decay (2) is possible whatever the choice of coupling 
constants in (1), but, if either of the following conditions is satisfied, then no- 
neutrino double 8-decay cannot occur: 


DEORE (ale\) melee meg ine OP Re me (4) 
or 
Sec RA ted (alll 1) rapes eet kaa one. mere (5) 


When the conditions (4), (5) do not hold the lifetime of (3) will in general be 
shorter than that of (2) by a factor 10°-108 (see Primakoff and Rosen 1959 to be 
referred to as I, for a full discussion of these points). However, if (4), (5) are 
satisfied only approximately, then these lifetimes may become comparable (for 
example, if D,~C, and 6, =, =0-997, they are roughly equal), and the electron 
coincidence spectrum should show two peaks, a fairly broad one at 4, and an 
infinitely sharp one at Ey. So far, this qualitative analysis imples that a sufficiently 
accurate experimental determination of the electron coincidence spectrum would 
lead to a clear cut decision regarding the nature of double B-decay (i.e. whether 
it is no-neutrino in whole or in part). However, there is quoted in a recent 
review article (1) the result of an earlier calculation (Rosen 1957) which showed 
that, in one special case, the electron coincidence spectrum for two-neutrino 
double 8-decay is broadly peaked near the energy EZ). If this surprising result 
(it implies that, on the average, the electrons carry off much more energy than the 
neutrinos) is true in general, then the electron coincidence spectrum, observed 
under moderate resolution, would always appear to be peaked in the region of 
E, regardless of the nature of double B-decay, and extremely high resolution 
would be required to decide whether the double f-decay is in fact two-neutrino or 
no-neutrino. 

Since the completion of the review article, this spectrum has been re-examined 
in great detail, and its behaviour is now more clearly understood. In the following 
sections, the calculations and the spectra obtained are discussed at length. 
Applications to the double B-decays of 9° Zr and **Ca are also described, by means 

_ of a simple nuclear model. 


§ 2, "THE CALCULATION 


___There are numerous choices for the coupling constants in (1), all of which 
describe the main features of single B-decay, and all of which give the same 
probabilities for two-neutrino double B-decay; for convenience, we take 


1 
Cy=Dy= we : Oy =ny =1 

1 
Bvt dee enp el eet wile See (6) 
C,=D,=0 (AS, .PS) 
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The probability distribution P(£) for pairs of electrons emitted simultaneously 
in two-neutrino double B-decay (2), with energy mc*E (m is the electron rest 
mass), is given by 


P(E) =constant x | P( Ey, Ex Ry he) F (Zp Ey) F (Z, Ep) 


~ 5(Ey — By — Hg — i — hg eas) 
% p,E,dEyp,E,dE ok dhykstdky = twee (7) 


where mc?E, is the energy release of the decay; mc; are the energies of the 
electrons, and mcp, their momenta (p?=EH?—1; i=1,2) mc*k; are the neutrino 
energies; F(Z, E) is the Fermi function, allowing for the Coulomb effect of the 
nucleus. Approximately 


2nZ |[ E 2nZ E\'|— 
Re ~ = ee Bees Dy ete 8 
7%8)=| Fe |L5]L exp ( a7) ®) 
From (7) and (8), it follows that 


: 4 
P(E) =const. x (a7) x | P(E, Ey; hy, Bs) [ 1—exp ( = a7 2) | 


137 Dy 
On E\-2 
[ 1-exp & a7) | S(R 2 RR hak) 
x 5(E-— E,—E,)E,? dE Eg? dE gh? dhyky3dlege 20000 (9) 


To calculate P(E,, E,; ky, k2) consider a transition from the ground state |z) 
of nucleus (A, Z) via states |m) of nucleus (A, Z+1) to the ground state |f) 
of (A,Z+2). In all cases of experimental interest, (A,Z) and (A, Z+2) are 
even-even nuclei, and so it will be assumed that both |7) and |f) have zero spin 
and even parity (0+). ‘The states |m) must then have either zero spin, or unit 
spin, and even parity (0+ or 1+). The transitions |7)—|m), |m)-+|f) are both 
engendered by the Fermi interaction (i.e. vector) if |m) is 0+ and by the Gamow- 
Teller interaction (axial vector) if |m) is 1+. Assume that there is only one 
state |m), via which the transition proceeds: then 


P(Ey, Ey; hy, ky) =2*| FM [K? + L?— KL]| (f| 7+] m)<m| ¥ 7+] i>P 
+3[Ke+ L?+ KL] 3Cf| 7 +0] m). (m| Yrt0]7)P 
—6KL x A({f |X 7*|m) m5 7*] 2) 


Rd ie Glen cin| SD tolt AN) coe a ee (10) 
where ST 
WritEytkh, Wat Ey+hk, 
. 1 1 
Lee SER ee 
W,, +8, +h, - iicisligeick aaibe adaa al (11) 


and mc? W,,, is the energy difference between states |m ) and |i). 7+ represent 
the sum over single nucleon isotopic spin operators ++, which transform neutrons 
to protons. o is the usual Pauli spin matrix. : 


E.| 


«~ 
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If |m) is 0+, then 
(f|S 7+] m). (m| > 7+] i) vanishes while (f| 7+] m)<m| > 7+] 7) 


is non-zero; and vice versa for the case |m) is 1+. Should there exist two 
possible intermediate states, |m) and |m’), such that one, |m), is 0+ and the 
other, |m’), is 1+, and also such that their energy difference is negligible, then 
none of the terms of (10) vanish (provided that |m) is replaced by |m’) in the 
appropriate matrix element). W,,; will then be an average energy difference 
between |m),|m’)and |i). (The above formulae are taken from I, $3.9.) 

The chief aim of the calculation is to discover how the behaviour of P(E) 
depends on the quantity W,,,; appearing in K, L (equations 10, 11): in particular, 
if H,, is the energy at which the broad peak of the spectrum occurs, how does 
Ep vary as a function of W,,;? [The recent calculation mentioned above implied 
that as W,,,; decreases from large values to zero, Ey moves from } E, to Eel Lwo 
extreme cases are considered: 


(i) WyZ.=0 
eee ied eer 9 (12) 
¥ 2nZ E; -1 
The functions E —exp ( = a7 3) | 


(see (9)) will be treated as constant =[1—exp(—27Z/137)]— and it will be 
shown later that they do not affect the shape of the spectrum very seriously (§ 2.3). 
We also take E,=8, since this is roughly the energy release of Zr. 


2.1. Approximation W,,,,=0 


Treating the exponentials as constants, the integrals to be evaluated are, 


from (9) and (10), 
A(E)= [arezetke [K?+ L?]6(E,— E,— E,—k,— ky) 


Kolb, — hab sdh, dks, 2 4 hl” Fee oe (13) 
and 
B(E)= [eresetke? [KL]5(Eo— E, — Ey — ky — ke) 
x 6(h— Fo EF.) dE diadk, dks. =~ opt Me 2. (14) 
From (11) and (12, (i)) we have, after integration over k, and hg, 
AE) = AE)—AsE esses. (15) 
where 
A\(E)=2 | E2E,2(Ey— E) Ey? + EgE — 2E,Eo|3(E — Ey — Ey) dE, dE, 
E,-E. 
A,({E)= x [ates Be — E,)[E,?— E,(E — E;)] log Se 
0 
Ey- Fy 
+ E,(Ey— E,)[Ey? — E,(E — E2)] log E, 


$5 (Rar UN SAB. a2 OREN oR ete AE OR, (16) 
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Likewise 
B(E)=BYE)= BL) ee (17) 
where 
B,(B) = By | By?B,2(Ey— B)8(B— By — By) dh dB, 


E2(Ey)—E»)? ee 
P =) E,2E,2 1 0 2 ] 0 2 
By(E)= 2B | Bi ee Sein) aah 


E,?(Ey— E,)* ==} 
oe aia Pi Svek Be Ae | b(h= be ha)\dbadlia 
(FE, — £,)(E) + E,—E;) e E ( 7 2) dB ae 


a 


These functions vanish identically for E=2 and E=E,. For other values of 
E they have been calculated to six figures and (with Z, =8) their values are shown 
in the table. The integrals of terms like (E,—£F,)—log (Z,—£) are special 
cases of Euler’s Dilogarithm (see Bateman Manuscript Project) 


(o)=- [ECD aS 2 (els) 
0 u=1N 


and do not become infinite. 


The shapes of A,(#), A,(E) are very similar, both being strongly peaked 
for some E between 6:5 and 7; the difference between them, A(£), is small (in 
fact, as the table indicates, it is necessary to go to six figures to obtain A(E) 
accurately). Moreover, the shape of A(£) is markedly different from that of 
A,(E£), A,(£): it rises sharply to a maximum at E~4-3 and then falls rapidly, 
with a pronounced tail in the region 7<E<8 (see figure 1). Similarly for 
B,(E), B,(£) and B(E): B,(£) and B,(£) have large peaks in the region 6:5 < E<7, 
their differences, B(E) is small and behaves exactly like A(E). 


x10* 
" 


Figure 1. Approximation Wiy=9. On the above hn. the differenc 
‘ e between A 

and AE) would hardly be noticeable. .4,(E) is shown together with AE) aa 

is magnified by a factor of 100. The curves for B,(E) and B(E) are similar. 


° 
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E 3 4 5 6 6°5 7 UES 
A,(£) 3932 19179 WPA 92446 106462 105148 75549 
A,(E) 3669 18663 50796 92294 106405 105136 75548 
A(E) 262 516 425 153 57 12 a 
By(E) 1504 6929 17683 30822 35011 34187 24340 
BE) 1363 6668 17471 30746 34983 34181 24340 
B(E) 141 261 212 76 28 6 ~0 


From (9), (10), (13) and (14), the coincidence spectra are given by 
(a) |m) is 0+ 


De ene 0) Aa BY (Eye ees (19) 
(b) |m) is 1+ 
PEW = 0)=st4(E)+B(E)} Se) ...... (20) 
(c) |m) is 0+, |m’) is 1+ 
Bere EP Lee 0) 46A(F) BB) Ve eee (21) 


(assuming <f| 2 7*|m)<m| X7*|7)~3¢ fl X7*e| m). (m| Xr*o7)). 
The factors 24| F|* and the nuclear matrix elements are merely scale factors, 


and have therefore been ignored. Since A(F) is greater than B(£) and (19), 
(20), (21) are linear combinations of these two, the shapes of the spectra 


PHE;. W,3=0) (X=V,A, V—A) 
will be similar to the shapes of A(F), B(E) (see figure 2). 


x10? 
23 


P(E; Wini =O) for x=¥,A,V-A 


2i 


Gi 


o = 


NUMBER of ELECTRON PAIRS 
o- ww fan Y @ wo 


n 
o 
> 


5 6 
E (units of mc?) 


i imati inciden | Px(E; Wy; =) are 
ioure 2. Approximation W,,;=0. The electron coincidence spectra Py(43 Wij 
“a ne *% shown for X=V, A and V—A. 
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2.2. Approximation W,,,;> E;+k; 
In this approximation, the denominators W,,;+ E;+k,; (see equation (11)) 
are replaced by some average W (see Konopinski 1955, Primakoff and Rosen 


1959) Se Lien 


: z 
Ot ee ee ee eee 22 
K=L=— (22) 


and neither K nor L depends on E;, k;. From equations (9), (10), (11) and 
(22), the coincidence spectra are determined by the integral 


CE I E,2E,2h,2h,25(E — E, — E,)8(E, - E—k, — ky) dE, dE, dk, dks 
1 


= cggyi Ho BYE 2084 30B—12) asa (23) 
and are given by (ignoring the same scale factors as before): 
(a) Py(E;  Wyj;>E+k)= + C(B) 
(6) P,(E;  Wyj>E+k)= 2C(E) cytes (24) 
(c) Py-a(Es Wyi>E+h)= 28, C(E) 


The shape of C(£), and hence of spectra (24), is very much like that of A(E), 
B(E): strongly peaked at E~ 4-3, with a long tail in the region 65 < E<8 (see 
figure 3): this C(£) is identical with the P”(e) given in I, eqn (79) with e=E—2. 


5 (E: Way >? E; + ki) 


\9 for X=V,A,V-A 


NUMBER of ELECTRON PAIRS 
N 


o- we wu ta 


Nn 

a 
> 
a 
a 
N 
oo 
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The strong similarity of C(Z) to A(E), B(E) suggests that the above calcula- 
tions may be looked at from a different point of view. Consider the case 
W,,;=0: then, to obtain the spectra Py(E, W,,4=0)(X=V, A, V—A), we may 
either treat the energy denominators in K, L, exactly, as in § 2.1; or, alternatively, 
we may replace the energy denominators by a constant W'={E;+R;)ay. In 


the first case the spectra are given by (19), (20) and (21) and in the second, by 
(24) with W replaced by W’: 


ar ee 
(a) Py (E ? Wri mes 0) —— (W’y2 C(E) 
; Ae OO : 
(b) Px(Ei Wri=0)% cpg) fo vase (24’) 
: nis 16 
( ) Py_s(E; We 0) = (Ww)? C(E) 


As shown above (see figures 2 and 3), both methods lead to the same shapes for 
the spectra. Now, in each of the cases (a), (b), (c), the area under the coincidence 
spectrum must represent the same total probability, regardless of whether we 
have used the exact results of (19), (20), (21), or the approximate ones of (24’). 
Therefore W’ must be chosen so that areas under corresponding curves are equal: 
from this condition it is found that 


Wit Amet hei tie) Are oad (Ades (25) 
Equation (25) suggests that in the case W,,,,40, the spectra may be obtained 
either by an exact calculation, similar to that of §2.1, or by an approximate 
calculation, in which the energy denominators W,,;+k,; +E; of K, L are replaced 
by a constant W, where 


SE fees 9 ZR Sic Sit an (25’) 


§2.3. Coulomb Correction 


y(B)=[ 1—exp( - as) Lave (26) 


is shown in figure 4 for the case 
Hes a lee(eenZ 20). 
‘It rises rapidly from 1 at E=1 to 1-46 at E=2, and then tends asymptotically 
to 1-58 as E increases further. It does not seem possible to calculate P(£) using 
the explicit form of y(Z), and so the following step function is used as a crude 
approximation (see figure 4) 
y(F)=1:58 (E22) 
= 1520 (1 2) ee hie tates (27) 

In the approximation W,,;>E,+k,; the integral C(E) of equation (23) is 

eplaced by C’(£), where 


-C(E)= 7 (Ho BY E2E,2y(E,)y(E,)3(E—E,—Ep) dE, dE, ....+. (28) 


Calculations using (27) and (28) show that the shape of C’(Z) is not very 
ifferent from that of C(E): the peak is shifted from 4-3 to H~4-5. (This may 


The function 
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be expected, as y(E) of (27) does not enhance C’(E) (relative to C(Z)) as much 
for low energies as it does for high energies.) The ratio of the area of C’(E) 
to that of C(E) gives a constant ¥" meotiye (2 2°2) which can be used as a rough 
estimate for y(£,)y(£;) in (28). 


COULOMB CORRECTION FUNCTION 


Figure 4. The Coulomb correction function (EZ) of equation (26). Also shown is the 
step function used as a crude approximation (broken line). 


It seems reasonable to suppose that the functions y(£) of (26) and (27) both 
have the same general effect on the shape of C’(E£), and, as shown above, this 
effect is not important. Moreover, it is quite likely that the modification to 
A(E) and B(E) due to y(£,)y(£,) is also unimportant. ‘Thus it can be concluded 
that, for E)~ 8 y(£,)y(£;) has no serious effect on the shapes of the coincidence 
spectra, whichever of the approximations (12(i), or 12(ii)) is used, and that it 
may be treated as a constant (see §2). 

From the shape of y(£) (figure 4), it is obvious that the larger E, the more 
accurate the above conclusion; but, if EH, were smaller than 8, say 4, then (27) 
is much too crude an approximation, and the effect of y(£,)y(Z,) may become 
important. However, for small Eo, the lifetime for the decay is so long (see I) 
as to make it unamenable to experiment. 

Finally, it is worth noting that the only dependence of P(E) on Z, apart 
from the multiplicative factor (27Z/137)?, comes from y(E£,) y(E,). As Zincreases 
y(£) approaches unity: therefore any small effect that it has for Z~20, will 
become even less important for larger Z. 


2.4. Discussion of Spectra 


The preceding calculations show that the electron coincidence spectrum for 
two-neutrino double B-decay has the same general properties irrespective of the 
approximation used for W,,; (see 12(i), 12(ii)): in other words, the position 
Ep, of the peak (see $2) is roughly independent of W,,;. This result, together 
with the behaviour of the functions occurring in §§ 2.1, 2.2, 2.3 can be understood | 
in the following way. > 
Consider A,(E), A,(Z) (equation (16)) and B,(E), B,(E) (equation (18)): 

after integration over Ey the integration over E, is performed between the limits 
land E—1. Obviously when H=2 these limits are equal, and all the integrals 
vanish. Since A,(E), By(EZ) have a factor E)—E,—E,=E,—E, they vanish 
for Ej=E. In accordance with the 6-function, the factors log {(E,—E,)/E3} 
and log {(E)—£,)/E,} of A,(EZ), B,(£) are equal to log {(E) — E,)/(E— E,)} and 
log {(E)— E+ E,)/E,} respectively : therefore A,(E), B,(E) vanish when E, = E. 
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For large E, A,(E) and A,(E) are roughly proportional to (Ey— E)E" (since 


E,-E+E, _E,-E : 
log ee ~ =) and B,(E), B,(£) to (E,—E)E*. These functions have 
1 1 


maxima at E={F, and E=%E, respectively, and therefore the peaks of A,(Z), 
BE) occur fairly close to Ep. 

Since the integrands of equations (15), (17) are positive definite, A(E), 
B(E) are always positive: therefore 4,(Z) > A,(E) and B,(E) > B,(£). However, 
A,(E) is roughly of the same order of magnitude as A,(E) and similarly 
B,(E)~B,(E). Therefore the differences A,(E)—A,(E) and B,(E)—B,(E£) 
(equal to A(£), B(E£) respectively) will be small. 

From (23), it is clear the C(£) vanishes when E=2 and when E,=E. For 
2<E<E),, C(E£) is roughly proportional to E°(E,—£)? and since the maximum 
of this function occurs at E=4£, the peak of C(E£) will occur at E~ }E). 

There are good reasons for believing that the curves for A(E), B(E), C(E) 
all behave alike. From (11), (13), (14) and (23), it can be seen that each has 
the form 

Q(E) = JQ(Ey, Ba; hy, k2)8(E— E, — E,)8(Ey — E—k, — hg) 
RL TOL Sane Chae oe eT ee ate (29) 
where 
O(F,, E33 ky, kg) oa O(E,, E; } k,, ks) 
= O(R,, Ras E;, E;) \ 
(7,7) and (r,s) are any permutations of (1,2). (Note that (30) is true for all 
values of W,,;). From (29), 


E—1 Ey —E 
Q(E)= | dE, | dj OU By, B= Behe ie Ef) in sk: (31) 
ne 0) 


(EZ; includes the rest energy of the electron). When E=2 the limits for EF, are 
equal, and when E=£,, the limits for k, are equal. ‘Therefore 


Q(2)=Q(Zp) =9. 

Since O(E,, E,; k,,k,) is symmetrical under the interchange of E,, E, with 
k,, k the average energy of the electron pair £ will be roughly equal to that of 
the neutrino pair, A(i. E~k~+E,). But because E; includes the electron 
rest energy, £ will be slightly greater than $£: 

4 eee ee MeO (32) 
where « is small and positive and tends to 0 as Ey>oo. (Though a general proof 
- for (32) has not been found, it has been verified in a few special cases. In single 
_ B-decay the result analogous to (32) can be proved for any OE, k) = O(k, E).) 
_ The peak of O(£) occurs in the region of £ and so from (32), it must be at some 
E, slightly greater than 3 £). 

A(E), B(E), C(E£) all approach zero asymptotically as E>E, (i.e. they have 
‘tails’) because their first, and perhaps higher, derivatives vanish at E=Ey. 
This may be seen from (11), (13) and (14), where integration over neutrino 
energies is roughly 


Ey— 


” tey(Ey— E— hy) dey ~ (Ey—E)* 
and from (23). 


“ 
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One last point: these similarities between A(E), B(E) and C(£), combined 
with equations (25), (25’) show that for any W,,; a good approximation to the 
spectrum is given by replacing the energy denominators of (11) by a constant 
W~ W,,,+ 4, (Konopinski 1955, Primakoff and Rosen 1959, eqn (75)). Such 


mt 
an approximation greatly reduces the labour of calculation. 


§ 3. THe DousLe f-pEcays oF Zr AND *8Ca 


Throughout § 2 it is assumed that the double B-decay of the 0+ ground state |7 ) 
of (A, Z) to the 0* ground state | f ) of (A, Z+2) proceeds either via 


one state | m ) (0* or 1+) of intermediate nucleus (A, Z+ 1) (assumption (1)) 
or via 

two states, |) (0+) and |m’ ) (1+) whose energy difference is negligible 

(assumption (ii)). 
Though such assumptions appear to be arbitrary, at least one of them does, in fact, 
apply to two of the double B-decays most amenable to experiment. 

96 Zr has 40 protons and 56 neutrons, it decays via *°Nb (41p, 55n) to **Mo 
(42p, 54n). Onasimple shell model, the ground state of ®* Zr has 40 protons in a 
closed shell, and the lowest available level for the next proton is lgy.._ Fifty neu- 
trons form a closed shell, and it seems reasonable to assume (see for example Mayer 
and Jensen 1955, p. 136) that, in ground state configurations odd neutrons just 
above N=50 prefer the 2d,/. level, but pairs (which always couple to zero angular 
momentum) the 1g,/. level. ‘Thus the ground state configuration of nucleons 
outside closed shell can be written, for Zr, as (n: 1gz/.)®.. By similar argu- 
ments the ground state of °*Nb is 


[(m: 1gzjp)*o4 (7: 2d5/2)(p : 1gg2)] 
and that of °*Mo is 


[(m: 1gz2)*o (P: 1ge/2)"o+lo+- 
In the decay of |7 ) to |f), two 1g,/. neutrons change into two 1gy/. protons. 


The only possible way for this to occur is by means of the axial vector interaction 
according to the scheme 


(1: 1g7/2)°o > [(n: 1gzie)® (Pp: 1g9/2) |1+—> [(n:: 1gz/2)*o4 (P: 1go/2)"o+lo+ 


At the present time there seems to be no data available for the separation — 
between the 2d,/. and 1g,/. neutron levels in *®Nb. However, Goldhaber and Hill 
(1952) give such a separation in °’Mo as 0-665 Mey. If, as seems reasonable, the 
extra proton has little effect on this separation, then it may be taken as roughly 
the same in both cases. ‘Then, from the data given in I, E)=8-6 and W,,,;= +0-05 
(in units of mc*) for the double B-decay of Zr. 

Similar considerations show that there are two possible decay schemes for 18Ca, 


[(P: 1fje)(n: Lf)" Jos 
ss | 


(n: 1f,/2)%o. [(p: 1fze)o« (nm: 1f7/2)®o+ Joe 
| [(p: 1fj2)(m: 1f5/2)" jas va 
SOU ce (34) 
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The outer configurations represent the ground states of #8Ca and 48Ti respectively, 
and the two middle ones are two excited states of 48Sc, the ground state being 
[(p : 1f,/2)(n: 1f7j2)7]g+. The separation between these isomeric levels of 48Sc is 
small (300-+400kev) compared with the separation between 48Ca and 4Ti 
(5-3 Mev), and so W,,;~% Wyy;= (—1-0)—> (—0-8) and E, = 10-6. 

‘This simple model shows that assumption (i) applies to the double B-decay of 
*°Zr, and it would appear that assumption (ii) holds for 48Ca. However, it can 
be shown from considerations of an isobaric spin selection rule (see I) that in the 


case of 48Ca 
(fl at |m )<{m| drt |i); 


therefore in this case also there is effectively only one intermediate state via which 
the decay proceeds. (Much of the above discussion is taken from Rosen 1957.) 


§ 4. CONCLUSIONS 


The electron coincidence spectrum for two-neutrino double B-decay has been 
shown to have two general properties which contradict the earlier calculation 
mentioned in §1 (Rosen 1957). They are (i) the broad peak occurs at an energy 
E, equal to 3E, + «, where « is small (E, is the energy release), (ii) a definite ‘tail’ 
as £ approaches £, (see figures 2 and 3). The calculations of §2 have been very 
carefully checked, and, since they are in agreement with the qualitative arguments 
of §2-4, it is now believed that the earlier calculation, which gave E, ~ E,, is in- 
correct. 

It is interesting to apply these results to the double B-decay of °° Zr and of #°Ca. 
Consider the Hamiltonian (1), and the conditions (4) and (5) for the non-occur- 
rence of no-neutrino double B-decay: the latest data on single B-decay show that 
(5) is true to within 10%. If it turns out that (5) is exact, then the measured 
coincidence spectra will have both properties (i) and (ii). But suppose (5) is only 
approximate, say 

ER RM ea Grape cage on deri) rte eRe (5’) 


The value of D, cannot be learned from single B-decay alone. However, the 
likeliest possibilities are either (lepton ‘charge’ conserved) 
D,=0 (all 2) Senge ute) 
in which case the probability for no-neutrino double f-decay is zero, or (lepton 
_ ‘charge’ not conserved) 
Do Cofall |X) oe en) ee tes (4’) 
- With (4’) and (5’) for the coupling constants, two-neutrino and no-neutrino 
double B-decay have roughly the same probabilities, and the coincidence spectrum 
_ will have not only a broad peak at }£,, but also an infinitely sharp peak at E, (apart 
_ from instrumental broadening). This latter peak will appear taller than that at 
_ 4£,, because the areas under the peaks represent the relative probabilities of the 
_ two processes, and the one at }£, will certainly be the broader of the two. Thus 
_ in the event that (5) is only approximate, i.e. in the event that parity violation is 
~ non-maximal, careful study of the double B-decay electron coincidence spectrum 
~ offers a test for lepton ‘charge’ conservation. 
In conclusion, it may be again stated that the simple qualitative picture of § 1, 
relating the nature of double B-decay to the shape of the electron coincidence 
spectrum, has been proved correct. 
PROC. PHYS. SOC. LXxIv, 3 2A 
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Abstract. ‘The Hall coefficient and transverse magnetoresistance of two type II-b 
semiconducting diamonds (p-type) were measured as a function of magnetic field 
from 500 gauss to 20000 gauss at fixed temperatures between 0°c and 100°c. 
These diamonds have Reo values of about 1000 cm? v— sec! at room temperature. 
The Hall coefficient increases monotonically with increasing field, the total varia- 
tion being about 10 per cent. This behaviour is similar to that which has been 
reported for p-type silicon at liquid nitrogen temperature, and it suggests a warped 
valence band. ‘The transverse magnetoresistance is proportional to H? at low 
fields, but deviates from this behaviour at fields above 4000 gauss. The magneto- 
resistance is larger than would be expected for a spherical band but can be 
explained if a warped valence bandis assumed. A warped band is also suggested 
by the longitudinal magnetoresistance which is about one-third the transverse 
value. 


§ 1. INTRODUCTION 

HE analysis of galvanomagnetic effects has been quite helpful in elucidating 
| the band structures of the Group IV semiconductors, germanium 
(Willardson, Harman and Beer 1954), and silicon (Beer and Willardson 
1958). A similar analysis of diamond, the first member of the group, should 

aid in correlating the properties of these three elemental semiconductors. 
The principal difficulty in experimental investigations of diamonds is the lack 
of control of composition. Natural semiconducting diamonds (the so-called 
‘type II-b’ diamonds) (Custers 1952) are usually rather impure compared with 
available germanium and silicon, and the impurity distributions are usually more 
or less inhomogeneous. ‘Thus, galvanomagnetic analysis of natural diamonds can 

meoPably yield information of only a general nature. 


§ 2. EXPERIMENTAL DETAILS 


The two diamonds used in this investigation were rectangular parallelepipeds 
approximately 4mmx2mmx2mm. Contacts were made with silver paint after 
‘the polished surface was first roughened by spreading No. 600 Carborundum 
powder on the surface and rubbing with a needle at the point where contact was 
to be made. Contacts made in this way were ohmic and of very low resistance. 
Spring-loaded probes were used to contact the silver paint dots on the diamonds. 
Very precise temperature control was required for some of the measurements 
articularly where the Hall coefficient was determined as a function of magnetic 

) because of the strong temperature dependence of the carrier concentration. 
‘This was accomplished by circulating water from a constant-temperature bath 
__ + This research was supported by the U. S. Air Force through the Office of Scientific 


Research of the Air Research and Development Command. nes 
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through a jacket surrounding the sample. ‘Ihe water temperature was regulated 
by using a simple thermistor controller to control heaters in the bath. This 
arrangement kept the temperature of the diamond constant to within +0-05°c. 


§ 3. RESULTS AND DISCUSSION 


Figure 1 shows a plot of the Hall coefficient R which is positive for both 
diamonds, as a function of temperature. In the case of sample S the Hall voltage 
was found to vary considerably depending on the placement of the Hall probes, 
probably indicating that the impurity distribution is inhomogeneous. The plot 
shown here is for a particular placement of the Hall contacts. In sample L the 
effect of moving the Hall probes was negligible so that in this case the plot may 
be considered approximately characteristic of the entire diamond. 


80000 
60000 


Ss 
uu 


40000 
30000 


/4; (Brooks Herring) 


Sample L 

€=0-40 ev 
Ny=t4x107 
Np~ 9x10" 


Ss 
oy 


_— — — — 


en (Erginsoy) 


Ss 
wh 


ss 


Hall Coefficient (cm? coulomb”) (Sample L) 
Hall Coefficient (cm? coulomb”) (Sample S) 


10? 


10? 108 300 
20.25 «+50 35 40 45 2 3 
1000/7" (7 in°k) 1000/7" (T in°k) 
Figure 1. Temperature dependence of Figure 2. ‘Temperature dependence of Hall 
the Hall coefficient of type II-b mobility of semiconducting diamond. 


semiconducting diamond. 


Assuming that the impurities consist of one type of ionized donor and a large 
concentration of one type of acceptor, and that these impurities are not multiph 
ionized, the hole concentration p is given by (Shockley 1950): | 


P(—P+Np)/(Na — Np —P) = (20m*RT/h?)3?2 exp (—e/RT). ...... (1) 
Making use of the strong field relationt 7 
p=1/Re, sonra oS Bie (2) 


the values of acceptor activation energy « and the donor and acceptor concentr 
tions Np and N, which make equation (1) fit the data, have been determine 
These values are noted in figure 1. (The impurity concentrations noted for 
inhomogeneous sample 5S have only order of magnitude significance.) An effe 
tive mass ratio of 0:25, which is suggested by the work of Wedepohl (1957), h 
+ The magnetic-field dependence of the Hall coefficient indicates that us assumpti : 


probably accurate within 10% or so when the Hall coefficient is measured at 10 000 oerst 
(see figure 3). I Oe' ¥ 
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been used in this calculation. It was, of course, not possible to obtain mobility 
values on sample S but figure 2 shows the temperature dependence of the Hall 
mobility 44g = R/p for sample L (the bottom curve). Aninteresting fact about this 
plot is that the mobility curve seems to bend over at low temperatures, which 
suggests that impurity scattering is important at temperatures as high as room 
temperature. It is of interest to calculate the mobility which would be expected if 
only impurity scattering were important. Considering first ionized impurity 
scattering, the mobility is calculated from the Brooks—Herring relation (see dis- 
cussion by Debye and Conwell (1954), Dingle (1955) and Brooks (1955)): 


Hy = (82/7/77) {K*(RT)3?/e8m*2.Nj}/[Log (1 +5) —b/1 +5] 
b=6Km*(RT)2/npih2e?, (3) 


where N, is the ionized-impurity concentration and K is the static dielectric 
constant, which is taken as 5-7 for diamond. _ A; is just p + 2Np where p is given 
by equation (1) or (2). Since p is very temperature dependent, the screening 
effect of the carriers will be also, and the variation of b with temperature must be 
taken into account. The top curve in figure 2 is a plot of u,as given by equation 
(3). ‘The mobility decreases at high temperatures because of thermal ionization 
of acceptors. ‘This predicted mobility is obviously too large to explain the low- 
temperature data. 

Erginsoy (1950) has considered scattering by neutral impurities at low tem- 
peratures. His results yield the following relation for the mobility due to neutral- 
impurity scattering : 

fea 2m COKIN? bee cen (4) 
where NV, is the neutral-impurity concentration given by 
dee ae Da? 


for the model postulated above. Inspection of the data shows that Ny~ Ny 
over the temperature range covered by the measuremnts, so that mobility predicted 
by equation (4) is temperature independent (middle curve in figure 2). The use 
of the Erginsoy relationship at such high temperatures is probably not justified, 
but it should indicate the order of magnitude of the neutral-impurity contribution. 
This calculation suggests that neutral-impurity scattering is more important than 
ionized-impurity scattering in the temperature range covered. Of course, if 
‘multiple ionization of impurities occurs, the analysis would require modification. 
Figure 3 shows the magnetic-field dependence of the Hall coefficient of the two 
diamonds at two different temperatures. We have normalized to the 1000- 
oersted value to facilitate comparison. The scatter in the experimental points is 
due to temperature variations within the limit of control. 
There are two interesting features about these plots: first, the Hall coefficient 
increases with increasing magnetic field, and second, the Hall coefficient is field 
dependent even at weak magnetic fields. The increase with increasing magnetic 
eld is similar to the behaviour observed in p-type silicon (Beer and Willardson 
1958) and is usually associated with a warped band. The field dependence at 
weak fields does not seem consistent with the measured mobility values as long as 
ne assumes that only one type of carrier contributes to conduction. However, 
e presence of a warped light-mass band and associated high-mobility holes might 


explain the variation. 
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Figure 3. Magnetic-field dependence of the Hall coefficient of semiconducting 
diamond. 


Figure 4 shows the corresponding plot of magnetoresistance as a function of 
magnetic field. Note that the magnetoresistance is approximately proportional 
to H? at low fields but definitely deviates from this behaviour at higher fields. The 
magnitude of the magnetoresistance is much greater than we would expect for a 
single spherical band, unless the relaxation time is extremely energy dependent, 
but could be easily explained if the valence band were suitably warped or 
degenerate. Additional evidence for a warped valence band in diamond is pro- 
vided by the longitudinal magnetoresistance measurements of Mitchell and 
Wedepohl (1957), who find a longitudinal magnetoresistance effect about one- 
third as large as the transverse effect. 


ee 


Figure 4. Magnetoresistance of semiconducting diamond. 
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Since the galvanomagnetic effects are very sensitive to different scattering 
mechanisms, and in view of the uncertainty about the scattering mechanisms 
involved, it does not seem worth while at present to attempt a more detailed 
analysis of the data. 
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The Equilibrium of a Double Layer 


By R. CADE 
University College of the West Indies, Jamaica 


Communicated by R. Firth; MS. received 27th January 1959 


Abstract. Generally, a body immersed in a fluid is surrounded by an electric 
double layer at least part of which resides in the fluid. In a previous paper 
(which contains an error corrected in the present paper), it was found that the 
double layer must satisfy certain conditions of macroscopic theory in order to be 
inequilibrium. In this paper it is shown that the conditions can be simultaneously 
satisfied, but not uniquely so, so that they do not determine the structure of the 
double layer, although in certain circumstances, they determine it partially. 

A discussion is given of the relationship of the present theory to the micro- 
scopic theory, and its role in relation to that theory. 


§ 1. INTRODUCTION 


N a previous paper (Cade 1954, to be referred to as 1) an amendment was made 
] to the general theory of electrostatic forces developed independently by 
Slepian (1950) and Brown (1951), to take into account the effect of a double 
layer surrounding an immersed body. A result of the theory was a set of con- 
ditions that a double layer, or the part of it in fluid, must satisfy in order to be 
in a state of stationary equilibrium. The object here is to investigate the possi- 
bility of simultaneously satisfying the conditions, and the extent to which they 
determine the structure of the double layer. 

In the case of a double layer consisting of fixed dipoles, it is found that all of 
the conditions are identically satisfied except one, which simply requires that the 
polarization vector be effectively normal to the surface. Otherwise, the con- 
ditions do not restrict or determine the structure in any way and are therefore of 
little interest. However, the case itself is probably of minor physical importance. 
In general a double layer consists of fixed dipoles and free charges, and the other 
extreme occurs when it consists entirely of free charges. The position is now 
reversed; the condition which previously was not identically satisfied, now is, 
while the others are not. This is probably the case of major physical importance, 
and the conditions are not satisfied in any obvious manner. Accordingly, this 
is the case with which the paper is essentially concerned. It is shown that the 
conditions can be satisfied, but not uniquely, so that again the structure of the 
double layer is not determined by them. However, we now find that if there is 
no external field, the structure is partially determined by them in a certain sense. 

The conditions appeared as a by-product of the theory of I, and while the 
purpose of this paper is to develop this aspect, it also provides an opportunity to 
correct an error which affects the main conclusions. A basic assumption of I 
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was, in the notation of that paper, that a function in the boundary layer can be 


expressed in the form 
0 
x° — Cc, 
ff aad eae. a} re: (1) 


and can be expanded into a power series in a. If the lowest power is the nth, 
the function is said to be of order a”. The quantity a is a small parameter which 
we call the thickness of the boundary layer. There is, of course, no ‘thickness’ 
in the strict geometrical sense ; the most that can be said is that there is a distance 
of the same order as a from the boundary outside which double layer effects are 
negligible, and by the boundary layer we simply mean the fluid within this 
distance. It was argued in I that the acceleration in the boundary layer is of 
order a~* when Cartesian coordinates are used, although it is known to be of 
order a° in terms of the curvilinear coordinates («°, «1, x2). This argument is 
evidently without foundation and, in fact, the order is a irrespective of the 
choice of coordinates. It follows that the force of inertia of the boundary layer 
is of order a and not a° as previously stated. It is therefore very small and, as a 
result, although the electrostatic stresses may become modified in the boundary 
layer, giving rise to electrokinetic motion and to a modification of the stresses 
acting upon the immersed body, there can be no appreciable modification of the 
total force on the body, obtained by integrating the stresses. A similar argument 
applies to the torque. 

The validity of the conditions found to be imposed upon the double layer is 
unaffected. A further feature of the methods used was the assumption that a is 
to some extent arbitrary. Thus when, in an equation, functions were expressed 
as power series in a, factors of the same powers of a could be equated, and in this 
way one equation provided several equations corresponding to the various powers 
of a. For example, the equations expressing the conditions upon the double 
layer contain various physical and geometrical quantities, and it is understood 
that really only the factors of the lowest powers of aare involved. Consequently, 
our discovery that the total force on the immersed body due to the layer is zero to 
one power higher in a than was first thought, leads to an additional set of con- 
ditions corresponding to this higher power. However, in this paper we shall 
abandon the assumption that a is arbitrary. The consequence of this is that if 
we have an equation like, | 

Z (A— B)a+ (C—D)a? =O, hn a ain ass (2) 
where A, B, C and D are numbers of the same order, we cannot infer that A = B, 
C=D. However, given that a is very small, we can infer that d= B approxi- 
“mately, but we can say nothing about C and D. We therefore see that, with this 
different assumption, the conditions upon the double layer that we already have 
hold approximately—very closely in fact since the error involves higher powers 
of the very small number a—but we cannot assert any higher-order conditions. 
The new assumption seems more reasonable on physical grounds, as all the 
evidence is to the effect that a or some similar parameter is a characteristic of 
two materials which are in contact. However, without invoking such evidence, 
one could argue on logical grounds that the assumption is more general since it 
leads to less restrictions. 
In the notation of I, the conditions upon the double layer are 


[P,apao]=0 (v=0, 1, 2), se (3 


L 
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0 dg, 0 
(b { —a)3E,D° 5x0 log (£11822) +44 | sg" =r E,D° + axl (BD) | 


Las | 4900 at E,D° + = (E,D") |} 0. ee (4) 


0 a 0 
| {Bo r] SED? = log (g1:822) + [Fs a] | 3a set) EyD? + (ED) | 


a) 0 
+ [rag] te $9 ED + 3 (BD) |las, {Vga gf (5) 
*0 *0 
ee = B,* + 40280 DeE,§ =0 SES ES (6) 


Formula (3) is a summary of the discussion following (36) of I, while (4)—(6) 
are identical with (40)—(42) of I except that we no longer use the upper sufhx 
[2]. The reason is that this suffix meant the term of the lowest power in a in 
the expansion of the associated quantity, and in accordance with what has been 
said above, such considerations no longer enter; symbols now refer to whole 
quantities. Conditions (3)—(5) are of hydrodynamical origin and they hold 
quite generally, while (6) is of thermodynamical origin and holds only when 
there is no external field. It will be recalled that the asterisks in (6) imply the 
values of field quantities in the boundary layer when there is no external field. 

The significance of (3) is simply that the polarization vector P,, is effectively 
normal to the solid boundary, and this condition needs no further examination. 
A double layer consisting of fixed dipoles is such that P,, is the only effective source 
of the electrokinetic potential @. In this case, Poisson’s equation, 


so (Ty 2) dpe a ee (7) 


is such that p=0 to the relevant order in a, and the solution corresponding to this 
order is 


Lt 042s ana nade i seen (8) 


whence the conditions (4) and (5) are satisfied identically, as also is (6) if there 
is no external field, that is, D*= D*“. However, according to formulae obtained 
in I, there can be no appreciable electrokinetic flow if D® is zero to this order. 
Physically, this phenomenon is well known and is one of the most important 
observable effects associated with a double layer. We must infer that a double: 
layer which exhibits it consists at least partly of free charges. We shall assume 
that the double layer consists entirely of free charges as regards the order in a 
which contributes effectively to ®, and we therefore put 


PN EE WEP RAE (9) 

The existence of electrokinetic flow when there is an external field means that 
one can in general only speak of equilibrium in the sense of stationary equili- 
brium, that is, the velocity, regarded as a vector field, is time-independent 
Stationary equilibrium includes static equilibrium as the special condition of n 
electrokinetic flow. . 
Demonstration that the conditions upon the double layer can be satisfied i 
clearly necessary for the internal consistency of the macroscopic electrical theor 
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In particular, we shall find that thé conditions are satisfied by a double layer for 
which © is constant over the surface. This property has generally been assumed. 
In this case we obtain no information on the form of the potential ¢ within the 
boundary layer, but in other cases, if we take a general form and assume that the 
dependence upon x! and x? is known, it appears that the dependence upon x° is 
determined by (6). 

The structure of a double layer is determined by microscopic theory, and the 
present theory is therefore relatively impotent for the purpose. The matter 
will be discussed at greater length later, and it will be found that the real value 
of the present theory lies in a certain complementary role to the microscopic 
theory. 

§ 2. MATHEMATICAL SIMPLIFICATION OF THE CONDITIONS 


The curvilinear coordinates («°, «1, x2) are assumed to be orthogonal and 
such that one of the surfaces x°=const., S say, coincides with the surface of the 
solid. The possibility of this is assured, and the conditions (4)—(6) can be 
expressed much more simply, if the coordinates are defined according to a general 
prescription of differential geometry. Accordingly, the surfaces x!=const., 
x= const. are developables generated by the normals to the lines of curvature on 
S, and those for x«°=const. are such that each member S is parallel to S, S itself 
being given by x°=0. 

The essentials of the theory of this coordinate system are given in tensor 
notation by Eisenhart (1947). The complete theory is given by Weatherburn 
(1947), but in long notation. It is evidently a system of immense value for 
problems of the boundary-layer kind in mathematical physics. It has pre- 
viously been used, in long notation, by Howarth (1951) and his followers. 

We shall use the suffices p,, v, taking the values 0, 1, 2, to denote tensors in 
space, and the suffices «, f, taking the values 1, 2, to denote tensors on one of the 
surfaces S. Bars will be used to denote quantities on S corresponding to those 
on S. We proceed to summarize some useful properties of the new coordinate 
system : 

(i) The fundamental tensor of space, g,,, is such that g,,=0 (u#v) and 
S800 =2"=1. 
(ii) The first fundamental tensor of S, g,,, is such that g,,=0 («#4 B), and 
£1, and goo are equal, respectively, to the components g,, and £9 of g,,,. 
4 (iii) The second fundamental tensor of S, d,,, and the first fundamental 
tensor of the spherical image, h,,, are such that d,,=h,,=0 («#8). 
‘ (iv) With a proper choice of the mutual coordinate directions, the tensors 
~ Sag» Ig and h,, are related to the corresponding quantities on S by 


bof = Sup a 2x°d.5 che (°)7h ps 


dared — hp. oy PE CENY NT t Gis Sieber has euch oe (10) 
UPI ye 
(v) The mean curvature Ky and the Gaussian curvature K of S are given by 
Kn= da “ dog Li eS ee eee (11) 
&11 $22 
ie disdon ire >, oes (12) 
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(vi) The unitary vectors a,, defined by Wills (1931), are related to the unit 
vectors n,s,t in the respective x°, «1 and x? directions by a)=n, a= 2S) 
a,=1/goot. The unit normal n is the same at corresponding points of all the 
surfaces S. 

(vii) The quantity dS,, the 0-component of the covariant surface-element 
vector, is numerically equal to the element of area dS, so that 


dS) = a dS= as V (£11822) dx1dx?. eeecee (13) 


The sign depends upon the mutual orientation of the coordinate directions; 
this ambiguity is unimportant in the applications here. 

By virtue of (i) and equation (9), condition (4) reduces at once to the pair of 
differential equations 

axe ° = x? 

The application of (i) and (9) provides the first major reduction in conditions 
(5) and (6). The next is to get rid of the terms containing a, anda,. ‘This can 
be done with the use of (vi) and (vii) and the application of Green’s theorem in 
the forms 


OBE eg OO. ee () lt rr (14) 


[vuar= [veas, [t v]Udr= {r n} dS liens (15) 


to the space between an arbitrary pair of surfaces S, where U is a function equal 

to E,? in the present case, and dv is a volume-element. Finally, with the use of 

(10) and (11), the quantity (0/dx°) log (g1,222) is found to be equal to —2Km. 
The result is that conditions (5) and (6) are reduced to 


| 1a Sn Bm gle pur ae (16) 


| Rete le Migs ett teens (17) 


§ 3. SOLUTION OF THE CONDITIONS 


The potential ¢, having the value 4* under conditions of no external field, is 
related to E+ by 


é 
v7 cat ee ee ee ee ee ef re renee (1 8) 
The general solution of the equations (14) is 
PF eek{ p(n a®)}, sot gitmiistlins dite (19) 


where # is an arbitrary function. This solution can be verified by substitution. 
It can be deduced by putting F,* =u,E,* and using (18), whence the equations 
become replaced by linear differential equations for ¢* which are solvable by 
separation of variables. The details are given in the Appendix. 7 

To obtain solutions of (16) and (17) we make use of the following identities: 


| ndS'=0, | Tesind Sasi? sanind “of dala (20) 
| KmndS'=0, | KGuhyES ete pola cond (21) 


| KndS=0, | Rirtnfise 0 oe ee (22) 
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The first two follow from (15) when U=1. The other pairs are derivable from 
this pair by substituting for dS from (13), differentiating twice successively with 
respect to x® under the integral sign and using (10)—(12). Comparing (21) 
with (16) and (17), we find immediately that (16) and (17) are satisfied if d is a 
function of x® alone. In particular, if there is no external field, 
bse at ems Tre witht bor cr yctarl Gs shines (23) 

and this is consistent with (19) if y is a constant. 

The double layer described by this solution is the one usually contemplated ; 
for a given distance x° from 5S, it is uniform with respect to x! and x2, and the 


electrokinetic potential ® (a potential difference corresponding to two prescribed 
values of x°) is a constant. 


In the case of surfaces for which Ky has always the same sign, we get another 
solution of (16) and (17) from (20): 
Py me (OO) ae ee eh re ee (24) 


In this equation we can replace Km by Ky because the difference between the 
two is of order a, which is three orders higher in a than E,? and so well within 
the intrinsic margin of uncertainty. Therefore, 


g= sep n=+ | JEPede, aa (25) 


This has to be consistent with (19) if there is no external field, which is possible 
only if 


A 
= tee, ee CXP (RX) or Lt aden (26) 
b= $t= Te exp (hx!) 
where A and k are constants. The function ¢ is given by 
1 ~ 
ex ie Peer OP onl tw meee CRU, cys ast oe Za 
J=B— 5 log |Rn (27) 


where B is another constant. 
Yet another solution is supplied by (22) provided that now K/Km has always 
the same sign on the surface. We find by the same argument as above, 


ph = AV IKI Kini exp (kx?) oetia yal, orb. wie (28) 
with 


1 de 
2 BY log RaaiKion, wlqmexs 10s: 2 
Z b= B— > log |Km/K]. (29) 


Other solutions, of a more general character, are obtainable by considering the 
identities formed by the addition of (20)—(22). 
% The finding of other solutions demonstrates the lack of uniqueness. The 
extent of the non-uniqueness is indeed very large, as we can show by reference 
to a special surface, the sphere r=7», in terms of spherical polar coordinates 
(r,6,w). If the sphere is surrounded by a double layer such that 


$* =p(x1, 2%) exp (kx) =p(8, w)exp{k(r—70)}, (8, ») =p(9) =p(=— 8), 


then all the conditions are satisfied. It is equally easy to form the function p so 
that the conditions are not satisfied, but the significant thing is that the number 
of functions which satisfy the conditions is evidently an infinity of the same order 
as the number of functions which do not. 
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While the conditions do not determine the structure of the double layer, it 
will be noticed that so far, except in the case of the solution (23), the dependence 
of #* upon «® has always been exponential. This is because each solution of (16) 
and (17) has been of the form 

b* == p(t 4g (Ae ee A eee eee (30) 
and for any solution of this form, except that in which p(x", x?) is constant, corre- 
sponding to (23), (19) fixes q(x°) as an exponential function, so that 

h* = p (scl. x2) 6x00) eee ee eel cee (31) 

It is likely that if we had solutions of (16) and (17) of forms other than (30), 
assuming that this is possible, (19) would again fix the dependence upon x°, but the 
general question of this is one of considerable mathematical difficulty. How- 
ever, it is evident, if only from the fact that (31) follows from (30), that if we assume 
a special form and know the dependence upon x! and x?, the conditions may fix 
the dependence upon x, and in this sense, the conditions can be said partially to 
determine the structure. It is noteworthy, though, that in the case of the specially 
important solution (23), mentioned above, we obtain no information of this kind. 
This is perhaps understandable as (23), while a special case of (30), is also a special 
case of many other forms, in each of which, no doubt, the dependence upon x® 
is different when ¢* is non-constant with respect to x! and x”. 


§ 4. Discussion 


The object of the foregoing study has been twofold, to establish that the 
macroscopic conditions upon a double layer can be simultaneously satisfied, and 
to investigate the extent to which they determine the structure. ‘The latter was 
relatively sterile, but the former is quite successful in that ways in which the 
conditions can be satisfied correspond quite well with established views. 

As already stated, it has been generally assumed that ® is constant, and the 
possibility of this is guaranteed by our solution (23). Secondly, the early views 
of the ‘diffuse’ double layer were that the dependence upon x° is exponential. 
This corresponds to solutions of the form (31). 

Theoretical studies of the double layer have hitherto always been in terms of 
microscopic statistical mechanics, and this approach is very powerful in that it 
allows the complete determination of the structure. However, statistical mech- 
anics has difficulties of its own, and different treatments have led to different 
results. For example, according to the Chapman—Gouy theory (cited by 
Bockris 1954), the solution for x° is a hyperbolic function. However, a recent 
deduction by Morris (1958) indicates that the dependence should always be 
exponential t, in accordance with the earlier views. 

It is therefore evident that the real practical value of the present theory is in 
providing general criteria which must be conformed to by the results of a theory, 


in this case statistical mechanics, which, if more powerful to produce specific 


_results, is more subject to controversy. _ In order to obtain a precise understanding 
+ Morris finds that 7 
A 
*= — exp (kx), 
9 


where 0 is the surface density of charge on either sheet of the double layer. This provides 
an interesting comparison with our solution (26), as it suggests a dependence of surface 
charge density upon curvature such as one finds elsewhere in electrostatics. ¢ 
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of how the macroscopic and microscopic theories are complementary in this way, 
we shall examine why the macroscopic theory does not determine the structure 
completely, and yet, at the same time, why it determines it at all when this is also 
done by a microscopic theory using different concepts and methods. 

It has emerged that the integral conditions (16) and (17) do not really contribute 
to the determination of the structure, and that such determination as is possible 
is by the differential equations (14). The basis of our macroscopic approach is, 
as set out in I, generalized Navier-Stokes equations of motion and an equation 
of continuity. These are four equations in which the four unknowns are the 
components of velocity and the pressure. Many other quantities are present, 
but these must be regarded as the data, and they include the electrical quantities. 
It is not therefore to be expected that the equations determine the electrical 
quantities. However, it is a common mathematical phenomenon for restrictions 
upon the data of a set of differential equations to be necessary in order that the 
equations be simultaneously solvable. The integral conditions are simply 
restrictions of this type. 

Now the reason that, in general, the structure is partially determined by the 
differential equations (14) is that these equations are obtained by equating the 
three components of velocity to zero, so that one can regard the three components 
of electric field strength as replacing them as unknowns in the original equations 
of motion. ‘The fact that the structure is only partially determined is due to 
the fact that we have no boundary conditions. 

The fact that the macroscopic differential equations (14) can do in part what 
the microscopic theory can do completely is evidently because these equations are 
of thermodynamical origin. It is well known that thermodynamical equations 
are expressions of the results of applying the laws of mechanics on the atomic 
scale. Generally, however, not every feature of a microscopic theory is 
reproduced in this way, and presumably this corresponds in the present case to 
the absence of boundary conditions in the differential equations. 

What is somewhat surprising is that the thermodynamical argument should 
fail in one particularly important special case, namely that of a double layer of 
uniform electrokinetic potential. Quite clearly the difficulty is mathematical 
rather than physical. If one imagines a succession of double layers approxi- 
mating closer and closer to one of uniform electrokinetic potential, one would not 
assume any discontinuity in the physical behaviour in this limit, although mathe- 

matical discontinuities might be possible. 

In conclusion then, regarding our macroscopic conditions as criteria which 

must be satisfied by the results of microscopic theory, we note that this is a common 
role for thermodynamical conditions, in which we classify equations (14), and 
We assert that the integral conditions (16) and (17) are the more important as 
‘they do not correspond to anything in microscopic theory. They are obtained 
by the solution of the macroscopic equations of motion. In microscopic theory, 
the equations of motion cannot be solved. The thermodynamical conditions 
represent, as we have pointed out, the statement of certain statistical generalities 
in macroscopic language, and we would therefore expect them to be satisfied by 
the results of any microscopic theory which is correct within the framework of 
postulates. The integral conditions, though, having no microscopic counter- 
rt, represent a distinct addition to the theory as a whole; correctness of the 
nicroscopic theory is not alone sufficient to ensure that they will be satisfied. 
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APPENDIX 
Solution of the Differential Equations 


The pair of differential equations 


CLONE ee ed Ae Ne 
2 Ho x E,* =0, on50 0a ee 
can be solved with the help of the substitution 
Be ee Tg AEA I, Sy NE BIS Ee (A2) 
Since E,,* is the gradient of a potential, we have 
oE,*  o0E,* 
nas eres =0Q, iota «Le 
CF OAC) OS ae 
Poe AAP =0. vives (Ag 
Substituting (A2) and (A4) into (A1), and then (A2) into (A3), we obtain 
ou, 
3x0 = 0, ereece ° (A5) 
Ou, ou 
ar _ 53 a EF I ng aN ea Magen (A6) 


These equations show that u,, a covariant vector with respect to transformations 
on 5S, is the gradient of a function ¢(x!, x?). 

The problem is now resolved to that of solving the equations (A2) using 
knowledge gained about u,. In terms of the potential ¢*, these equations 
the differential equations © ) 


agee < t yatere ge 


0x ~ U, (a, x?) Ox 


4 


(« not summed), Be race (A7)_ 
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and if we put b* = L(x°) M(x 


, ¥*), -we easily find by separation of variables that 
a solution is 


b* =A expy(x?-+y), 


where y is the separation constant, which may be complex, and A a constant of 
integration. The most general solution obtainable by this method is an infinite 
series of solutions of the type (AS) for different values of yand A. If we restrict 
the values of y to positive and negative integer multiples of an appropriate imagi- 
nary constant, the fact that ¢* is real shows that the series is just the Fourier 
series of an arbitrary function. The general solution is therefore 


a (A8) 


Ge © 
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RESEARCH NOTES 


A Method of Generating Pairs of Millimicrosecond 
Current Pulses separated by a Variable Interval 


By J. M. SOMERVILLE 
The University of New England, Armidale, N.S.W., Australia 


MS. received 25th February 1959 


(Somerville and Williams 1959) it became necessary to generate pairs of 

current pulses of 30 mysec duration which could be passed through the 
channel with a variable interval of up to 1 psec between them. ‘The apparatus 
used for this purpose is shown in the figure. ‘The first rectangular pulse is formed 
by the discharge of the effectively open-ended coaxial line L through the spark 
gap into a piece of identical line L, of variable length. The pulse travels down 
L, and is reflected at the short-circuited end, returning and passing through 
the spark gap, which is still conducting, with current flowing in the same direction 
as before. The interval between the first and second passages through the gap 
is, of course, determined by the length of L,. If the clipping valve shown in 
the figure were absent, the pulse would be reflected at the open end of L and would 
traverse the gap again with current flowing in the reverse direction as shown in 
(a) of the figure. There would then be a further reflection at the end of Ly, 
and soon. ‘To prevent this, the clipping valve is used to clip the pulse as soon 
as it is about to change sign by reflection at the end of L. This leaves only the 
two unidirectional current pulses as shown in (6). 


I connection with an investigation of the properties of spark channels 


Pile 


park gap 


Clipping 
valve 


(a) | | Clipping valve out 


(b) | | l] Clipping valve in 


~ Detail of double pulse forming circuit. (R=20 MQ, R,=100kQ, C=20 pr. Clipping 
valve : Raytheon 715 B ; h.t. variable between —1 and —5 kv). (a) and (b) show 
idealized waveforms of the current through the spark gap. 


_ The valve acts in a manner similar to that of a conventional clipping diode, 
with one modification, designed to secure as good a match as possible between | 
the line L and the average effective impedance of the valve, while it is conducting. 
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It the valve is connected asa simple diode, with plate, screen and grid tied together, 
its effective impedance is lower than that of the line 12( S50) Oe i Netettective 
impedance may be raised in several ways: a resistance may be placed in series 
with the valve, but this has the disadvantage of loading the line with a resistive 
component of impedance even while the valve is non-conducting; the valve 
heater voltage may be lowered; or the circuit shown in the figure may be used. 
This circuit operates as follows. The resistance R, keeps the grid at the same 
voltage as the plate and screen for all but very rapid variations. When the 
voltage at the end of L does rise very suddenly to a value V however, the grid 
voltage rises momentarily to a value less than V, determined by the ratio of C 
to the grid-to-ground capacity of the valve. Varying C can thus vary the current 
drawn through the valve, and hence its effective impedance. This method has 
the advantage of making the capacity across the end of L less than it would be 
with the valve connected as a diode. 

Although this device was designed for the study of spark channels and uses 
a spark gap as a switch, there does not appear to be any reason why other types 
of switch such as thyratrons should not be used, nor why the device should not 
be operated at very much lower voltages than those (several kv) which we have 
used. It is possible to obtain pairs of voltage pulses of either the same or opposite 
direction. ‘The current through the gap or switch is in the same direction during 
both conducting periods so that the voltage across any small resistance in series 
with the switch will consist of two pulses in the same direction. On the other 
hand, the voltage between the switch end of the internal conductor of the line 
L, and ground consists of two pulses in opposite directions. 
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A NOTICE TO AUTHORS 


Authors of papers on experimental measurements are advised to include 
information concerning the purity and structure (grain size, homogeneity, 
gree of working phases present, etc.) of materials used. This should be as 
complete as the nature of the measurements being made requires and should 
include the source of the material and method of preparation. 


380 


REVIEWS OF BOOKS 


The Physics of Rubber Elasticity, by L. R. G. Tretoar. 2nd Edition. Pp. 
viit+342. (Oxford : University Press, 1958.) 40s. 


The appearance of a second edition of this interesting book is very welcome. 
The first edition, which appeared in 1949, fulfilled a useful purpose in giving a 
connected account of the development of the statistical-thermodynamic theory of 
rubber elasticity and other related topics. ‘The subject continues to grow in a 
lively manner, and to do justice to the new experimental evidence and to the 
more detailed applications of the basic concepts, the author has found it necessary 
to expand the text by one-third and to rearrange some of the material. ‘The 
rearrangement has improved the general design of the book; a chapter on large 
elastic deformations, which appeared at the end of the first edition and seemed like 
an after-thought (it was stop-press news at the time) now appears in a more 
logical place in the middle of the book, following the main story of the develop- 
ment of elasticity theory. 'The book now proceeds in a satisfying way from a 
preliminary account of the general physical properties and general thermo- 
dynamics to its main theme, the statistical-thermodynamic theory of chain 
molecules and networks (there are two new chapters here, on swelling phenomena 
and on the estimation of the degree of cross-linking respectively), and thence 
to the photo-elastic properties which, linked to the statistical theory, are yielding 
important suggestions on the more detailed molecular interpretation; it then deals 
with crystallization phenomena and their effects on mechanical properties, and 
ends with two chapters on the non-equilibrium phenomena of stress relaxation, 
creep and flow, and behaviour under transient or cyclic stresses. 

The book is beautifully written, in more than one sense: it is not only very 
readable by virtue of the detailed structure of its sentences, but it also leads the 
reader on by a natural sequence of ideas; moreover, it takes great care to make 
clear just what assumptions and approximations are made at each stage of 
development of the basic concepts. This, I said to myself more than once while I 
was reading it, is how a monograph or a textbook ought to be written. 

There are inevitably places where the reader would like to argue a point with 
the author, or suggest the inclusion of discussions of other aspects of the subject. 
For instance, the differences of molecular flexibility between rubber, gutta-percha 
and polythene, which are so strongly suggested by the photo-elastic properties, 
deserve some discussion on a stereochemical basis, and some correlation with 
other properties, such as melting points; in the chapter on dynamic mechanical 
properties, I should like to see more about the dependence of the dynamic 
Young’s modulus and loss factor on temperature and frequency in different. 
rubber-like materials; and I do not agree that there are no serious packing 
difficulties in Nyburg’s crystal structure of natural rubber which contains left- 
and right-handed molecules at random. But such things do not affect the 
dominant impression that this is a book which everyone interested in polymer 
properties (not only rubber elasticity) would find interesting and stimulating. - 

One of the results of reading a book like this is that the reader is led to take 
stock of the subject and ask “‘ what next ?”. ‘The statistical theory accounts in 
general way for the form of the force-deformation relations, but gives an Ree. | 
s 


| 
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value for the modulus which is considerably lower than the experimental value. 
This, as the author says, is not really surprising ; the “ important consideration 
is that the degree of agreement is as close as it is, when it is remembered that we 
are concerned with the prediction of the absolute magnitude of a physical 
property of a material from a very general mathematical basis”. One defect of 
the theory in its present form is that it treats the molecules, or rather the segments 
of them between cross-linked points of the network, as if they were free to behave 
as if in isolation; in actual fact they are crowded together, and the attractions 
between them would be expected to modify their configurations and their move- 
ments. Is the next step to be an attempt to take into account the fact that rubber 
is a condensed phase, not a cross-linked gas ? C. W. BUNN. 


Fast Reactions in Solids, by F. P. Bowpren and A. D. Yorrr. Pp. ix+164. 
(London: Butterworths Scientific Publications, 1958.) 40s. 


This book is about explosions, of course. It is a sequel to the same authors’ 
book The Initiation and Growth of Explosion in Liquids and Solids (Cambridge, 
1952). ‘The choice of synonym for title implies that the main emphasis is on 
the physical chemistry of the process of explosion, as well as being concentrated 
on the solid explosives. Not much attention is paid to the hydrodynamic 
aspects of the subject—to these authors the insensitiveness of the hydrodynamic 
theory of detonation to what happens in the detonation front is its weakness 
rather than its strength. Attention is principally directed to the initial stages 
of causation of an explosion by heat, light, shock or nuclear radiation (though 
the latter hardly ever causes one). The book is above all an account of experi- 
ments, with just enough theory to elucidate the experiments when they can 
be elucidated, which is by no means always the case. When it is not, the 
experimental facts are presented with considerable care. Anyone who feels 
challenged to understand the behaviour of matter may find here a number of 
problems worthy of his thought (explosions are too much fun to be left entirely 
to the military men). He will find here, in addition to the experimental facts 
and a valuable guide to the literature, a useful compilation in the appendices 
of some of the fundamental data on explosives which are otherwise hard to 
come by. il Gauls 


_ Leitfaden zur Berechnung von Schallvorgdngen, by O. Brosze. Pp. ii+168. 
: (Berlin: Springer, 1958.) 31.50 DM. 


This book by O. Brosze, which is in German, is the revised second edition 
of an earlier volume on the same subject written by Dr. H. Stenzel and published 
in 1939. It deals with the pattern of the sound fields of various simple types of 

source configurations, and collects together information which up to now is 
largely scattered in many different journals. 

The book is divided into three main sections, the first being devoted to the 
~ consideration of the sound field more distant from the radiator, the second with 
the near sound field, and the third with the sound fields of spherical radiators and 
with the scattering effect of rigid spheres and infinite rigid cylinders placed in a 
sound field. 
After developing the fundamental ideas and formulae, the author applies 
them to a number of straightforward practical problems. Numerous graphs and 
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tables, expressed in terms of the appropriate parameters, are included in the text 
and at the end of the book. A useful list of books for general reading and of 
references to original papers dealing with specific acoustic wave problems are 
added in an Appendix. This book will undoubtedly prove a useful aid to 
research workers and industrial designers who are concerned with knowing how 
the acoustic energy is distributed in the sound fields of their sources and with 
similar problems. R. W. B. STEPHENS 


Experimental Techniques in Low Temperature Physics, by G. K. Wuite. Pp. 
viii+ 328. (London: Oxford University Press, 1959.) 45s. 


In the thirties low temperature research was still confined to a few laboratories 
and cryogenic techniques, often of a rather individual nature, were developed in 
these. Since the war, and particularly since the Collins helium liquefier has 
become commercially available, work in the region near absolute zero has become 
very widespread. A manual on experimental techniques of the low temperature 
field is long overdue. 

Dr. White’s book goes a long way towards filling this need. Accounts of gas 
liquefaction and storage are followed by a most useful chapter on heat exchangers 
and one on temperature measurement down to the helium range. While some 
of this information can also be gathered—with some difhculty—from existing 
summary articles or original papers, it is the second section of the book which is 
especially valuable. This deals with the lay-out of experimental technique, the 
choice of cryogenic approach and the construction of the different types of cryo- 
stat. Here, the author has made a critical selection of existing techniques and, 
more important, has found a way of giving sound advice to those who enter the 
cryogenic field. He discusses the limitations set by heat influx and temperature 
control and also devotes some space to the kind of ‘ useful hints’ which very 
often make all the difference between success and failure of a piece of research. 
Here, too, production and measurement of magnetic temperatures are discussed. 
A short final section deals with some physical data, for a full and satisfactory 
presentation of which a book of this kind offers, however, not sufficient scope. 

Even in the first two sections Dr. White had to limit his account severely and, 
on the whole, his selection has been highly judicious. Nevertheless, one regrets 
that important experimental difficulties such as vapour oscillations, lambda-leaks 
and the helium film had to be relegated to asides. A more serious omission is the 
complete lack of information on 8He as a cryogenic and thermometric substance. 
The failure to deal with this important topic is explained by the date of the preface 
(July 1957) which is a sad reflection on the fact that in these days of technical 
progress, it often takes longer to print a book than to write it. This is a great 
pity when, as here, an excellent book is concerned which deserves strong 
recommendation. K. MENDELSSOHN. 


The Physical Theory of Neutron Chain Reactors, by A. M. WEINBERG and E. P. 


Wiener. Pp. xii+801. (Chicago: University of Chicago Press, 1958.) 
£5 12s. 6d. 


This is a masterly exposition of the theory of nuclear reactors, quite out- 
standing in its conception and execution, by two distinguished authors, both 
of whom have themselves made substantial contributions to the subject. 
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Nuclear reactor theory is one of the sections of what is often loosely called 
nuclear engineering, which has already reached an advanced stage of develop- 
ment and several books have already been written on different aspects of the 
subject. However, none so far has attempted such a comprehensive survey. 
The aim of the authors has been to write a book, or as they prefer to call it, a 
monograph, on the theory of nuclear chain reactions where the fundamental 
approach is from the physics of the problem. They believe, quite rightly, that a 
full and complete understanding of the theory can only follow from a deep and 
proper understanding of the physics of the problem. The result is a book which 
firmly lays down the basis of nuclear reactor theory. Again the authors have 
not allowed themselves to be sidetracked into giving two detailed expositions of 
particular branches of the subject. The broad field of reactor theory is covered 
and yet at the same time they have been able to keep much of the mathematical 
theory relatively simple. In addition, they have shown how the theory links up 
with practice, so that the reader is not simply presented with a textbook (as so 
often happens with books in theoretical physics) which does not tell him how 
successful the different methods which are presented are in solving his particular 
problem. 

In pursuance of their stated principles, the first of the four sections of the book 
is devoted to nuclear physics and this section occupies more than one fifth of the 
whole volume. A very full description is given of the physics necessary for an 
understanding of all the physical processes which take place in a reactor. This 
section particularly deals with nuclear reaction, cross sections, resonance reactions, 
the fission process and the shell structure of nuclei and the different nuclear 
models. 

The next section deals with the problems of the transport of neutrons and 
is introduced by an elementary discussion of chain reactions. This leads natur- 
ally to a consideration of, first, elementary diffusion theory, and then transport 
theory, both for the case of monoenergetic neutrons. Having dealt with the 
theory of monoenergetic neutrons the discussions then turn to the consideration of 
problems where the neutrons have ranging velocity. In particular the pheno- 
menon of neutron slowing down is dealt with coupled with the calculation of 
resonance capture and the energy spectrum of the neutrons in the slowing down 
process. 

The necessary information has now been assembled to consider the calculation 
of the critical size of a reactor along with its behaviour. ‘This forms the main 
subject matter of the third section. The simpler problems of a bare homogeneous 
uniform reactor is first considered and specific reactor systems are considered in 
detail with theory and experiment compared. Special aspects of these systems 
are considered such as their conversion ratio and the temperature effects on their 
parameters. 

In general, reactors are not uniform and also have reflectors and the theory of 
ch reactors is next considered, different methods of dealing with such systems 
eing given and again these are compared with actual measurements. 

_ The very important application of perturbation theory is next dealt with, 
ticularly as applied to the one, two and multi group methods of critical size 
calculations, and the first chapter of this section is on reactors in the non-steady 
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The final section largely deals with practical calculations. Many reactors are 
heterogeneous and so special methods are needed for calculating their parameters. 
The factors of the multiplication constant are taken in turn and methods of 
calculating them are discussed and compared with experimental results. Tn 
addition the diffusion and slowing down lengths are calculated and the section 
ends with a chapter on the calculation of the effect of control rods. 

This description of the contents of the volume shows its scope and extent 
and it will be clearly recognized that such a comprehensive study has not been 
previously attempted. It can be said without question that this is the most 
important book on general reactor theory so far written and will unquestionably 
remain a standard work for many years to come. J. F. HILL. 


The Structure and Evolution of the Universe, by G. J. Wuirrow. Pp. xi+212. 
(London : Hutchinson, 1959.) 21s. 


A feature of science today is the extreme interest in astronomy, no doubt 
primarily because of the stimulation which the subject has received from the 
development of new observational techniques. In fact the developments during 
the last ten years have been such that Dr. Whitrow has had to rewrite his original 
book The Structure of the Universe which appeared in 1949, and as befits its new 
title the book is far more than a new edition of the original. Anyone with an 
interest in astronomy and cosmology will profit from a reading of this book. 
Dr. Whitrow does not attempt to over-simplify the complexities of the contem- 
porary views of space and time, of the cosmological aspect of relativity, or of the 
various theoretical models of the universe which are extant today. However, he 
writes with clarity and insight and no student of physics or mathematics should 
have any difficulty in following the argument. The parts of the book which 
describe the features of the universe as observed out to the present day observa- 
tional limits are also excellently done. The book is quite up to date as evidenced 
by the inclusion of some of the latest contributions of radio astronomy, particu- 
larly the new opportunities which are now presented for applying an observational 
test to the conflict between the evolutionary and steady state theories of the 
universe. A. C. B, LOVELL, 


Theoretical Physics, by GEorG Joos. Thirdedition, Pp. xxiii+885. (London, 
Glasgow: Blackie, 1958.) 70s. : 


_ Joos’ Theoretical Physics is too well known to need detailed description 
or survey. It is planned to cover the whole field of theoretical physics at 
honours level. 

In the third edition there are two additional chapters: (1) Phenomenological 
theory of superconductivity, (2) Theory of elastomers; and the chapter on 
Nuclear physics is considerably modified. A section on Fundamentals of the 
matrix calculus has been added to the first chapter and one on The role o 
lattice defects in dielectric crystals to chapter XLI. The Table of Physica 
Constants has also been revised. A. Cu 
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A Self-consistent Calculation of the Graphite ~ Band 


BVSIdEnPEAGOC K+ anpD R. McWEENYt 
University College of North Staffordshire 
+ Department of Chemistry 
{ Departments of Mathematics, Physics and Chemistry 


MS. received 17th April 1959 


Abstract. ‘The approximate self-consistent field theory, recently developed in 
calculations of molecular wave functions, is applied to a two-dimensional crystal— 
the graphite layer. The crystal orbitals for the 7 electrons are constructed from 
atomic orbitals, as in the usual tight binding approximation, but the methods of 
many-electron theory are used in setting up the self-consistent field. Matrix 
elements of the one-electron Hartree-Fock Hamiltonian (which in the usual 
tight binding model are identified empirically) are expressed in terms of the z- 
electron density matrix, whose elements may be evaluated by integration over 
the occupied region of k space, and are systematically adjusted until Hamiltonian 
and charge density are self-consistent. 

The results, besides being of intrinsic interest, suggest that with the further 
development of automatic computation similar calculations on three-dimensional 
crystals will become feasible. 


$1. INTRODUCTION 


attention. In first approximation each layer in the graphite lattice may 

be considered individually as a two-dimensional crystal and this results 

in an unusual simplification in theoretical analysis. In the approach most 
commonly used, the electrons occupy the ‘crystal’ orbitals of a one-determinant 
wave function; and when these are built up out of atomic orbitals the resultant 
“tight binding ’ approximation is the crystal counterpart of the LCAO MO§ approxi- 
mation of molecular theory. The crystal orbitals would ideally be solutions of 

a Hartree-Fock problem. But in the tight binding method they are rough 
_ approximations of Lcao form, found by solving a restricted secular problem in 
_ which the matrix elements of the Hartree-Fock Hamiltonian are given plausible 
values chosen to fit empirical and other data (see for example Slater and Koster 
1954). The calculations reported by Coulson (1947), Bradburn, Coulson and 

_ Rushbrooke (1947-48), Wallace (1947), Barriol and Metzger (1950), and Coulson 
_ and Taylor (1952), are all of this type. In addition, they confine attention to the 
most loosely bound electrons (the so-called ~ electrons), which occupy orbitals 
having a node in the plane of the nuclei: they are in fact a limiting case of Hiickel- 
type calculations on polycyclic aromatic hydrocarbons (Hiickel 1931) and contain 
identical basic parameters—the ‘Coulomb’ and ‘resonance’ integrals, « and 8. 
Later work has been concerned with the inclusion of resonance integrals for 
more distant neighbours, the description of the more tightly bound o electrons, 
the inclusion of inter-layer effects, and the calculation of conductivity and other 


§ Linear-combination-of-atomic-orbitals molecular orbital. 


Ts electronic structure of graphite has recently received considerable 
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properties (see, for example, Brennan 1951, Lomer 1955, Johnston 1955, 1956, 
Yamazaki 1957, Slonczewski and Weiss 1958). Corbato (1956) has made an 
ab initio calculation, on a one-electron model, considering both o and z electrons. 

All these calculations are unfortunately marred by the difficulty of properly 
defining the Hartree-Fock Hamiltonian and of introducing self-consistency. In 
order to develop a true self-consistent field (scr) method, comparable with that 
used in atomic theory, it would be necessary to relate the one-electron Hamiltonian 
to the charge density function and to systematically adjust both in order to achieve 
self-consistency. In recent years, however, considerable progress has been 
made in molecular scr theory, using the LCAo approximation (see, for example, 
Roothaan 1951, McWeeny 1956a, b), particularly in the theory of aromatic 
hydrocarbons whose natural limit is the graphite layer. This encourages the 
belief that similar methods can be extended to solid state theory and that the 
difficulties of specifying a true Hartree-Fock Hamiltonian will eventually be 
overcome. ‘The present paper represents a preliminary step in this direction. 
The graphite layer was chosen for test calculations partly because it is two- 
dimensional, and therefore relatively simple, and partly in order to utilize a large 
body of experience in the field of aromatic hydrocarbons. For simplicity, 
attention is confined to the z band, the more tightly bound o electrons being 
represented by a ‘framework field’, as in molecular z-electron theory. Matrix 
elements involving the framework field are then identified empirically; but this. 
does not preclude the proper definition of a z-electron scr Hamiltonian, related 
to the z-electron density, and the achievement of limited self-consistency using a. 
variant of the standard Hartree-Fock method. 


§ 2. FORMULATION OF THE PROBLEM 


Let us take as unit cell the parallelogram in figure 1, containing two carbon 
atoms A and B. ‘Translationally equivalent atoms throughout the lattice then 


fall into two sets, A atoms and B atoms, and the following Bloch orbitals may be: 
defined : 


1 ] 
Us ale)= 4 Sexp tik. (ra +R )ibs,my(M> ta dart das 
1 ; 
tp .(r) = G > exp{ik. (rp +R,,)}¢n, R, (r), Py = 3a, + 3a). 
a (2.1) 


Here, for instance, $4, p,, (1) is an (orthonormalized) atomic orbital on the A atom 

of the unit cell indicated by lattice vector R,,=m,a,+m,a, and may therefore: 

be written alternatively as ¢(r—(r, +R,,)) where ¢(r)) is a similar function for an 

atom at the origin. By using orthogonalized atomic orbitals (see, for example, 

Lowdin 1950, McWeeny 1955a, 1956b) we ensure that the Bloch orbitals are. 

normalized over the periodic region which extends G unit cells in each of the 
~directions a, and a). ‘The wave vector k is defined by 


{ 
k=k,(27b,)+k,(2mb,), ky ky=0, 1/G,...(G—1)/G i 
where b, and b, are vectors of the reciprocal lattice and there are thus G2 Bloch : 


orbitals of each type. These may be indicated by points within a parallelogra 
in k space or by the translationally equivalent set contained in the central hexagon 


zone (figure 2). 
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Figure 1. Basis vectors and unit cell in Figure 2. Basis vectors, 
graphite layer. unit cells and hexagonal 

central zone in k space 

showing _ one-twelfth 

hexagon over which 

integrals are evaluated. 


Since only functions of the same translational symmetry combine, the approxi- 
mate crystal orbitals occur as linear combinations of two Bloch orbitals of given 
k. The coefficients are determined, for each separate k vector, by solving the 
equation 


I 
= 
ae 
NS 
bo 
— 


haa(k)—e hyp k) | 


hya(k) hyp(k) aa 
where 


hy, (k)= hyp(k) = [set vs alr) ar 


hyp (k)=hpa(k)* = [es Oba, alr) ar rr, (2.3) 


and is the one-electron Hartree-Fock Hamiltonian. Now h depends not only 

upon the field of the framework, which remains when the z electrons are removed, 
_ but also upon the whole z-electron distribution. This is recognized by writing 
-=f+6, where f is a bare-framework Hamiltonian and @ is an electron inter- 

action operator which takes account of the mean (Coulomb-exchange) inter- 
action between a single z electron and the total z-electron distribution, in the 
usual Hartree-Fock sense. Matrix elements of the operator f will be regarded. 
as empirically determinable parameters, but those of & depend explicitly upon 
the z-electron density matrix and must be revised iteratively until self-consistency 
is achieved. Briefly, solution of (2.2) using the simple nearest-neighbour 
approximation (cf. Coulson and Taylor 1952) allows a calculation of the z-electron 
density; the matrix elements (2.3) of the Hartree-Fock Hamiltonian may then 
be calculated, using well-established methods from molecular theory, and (2.2) 
may be revised: solution then leads to a revision of the z-electron density ; 
id this cycle may be repeated until no further changes 1 in density occur. It is. 
true, of course, that at certain symmetry points in k space the solutions of (2.2) 
aca 


i, 
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are completely determined by symmetry and have no flexibility; but elsewhere 
wy and pp, , are combined with k-dependent phase factors and this flexibility 
is sufficient to permit considerable variation in the z-electron density. 


§ 3. Matrix ELEMENTS AND CHARGE DENSITY 


In this section we use the density matrix formalism developed elsewhere (see 
Lowdin 1955, McWeeny 1955b,c, 1956a,b). The m doubly occupied orbitals 
-of a one-determinant wave function may be collected into a row matrix 


tp = (1... hye - Bn) 
and expressed in terms of a row matrix of basis functions, p = (¢,..-$;--- 2m) by 
b=oT peice beta) lus erie (3.1) 


where T is an m Xx n matrix whose columns represent the occupied orbitals. The 
system is completely described, in this approximation, by the idempotent matrix 
R=TT': the one-electron (spinless) density matrix is 


PeZRe2 Te eae ee (3.2) 
and the electron density function itself is 
P(r)= > o(OPyd = Fei ene a aleetesee (3:3) 
Explicitly, c 
Py=2 > LyT ty =2 2 Lad Pai 25 COIS ET GAGS (oy 


In the present case, i refers to an atom in the lattice and will be specified more 
completely by (A, R,,) or (B, R,,), according to type and unit cell, while / becomes 
the k vector of an occupied orbital and the summation is over the occupied region 
of k space. 

In terms of the elements of P the matrix elements of the Hartree-Fock Hamil- 
ttonian for graphite are formally identical with those for a polycyclic hydrocarbon. 
‘The use of orthonormalized atomic orbitals then leads to very simple expressions, 
since all electron repulsion integrals except those of Coulomb type are in this 
case exceedingly small (McWeeny 1955 a, p. 299). In fact the matrix elements of 
between two such orbitals are related to the prevailing charge distribution by 
(e.g. McWeeny 1956b) 


h, =, + 3P,(ti| g|t) zs x (P;;—1)@lgl4) | 
At 


his =By— 3PsGlely). : 
Here w; measures the energy of an electron in orbital 4; on that part of the bare 
framework associated with atom, and is independent of the z-electron distribution, 
while f;; is the usual ‘resonance’ integral (also for an electron in the field of the 
bare framework) and is small except when 7 and j are nearest neighbours. The 
two-electron integrals are, as usual, t 


(iilgli)=2 i b:*(ta)bs*(ta) ~ bills) by(ta) dry dry, . 


‘The numerical values of all such quantities may be taken over from molecular 
theory; we adopt the values used by McWeeny and Peacock (1957)... 
expressions (3.5) are further simplified if we anticipate one important resul 
The system considered is essentially a large ‘alternant’ molecule in that i 
-atoms fall into two sets (in this case A and B), no atom having a neighbour in 


N 
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the vay set; and a general property of such systems, assuming f;; 4 0 for nearest 
neighbours only, is that P,,=1 while P,;=0 (¢47) for all atoms 7, 7 in the same set 


(Coulson and Rushbrooke 1945, Pople 1953). Thus, putting ;+ }(i|g]iz) =« 


h;; == (Of 


his = Bi; — 4Pi;(j| gl 7). 

It is now seen that although §;, is assumed negligible except for nearest neighbours. 

h;; may fall off quite slowly with increasing separation of 7 and j, for (¢j|g|7j) varies 

roughly as the inverse distance. Consequently, the off-diagonal elements of 
will depend strongly upon the prevailing charge density. 

It remains to obtain the P,; for as many neighbours as may prove necessary, 

using the occupied orbitals which arise from (2.2). The matrix elements in 


(2.2) reduce as follows: 


! Rte (3.6) 
J 


1 ye i 
aaa aX [Pin (Vhda.n(r)ar= | bi, o(Pbba, ot) dr=a 
(k-independent)” "= 2... (3.7) 


since P;;, and hence ,;, is zero for all 1, j in the same set, and 


i| 2 
hanlk)= Za exp lik. {(rn+Rn)— (Pa RIT] ay (0 bn, 9, (7) a. 


Mm, “Te 
If we introduce h(p,,) to denote the matrix element of between atomic orbitals. 
separated by a vector ep, =R, +rg—r,, where R,, is any lattice vector, 


higa(k)= Dexp (kn) hPa) MPn)=] OS o(NIPn,a (MM. ves (3.8) 


The summation in (3.8) is thus over all B-neighbours of any A atom: this may 
conveniently be broken into parts arising from different orders of neighbourhood. 


(ascending values of |¢,,|) to give 


Pe Gk) 4 hse alk) suk hy, | exlk) bs 72 au(k), | yak) 


where o,(k)= > exp (ik.p,,) and h,=h(p,), are defined for the neighbourhood 
(p) 


in which |e,,|=p,. It should be remembered that neighbours here belong to 


the different sets (A and B), so that ‘second’ neighbours in this sense are atoms. 


at opposite vertices of a hexagon. The evaluation of these ‘structure sums” 


leads to rather complicated trigonometric expressions which need not be repro- 
duced (cf. Lomer 1955); but they depend only upon the nature of the lattice and. 
are therefore carried unchanged throughout the self-consistent field calculation.. 


The equation (2.2) may now be written 


Ze h.w(k 
os ee tan ae ee (3.10) 
hyw(k) a—eE 
and has solutions ; 
e(k) =a + Ay| o(k)]. =, ER (354.1) 


Since h, is negative, the states of lowest energy are obtained by taking the upper 
sign. There are G? such states holding the 2G? available 7 electrons and filling the 
first Brillouin zone (figure 2). At low temperatures, to which our calculations. 
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relate, this zone will be occupied throughout the calculation. ‘The corresponding 
crystal orbitals are 


iy 1 ‘ w* (k) 1/2 2 
nde) = So Basle) + (SEP) dana | 
ie HAC = Garg LEXP bik. (ta +R, myCP) 


™ 


Te (eon (kK) Ns oleate a weeny 
+aa(Sp) exp tik. (rn +R, )ibp.u() (3.12) 


The elements of P are of two types, which will be dealt with in turn: 
(i) From (3.4), using Ty p(k) to denote the coefficient of dq (rr) in 4, (r) 
etc., we obtain 


1 . 
Ps, Ry, A, Ry at pa fe r,,(k) Za, Rr, (K)* aa 25 eee {ck : (R,, —R,, )}e 


Since there are G? occupied states and hence G? terms in the sum it follows 
immediately that 


Par 


Uan a 1 for m=n 
=O for mens” ees (34357 
(ii) Again from (3.4) and (3.12) 
1 : w*(k)\ 12 
Parry: B,R, CG > {exp (tk.e)} (=) 
where ep=(r,+R,,)—(rg+R,,) is the separation of the atoms in question. 
Since the summation extends over a centro-symmetric zone in k space, 
each term will be accompanied by its complex conjugate to give a real result. 
Moreover, the identical results for all the equivalent neighbours of an atom 
may be summed to give a more symmetrical expression. If an atom has 


n, equivalent pth neighbours with |e|=p,, the corresponding element of P 
is given by 


P00) = Ga SS exp (ik. @) (SA) 


If | 27b,| is taken as the unit of length in k space, the hexagonal zone has an 


area of 1/3/2 and contains G* states. The expression may then be converted 
to an integral, taking the final form 


Bee Plp ex = { p(k) (“e) dl cea din (3.14) 


‘The evaluation of the integrals (3.14) is considered in an Appendix. From any 
assumed set of occupied crystal orbitals it is then possible to calculate the charge 
‘density and to revise the Hartree-Fock Hamiltonian accordingly ; with an obvious 
notation, (3.6) becomes : 
Te i OP PO ee nee ar oe (3.Lo) 


§ 4. RESULTS 
The simplest approximation (see, for example, Coulson and Taylor 1952) 
arises on putting h,=f when p=1 (i.e. for nearest neighbours) and h,=0 
when p>1. This provides a convenient initial approximation for the SCF 
calculation. P(p,) is then the zero order term in (A3) (see Appendix) and for p=l ; 


, 
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is the ‘mobile bond order’ of the C-C link. This latter quantity has already 
been evaluated by Coulson and Taylor (and indirectly by Bradburn, Coulson 
and Rushbrooke 1947-48) and is found to have the value P,;=0-:527. This may 
be compared with bond orders, calculated with the same approximations, of 1-0 
for ethylene, 2/3 for benzene, the values in these two instances being completely 
determined by symmetry. In general, however, bond orders in molecules are 
often considerably affected when self-consistency is introduced. The bond 
orders calculated using the starting approximation are summarized below, along 
with the revised set of matrix elements which they indicate: 


p 1 2 3 
af 0-5267 — 0-2140 —0-0502 

yong = —4°79 eV) 
h, 0-896h,.,, —0-112h,,., —0-020h,,.,, 


pis associated with atoms 5 bond lengths apart and h, has a value of approximately 
0-005%,...,. Rough estimates show that the inclusion of matrix elements of this 
order would not significantly affect the final results and they are therefore omitted. 

The iterative process itself (using (3.15)) and (A4) is trivial, seven cycles leading 
to density matrix elements which are self-consistent to three places of decimals: 


p 1 2 3 
P, 0-525 — 0-223 — 0-037 
ly 0895 Itong —0°116h,,,, —0-015/, 00, 


The surprisingly small change in the C—C bond order is immediately accounted 
for by (A3), for in the case p=1 the first order terms vanish identically. 

From the final results it is a simple matter to obtain «(k) from (3.11) and to 
plot the energy contours in k space. The results appear in figure 3 and are 
compared with those obtained using the initial approximation in figure 4. The 


--— Initial 
“ —— Final 
{ 
Figure 3. Energy contours within the Figure 4. Comparison of initial and final 
occupied zone of the k space (one contours, showing effect of introducing 
sixth of the full hexagon). distant-neighbour interactions and self- 


consistency. 
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considerable shifts which occur are due to (i) the inclusion of electron interaction 
and (ii) the iterative introduction of self-consistency. _ In this case, largely owing 
to the insensitivity of the nearest-neighbour bond order, the first of these effects 
is dominant. It is, in fact, almost immaterial whether the Hartree-Fock Hamil- 
tonian is estimated from the initial approximation or from the final self-consistent 
orbitals. 'The most important single factor is the inclusion of the resonance 
integral h, for atoms at opposite vertices of ahexagon. It should be noted that this 
quantity arises entirely from electron interaction effects (in fact from an exchange 
correlation) and that it has the opposite sign from that usually adopted in more 
empirical approaches. 

It is possible, without further calculation, to make only one direct comparison 
with experiment. Since, by Koopmann’s theorem, the orbital energyis numerically 
equal to the energy of ionization from the orbital, we obtain an immediate estimate 
of the work function of graphite. The energy at the surface of the first Brillouin 
zone is, from (3.11), simply «(k)=«. With the parameter values adopted in 
molecular theory (McWeeny and Peacock 1957) this gives [=4-0ev which 
compares satisfactorily with the experimental estimate of 4-3 ev. 

However, since the present approach is firmly based upon a many-electron 
wave function, it is also possible to make an immediate estimate of the total 
a-electron energy (including both Coulomb and exchange electron interactions). 
In terms of the matrix P (McWeeny 1956a) and the bare-framework matrix f 
(given on putting P=0 in (3.5)), 


E=4trPf£+$trPh=3 > Pi (fut) 
raf 


where the summation is over all pairs of atoms in the periodic region and therefore 


gives 
Ba Gey thie t Hg) st eulicaak leceh othe (4.1) 
p 


The resultant z-electron energy is 222-7 kcal mol-! of carbon atoms, compared 
with 188-9 kcal in ethylene and 205-8 kcal in benzene; this shows the usual trend, 
binding energy per atom increasing with delocalization. Unfortunately, the 
a-electron energy is somewhat difficult to evaluate experimentally since the heat 
of atomization gives information only about the total binding energy. Rough 
estimates, based on various current values of C—C (single) bond energies and of 
the carbon valence state energy, fall on either side of the theoretical figure, but are 
too unreliable to be of much value. A satisfactory comparison must await a 
detailed treatment of the o electrons. 


§ 5. CONCLUSION 


The approximate self-consistent field method of molecular theory has been 
successfully applied to a two-dimensional crystal. Although the results are 
not without intrinsic interest, it is clear that the significance of these calculations 
is primarily methodological. ‘There is evidently no insuperable difficulty in the 
application to crystals of an approximate scr theory based on tight binding wave 
functions. ‘The main obstacles to be overcome are (i) the evaluation of one- and 
two-electron integrals over (orthonormalized) atomic orbitals, (ii) the evaluation 
of structure sums, and (iii) the evaluation of integrals over k space. With the 
rapid development of automatic computation it seems likely that — 
progress in this direction can be made. 
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APPENDIX 
Only the real part of the integrand in (3.14) need be considered since inte- 


gration over the centro-symmetric zone in k Space must lead to a real result. 
We may therefore use the alternative form 


eee 2 ‘A(opw 


I ek 
See ear eee 


On writing w of (3.9) as 
w=0o,+ Zee ue (h,'=h,/h;) 
i denominator in (Al) may Peity be expanded in ascending powers of the 


» (which fall off rapidly with increasing p). Neglecting terms of third and 
ath pias the integrand becomes 


Bo 
“Tal Te E reaneaGe o,*) (zero order) 
Tad | 4 Oyo,*) — le 9 ] (first order) 
> h,’2 EG Sue wm | o, |?B(op0,*) — 4B (ono,* )#(o45,*) | 
+a faa [o,|° 
1 
+—— hhz| 32 *)A{ 
a eed og) | 
+ Rete) eget) 12) 88*)) | 
[o,|* J 
(second. Order) ama ace (A2) 


All the terms in (A2) are complicated trigonometric expressions and the 
double integration over k space must be performed numerically. The method 
employed was the two-dimensional analogue of Simpson’s rule (see, for example, 
Willers 1948). The area over which the integral is to be evaluated is covered by 
a rectangular mesh and the contribution from an elementary rectangle, with sides. 
of length 2h and 22, is given by 

Shie( 22 +.24§ 4-2 39 HF 01 +2051) yd ee es (A3) 

where 2, is the value of the integrand at the centre and the other values refer to. 

_ the corners. Owing to symmetry, the integration need only be extended over 

one twelfth of the occupied zone (figure 2). The boundaries of this area form a 

 right-angled triangle and some approximation to the contribution from the 

boundary elements must therefore be made; on choosing h= 1/3k the boundary 

rectangles are bisected by the diagonal and the contribution from each triangular 
element is, in good approximation, just half that given by (A3). 

In the preliminary calculations (Peacock 1958) the pertinent integrals in (A2). 
were evaluated, with a mesh of 200 points, using a desk calculator. The calcula- 
tions have since been refined by programming the most important integrals for 

the Ferranti ‘Mercury’ computer at the University of Manchester, using a mesh. 
of 10000 points. Substitution of the final results into (Al) then yields the: 
following equations 

P, =0-5268 —0-0748h,”” 

P, = —0-2140 + 0-1498h,' — 0:3170h3' + 0:3052h,” me ctecsic (Ace) 
P,= —0-0502—0-1586h,' + 0-3140h3’—0-1538h,"% | 
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the terms in A,’2 and h,'hs’ being negligible. These equations provide the basis 
for the iterative process. 
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Abstract. ‘The conductance of a thin single crystal slab of germanium has been 
modulated by a small electric field of variable frequency capacitively applied to 
the large face. ‘The resulting dispersion which is related to the generation and 
recombination of minority carriers at the surface has been studied as a function 
of surface potential by using different ambient gases. The results show some 
agreement with the single energy level model analysed by Garrett and indicate in 
addition that the etched surfaces investigated were non-uniform. 


§ 1. INTRODUCTION 

HERE exists strong experimental evidence that two types of surface state 

are present on single crystal etched germanium surfaces. The two types 

are defined by their characteristic time constants for relaxation of their 
electron occupancy with changes of carrier concentrations in the bands. The 
time constants associated with the slow states are of the orders of seconds, while 
those of the fast states are believed to lie in the range 10-* second or shorter at 
room temperature. 

The present paper is concerned with the fast state properties connected with 
the screening of charge induced in the surface and with the recombination at the 
surface of excess carriers injected into the bulk. We have based our experiment 
on the modulation of conductance of a thin flat germanium slab arising from the 

application of a small a.c. electric field capacitively applied to a large face. 
Montgomery (1957) demonstrated that under variation of the frequency of the 
field the conductance changes showed a dispersion in the range 10?-10°c/s and 
possibly an additional one around 5x 10%c/s. Garrett (1957) has proposed a 
model based on a single trapping level at the surface in the forbidden gap. The 
predictions from the model are qualitatively in agreement with Montgomery’s 

results. We have made more detailed measurements in the range 10°-10°c/s 
and have derived characteristic surface state parameters by comparison with 

_ Garrett’s expressions. 


§ 2. ‘THEORY 
The field effect can be described in terms of a field effect mobility re which 
is defined by Schrieffer (1955) as 


eye 
fe a Ac 


here AGsg is the change in surface conductance resulting from an applied charge 
Ac per unit area. 

Garrett (1957) derived the variation of ute with frequency of a sinusoidal 
induced charge on an extrinsic specimen within the imposed limitation on Ao 
that disturbances of hole and electron concentrations were small in comparison 
ith equilibrium values. The surface state model used was a single level whose 
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occupancy changes were characterized by Shockley Read (1952) statistics. pte 
was found to undergo a dispersion with characteristic time constant 74 related to 
rates at which holes and electrons recombine and are generated in the filament. 
The further dispersion predicted at higher frequencies is outside our experi- 
mental range of frequencies and we shall not be concerned with it here. Under 
certain conditions tq can be equated to the filament lifetime for minority carriers 
as defined by Shockley (1950). In particular, if bulk recombination is negligible 
and the two large surfaces of the slab are assumed to have identical properties, Ta 
may be written tg=7'/2s. Here T is the thickness of the slab and s is a function 
of the trap parameters and the surface potential and is identical with the ex- 
pression obtained by Stevenson and Keyes (1954) and Many and Gerlich (1957) 
for the recombination velocity s of injected carriers at a surface. From measure- 
ment of vq against the surface potential ws it 1s therefore possible to obtain similar 
information to that derived from direct measurement of s. Details of inter- 
pretation giving trap energy and capture cross sections are given in the above 


papers. 
ute as a function of frequency is found to be given by the real part of 
ni wta(wta +t) 
Hte = de one T+ wire } 


fac is the field effect mobility under conditions of equilibrium between the 
fast states and the bands and has been studied as a function of surface potential 
by many workers (Montgomery and Brown 1956, Garrett and Brattain 1956). 

Lent is the amplitude of the dispersion and for an n-type extrinsic sample is of 
the form 

Hye = (n+ Hp) to sa Rae an 
a Nefo(l —fo) — (4/eus)(P'p — Pn) 
where Q = Cp(ps+p1) + Cn(ms + ,)/N¢, en, 4p are the electron and hole mobilities, 
In, Pp the excess electron, hole densities per unit area in the barrier, ws the surface 
potential in units of RT, ps, ns hole, electron concentrations at the surface, 
fo the Fermi occupancy factor at the trap energy, Cp, Cn the electron and hole 
capture cross sections, N; the trap density, 7, p, the electron and hole con- 
centrations when the Fermi level is at the trap energy. nr can be shown to 
become trivial beyond a value of surface potential determined solely by the bulk 
properties of the germanium. Physically this can be seen to be acceptable. 
Following Garrett (1957) it can be said that any small charge induced at the 
surface is taken up in the barrier as a certain number of holes and electrons 
depending on the value of surface potential. For example, in a strong inversion 
layer on n-type material the charge appears completely as holes. Any minority 
carriers required at the surface are assumed to be taken from the bulk where, 
after an appropriate time, they are replaced by generation. This time is the dis- 
persion time tq. ‘Thus at values of us where no holes are needed there is no- 
_ disturbance in the bulk and hence no dispersion. 

The theory could readily be extended to cover more than one state provide 
the additional levels were of such cross sections as to exclude their being re- 
combination centres, Experimental evidence however suggests this to be o 
small usefulness. , 

‘The above discussion indicates that the dispersion for small signal electric 
fields should be measured at various surface potentials to evaluate the thr 
quantities tq, wac and pnr as a function of us. 
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§ 3. EXPERIMENTAL ‘TECHNIQUE 

The filaments of dimensions 2cm x 0:5 cm x 0:02cm were etched in C.P.4 
and mounted on polished brass electrodes with a mica spacer. The filament 
ends extended beyond the electrode and were sandblasted around the soldered 
end contacts to reduce injection effects. The surface potential was held at various 
values by enclosing the specimen in a glass system and using ambient gases as 
described by Brattain and Bardeen (1953), and Wang and Wallis (1957). The 
surface potential ws; was determined by measurement of conductance changes 
caused by the application of a large 50c/s electric field which moved the barrier 
through the minimum of conductance in the manner of Bardeen et al. (1956). 
The resistance of the specimen was measured by Wheatstone bridge. 

The small signal conductance change was studied as a function of frequency 
by using a modification of Low’s (1955) circuit shown in figure 1. With B, and 
B, in opposition (i.e. no sweeping current flowing) the signal in the oscilloscope 
O was entirely due to charging current in R,, R,, C,; and C,. By adjustment of 
R, and C, this could be reduced to zero. On reversal of either B, or B, the signal 
in O was proportional to AR, the modulation of the specimen resistance by the 
field. ‘The oscilloscope trace showed the variation of AR with field applied. 
‘The arrangement was satisfactory up to about 10° c/s when non-linear effects 
made initial balance impossible. 


C.R.O. 


---- Oscillator 
4 0-100V rms. 


7 


Figure 1. Circuit diagram. 


§ 4. DIscussION OF RESULTS 


4.1. Surface Recombination Velocity 

- ‘The specimens were all n-type, of resistivity from 16Qcm to 31Qcm and 
bulk lifetime greater than 350usec. A typical plot of wre against frequency 1s 
shown in figure 2._This can be represented by a dispersion with a single charac- 
teristic time constant. The values of pe around fa(=1/277a) are in the in- 
phase component. From the inflection point the dispersive frequency and 
hence tq can be found. A plot of 7/27a(=s) against us is shown in figure 3. 
The theoretical curve is drawn for a recombination centre of energy, as measured 

_ from the centre of the gap, of either E,—E;=4:7RT or —1-5kT (Many and 
Gerlich 1957). The maximum value of s and its corresponding ws give capture 
“cross sections Cp and Cy. When us< —2 the experimental points deviate 
from the theory. This is common to all our results and is similar to the variation 
found by Garrett and Brattain (1956) measuring photoconductance. T here ; 
re three possible explanations: a reversible variation of surface structure with 
ambient, an additional recombination centre or an inhomogeneous surface. The 
rst possibility although suggested by the results of Many and Gerlich (1957) is 


~ 
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thought unlikely since similar curves have been found by measuring s by injection 
under constant ambient and using an electric field to swing the barrier (J. Holt, 
private communication). The evidence is considered to favour the last possi- 
bility although the second is not excluded. Additional data suggesting an 


inhomogeneous surface will be presented below. 


3000 |~ 


eSeeay) 


Vv 
N 
S 
Ss 
Ss 

| 


0 | ae | 
107 10° 104 105 
Frequency 7 (c/s) 
Figure 2. 1s, plotted against frequency of applied field. Theoretical curve drawn for a 
dispersion of time constant 25-6 usec (fa= 6-2 x 10° c/s). 
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Surface Recombination Velocity s (cm sec’) 


P| | | BEN BS tee | 
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Surface Potential zz, (units of k7) 


Figure 3. Variation of s with surface potential u,. ‘Theoretical curve drawn for 
Ey-E,=47 kT and Cp/Ca= 20. 


The s curves were not obtained immediately after etching but after days or 
even weeks. Initially the surface was unstable and points were not reproducible. 
Even after the stable configuration had been achieved changes were observed to 
occur with time. ‘These however indicated a change in trap density only, other 
parameters remaining constant as found by Wang and Wallis (1957). The 


scatter of the points is larger than expected and would appear to arise from 


ambient induced structure changes or undetected drifts in values of us during 
measurement. 


~ 


The interpretation of the tq data demands the resolution of the ambiguous 
trap energy. We have selected the value in the upper half of the gap. If the 
trap were at the centre of the gap, ie. E;—E\~ —1kT the trapping frequency 
would lie in the range 10°~10%c/s. Since no such effect has been observed — 
either by Montgomery (1957) or in the present work where this has been studied _ 
over a range of us at frequencies up to 4 x 105c/s, it seems unlikely, as pointed out 


: 
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by Garr > are traps near the centre of ; 
y ete that there are traps near the centre of the gap. Measurements of the 
temperature variation of s by Many and Gerlich (1957) also indicated the higher 
value. 

Using the theoretical fits for ten such curves we find the mean results at room 
temperature 


Cp/Co => US -§0 
Cy/Nt=2-7 x 10-7 cm3 sec-1, 


The trap density Nt was obtained from the (tac, Ws) Curve in a manner similar to. 
that of Many and Gerlich (1957). 


4.2. pone 
A typical plot of unr against ws for two specimens is shown in figure 4. The 
theoretical curve is obtained with a trap having the mean parameters found in 
the s measurements. Since E,— Ei~5kT the trap is empty for most of the range: 


4000 ;-— 


eye (cm? V"secr!) 


2000 ;— 


= 


e 


oO 
pene res el ae oe 
-8 -6 ~4 ae 0) 2 4 6 

Surface Potential 2, (units of kT) 


Figure 4. High frequency field effect mobility unr plotted against ug for two specimens.. 
Theoretical curve drawn for a surface state of energy Et—E,=5 kT and density 
7x10? cm~?’, for position of bulk Fermi level defined by up=1°5. 


of this curve shown, i.e. it is not operative as a trapping level. ‘Thus the curve 
is characteristic of a surface with no surface states. In principle additional states. 
_could be taken in the range shown and the pyr curve fitted to experiment. ‘These 
states could have arbitrarily small capture cross sections for one carrier and hence 
would not be significant recombination centres. As mentioned in § 2 the theoretical 
plot indicates that pnr is small at ws=1 independently of surface state structure. 
From the experimental points it can be seen that nz is about 2 x 108 at us=1 
and is still greater than 0-5 x 10% at 4. This variation at large ws is a common 
property of all the surfaces investigated. It was thought to be due to injection 
of minority carriers through the end contact but experiments with controlled 
injection through a p—n dot junction on the back surface showed a decrease in unr 
rather than in increase with injected carriers. 
It could alternatively be argued that this might be an ambient-induced effect. 
However, pulsed field measurements at constant ambient, varying us by electric 
field, have shown qualitatively similar results. Low (1955) observed similar 
effects using large pulses to swing his barrier under constant ambient. The 
explanation proposed is that this anomalous dispersion is directly a result of a 
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patchy surface. ‘This implies that a measured surface conductance is that of a 
barrier not of uniform height but rather with a range of heights. ‘hus although 
the conductance change from minimum to a given value would indicate on a 
uniform surface that minority carriers no longer contribute to the incremental 
surface conductance, in fact the range would include values of us where this is not 
true. A patchy surface would in principle not yield a single time constant dis- 
persion curve. Considerations of the magnitudes involved show however that 
changes in the shape of the dispersion would lie near the limit of experimental 
detection. If this proposed modification to the model is correct then there is 
little point in postulating additional surface states and fitting their energy and 
density to the experimental points. The effect of a patchy surface will be largest 
in the region of the minimum of conductance and hence our results are of least 
interest in the range —5<ug<1. For this reason we have not fitted the results. 


4.3. bac 

The pace variation with us was similar to that found by Many and Gerlich 
(1957) and Bardeen et al. (1956). It could be fitted with two sets of traps in the 
range us= —3 to us=6 as were the results of Many and Gerlich, one set 
being the recombination level. ‘These fits, for reasons given above, are con- 
sidered of little interest however: they serve to show that our results are similar 
to those of other workers. ‘The second set of traps would of course have to fit 
both the wae and the pnt data. 


§ 5. CONCLUSIONS 

The results of the experiment are in accord with Garrett’s model and have 
given surface recombination data in agreement within experimental error with 
other data derived by different techniques. ‘They have also indicated that our 
surfaces are inhomogeneous since in effect the dispersion is a detector of minority 
carriers in the barrier. As pointed out by Garrett (1957) this patch effect might 
account for the apparent screening observed in field effect measurements in 
regions of us near the centre of the gap where high frequency measurements 
indicate the absence of surface states. 


ACKNOWLEDGMENTS 
‘Thanks are due to Professor R. W. Ditchburn for the provision of research _ 
facilities, and to the Admiralty for support and permission to publish. 


REFERENCES 
BarvEEN, J., Coovert, R. E., Morrison, S. R., SCHRIEFFER, J. R., and SUN, R., 19569 
Phys. Rev., 104, 47. 
Brattain, W. H., and Barpegn, J., 1953, Bell Syst. Tech. F., 32, 1. 
‘GarreTT, C. G. B., 1957, Phys. Rev., 107, 478. 
Garrett, C. G. B., and Brattain, W. H., 1956, Bell. Syst. Tech. F., 35, 1019. 
Low, G. G. E., 1955, Proc. Phys. Soc. B, 68, 10. 
Many, A., and Geruicu, D., 1957, Phys. Rev., 107, 404. 
~Montcomery, H. C., 1957, Phys. Rev., 106, 441. 
Monrtcomery, H. C., and Brown, W. L., 1956, Phys. Rev., 103, 865. 
ScurieEFFER, J. R., 1955, Phys. Rev., 97, 641. 
SHOCKLEY, W., 1950, Electyons dust Holes in Semiconductors (New York: Van Nostrand) 
p. 318. 
SHockLey, W., and Reap, W. T., 1952, Phys. Rev., 87, 835. 
STEVENSON, D. T., and Keyss, R. J., 1954, Physica, 20, 1041. 
Wane, S., and WaLtis, G., 1957, Phys. Rev., 105, 1459, 107, 947. 


401 


Absorption of Microwaves in Ethyl Chloride 
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Abstract. Pressure variation of the microwave absorption coefficient of ethyl 
chloride in the vapour state has been studied at frequencies of 0:-29cm— and 
1-l4cm™. It has been found that Van Vleck and Weisskopf’s theory of absorp- 
tion due to pressure broadened lines can explain approximately the pressure 
variation up to one atmosphere pressure in this case. The allowed rotational 
frequencies of the Q and R branches have been computed from the rotational 
constants of ethyl chloride. The intensities of various transitions have been 
calculated with the help of tables of Cross, King and Hainer. The absorption 
due to these transitions have been calculated at 0-29cm-!, 0-8cm-! and 1:14 
em. ‘The absorption at 0-29cm~ is found to be entirely due to Q branch 
transitions which are nearly at zero wave number. At 0-8cm~ the absorption 
due to R branch transitions has to be taken into account. At 1:14cm~! the 
calculated value is about 37-5 °% lower than the experimental value if the absorption 
due to only Q and R branches transitions is taken into account. An attempt is 
made to explain this discrepancy. 


§ 1. INTRODUCTION 
JY eicinst (1946) measured the absorption coefficient of a few 


organic molecules at frequencies of 0-29cm-tand 0-8cm-!. They tried 
to explain the observed absorption on the basis of Van Vleck and 
Weisskopf’s (1945) relation. Qualitatively their results agreed with the pre- 
dictions of Van Vleck and Weisskopf’s theory. ‘They also attempted to 
explain the results quantitatively. They partially succeeded in the case of 
ammonia and other symmetrical top molecules such as methyl halides. The 
results were later explained in the case of symmetrical top molecules by Bleaney 
and Loubser (1950), but no attempt was made to reach a quantitative agree- 
ment in the case of asymmetric molecules such as ethyl halides. 
The total microwave absorption at a given frequency is the sum of resonant 
“and non-resonant absorption. Van Vleck and Weisskopf’s theory has the 
distinction of being able to explain both. Ethyl chloride is one of the simplest 
asymmetric top molecules and its rotational lines are distributed throughout 
the microwave region. The absorption at any frequency is the sum of resonant 
absorption due to transitions at that frequency and the transitions at other frequen- 
cies the effect of which is observed as the result of broadening of every line due to 
collision. Rotational constants and the asymmetry parameter of ethyl chloride 
are known (see Wagner and Dailey 1954). Ethyl chloride is a prolate molecule 
whose asymmetry parameter is —0-96; its dipole moment is chiefly along the 
D axis Therefore transitions involving , have high probability. ‘The majority 
of Q branch transitions occur at zero wave number. ‘Their effects are observed 
at high frequencies because of collision broadening giving rise to Debye type 
(non-resonant) absorption. As all these things are known in the case of ethyl 
loride an attempt is made to explain the observed absorption theoretically. 
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§ 2. EXPERIMENTAL RESULTS AND ‘TECHNIQUE 


The details of the arrangement used for measuring the absorption coefficient 
of ethyl chloride at frequencies of 0:29cm~1 and 1-:14cm~ are given elsewhere 
(Krishnaji and Srivastava 1957). At 0-29cm~ they use a klystron 2K39 as 
the source and a crystal 1N23 as the detector. Microwave power is measured 
when the experimental waveguide is filled with ethyl chloride vapour and when it 
is evacuated. The absorption coefficient is calculated by means of the relation 

uptlowy Terkel ts) evga ces eer 
a= 7,98} a0} 11-(55] i cm 
where @ is the output galvanometer deflection when the cell is evacuated, A@ is 
the reduction in the deflection of the galvanometer when the gas is admitted to 
the cell, L is the length of the absorption cell, A the wavelength of the radiation, 
and 6 the larger dimension of the waveguide. 

At 1:14cm—! a klystron Qk292 was used to generate the power. 

The values of the absorption coefficient at various pressures up to one atmos- 
phere and at wave numbers 0:25cm-, 0:29cm~, 0:830cm~ and 1-:14cm™ are 
as follows. 


Wave number Pressure (cm Hg) 

(cm~?) 10 20 30 40 50 60 70 76 
O25 0-05 0:20 0-40 1-00 1-80 3-10 4-80 5-70 
0-29 0-20 0:55 1:05 1-80 3-00 4-40 6:30 7:10 
0-80 0-50 1-25 2-40 4-40 6-10 8-50 12-10 14-50 
1-14 175 4-20 7-80 11-60 18:50 24-70 30-20 32-10 


The values at 0:80 cm-! are computed from the data of Walter and 
Hershberger (1946), the other values given here are the average of ten readings 
for each pressure. 

§ 3. DiscussIon 


The absorption coefficient due to a line is 
2 

= = aoe pe | 45)? eae + phe abet 

ei acide ace te Av? +(v—vy)? A+ (y+ 45)? 

where f, is the fraction of the molecule in the vibrational states concerned, f, the 

fraction of the molecule in the lower rotational state, |u,;| is the dipole matrix 

element, v(cm~*) the frequency of observation, v;;(cm~') the frequency associated 
with the transition, and Av(cm~*) the half width parameter. 
Since the measurements are made at high frequencies the effect on absorption 
due to fine structure is negligible. Hence the value of f, is taken as unity. The 
value of f; in the case of asymmetrical molecule ethyl chloride is (Townes and 
Schawlow 1955) ; 


(2d +1) exp (—W,/kT) > 


- Gal)) 


where A, Band C are the rotational constants of ethyl chloride in cycles per second. 
Therefore the relation for the absorption coefficient is 


G 87? N (27 + 1)| w;|? exp (— W,;|RT) 


vy 3kT REE) UP ce 
babii." anol.) t Fv, vq) : 


Absorption of Microwaves in Ethyl Chloride 403. 


where F(v, v,;) is the shape factor and is equal to 


F(v, n=| Essie cere ras Sha | 
Av? +(v—vy)? — Av? + (v+y,;)? 

For an asymmetric molecule (2.J + 1)| u,;[? is just p,,2 *s,, where “s,, is the transition 
strength calculated by Cross, Hainer and King (1944), yu, is the component of 
the dipole moment (Debye units) j.,, 4, and 4, whichever is responsible for the 
the transition. Wagner and Dailey (1954) have indicated that in the case of 
ethyl chloride , is practically zero and that the transitions involving ,, are four 
times stronger than those involving «,. Therefore only transitions involving 
L, have been considered, and for yu the value of 1, has been substituted (1,2 = 42). 
The value of Av has been taken as 0-25 cm! atm which gives the best fit. Trial 
was made with three or four values of Av. 

The values of the rotational constants of ethyl chloride are B = 5493-76 Mc/s, 
A=30124Mc/s and C=4962:24Mc/s (Wagner and Dailey 1954). The 
frequencies of all the transitions have been calculated with the help of the expression 

v=$(A+C)J(J+1)4+4(A-Coe, 
and have been reported in an earlier paper (Krishnaji and Srivastava 1958). 
There are very few P branch lines which are allowed and moreover their contri- 
bution to absorption is almost negligible. Therefore the calculations are limited 
to Q and R branch transitions. 

Calculations for J > 12 has been carried out approximately. 

Table 1 shows the calculated microwave absorption at v=0-29cm~, 0-80 
cm~! and 1-:14cm~ at two pressures, + atm and 1 atm, due to all allowed rigid 
rotor transitions of R branch involving the dipole moment p,. ‘Table 2 shows 
the calculated absorption at the same frequencies due to Q branch transitions. 

At v=0-29 cm—, the absorption it appears is almost due to Q branch transitions, 
the majority of which are at zero wave number. The absorption can therefore 
be considered as due to a zero frequency line of intensity 22-84 x 10+ per 
atmosphere, and Av=0-25cm~! per atmosphere. ‘The figure shows such a 
curve in which «/v? is plotted against v. The points at 0-25 cm~! and 0-29cm~+ 
are seen to fit in very well in the curve, for higher frequencies the contribution 
due to Q branch transitions can be seen to be almost constant. 
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J 1 Pressure —1Atm 
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Table 3 gives a comparison of the observed and calculated values of the 


Table 1. Contribution of R Branch Transitions to the Absorption Coefficient 


No. 


24. 


eco Oy an oa Nr 


‘Transitions 


30 3 > 40 4 


: 3153 tna 


1,2 41,3 


. 32,2 42,5 
M3, $5454 
of ate 
ae 


> 


5== 6 


Peeled 


Cs 


io ag 
ey) 
240 =. 11 


Me? 


Vij 
0:3476 
0:6949 
0:6784 
0:-7119 
1:0418 
1:0175 
1:0678 
1:0428 
1-:0438 
1:3878 
1°3567 
1-4234 
1:3902 
1:3927 
1:3909 
1-3909 
9 lines 

11 lines 

13 lines 

15 lines 

17 lines 

19 lines 

21 lines 

23 lines 


Contribution of higher transitions 
(calculated approximately) 
“TOTAL 


at 1:14 cm“! 


+ atm 
0-001 
0-004 
0-003 
0-003 
0-082 
0-066 
0-115 
0-045 
0-045 
0-023 
0-027 
0-017 
0-017 
0-017 
0-010 
0-010 
0-036 
0-020 
0-016 
0-011 
0-013 
0-011 
0-011 
0-009 


0-250 
0-889 


1 atm 
0-012 
0-054 
0-036 
0-040 
0-256 
0-214 
0-261 
0-140 
0-140 
0-197 
0-208 
0-164 
0-146 
0-146 
0-084 
0-084 
0-514 
0-301 
0-245 
0-202 
0-179 
0-158 
0-147 
0-136 


2°545 
6-602 


a x 104 


at 0-80 cm™! 
pressure (p) 


1 
4 atm 


0-001 
0-025 
0-015 
0-024 
0-009 
0-010 
0-007 
0-005 
0-005 
0-002 
0-002 
0-002 
0-002 
0-002 
0-001 
0-001 
0-007 
0-007 
0-006 
0-001 
0-001 
0-000 
0-000 
0-000 


0-000 
0-148 


1 atm 
0-013 
0-085 
0-062 
0-066 
0-077 
0-075 
0-062 
0-042 
0-042 
0-032 
0-032 
0-027 
0-023 
0-023 
0-013 
0-013 
0-122 
0-086 
0-087 
0-074 
0-071 
0-067 
0-062 
0-060 


0-721 
2:036 


at 0:29 cm} 
tatm 1 atm 
0-004 0-007 
0:000 0-004 
0-000 0-003 
0-000 0-003 
0:000 0-003 
0-000 0-003 
0-000 0-002 
0-000 0-001 
0-000 0-001 
0-000 0-002 
0-000 0-002 
0-000 0-002 
0-000 8 0-001 
0-000 0-001 
0-000 0-001 
0-000 0-001 
0-000 0-007 
0-000 0-009 
0-000 0-009 
0-000 0-000 
0-006 0-064 


‘Table 2 Contribution of Q Branch ‘Transitions to the Absorption Coefficient 


No. 


ae 


Win o> u,1 


12,2 o> 12,9, a 


‘Transitions 


Vij 


0:0168 
0-0002 
0-0000 
0-0000 
0-0000 
0-0000 
0-0000 
0-0000 
0-0000 
0-0000 
0-0000 


00000 


at 1:14 cm? 
datm  latm 
0-001 0-014 
0-002 0-029 
0-003 0-045 
0-004 0-060 
0-005 0:072 
0-005 0-083 
0-006 0-091 
0-006 0-097 
0-007 + 0-101 
0:007 0-106 
0:007 0-113 
0:006 0-098 


ax 104 

at 0:80 cm7! 

pressure (p) 
tatm iatm 
0-001 0-013 
0-002 0-028 
0-003 0-043 
0-004 0-057 
0-005 0-069 
0-005 0-079 
0-006 0-087 
0-006 0-093 
9-007 0-096 
0-007 0-102 
0-007 0-097 
0-006 0-094 


at 0:29 cm7} 


+ atm 
0-001 
0-002 
0-003 
0-004 
0-004 
0-005 
0-006 
0-006 
0-006 
0-007 
0-006 
0-006 


Absorption of Microwaves in Ethyl Chloride 


No. ‘Transitions 


Phage weg oe), 
33. i Nex 32 
45 i oe 45. 


pw ww 


La 1 Nore 2a a 
ae 31. >> 31, 3 


42, a> 4s, oys3 


1219 a> 1210 3 
4. 4.33414 


12) 35> 12, 4 
5. S143 51,5 


12, Pa a 12, 5 
6. 6155 61 6 


Pa ds Ve 
Te 71,6—> 71,7 


Does lie, 


8. 8125 is 


125, 7 12; 8 
9, 98> 91 9 


12 8. — 12, 9 
10. 10,, Ce 10, 10 


~ 12, o> 125, 10 
11. 11; 10 > 11; 11 
12; Oa 125 11 

12. 125. 11 aris, 12 


CRN DAREN 
> 
| 
1 
~ 
ta 
| 
iy 
ao 


ele Clee tet 
k-1,7 7 / K—-1, 8 


hb, Se -k—1, 8 
BS,” transitions 


.OTAL 


0-0000 
0-0000 
0-0000 
0-0000 
0-0000 
0-0000 
0-0000 
0-0000 
0-0000 


at 1:14 cm7! 

+ atm 1 atm 
0:044 0-677 
0:033 =0-508 
0-085 0-375 
0-018 0-267 
0-012555 0-183 
O-00Seae 0-121 
0:004 0-080 
0-002 0-042 
0-001 0-027 
0-011 0-021 
0:002 0-011 
0-045 0-692 
0-047 = 0-723 
0-049 0-745 
0-048 0-737 
0-048 0-736 
0-044 0-676 
0-043 0-653 
0-040 0-607 
0-035 - 0-535 
0-201 3-528 
0-329 .12°85 


«x 104 
at 0:80 cm~! 
pressure (p) 
tatm  1atm 
0-044 0-648 
0-033 0-487 
0-025 0-359 
0-018 0-254 
0-012 0-176 
0-009 0-112 
0-005 0-081 
0-008 0-045 
0-004 0-023 
0-000 0-008 
0-000 0-016 
0-045 0-661 
0-047 0-691 
0-048 0-711 
0-048 0-703 
0-048 0-700 
0:044 0-645 
0-042 0-624 
0-039 0-579 
0-035 0-511 
0-196 3-187 
0-800 12-175 


405. 


at 0:29 cm7! 


Alyy: 
4 atm 


0-042 


0-032 


0-025 


0-016 


0-013 


0-006 


0-005 


0-003 


0-002 


0-000 
0-000 


0-017 
0-018 
0-019 
0-018 
0-018 
0-017 
0-016 
0-015 
0-013 
0-037 
0-412 


1 atm 


0-411 


0-306 


0:22 


0-162 


0-110. 


0-067 


0-047 


0-022 
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Table 3. Comparison of the Observed and the Calculated Values of the 
Absorption Coefficient 


Absorption Coefficient (cm~') 


v=0:29 cm7? v=0-80 cm y= ie14 cma 
piatm piatm ptatm p11 atm pyatm p 1 atm 
Author 0:55 7:10 — — 4-20 32°10 
Hershberger} — 7°60 1225 15-00 — = 
Theoretical : 
due to Q branch 
transitions 0-41 6:89 0:80 12:17 0:83 12°85 
due to R branch 
transitions 0-01 0-06 0-15 2-04 0-89 6-60 
“Total theoretical value 0-42 6:95 0:95 14-21 1°72 19-42 


+ Hershberger’s data are at v=0-31 cm"?. 


It is clear from the above analysis that the experimental and the thoeretical 
-values agree very closely at v=0-29cm~ and v=0-80cm—. At v=1-14cm™ 
the theoretical value is about 37:5°% lower than the experimental value. 

It is estimated that the difference can be accounted for to a large extent if we 
-consider the following points: (i) contribution of transitions involving the dipole 
moment j1,, (ii) since ethyl chloride is a asymmetric top molecule many other 
‘transitions which are weak may occur at higher pressures, (iii) R branch transitions 
become comparatively more important and therefore a small error in the value 
of Av will appreciably affect the contribution due to R branch lines, (iv) Pressure 
variation of Av may be non-linear, (v) »;; shifts towards lower frequencies with 
increasing pressure and therefore alters the contribution to absorption due to 
various transitions, (vi) line width may be different for different transitions. 

In view of the good agreement between the experimental and the theoretical 
values of the absorption coefficient at 0-29cm— and 0-80cm~-! and reasonable 
-explanation of the difference at 1-14cm~, it can be concluded that the assumed 
mechanism of the microwave absorption in the molecule is correct. "The assumed 
value of Av is also fairly close to the correct value. Further work for the experi- 
mental determination of Av for individual lines is being undertaken in the 
laboratory. 
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Proton Magnetic Resonance in Liquid Iso-Butyl Bromide 


By K. LUSZCZYNSKI anp J. G; POWLES 
Physics Department, Queen Mary College, London, E.1 


MS. received 24th March 1959 


Abstract. Proton magnetic resonance relaxation times 7’, and 7, in liquid zso- 
butyl bromide [(CH,),CHCH,Br] have been measured at 21-5 x 10%c/s over the 
temperature range 110°K to 330°k. ‘The results, together with others for 7) 
down to 90°x, are interpreted in terms of molecular motion of the molecule as a 
whole and of the methyl groups in it. This extremely wide temperature range 
without phase transitions allows a severe test of the validity of theories of nuclear 
relaxation in molecular substances. ‘The correlation frequency as a function of 
temperature which ranges from 10?c/s to 10!c/s is deduced and a remarkably 
good correlation with dielectric loss measurements is found. A distribution of 
correlation frequencies of molecular reorientation at low temperatures is con- 
firmed and the effect of the more rapid reorientation of one methyl group is 
found. This is a case in which the nuclear resonance parameters are controlled 
principally by the motion of the molecule as a whole but are modified by an 
internal molecular motion which is considerably faster. 


§ 1. INTRODUCTION, EXPERIMENTAL ARRANGEMENT AND RESULTS 


HE proton magnetic resonance relaxation times have been measured for 

iso-butyl bromide as a liquid and as a supercooled liquid in the temperature 

range 110°K to 330°K by transient methods. ‘The melting point of the 
crystal is 154-5°K and the boiling point of the liquid is 364-5°k. 

The spin-lattice relaxation time 7, was measured by the application of a 
short (about 20 x 10~*sec) intense pulse of radio-frequency field (21-5 x 10®c/s) 
so as to turn the nuclear magnetization through 180° (this is called a 180° pulse) 
followed at time 7 later by a 90° pulse. 7, is determined from the nuclear signal 
following the 90° pulse as a function of 7 (Carr and Purcell 1954). 

The spin-spin relaxation time 7, was measured when it was less than 
200 x 10-8 sec, from the decay of the nuclear signal following a single 90° pulse. 
Values of T, greater than 200 x 10-®sec were measured from the amplitude of 
the nuclear ‘echo’ signal at 27, following a 90°, 7, 180° pulse sequence, as a 
function of + (Hahn 1950, Carr and Purcell 1954). Alternatively a 90°, 7, 180°, 
27, 180° etc. pulse sequence was used giving echoes at 27, 47, etc. from which T, 
was determined and by means of which the effects of self diffusion were reduced — 
(Carr and Purcell 1954). Details of the apparatus and method of measurement 
are given by Luszczynski and Powles (1959). 

The samples of iso-butyl bromide were prepared from ‘analar’ material 
which was fractionally distilled and deoxygenated by the freeze-pump-thaw 
method and sealed in spherical bulbs varying from 3 to 10mm in diameter. The 
atmospheric oxygen must be removed because of its effect in shortening the 
nuclear resonance relaxation times to an appreciable extent when the tru 
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relaxation times are longer than about one second. The freeze pump-—thaw 
procedure was applied about ten times and was found to be more efficient than 
other methods such as bubbling nitrogen through the liquid. More recently we 
have found that if the liquid is passed slowly through a sintered glass plate under 
reduced pressure the oxygen is removed as effectively and rather more quickly. 

Since liquid iso-butyl bromide supercools very readily and forms a glass, 
values of 7, and 7, are obtained over a very wide range of temperature without 
phase changes. The nuclear resonance phenomena in iso-butyl bromide as a 
crystal and as a glass have been discussed elsewhere (Powles and Kail 1959, to be 
referred to as PK) and these results will be used in the interpretation of the 
present ones. 

The values of 7, and 7, are interpreted in terms of the thermal motions 
occurring in the liquid. The results are correlated with information concerning 
molecular motion derived from dielectric loss measurements. 


T (°k) 
90 100 125 150 200 300 _400 

10 T T 

1 = 
S; 
@ 
= 
yn 
ao 
= 
5 vii 
Ss 
= 
S 
= © 7; by 180°, 90°pulse sequence 
oe O TZ by 90°, 180; 180°... pulse sequence 

10-4 |- A T, by Bloch decay 


12 10 8 6 4 25 
103/T (T in’k) 


Figure 1. Relaxation times in liquid iso-butyl bromide. Also shows T, deduced from 
measurements of line width 6H and root mean square line width AH, (from Powles 
and Kail 1959). B.P. boiling point; M.P. melting point of the crystalline form. 


The measured values of 7, and T, are given in figure 1. The measurements. 
indicated simple exponential decay of both longitudinal and transverse mag- 
‘netization at all temperatures. On the same figure are shown some results for 
T, deduced from line width 6H and second moment AH,’ in gauss? given by PK. 
We have used the relations 
T,=«a/2yAH,....(la) and T,=a/yéH....(16) 
where y is the proton gyromagnetic ratio. « is a constant of order unity to allow 
for the fact that T,, is only strictly defined for a Lorentzian shaped line. If the 
line is Lorentzian the « in (1b) is 2/,/3. The curves for 7, obtained by the two. 
“methods should join continuously; however in the region of 7, of about 
50 x 10-®sec (line width of about one half gauss for protons) both experimental 
arrangements were subject to the greatest inaccuracy being at the limits of their 
range. Work is in hand to achieve a satisfactory overlap of the two pieces of 
\pparatus. An important change in 7, occurs in the region of 100°k which is 
ither obscured by the plot in figure 1 (see fig. 2 of PK). 
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Again the values of T, above about 150°K are low owing to the onset of self- 
diffusion effects which could not be entirely eliminated by use of the 90°, 180°, 
180° etc. pulse sequence. We shall assume that the values of T, and T, do not 
in fact differ greatly in this temperature range. Further, the measurement of 
T, above 200°K was complicated by the appearance of echo amplitude modulation 
(Hahn and Maxwell 1952) due to indirect spin-spin coupling J between the 
chemically shifted, 5, protons in the molecule. This effect becomes observable 
when the direct dipole-dipole interaction between protons has been sufficiently 
reduced by increasingly rapid thermal motion. ‘The echo amplitude modulation 
corresponded to §~53c/s at 21-5 Mc/s and J ~6-3c/s in reasonable agreement 
with reported preliminary measurements on this and similar molecules (Crawford 
and Foster 1956). 

§ 2. INTERPRETATION OF THE RESULTS 


2.1. General Interpretation 


The theory of Bloembergen, Purcell and Pound (1948, to be referred to as 
BPP) leads to the following formulae for T, and 7;: 


2 
yaa (Cexcaen: Howareqn tatters 4 ) (3) 
T, Ta? 3a \1+(r2/vc)®? 1+ (20r/ve)®f 
B=1 and é is a constant of order unity and covers an uncertainty in the theory; 
T,, is the ‘rigid lattice’ transverse relaxation time i.e. when ve>0; ve is the 
correlation frequency of the motion and is used for convenience in place of the 
more usual correlation time 7, and 27y,7,=1. vy is the resonant frequency which 
in our experiments is 21-5 Mc/s. We shall assume for simplicity that «=2/4/3 
and €=1. This will not affect our interpretation substantially. More recent 
modification of the theory (Kubo and Tomita 1954, to be referred to as KT, 
Solomon 1955) change the expressions (2) and (3) to some extent and in parti- 
cular mean that in equation (3), 8=2 and in equation (2) the function is not 
tan~! but a rather similar one. In fact these changes make little difference to 
our interpretation and we shall retain the BPP form but quote the values for the 
KT theory where of interest. 

The results in figure 1 are generally in agreement with the equations (2) and 
(3) if ve increases with temperature. Equation (3) shows that there is a minimum 
of T, when y,=1/2v, (when v,=1-69», for KT if v,>1/27T,,) and 
Tynin = (9-3 /40/2) 07? v, Ty? = 27-1v,T,,?. Using the experimental result that the - 
minimum of 7; is 14:1 x 10~*sec at 131°K we deduce T,, =4:9 x 10~® sec and this — 
compares well with the observed rigid lattice value of T, = 5-1 x 10-8 sec (figure 1) 
which is obtained from AH,,?=18 gauss? (PK). The further fall in T, to 
4-1 x 10~®sec at even lower temperatures is discussed later. 

Again the equations (2) and (3) predict that 7/7, at the minimum of 7, 
(131°K) is 2:25 (1-56 for KT) and the observed value is 2:2. We therefore pro- 
ceed to apply the BPP theory in detail and deduce from the observed values of Gq 
and T’, the value of ve as a function of temperature. At temperatures below the 
minimum of 7, the values of 7, and T, cannot be made consistent if we use th 
formulae (2) and (3) with a constant value of 7), of 4-9 x 10-®sec independen 
of temperature, as is strongly suggested by the preliminary discussion above. 
T, and T, are consistent with equations (2) and (3), at for instance 120°K, w 
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would have v,=2-2 x 10%c/s and T,, = 2-4 x 10-®sec and both these figures are 
most unlikely. We therefore give in figure 2 the values of v, derived from 
equations (2) and (3) independently, and call them v.(T,), and v,(T3),. We also 
include values of v, denoted by v,(AH,). which are derived from the values of NTT 
given by PK using equations (1) and (2). 

Also in figure 2, we have plotted values of Vey Which is the frequency corre- 
sponding to the maximum of the (dielectric loss, frequency) curve (Hennelly, 
Heston and Smyth 1948, Baker and Smyth 1939, Denney 1957). In the BPP 
theory the relation v, =3y,, holds if the same motion is referred to because of the 
different angle functions involved. Evidently the motions for the two frequencies 
v, and vy, may in general be different since the former refers to the variation of 
the interaction of the protons with time and the latter to the reorientation of the 
dipolar part of the molecule (-C-Br). 


T. (Kh) 
100 125 150 200 300 400 


lo’? 


108 


For single correlation frequency 
© From 7; 

aE: 

x » AH, (PK) 


Dielectric measurements 

V_ Hennelly e¢ al. (1948) 

A Baker & Smyth (1939) 
104 © Denney (1957) 


Correlation Frequency (c/s) 


6 
10°/T (7 in°k) 


Figure 2. Correlation frequencies in liquid iso-butyl bromide as a function 
of temperature obtained as indicated. 


The agreement in figure 2 between the values of v, deduced from the nuclear 
‘resonance results and the values of v,, in the room temperature microwave 
‘region (Hennelly, Heston and Smyth 1948) is striking. The actual ratio ve/v.p 
in this region is 1-5 which is sufficiently close to 3 in view of the reservations 
already mentioned. The results using the KT theory are almost identical. This 
matter is considered further in $3. The slopes of the curves of ve and »,p corre- 
“spond to 1-9kcal mol-1 and 1-7 kcal mol respectively. We conclude therefore 
that in this temperature region and indeed down to the minimum ofc} (13.10%) 
the theory is adequate with a constant value of 7, which is deduced from the 
minimum of 7,. In fact 7), may be expected to rise slightly with increasing 
emperature as a result of the thermal expansion of the liquid. However this 
effect is probably smaller than other imperfections in the theory. ‘The effect 
would be to give deduced values of v, not more than a few tens per cent 
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higher in the higher temperature region which will still leave substantial agree- 
ment with the dielectric loss measurements. 

We note in passing that the dielectric measurements in the microwave region. 
indicate that there is a single correlation frequency v,, and that the same assump- 
tion has been made in the nuclear relaxation theory. 


2.2. A Distribution of Correlation Frequencies 

The divergence of v,(7,), and v,(T,), below 130°K and the difference in slope 
of the (ve, temperature) curve deduced from AH, and that of v,) obtained from 
dielectric measurements (Baker and Smyth 1939, Denney 1957) are, we believe 
due to a distribution of correlation frequencies at the lower temperatures. The 
general effect of more than one correlation frequency, or motion, can be seen by 
generalizing equations (2) and (3) to two correlation frequencies when we obtain 
(Powles and Luszczynski 1959) 


aes Ee tan Ceane + id tara: . (4) 
(aS it Tor” / 37764 T T 212” a/3rv—91 : Sei 

1 eS 2, 1 Vr 1 Vy 

T 4 34/30? v7 | zee(=) i, Tog? Call <a tee ©) 


where g(x)=x/(1+.«?) + 2x/(1+4x). We define also for convenience the geo- 
metric mean frequency vg=(v,,¥,9)! and a distribution parameter a where 
A? = V.9/Vo1) Le. Vg = AVey = Moq/4. 


10* 


a=l 


Ti/ Timin , T/Timin 


4 
iS) 


lo-* loi | 102 
Vg / : 


Figure 3. Effect on the nuclear resonance relaxation times of a double correlation fre= 
quency spectrum with equal intensities (eqns (4) and (5)). If the two frequencies 
are Ve, and vez, then vg=(ve,Veg)'/? and a?= ve9/ve,. Note the invariant point 


P and that the double minimum of T, is not resolved for az /10. . 
The general effect on T, and T, as a function of vg for a= 4/10 and a=10 ; 
shown in figure 3 for Ty.4=Ty,9. For a=1/10 the two processes are not we 
resolved either in 7, or T, and might be taken to be single correlation frequenc 
curves. If there is in fact a distribution but the equations (2) and (3) are us 
nevertheless to deduce values of ve from T, or AH, in the broad line region (as 
figure 2) the variation of ve with temperature will be slower than that of Ve whi 


should be compared with Yep: Since the dielectric measurements at low ten 
“perature show a distribution of correlation frequencies (Baker and Smyth 193 
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Denney 1957) and the value plotted in figure 2 is the geometric mean value (or 
more precisely the value for maximum dielectric loss) it seems reasonable to 
explain the difference between ve(AH,)x and v,,, in this region as due to the distri- 
bution. It is readily shown that the middle of the line width transition region 
gives the true geometric mean value, vg, of ve independent of the distribution if 
this is symmetric on a logarithmic scale (Powles and Luszczynski 1959). This 
is the point P on figures 3 and 4. Baker and Smyth (1939) find a symmetric 
distribution but Denney’s (1957) later and possibly more accurate results show 
a somewhat asymmetric distribution. Consequently ve(AH,), should agree 
substantially with v,, at this particular temperature apart from the factor 3 
already mentioned. ‘This point is the point P on figure 2 and after correction by 
a factor 3(=ve/v,)) it would fall nicely on the v,, curve. The effect of a distri- 
bution on 7; is discussed in § 2.3. 

We can also generalize equation (2) for a continuous distribution as follows. 


Piseq sys wr 
Ta-Tas | _T(tn ve)tan (aq) va Ee oe (6) 


Since the dielectric loss measurements suggest that the distribution of corre- 
lation frequencies for dipolar reorientation is not far from symmetric on a logarith- 
mic scale we shall assume for simplicity a ‘rectangular ’ distribution, 


T(In ve)=1/(21nb) for vglb< Ve< byg 
= 0 for Ve/b > Ve and Ve = bvg. 


The effect of this on 7, and 7, is shown in figure 4. The dielectric measure- 
ments analysed in a similar manner indicate that 5 is of order 10 for the dipolar 


10? 


10-4 10-2 1 102 104 
D Ug/' vy, 

Figure 4. As figure 3 but for a continuous distribution of correlation frequencies 
of extent b which is defined in equation (7). 


"reorientation at 115°K. Using this value of 6 in equation (6), which can be 
solved numerically for given b, and taking T,,=5-1 x 10~®sec we have deduced 
new values of ve(AH,) which are shown in figure 5. ‘These agree well with Yop 
after allowing for the factor of approximately 3. Again the distribution is 
expected to fall with temperature (b->1) and the fact that ve(7)s and ve(T')s 
agree at the minimum of 7, means that there is no distribution (b=1) at this 
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temperature. It seems likely from the nuclear resonance measurements that 5 
is practically unity down to about 125°x. A more detailed analysis would 
require measurements at other resonant frequencies. 
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Figure 5. As figure 2 but with the final interpretation of the proton magnetic resonance 
measurement. ‘The points which are not described in figure 2 are indicated. Note 
the excellent agreement between v, for the molecular motion deduced in this paper 
and yp from the dielectric measurements, bearing in mind that v,/vy,.p2%3 if the 
motions are the same. 


The corresponding correction to equation (3) cannot explain the value of 7, 
at temperatures just below the minimum of 7 as is shown in the following 
section. 


2.3. The Effect of Two Motions with very Different Frequencies 


We now consider the discrepancy between ve(7,)s and ve(T,)s in the region 
110°k to 131°x. ‘This cannot be explained by a continuous distribution of any 
width unless unlikely values of T,, are admitted. ‘This is because the observed 
T, is shorter than that expected from the simple theory and as we see from figure 4 
the introduction of a distribution of ve, with the same T),,, makes 7, longer near 
the minimum. Further, the curve ve(7,)s below 131°K seems to be in excellent 
agreement with the v,, curve. We have therefore considered the possibility 
that in this temperature region 7; is controlled mainly by one motion and 7, by 
another as has already been angeaied for a certain temperature region in poly 
-iso-butylene (Powles and  Luszczynski 1959) although the situation there i 
a little different. ‘That is to say we use equations (4) and (5) but suppose that 
v., and v,, differ considerably as shown for example in figure 3 fora=10. Th 
fact that two motional processes are present is already suggested by the broa 
line measurements where there is a fall in second moment of 10 gauss? centred a 
98°K and then another of 18 gauss” centred at 116°K (PK). The correspondin 
changes in T, can be seen on figure 1. The fall at 98°k has been interpreted 
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due to rapid reorientation of one methyl group per molecule (PK). Using 
equation (4) with 7,.,=2:2x10-*sec and Tong = 5°1 x 10-8 sec we obtain from 
the centre of this line width transition the point Q on figure 5, similar in nature to 
P which corresponds to reorientation of the whole molecule. If we now use the 
same constants in equation (5) for 7 and also v,, as deduced from the values of 7, 
(i.e. in effect using equation (4) and noting that the term due to V9 1s negligible in 
this temperature region) we can calculate v,, in the range where T, has been 
measured. ‘The result of doing this is shown in figure 5. It seems not un- 
reasonable then to draw in tentatively the variation of v,, marked Methyl 1, 
N.M.R. in this figure. We now see that although two distinct rises in T, are 
observed (figure 1), two distinct minima of 7’, will not be because at the higher 
temperature at which the minimum of 7, occurs the ratio v,,/v,, has fallen to 
about 25 instead of 1000 or more. hus in the region just below the minimum 
of T, a~5 and the double minimum of 7, is barely resolved (figure 3). More- 
over each of these two processes still has in addition a slight distribution (figure 4) 
and so we get finally the observed rather flat asymmetric minimum of 7, shown in 
figure 1. 


§ 3. CONCLUSIONS 


We have found that the proton magnetic resonance interactions in iso-buty] 
bromide at low temperatures are affected by two motions. A fast one which is 
the reorientation of the molecule as a whole whose correlation frequency agrees 
with the dielectric loss correlation frequency. ‘The dielectric loss has a distri- 
bution of correlation frequencies at low temperatures and this is confirmed by the 
nuclear resonance results. The second motion is that of one methyl group which 
probably has a distribution also but measurements of 7, at lower temperatures 
would be required to confirm this. As the temperature rises the distributions of 
each motion get smaller (b+ 1) and they become more comparable in frequency 
(a+1). They are apparently indistinguishable at temperatures above about 
135°x. Above the minimum of T, both 7, and T, depend mainly on the slowest 
of any multiple motions (see figures 3 and 4) i.e. in this case they depend mainly 
on that of the molecule asa whole. This is of course also true up to temperatures 
of 300° and above and the agreement of ve from nuclear resonance and »,, from 
dielectric loss measurements is quite clear. 

The fact that the nuclear resonance results agree so well with the dielectric 
ones shows that the motion of the dipolar part of the molecule and the molecule 
asa whole are very similar. The nuclear resonance results mean that all mole- 
cules move and therefore that the dielectric behaviour is not due to a fraction of 
molecules in special sites. 

At higher temperatures the self diffusion could be the ‘slowest’ motion. 
However in this case 7,2 in equation (3) would be reduced bya factor of about 

ten which would make the deduced value of ve ten times smaller, i.e. poorer agree- 
ment with the dielectric results. This therefore suggests that molecular 
_ reorientation and interactions between protons internal to the molecule are still the 
_ most important processes. ‘he reverse situation may hold in molecular solids 

(Andrew 1955) in some temperature regions. 

Finally we predict that dielectric measurements in the temperature range 
etween 138°K and 278°k, which are not at present available, will have a corre- 
ation frequency as a function of temperature which will follow rather closely 
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the dashed curve shown in figure 5. Further, the distribution of correlation 
frequencies will fall with increasing temperature and will probably not be readily 
observable at temperatures greater than about 138°K. 

The interpretation of the variation of the correlation frequency with tem- — 
perature is a problem in itself in the theory of liquids. We merely point out — 
here that the present measurements have provided values of this parameter 
over arange of 10°: 1 for one substance. 
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The Electronic Specific Heats of Some Nickel—Cobalt Alloys 


By J. C. WALLING anp P. B. BUNN 
Mullard Research Laboratories, Salfords, nr. Redhill, Surrey 


MS. received 29th April 1959 


Abstract. Low temperature specific heat measurements on nickel, cobalt and 
four alloys of nickel and cobalt are described. It is shown, as a result of these 
measurements, that the 3d band is unlikely to be parabolic, as has frequently been 
assumed, at the Fermi limit in nickel. Assuming that the relative magnetization 
is unity for nickel and the alloys the shape of the 3d band is calculated from the 
measured values of y, the coefficient of electronic heat capacity, the resultant curve 
being in good agreement with the theoretical curve obtained by Fletcher in 1952 at 
the nickel rich end. 


$ 1. INTRODUCTION 


solid solutions. In view of its great interest from the magnetic point of 

view and of its simplicity the alloy system has been extensively investigated 
(see Wohlfarth 1949 for a bibliography). However, although the electronic heat 
capacities of both nickel and cobalt have been previously determined (Ni: 
Keesom and Clark (1935) and Rayne and Kemp (1956); Co: Duyckaerts (1939) 
and Heer and Erickson (1947)) those of the alloys have not. Since some informa- 
tion regarding the shape of the 3d band in the first transition series can be obtained 
from such measurements the present work was undertaken. 


To ferromagnetic elements nickel and cobalt form a continuous series of 


§ 2. PREPARATION OF SPECIMENS 


_ The specimens of nickel, cobalt and the nickel-cobalt alloys used in this 
investigation were prepared from nickel and cobalt sponge by Johnson, Matthey 
and Co. Ltd., the purity of these materials being at least 99-95%. After being 
pressed into rods to facilitate handling the specimens were melted in recrystallized 
alumina crucibles using an induction heater, the actual melting being carried out in 
an atmosphere of hydrogen. Prior to solidification the hydrogen was pumped out 
of the furnace and the specimens were maintained im vacuo at a temperature just 
below the melting point to remove any dissolved hydrogen. . After being reduced 
to size the specimens were homogenized by annealing for several hours at 1200 6 
in an atmosphere of argon. Subsequent chemical and metallurgical examination 
of the alloys indicated that they were homogeneous. The proportions of the 
‘constituent elements of the specimens as determined by chemical analysis were 
always in close agreement with proportions of the original powder mixture. In 
hat follows each alloy is specified in terms of its approximate cobalt content, 
.. NiCo 20 refers to an alloy with 20 atomic per cent cobalt ; the exact proportions 
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of each alloy as determined by chemical analysis are given in table 1 together with 
the weight of each specimen. 


Table 1 


Specimen Ni NiCo 10 NiCo 20 NiCo50 NiCo 70 Co 
At. % Co 0-0 10-0 20-0 52:8 67:8 100-0 
Weight (g) 33-11 38-24 37-65 SY 42-41 32°46 


§ 3, APPARATUS 
The specific heat measurements were made using the conventional vacuum 
calorimeter sketched in figure 1. The silver calorimeter shell C carried the heating 
coil, the carbon resistance thermometer and also a vapour pressure thermometer 
bulb into which a small quantity of helium could be condensed for thermometer 
calibration purposes. 
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Figure 1. The calorimeter. Figure 2. Typical heating curve. 


The cylindrical specimen was secured in the calorimeter by means of a small | 
copper spigot and good thermal contact between the specimen and the calorimeter } 
was obtained by coating the specimen with a thin film of a silicone grease (Type 
MS4). ‘The specimen fitted tightly in the calorimeter and it was felt that the heat 
capacity of the silicone grease would be negligible. The quality of the thermal 
contact obtained by this technique may be judged from the typical heating 
curve reproduced in figure 2, there being no evidence of any over-heating of the 
calorimeter. . 

The ground joint in the outer can of the calorimeter greatly facilitated spec 
men changing and when coated with silicone grease proved vacuum tight eve 
when immersed in liquid helium at a temperature below the A-point. 
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During initial experiments it was noticed that the heat leak into calorimeter 
and specimens was excessively large; this was found to be due to hysteresis heating 
of the ferromagnetic specimens caused by stray 50c/s magnetic fields and was 
completely eliminated by surrounding the whole calorimeter assembly by a 
mumetal shield S. 

The heater and thermometer leads were made from constantan, and the current 
in, and the potential drop across, the 600 ohm constantan heater were determined 
potentiometrically during each heating period, the duration of which was measured 
by means of a stop clock; the clock and the calorimeter heating current being 
controlled by the same switch. 


§ 4. "THERMOMETRY 


The resistance thermometer element used in this work consisted of a 1 watt 
56ohm Allen Bradley carbon resistor, which had the outer layer of insulant 
removed and was permanently secured in the calorimeter by means of Bakelite 
varnish. ‘The thermometer was calibrated by measuring the vapour pressure of a 
small amount of liquid helium contained in the bulb B and simultaneously 
determining the thermometer resistance. ‘The temperature being determined 
using the agreed 1955 liquid helium vapour pressure—temperature scale (Clement. 
etal.1955). It was found that the resistance temperature relation was of the form. 


1 a* 
— = 5 +2? log, R+2ab 
T,  log,,R + O° 108 9h + 2a 
and throughout this work the temperatures T, were calculated from the thermo- 
meter resistance R using 


Sar eo + 0:31020log gh --1-0I232~ no line-sston (1) 
Tr log,R 
Immediately prior to each heat capacity experiment a thermometer calibration 
was made and a deviation curve, T,—7;; against T',, was plotted. It was found 


that the shape of this deviation curve (figure 3) remained substantially constant 


ore 15 2-0 25 30 35 40 45 
Tp (°K) 
Figure 3. Resistance thermometer deviation plot. 


from one experiment to the next but that there was a tendency for 7,—T;, at a 


iven T, to increase with successive coolings. ‘This increase, of course, did not 
ect the accuracy of the thermometry, and in any case the total shift of the devia- 
tion plot over the period during which the experiments were made was less than 
02 °K. ca 


2EZ 


420) 4. C. Walling and P. B. Bunn 


It was found convenient to use a 5-dial Tinsley Diesselhorst potentiometer for 
the resistance thermometer measurements. During a heat capacity measurement 
the out-of-balance voltage was taken through a d.c. amplifier of the type used in 
the Philips valve voltmeter type GM6010 and having input impedance of about 
1 megohm, and then through a simple potential divider to a Sunvic recording 
potentiometer. In this way the heating curves were recorded automatically, a 
typical curve being shown in figure 2. 

The corrected temperature rise was found from the heating curves by extra- 
polating the fore and after periods (almost invariably found to be linear) to the 
centre of the heating period, determining the thermometer resistance at these 
points and hence, using (1), the initial and final temperatures of the calorimeter on 
the resistance thermometer scale. The temperature rise could thus be accurately 

determined in terms of the resistance thermometer scale. ‘The temperature rise 
on the 1955 scale could then be determined from the deviation plot using 


dd 
AT.-=A bh: 3+ 4), eerste oe 
55 Tp ( aT) (2) 
~where 
ra) => TT, ae five oe we ie eh in ee eo eee (3) 
In practice 
dd 
0:93 = = :02. 
z aT, < 1-02 


§ 5. RESULTS 


Measurements were made over the temperature range 1-9—4-2°k on the empty 
calorimeter and on specimens of nickel, NiCo 10, NiCo 20, NiCo 50 and NiCo 70. 
Measurements were also made on pure cobalt but were not extended to tempera- 
tures lower than 2:2°K. 


It was assumed for each specimen that the specific heat followed a law of the 
usual form: 


Cy=yT+bT? 


where y is the coefficient of the electronic heat capacity and the term b7° is taken 
to represent the heat capacity of the lattice. 


s 
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Figure 4. C,/T plotted against T? for NiCo 10. 


} 
; 


Following conventional practice the results were plotted as Cy/T against 
and using the method of least squares the most probable values of y and b we 
determined for each case. The (C,/T, T?) plot for NiCo 10 is given in figure 
The scatter of the experimental points obtained for each of the specimens is simi 
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to that for NiCo 10 and the root mean square deviation of all points from the mean 


square straight lines is 2%. ‘The results of the work are summarized in table 2. 


Table 2 

— Oe? Op 
Specimen (millyoules deg? mole~!) (°K) 
Ni 6°70 +0-05 348 +15 
NiCo 10 5-88 + 0-04 382-615 
NiCo 20 5:39 + 0-04 370 +15 
NiCo 50 4-75 + 0-04 337415 
NiCo 70 4-52+0-05 3/0 Gal 
Co 4-44 + 0-05 416+ 20 


The errors quoted in table 2 are Gaussian probable errors obtained from the 
least squares data in the standard manner. It seems probable that the accuracy 
obtained might have been considerably improved had larger specimens been used. 

The low temperature specific heat of cobalt contains in addition to the electronic 
and lattice contributions a contribution due to the interaction of the °®Co nuclear 
moment with the 3d electrons, known as the hyperfine coupling term. This term 
has been measured by Heer and Erickson (1957) and prior to the least squares. 
analysis of the present results for cobalt the hyperfine coupling term was sub- 
tracted from the measured specific heats. The term is very small in the tempera- 
ture range covered by the present work but it does have a significant effect on the 
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Figure 5. y plotted against cobalt concentration. 


_ apparent value of 6, obtained by least squares analysis. ‘This method was adopted 
_ since the present results do not extend to sufficiently low temperatures to allow 
~ unambiguous separation of the lattice, nuclear and electronic contributions to the 
specific heat. 

In view of the large uncertainty in the values of 0) obtained from specific heat 
measurements in the liquid helium region alone (as Gaussian probable error of 
5° corresponds to a maximum error of 75°), the fact that the present value of 6, 
for nickel is somewhat lower than has been observed previously is not of great. 
significance. 

The variation of the electronic term y with concentration is plotted in figure 5. 
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§ 6. DIscUSSION 


According to the band theory of metals the contribution to the specific heat 

made by a single isolated band in the absence of ferromagnetism is 

Ce = 3n*k*v (eo) T 
v(e)) being the number of states per unit energy range for one direction of spin at 
the Fermi limit. 

For a ferromagnetic the positive and negative sub-bands are shifted in energy 
relative to each other and are thus filled to different extents. The ratio of this 
population difference to the sum of electrons (or holes) in both bands is known as 
the relative magnetization C. 

Clearly for a ferromagnetic in which ¢, = 1 only one sub-band is populated and 
contributes to the electronic specific heat. For this case there is a simple relation 
between the electronic heat and the density of states at the Fermi limit 

Ce= 4h? p (eq) T. 

Assuming that the shape of the 3d band is unaltered on alloying and that the 
distribution of states is parabolic, Wohlfarth (1949) has shown that ¢,=1 for all 
nickel—cobalt alloys. Electronic heat measurements then should give a direct 
measure of the density of states at the Fermi limit and these results taken in 
conjunction with experimental data on the saturation magnetization of the alloys 


(directly proportional to the number of holes in the 3d band) should enable the 
Shape of the 3d band to be determined. 
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Figure 6. The 3d band in nickel. > 


It is apparent from the present results, however, that the 3d band in nickel is 
unlikely to be parabolic at the Fermi limit. In fact, if we retain the condition 
{)=1, we find that, close to the Fermi limit for nickel v(e)oce~®® rather than 
v(e) cel? as assumed by Wohlfarth. ‘| 

The correct values of ¢, for the nickel-cobalt alloys are then unknown and | 
therefore the shape of the 3d band cannot be properly determined from a 


present results except possibly by a ‘self-consistent band’ method which would be | 
exceedingly laborious. 1 
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It is probable, however, that j is not particularly sensitive to band form for 
these alloys (Wohlfarth, private communication) and if we take (y= 1 the shape of 
the 3d band can be determined. It follows from the saturation magnetization 
data quoted by Wohlfarth (1949) for NiCo alloys that the number of holes in the 
d-band varies linearly with cobalt concentration and is given by 


(1a), = 9-605 (1 + 1-973c) 


where c is the fractional cobalt concentration. Using this result together with the 
y values given in this paper and following the procedure outlined by Hoare et al. 
(1953) the energy density of states can be calculated as a function of energy 
measured downwards from the Fermi limit in pure nickel. 

The band shape calculated in this way is given in figure 6 together with the 
theoretical result of Fletcher (1952). The close similarity between Fletcher’s 
curve and that derived from the present results is interesting but it must be 
emphasized that it is only correct to treat the experimental results in this way if 
C= 1, which as we have pointed out, is not necessarily true. 

It is clear, however, that the results of the present work support Fletcher’s 
conclusions regarding the shape of the 3d band close to the Fermi limit in nickel 
although further experimental work particularly on nickel rich nickel—-cobalt and 
nickel—copper alloys would be desirable. If Fletcher’s picture is correct then the 
electronic heat of nickel rich nickel-copper alloys should increase, initially, with 
increasing copper concentrations. 
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Interpretation of Isotope Shifts in the Rare Gases 


By A. P. SPONE 
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MS. received 5th March 1959, in final form 4th May 1959 


Abstract. A successful qualitative interpretation of observed isotope shifts in 
Ne, A, Kr, Xe is obtained by considering the specific mass effect in intermediate 
coupling. 


§ 1. INTRODUCTION 


effect (Hughes and Eckart 1930) and the nuclear field effect (Reiner 1955 and 

references therein). The mass effect is divided into two parts, the normal 
mass effect, which is the effect of the reduced mass of the electron, and the specific 
mass effect. The mass effect predominates in light elements and the field effect 
predominates in heavy elements. 

In their derivation of the effect of the reduced mass of the electron, Hughes 
and Eckart (1930) neglected the spin-orbit interaction. In the rare gas sequence 
Ne—Xe the spin-orbit interaction is an increasingly large fraction of the term 
value and must be taken into account. Unpublished work by the author shows 
that when relativistic terms are included in the Hamiltonian a term from the 
electron—proton Breit operator (Breit 1930, 1932) combines with the spin—orbit 
interaction to make its effect on the isotope shift generally negligible. In Xe, 
where the spin-orbit interaction is large, the effect is just negligible at the accuracy 
obtained experimentally. 

Isotope shifts in the rare gas sequence Ne—Xe have been measured by various 
observers (Nagaoka and Mishima 1930, 1934, Ritschl and Schober 1937, 
Kopfermann and Kriiger 1937, Meyer 1953, Rasmussen and Middelboe 1955, 
Koch and Rasmussen 1950). The only calculations which have been made are 
those of Bartlett and Gibbons (1933) for Ne, under the assumption of LS coupling. 
Even in Ne the degree of intermediate coupling turns out to have an appreciable 
effect on the isotope shift and the effect is larger in the other rare gases, which 
progressively approach the jj coupling limit. In §3 the influence of intermediate 
coupling on the specific shift is determined for the relevant configuration, p*s, 


| ae shifts in atomic spectra arise from two causes, the nuclear mass 


by applying a general procedure derived in §2. The nuclear field shift is shown 


to be independent of the coupling. The linear relation obtained in this way is 
_ applied to Ne, A, Kr, Xe in §§ 4~7 respectively, with general qualitative agreement. 

Because of the smallness of the residual shifts in the 1s, 1s,, 1s; states of A 
and Kr when the normal shifts are subtracted the observers did not feel justified 
in attributing any specific shifts to those states, having assumed the nuclear field 
shifts to be negligible (Kopfermann and Kriiger 1937, Meyer, 1935, Rasmussen 
and Middelboe 1955). They also introduced uncertainties by estimating term 
shifts from the measured line shifts. In the present work the observed line “_ 


4 


s 


| 
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are compared directly with the theory and without the use of term shifts as inter- 
mediate quantities. The smallness of certain residual shifts is given a natural 
explanation. 

The Paschen and spectroscopic notations for levels are both employed. 
Isotope shifts are expressed in units of 10-3cm— (millikaysers, mK). 
§ 2. CONNECTION BETWEEN SPECIFIC SHIFTS AND THE COULOMB INTERACTION 

The specific mass effect comes from the term 


(T/A) & Pre Pr Siac (1) 


in the electronic Hamiltonian, where M is the nuclear mass and the summation 
is over pairs of electrons (Hughes and Eckart 1930). It is customary to treat the 
specific effect in configuration space, but in momentum space the operator (1) 
is analogous to the second term in the expansion of the Coulomb interaction of 
the electrons: 

. . 
—=) am +> c 
ipl h Wetst" Ss” fest T= 


ho LUA OmOM 


e2 
3 


This analogy yields a connection between the energies of the specific effect and 
the Coulomb interaction. 

Since the one-electron wave functions in the central field approximation have 
the same angular dependence in momentum space as in configuration space 
(Duncanson and Coulson 1948), the specific effect may be included by the 
substitution 

R}(ab, cd)->R1(ab, cd) + (m/M)P(ab, ca), 
where R1(ab, cd) is a generalized Slater mtegral (Condon and Shortley 1935, 8°). 
and 


eee ae | ” P.P.p*dp i ” P,P 4p? p, 
0 0) 


P,, being the radial part of the one-electron wave function in momentum space- 
with quantum numbers a. 
Within a configuration the only change is 


. G1(a, b)>G1(a,b)+(m/M)P(a,b), wa nee (2) 
- G1(a, b) being the Slater integral R1(ab, ba) and 
P(a, b) = P(b, a)= P(ab, ba) > 0. 


Comparison with the result given by Condon and Shortley (1935, 9°) for a. 
closed shell shows that the contribution to the diagonal matrix element of the- 
Boperator (1) from a closed shell {n’'/’} and any nl electron is 


— 4(20' +1)Cyy(m/M)P(n'l, nl). 


| For l’=1+1 the contributions are 


{n'l+1}nl: — a hwl+ Lift aoe Wee hiss 5% (3 a) 
fall Vy: — a ™ P('l—1,nl). ae ee By 
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Matrix elements found by Bartlett and Gibbons (1933) show that P(nl, n'l—1) 
is given in terms of the radial parts of the one-electron wave functions in configura- 
tion space by 


ro Feed | 2 
mP(ni, n'l=1)= | | ~ Ry (5 2 =) Read | 


The quantity G, (Condon and Shortley 1935, 8°) is related to G1 by 
G’ (nl, n'1—1) = (214+ 1)(21—1)G, (nl, n'I— 1). 
In terms of G, the substitution (2) becomes 
G, (nl, n'l—1)>G, (nl, n'l— 1) 
+ (m/M)P(nl, n'l—1)/[(21+1)(2/-1)]. —..-- (4) 


§ 3. INTERMEDIATE COUPLING IN THE RARE GASES 


In this section a general formula is derived for the isotope shifts of the lines 
-p5p—p’s in the rare gases. The variation of energy within the configuration 
mp°n,s is given by 

sce nt Cit) Aa 
SE ie 8iy 

Po: S3= —G,+6, 

8Po: ss= —G,— 36, 


(Condon and Shortley 1935, 518). The substitution (4) with /=1 gives the 
variation of the specific shift, to which must be added the constant part 
—2(m/M)P(np,n,s) found by the diagonal sum rule in LS coupling. The 
other contributions to the specific shift come from closed shells and are found 
‘from (3). 

The nuclear field effect on the ,s electron gives an energy shift 


V =C(ra,3/Z)|4(0)|?, 


where C is the isotope constant for the two isotopes concerned (Brix and Kopfer- 
mann 1949). In general, C is different for each pair of isotopes. The ms 
-electron density at the origin, | ¥s(0)|?, is the same for each level of the configuration 
after averaging over M,. ‘Thus the nuclear field shift V is the same for each level. 

If the observed shift is given in the same direction as the normal shift and 
-6(m/M) and V are positive, the final result for the shift of a line mp®n,p —np®n,s__ 
is that the residual shift Av (i.e. the observed shift minus the normal shift) is 
given by 


a 

Av=A-BX, ; 

As A, % Ay 3 V; ; 

7 

4,=5-55| 1D Pmp.n's)— SPo'p.ms) |, ; 
: bos omestoma lied shod (Say (6) 

A,= 25™ S[P"(np,n's)—P(np,n's)] : 


+23". ¥ [P'(n'pyn's)—P(n'p,n's)} 
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where the summation is over closed shells and the integrals P’ refer to the n,p 
‘state ; 

B=0(m/M)P(np, ns), 

X= LOL Sans 


5) 

Sperayeeys aes % : os 
= $F 3x(x? + 3)-1? for io 
a 
where x= G,/€—}. 


For any given pair of isotopes, B is determined when P is known. ‘The 
values of B used in the calculations may be found from the values of P(np, 7,8) 
given in table 2. For the states considered in this paper the value of m runs 
from 2-5 for Ne—Xe and n,=n+1. 


The factor X may be expressed in other ways. If 7;,... represent the term 
values of p's, 


x(x? + 3)? = [$(2T, + Ts) — (44+ Ts)]/(T4— T2), 


=[1-5 T;—T3 2741/2 
9 T,~-Ts : 


The sign of the square root is the same as the sign of the first expression. A 
comparison of the two values gives a measure of the relative accuracy with which 
the measured term intervals fit the theoretical formulae (5). For a state given by 


p=afCP,) + bhCP,), 
X =4(b?—a*+2). 
The values of X in LS coupling are ss, s4,8;: 1; s.: 4. andin jj coupling, sz, s;: 1; 


=: 4/9; s,: 5/9. ‘The values of X for Ne, A, Kr, Xe are given in table 1. 
If primed quantities refer to a second pair of isotopes, 


As! © Ab = =V8T V8 yeah (7) 


Table 1. Values of X 


State Ne A Kr Xe 
iss 0-380 0-469 0:68 0:71 
Iss 0-953 0-865 0:65 0-63 


The experimental values of Av given in tables 3-6 have been averaged over 
‘the initial p states. 


§ 4. NEON 


Isotope shifts of the lines 1s-2p of Ne were measured by Nagaoka and Mishima 
(1930, 1934). Bartlett and Gibbons (1933) calculated the specific shifts on the 
assumption of LS coupling using orthogonalized Hartree functions without 
change. Treanor (1954) has remarked that the calculated shifts are all too 
small by about 30mK. 

Bartlett and Gibbons assumed that P(1s,2p), P(2s,2p) do not change on 
going from 2p%3p to 2p°3s. Their calculations correspond to A,=13-6mK, 
1-0, B=29-3mK. V is negligible in Ne. The residual shifts calculated by 
squation (6) with the same value of B and A=44-7mK are given in the third 
column of table 3 (parameters are given in table 2). The experimental shifts 
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in the second column of table 3 were obtained from the final values of Nagaoka 
and Mishima (1934), taking into account the additional shifts given by Ritschl 
and Schober (1937). The calculated and experimental residual shifts in table 3 
agree to within 0-3 mK. 


Table 2. Values of Parameters 


Element Isotope P(np, 748) A(2p) A(3p) 
pair (cm~+) (mK) (mK) 
Ne 20-22 11750 44-7 
A 36-38 14-0 13:5 
36-40 neh 26-6 25-6 
Kr 82-84 24900 4-60 4-24. 
84-86 25700 4-65 4-34 
Xe 132-134 ore 
134-136 bag Ot 24 


Table 3. Residual Shifts Av in Ne (mK) 


Lines Expt Calc 
1s,—2p 337) 42320) 33-6 
1s,—2p 16:523-0 16-8 
1s,-2p eee ae 15-4 
1s;—2p US °GseS30 15-4 


Bartlett and Gibbons’ value of B agrees with experiment. Their value of 
A is too small by 31mK. A, depends only on P’(3p, 1s)+ P’(3p, 2s) and A, 
depends only on the change in P(2p, 1s)+ P(2p, 2s) on going from 2p°3p to 
2p°3s. Inclusion of exchange for the 2p%3p, 2p%3s states of O1 (Nicklas and 
Treanor 1958) gave a 10% increase in the value of P’(3p, 1s) + P’(3p, 2s) over the 
value without exchange and the change in P(2p,1s)+P(2p,2s) for the two 
configurations was of the same order of magnitude as the other contributions to 
the specific shift. Since the configurations in Ne are similar to those of Or the 
calculated value of A for Ne may be expected to improve with the use of more 
accurate wave functions. 

§ 5. ARGON 


Isotope shifts of some 1s—2p, 1s—3p lines of A were measured by Kopfer- 
mann and Kriger (1937) and by Meyer (1953). Meyer also measured some 
individual lines belonging to other series. : 

The **A —8A shifts obey equation (6) to within 0-3 mK with the parameter 
values of table 2, as illustrated by figure 1 for the 1s—2p lines. The calculated 
and experimental residual shifts are given in table 4. The **A—A shifts in| 
table 4 were calculated with the same value of P(3p, 4s) as before and values of 
A(2p), A(3p) derived from the previous values by means of equation (7) on 
the assumption that the nuclear field shifts are zero. These parameters are given 
intable2. The experimental residual shifts obey equation (6) within the limits of | 
experimental error; the divergence for 1s,-3p may be accounted for by the fact 
that only one line shift was measured. Thus all the shifts are fitted with three! 
parameters. — . : 
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& 
a 
<1) “4 
Ss 
Z 0-4 0-5 0-6 0:7 0-8 0-9 1-0 
X 
Figure 1. Residual shifts Av of 1s—2p for #*A—*8A, 
Table 4. Residual Shifts Av in A (mK) 
36-38 36-40 
Lines Expt Calc Expt Calc 
(M) (M) (K) 
1s,—2p 7-0: 1-0 6:7 13-0215 S22 20 12:7 
1s,—-2p 0-2+1-0 0-5 — (0-322 1-0 1-4+1:5 1-0 
1s;—2p —15+1°0 —1-6 —3-6+1-0 — 3-0 
1s,—3p 6:°0+1-0 6:2 12 acta lied 1G 222 425 11-7 
1s,-3p —O- tic) 0 Melle WBS 0 
1s;—3p = gate 3} —4-0 
1s;—3p —1:8+1-0 —2-1 —4:24+1°5 —4-0 


M= Meyer (1953), K=Kopfermann and Kriiger (1937). 


§ 6. KRYPTON 


Rasmussen and Middelboe (1955) measured isotope shifts of the lines 1s — 2p, 
1s—3p with separated Kr isotopes. No difference was found between the 
82K r—4Kr and §Kr—*Kr shifts. 

The degree of intermediate coupling in Kr Is is such that x is just negative 
when the term intervals are given as closely as possible by equations (5). ‘Thus 
the 1s, shifts should be just less than the 1s, shifts, whereas the reverse was 
found experimentally although the linear relation (6) is still obeyed at the limits 
of experimental error (see figure 2 for the 1s — 2p shifts for **Kr—®4Kr). Devia- 

“tions from equations (5) can arise from spin-spin, spin—other orbit and other small 
interactions as well as from perturbations. A more comprehensive theory would 
modify the theoretical form of X and alter its values. 


0-6 0:7 0:8 0-9 10 - 
x 
Figure 2. Residual shifts Av of 1s—2p for ®Kr—**Kr. 
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With the parameters given in table 2 the calculated and experimental residual 
shifts agree at the limits of experimental error, as shown in table 5. ‘The shifts 
of the two pairs of isotopes determine two slightly different values for P(4p, 5s). 
The values of A are not determined sufficiently accurately by the experiments to. 
make the left-hand side of equation (7) significantly different from zero. Conse- 
quently the experiments do not reveal a nuclear field shift in Kr. 


Table 5. Residual shifts Av in Kr (mK) 


82-84 84-86 
Lines Expt Calc Expt Calc 
1s,-2p 1:56+0-4 2:02 1-64+0-4 Beit 
1s,—2p PRT acl Ue: 1-90 2°47 + 0-4 1-99 
1s3—2p 0-70 +0:3 0:64 0-80 + 0-3 0-74 
1s;—2p 0-57 0:3 0-64 0-68 + 0-3 0-74 
1s,-3p U)7/ ae(ORS: 1-66 1:-42+0°5 1-80 
1s;-3p 0:67 40-4 0-28 0-80 +0-4 0-43 


§ 7. XENON 
Isotope shifts of three Xe lines 1s — 2p were measured by Koch and Rasmussen. 
(1950) for *X6—"**#Xeand 4*Xe="*Xe: 
The spin-spin and other small interactions may be expected to be important 
in Xe and perturbations are also present (Bohr, Koch and Rasmussen 1952). 


Thus equation (6) may not be completely adequate but there are not sufficient 
experimental values to test this. 


Table 6. Residual Shifts Av in Xe (mK) 


132-134 134-136 
Lines Expt Calc Expt Calc 
1s;—2p —3-2 —3-0 —4-2 —4-4 
1s,—-2p —1:9 —2-1 —3-8 —3-6 


The nuclear field effect predominates but the experimental shifts indicate 
that the specific mass effect is appreciable. The calculated and experimental 
residual shifts given in table 6 agree to within 0‘2mK. The parameters used 
in the calculations are given in table 2. The value of P(5p, 6s) is in good agree- 
ment with the slow increase in the value of the corresponding P integrals given in 
table 2 for Ne-Kr. 

For Ne, A, Kr the parameter A may be taken to be equal to 4,+A,. The 
gradual decrease in the value of A(2p) from Ne to Kr for a difference of two 
neutrons, shown in table 2, indicates that the value of A, + A, required in Xe may 
be 1-2mK. According to the definition of A (equation (6)) the nuclear field 


shifts V would then be about 2-3mK for !32Xe-184Xe and about 3-4mK for 
134X e_136Xe. : 
} 
§ 8. CONCLUSIONS 

Isotope shifts in the rare gases Ne-Xe can be understood on the basis of inte 
mediate coupling. Most of the integrals have not been calculated directly 
that the agreement is qualitative. In Ne the value of A calculated by Bartl 
and Gibbons (1933) is 31 mK too small. 
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The nuclear field effect is negligible in Ne and A and small in Kr. In Xe 
accurate values for the field effect cannot be obtained without accurately calculated 
values of A, +A, and experimental results for several lines. 

The calculations for Xe may have to take account of small terms such as the 


spin-spin interaction and also perturbations by neighbouring states. Similar 
difficulties may arise in Kr. 


The effect of intermediate coupling on specific shifts in other elements should 
be considered. Even if the deviation from LS or jj coupling be small the effect. 
should at least be estimated. 
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On the Asymptotic Behaviour of the Mayer Cluster Series in the 
Antiferromagnetic Problem 


By H. N. V. TEMPERLEY 
Atomic Weapons Research Establishment, Aldermaston, Berks. 


MS. received 6th April 1959 


Abstract. In continuation of the work of a former paper, it is shown that the 
Mayer series for the antiferromagnetic problem can be related in various ways to 
the placing of links on the lattice. The two such transformations found in the 
former paper are shown to be special cases of a general theory, which can also be 
used to relate many other problems of physical interest with the Onsager—Ising 
problem. ‘The Mayer series is analysed into sub-series, the behaviour of some 
of which can be determined from known results on the ‘link’ problem, while 
that of others can, in principle, be obtained from the general transformation 
theory just mentioned. ‘The conclusion of the former paper, that the Mayer 
z-series has a positive singularity determining the transition but a negative 
singularity nearer the origin determining its radius of convergence, is confirmed, 
as are most of the conclusions from the earlier work. The results appear to be 
reliable in the interesting region near 7 =0 but break down as we approach H=0 
on the transition curve. 


§ 1. INTRODUCTION 


the application of the Onsager—Ising antiferromagnetic model to the problem 

of solidification of a gas with purely repulsive interactions. It was shown 
that the Onsager—Ising problem of disposing points on the lattice could be related 
to certain problems of disposing links on the same lattice and that this could 
always be done in at least two distinct ways. We shall now show that there 
exists a continuous range of such transformations. ‘This fact not only helps us 
to draw definite conclusions about the asymptotic behaviour of the Mayer cluster 
sums in the antiferromagnetic problem, but also enables us to relate the solutions 
of a large number of other problems of physical interest (e.g. the packing of linear 
and branched polymers on a lattice, cross-linking, gel formation, etc.) to that of 
the Ising model. (‘The numerical properties of the latter are obtainable from 
series expansions except in the neighbourhood of the transition regions.) >] 

Apart altogether from this transformation, information quite independent of 
the Ising model is available about the ‘link’ problem (e.g. Hammersley and 
Broadbent 1957, 'Temperley 1958). This problem is of considerable physical 
interest in its own right, for instance in circuit and switching theory, imperfect 
conductors, flow in porous media, etc. In this paper we shall show that info 
mation about it can be made to throw light on the asymptotic behaviour of 
Mayer cluster sums in the antiferromagnetic (solidification) problem. These 


s 


[ a previous paper (‘Temperley 1959, to be referred to as 1) we have examined 
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two quite distinct approaches point to the same conclusion, namely that the 
asymptotic behaviour of the Mayer b,’s is of the form 


A(—B)'+CD! 
where A, B, C, D are slowly varying functions of /and B>D. In other words, 
the nearest singularity of the z-series is on the negative real axis. In I we con- 
cluded that this was reasonable but that the transition to the antiferromagnetic 
(ordered) state seemed to call for a singularity on the positive real axis also. We 
shall now indicate how the Mayer s-series can be analysed into sub-series and 
shall bring forward evidence that at least some of these do behave in the way 
suggested by (1). (There are also complex singularities in the antiferromagnetic 
case. ‘Their existence in the ferromagnetic case is of course well known from 
the work of Yang and Lee (1952). Expression (1) is to be understood to mean 
that the behaviour of the terms is dominated by the negative singularity. ) 


§ 2. AN APPLICATION OF THE ‘ DECORATION ’ TRANSFORMATION 


This transformation is applicable to any lattice, but the results rapidly become 
less useful as the order of the nodes of the lattice increases. Accordingly, we 
consider here the plane honeycomb lattice. The ‘decoration’ process consists of 
introducing extra nodes on the mid-points of the links (figure 1). A generalization 
of this process, with useful applications, had been given by Fisher (to be 
published). ‘The nodes on the hexagon sides are numbered, while those on the 
hexagon corners are lettered. Each lettered magnet interacts with three neigh- 
bouring numbered magnets, while each numbered magnet interacts with its two 
lettered neighbours. We can write down an expression for the partition function 
for the decorated lattice in a magnetic field 


S Aa3y (Dyd Hat Ded pati tDsdpy) eevee (2) 


where D, describes the interaction, and D, and D; are proportional to the magnetic 
moments of the lettered and numbered magnets respectively. Plainly if there 


ZhD, 
13D, 2; AD, D, D, WD, 
CL ax ano e D, x 
A hol saBonuc 

D, 

SAD; 


Figure 1. Portion of the decor- Figure 2. Portion of the Figure 3. Portion of the 


ated honeycomb lattice. decorated lattice appro- decorated lattice ap- 
priate for summation propiate for summa- 
over 14. tion over [LA- 


2 re L hexagon corners there are 3L/2 sides and 3L interactions. We first carry 
ut the summations called for by (2) with respect to the numbered p,’s, figure 2 
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showing the portion of the lattice appropriate to one such magnet. ‘Thus we 


have to evaluate 
> exp [4D,(44 +p) + Do(Ugha + Pps) + D341] 


Mx 


which is equivalent to Pexp [4Ay(u,+Hp)t+Aoeyep] wee (3) 
cosh’ (2D, + Ds) 

a = 4 a ee eee a Hare erase 4 

where exp (4,) =exp (4D,) cosh? (2D,—D,) (4) 
sinh? 2D, 

4 A ee ee 5 

exp (4H,)=1+ eoEh™D, (5) 
16P4 = cosh? D, cosh (2D, + D) cosh (2 D, — D3). 

SE a's (6) 


We can also sum first over the lettered magnets. As is well known, the 
numbered magnets by themselves form the ‘basket’ or Kagomé lattice, and 
Naya (1954) showed that, if we put D,=0, this ‘star-triangle’ summation 
enables us to relate the partition functions of the hexagonal and Kagomé lattices 
with magnetic field. The appropriate portion of the lattice is shown in figure 3. 
We have to evaluate 

S exp [2D3(H1 + He t+ bs) + Do(oaps + Moby + Haba) + Digg] o---e-s (7) 
¥A=+1 
At first sight, our more general case does not seem to lead to anything very useful, 
since it involves the unphysical interaction between three magnets at a time 
(through the product p4y.43). However, instead of comparing (7) with the 
Kagomé lattice, we compare it with the expression 


$ %o(1 — py)(1 —p2)(1 — 3) 
+ $%[(1— 4) — 2) +43) + (1 — on) +2) — 4s) 
+ (1+ p)(1—p2)(1—p)] 

+4x,[(1—p,)(1+2)(1 +3) +two similar expressions] 


+51 tp) +pe(lt+us) nee eee (8) 


expression (8) being equal to x) when all three magnets are negative, to x, when 
exactly one of the three is positive, and so on. Since each numbered magnet 
corresponds to just one link on the non-decorated honeycomb lattice, the product 
of 3L/2 factors of type (8) enumerates all the ways of disposing links on this 
lattice, each term corresponding to one such arrangement, the index of x, counting 
the number of nodes that are not intersected by any link, that of x, the number 
intersected by exactly one link, and so on. Only the ratios of the x’s are of 
interest, and (7) contains three disposable parameters, so that a very wide range 
of problems concerned with the disposition of links on a lattice can be reduced to 
the corresponding Ising problem with the help of expressions (3) to (8). We find 


No i %y : Hy: x3: : cosh (D, — 3D,) exp (— 3D): cosh (D, — D,) exp (— 4D,): q 
cosh (D, + D,)exp ($D3): cosh (D,+3D,)exp(3D3) —...... (9) 
which can readily be solved for the D’s and A’s in terms of the x’s. The followin 
simple relation for H, should be noted: 


ekb (4 y= (Xo%g — Xp)? — 4(a7y2%3 — 9" \(so%2 = 84") (10) 
P( 2)= a Metta Be see ha 
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The general expression for H, seems to be very complicated and no compact 
expression in terms of the x’s has been found, though simple ones exist in parti- 
cular cases. ‘The two ways of connecting the ‘points’ and ‘links’ problems 
found in I correspond to the following particular choices of the x’s: 

Mpeaywas Mane sysop a! lee ek Ea) 

AMER AGC eee Lee ease here Men thy Ll Ove, vere (12) 
where 1+f=exp(4H,), w=2/(1+z), s=tanhH,, t=tanhH,; = is Mayer’s 
variable, which, for the honeycomb lattice, takes the value x = exp (— 2H, — 6H). 
It can be verified without difficulty that (11) and (12) are special cases of the 
above general theory. The generating function obtained from factors of type 
(8) can be evaluated, in terms of the Onsager—Ising partition function, for any 
assigned values of the ratios of the x’s, as can its differential coefficients. This, 
by the ordinary formalism of statistical mechanics and the use of the method of 
steepest descents, enables us to determine the number of arrangements of links on 
the lattices corresponding to specified numbers of the four types of node. As 
examples of particular cases of physical interest, we may mention the following: 
*x;=Q. ‘This implies that at most two links go through any lattice point. In 
other words, we have the problem of packing flexible linear chains on to the 
lattice, the mean length of the chains being fixed by the relative values of x, and 
%, While the total number of unoccupied nodes depends on the ratios of these 
quantities to x). Thus, we have a model describing linear polymers on a lattice 
or in solution. By letting x, increase gradually from zero we can study such 
problems as cross-linking and gelation. 
Xx, and x, small compared with x,. ‘This describes the solution of ‘dimers’ (mole- 
cules occupying two lattice sites) which repel one another, but sharing of one site 
is not absolutely prohibited. 
x, and x, small compared with x,. ‘This describes the formation of domains of a 
given average area fixed by the ratio of x, to x, and x, their density on the lattice 
depending on the ratio of x; to x». This problem is of direct interest in studying 
the antiferromagnetic problem and has, moreover, a bearing on the more general 
‘rigid molecule’ problem. We recall that the rigid molecule problem with 
continuous coordinates is the limiting case of the corresponding ‘lattice’ problem 
when each molecule ‘covers’ a very large number of points on the lattice. Dis- 
cussion of the other problems is deferred, as their application to the antiferro- 
Magnetic problem is less direct. 


§ 3. THe EarLy TERMS OF THE MAYER SERIES 


Returning to the plane square lattice, we find from I, table 2, that this series 
can be written as follows, in terms of f, the Mayer function, and w=2/(1+2) 
ac 


116 yay 
5,2! =log (1 +2) + 2fu? —7f?w* + aad oe oe gt 
+ 6f?w* — 406f4w8 +.... mete 
+22 f Say! — 14545f%m8 +... bref 3) 


— 60f?w* Is tats 4 nd 

+ ftw! + (3649/2) few +e... | 

rere we have grouped together terms involving f and w in the same ratios of 

ers. Study of these ratios at once tells us the type of networks of links that 
2F2 
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must be involved. Thus, fw? can only describe one link connecting two nodes, 
and the higher powers should correspond to such ‘dimers ’ overlapping at one or 
both sites (figure 4). In other words, we expect the top line of expression (13) to 
be the cluster series for the ‘dimer’ problem, two dimers being prohibited from 
sharing a site. (This has been confirmed by taking the th power of the expo- 
nential and verifying that it does, in fact, enumerate arrangements of non- 
overlapping dimers.) Similarly, we can interpret a term like f?w as describing 


. ° e ° « ° 
o—————O 
° ° e . . s 
o_o 
Figure 4. One contribution to the Figure 5. One contribution to the 
term in f*®w®. Overlap of term in f*w®. Overlap of a 
‘dimers’. ‘dimer’ and a ‘ trimer’. 


networks of two links connecting three points and we expect the cluster series to 
contain higher powers of this variable, corresponding to the ‘subtracting out’ of 
overlapping configurations of such networks. We also expect to find in (13) 
cross terms that prevent the overlap of different types of network. The first 
such term is — 60f%w*, which cannot correspond to any single network (since we 
cannot connect five points with only three links) and is interpreted as arising 
from the overlapping of a ‘dimer’ (factor fw”) and a ‘trimer’ (factor f*w%) 
(figure 5). (By Lemma 2 of I it does not matter whether they have one or two 
sites in common: a factor —1 appears in either case.) 

We are thus led to compare the cluster series expressed in terms of f and a 
with the results we would expect if we distributed on the lattice, without overlap, 
networks of a fixed average size. Inspection of the available terms in table 2 of 
I suggests that the series is, in fact, dominated by terms in which the indices of j 
and w are nearly equal, but this gives us no real indication of the size of the most 
‘important’ networks (and this size may itself vary with f and w). We there- 
fore try to estimate the contribution of networks of various sizes. In the first 
instance we distinguish between networks involving only a few lattice sites, where 
the singularities in the corresponding cluster sub-series arise because these net- 
works are prevented from overlapping, and networks containing numbers 0! 
sites comparable with L, for which singularities also arise because of the large 
number of ways in which one such network can be made up. We first discuss 
very small networks, which lead to problems very similar to the ‘rigid molecule 
one from which we started. For networks of intermediate size the transformatior 
theory of the last section is applicable while, for the very large networks, we ma‘ 
use various results concerned with a single connected domain (Hammersley an¢ 

‘ 


Broadbent 1957, 'Temperley 1956, 1958). 


A. The dimer and trimer problems. 

We have seen that the top line of expression (13) represents the beginning o 
a series describing the placing of single links on the lattice in such a way as to hay: 
no sites incommon. Each link has a site in common with six others, so placin; 
one on the lattice excludes the possibility of any of these six being also pre 


ee 


a 
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This is therefore a problem of the same type as our original problem, in which one 
molecule is placed on a lattice point and ‘covers’ its four nearest neighbours. 
We may therefore expect it to lead to a cluster series of the same type as did the 
original problem in the limiting case of f= —1. Analysis of the known terms of 
the original series from the ratio b,/b,_, and extrapolating to infinity leads to a 
radius of convergence of about 0-13 and we find similar figures if we write down 
the partition functions of small assemblies containing up to 4x 4 lattice points. 
For the dimer problem we expect a somewhat shorter radius of convergence 
because of the larger number of ‘neighbours’, that is, the main singularity 
should occur at about Z= —0-1, where Z is the selector variable for the dimer 
problem. In the present application Z is replaced by fw? and this means that for 
f= —1 we expect singularities at w= +0-3 approx. In other words, the dimer 
terms in (13) by themselves imply the postulated behaviour of the z series—a 
dominant negative singularity, together with a positive one somewhat further 
away. If, as seems almost certain, the dimer series also has complex singularities, 
they exist in the original problem also. The discussion for trimers is very similar. 
If the cluster series behaves in the same way and has a dominant negative singu- 
larity, and subsidiary positive and complex singularities, then so has the original 
series. (The difference arises because the trimer terms in (13) involve f? rather 


than.) 


B. Networks of moderate size. 

We have already pointed out above that the general transformation theory 
given in the last section should be applicable. We illustrate the possibilities 
from the plane honeycomb lattice. (Discussion of the plane square lattice by 
this method is more difficult, since we cannot vary the x variables all indepen- 
dently and thus meet with complications in applying the process of steepest 
descents.) Inspection of (10) shows that the transformation always leads to a 
real value of H, for real values of the x’s, which is an advantage, since this case is 
much better understood than is the imaginary or complex one. It is known 
from the work of Yang and Lee (1952) that a singularity in the ferromagnetic 
partition function itself occurs only for H, =0 and sinh? 2H, > 3, but singularities 
also occur if, for example, the denominator of (10) vanishes. Calculations have 
been made in a few representative cases for the hexagonal lattice, for example 
Xp = x1 = X= Xs leads to M,=M,=L/8, M,= M;=3L/8, which corresponds to a 
term ~ 232/2qw7L'8f3L/4 which is not unreasonable, but a proper estimate of the 
radius of convergence for a definite choice of ratios of powers of w and f would be 
extremely lengthy, since it calls for choosing a large number of ratios of the x’s, 
calculating the M’s and then interpolating. We can, however, look at the situ- 
ation slightly differently. Suppose we give, for example, xp, x1, x, fixed values 
and let x increase steadily from zero. We always run into a singularity on the 
positive real axis (arising from the transformation laws between the x’s and H’s or 
s the partition function itself) which means that we can always arrive at a posi- 
tive singularity if we group our terms properly. Again, avery extensive computing 
‘ogramme would be required to locate the positive singularity closest to the origin. 


C. Very large networks. 

- We now consider the contributions to the partition function and cluster 
series due to very large networks. The main problem here is the number of 
uch networks involving specified numbers of links and lattice points. The 
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inclusion in the cluster series of terms preventing the overlap of such networks 
is unlikely to change our qualitative conclusions. (It could, moreover, be 
handled as a particular case of the transformation theory outlined above. A 
large network will contain a high proportion of nodes intersected by two, three or 
four links. The corresponding problem in the plane hexagonal lattice occurs 
when x,/x, and x,/x, are becoming large.) 

‘A very large network may contain nearly twice as many links as points if it is 
nearly rectangular and all the possible links are used. We are, however, not 
compelled to use all the links, it being still possible to form a connected network 
if N points are connected by N—1 links. Such networks are devoid of closed 
cycles and are known as ‘trees’. Thus, the contribution of large networks to 
the cluster series can range from terms involving f?zw to terms involving fw. We 
shall now give reasons for thinking that terms of nearly the latter type will be by 
far the most frequent even if we consider the contribution of large networks only. 
The actual numbers will be further swelled by the fact that such terms can also 
arise from the contribution of small networks containing as few as four lattice 
points. Inspection of table 2 of I shows, very strikingly, the dominance of 
terms involving about equal powers of fand w. One might expect the maximum 
contribution to come from a certain size of network, but this size has not yet been 
Iccated and the maximum is probably rather flat. 

We now consider the enumeration of large connected networks on the plane 
square lattice. Various forms of this problem have been studied by Hammersley 
and Broadbent (1957) who conclude that, if links are distributed at random on 
the lattice, the probability of forming a large connected network first becomes 
appreciable when the number of links is about half the total of 2Z available. 
This ‘critical probability ’ has, in fact, been shown to lie between 0-5 and 0-647 
(Hammersley, private communication). From this we can deduce that, at all 
events for this particular lattice, the most frequent types of connected network 
do not differ greatly from trees, the dominant terms in the generating function 
being of the form fw! where ¢ lies between 1 and 1-29. We can, therefore, hope 
that the enumeration of trees leads to a useful first approximation to the enumer- 
ation of connected networks in general, and this conclusion will be confirmed by 
the data in the Appendix. 

A further simplifying circumstance is the following. If points are selected 
at random, subject only to the constraint that they must form a connected domain 
on the lattice, the most likely result is a domain where perimeter and area are 
numerically comparable, that is, it must be expected to be ‘long and thin’. 

‘Temperley (1956) considered the problem of enumerating domains as a 
function of their area or perimeter. For the former problem he found an exac' 
enumerating generating function for all domains of a particular type: : 


widcvidcguasl dle 9): | | q 
mA (1—g)'—p(q-@—g +4") —p?g acl 
where the index of g counts the number of sites in the domain, and that of p the 
total numbers of rows involved. From (14) we can conclude that the number o 
domains containing WN sites is of the order of A x 3-0% where J is the order « 
unity. A would be altered (and might become a function of N) if all domair 
could be included, but the factor 3-0 per site is unlikely to be increased signi 
ficantly. _ By a study of (14) as a function of p it is also possible to deduce 
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expected number of rows in a ‘random’ domain of N sites. This is estimated 
to be 0-45.N, that is, the average number of sites in a row is between 2 and 3, i.e. 
the ‘random’ domain is ‘long and thin’. The number of domains of a total 
perimeter S has been shown by Fisher (1958) to be about (2.64)8 and this agrees 
well with the value (2:67) deduced from the machine computations of Wall, 
Hiller and Atchison (1955). Comparing the methods of enumerating domains 
implies that the perimeter S of a random domain is about 1:2 N, which agrees 
well with the above conclusion that domains are long and thin if the sites 
are put together at random. 

The enumeration of the number of trees that can be made, using all the sites 
in an Mx N rectangle, that is the complewity of the rectangle of sites, can be 
solved analytically. _From the theory given by Temperley (1958) it can be shown 
that, for WM and N both large, the complexity is proportional to (3-21)"¥. For 
very narrow rectangles the factor per site falls off, as one might expect (see 
Appendix). We can now estimate the number of networks that can be made 
from domains of various shapes, in the light of Hammersley and Broadbent’s 
(1957) results which indicate that the most common type of network probably 
resembles a tree. (Apart from this the enumeration of trees certainly gives us a 
useful lower limit on the number of networks.) Some numerical results on 
particular types of domain are giveninthe Appendix. Ifwestart froma ‘random’ 
domain, containing N sites, we know that it will have a mean breadth of about 
three lattice sites, and that there are about 3% such domains. The figures 
suggest that, by omitting some of the links, each such domain can then 
give rise to about 1-4% different networks. We might also begin with a 
‘compact’ domain, by which we mean one whose length and breadth are 
comparable. Such domains are relatively scarce. The perimeter of such a 
domain is of the order of 4N4?, which implies that their number goes up only 
as a power of N1?. This means that the number of trees that correspond to 
compact domains is thus effectively proportional to 3-27, for this is the number of 
trees that can be formed from one such domain. From the Appendix we con- 
clude that the total number of networks that can be so formed goes up with a 
somewhat higher power of JN. 

Thus we can sort out the terms in table 2 of I into categories according to the 
relative powers of fand w. This sorting has been carried out in expression (13). 

Our conclusion is that, if we confined ourselves to domains with a specified number 
of sites, we could expect them to contribute to the cluster sum a dominant singu- 
larity on the negative real axis of w, a subsidiary positive singularity, and complex 
singularities, though in particular cases, one or both of the latter can be absent. 
We now list these contributions: | ; | 

(i) Variable wf. (Extreme left of table. Top line in expression (13).) 

This series is the solution of the ‘rigid dimer’ problem, and the convergence 
‘condition and positive singularity are both estimated to be given by |w?f|~0-1. 
(ii) Variable wf?.. (None actually appear in the table, but would come on its 
extreme right.) These terms only arise from compact domains with all their 
inks preserved. The number of such domains is always negligibly small, 
exactly L if N is a perfect square, and of the order of L x 2N"* otherwise. The 
convergence condition and positive singularity are both given by |wf?|=1. 

(iii) Variable near to wf. (Middle of table.) We have seen that these terms 

an arise in three distinct ways: (a) From trees and similar networks formed from 
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large compact domains. The number of such domains is negligible, but we 
have seen that, from such a domain containing N sites, about 3-2% trees can be 
formed. ‘This leads to a convergence condition |wf|<0-31 but apparently not 
to a positive singularity. (b) From trees and similar networks formed from 
large random domains. ‘The number of such domains is of the order of 3%, and 
the number of networks that can be formed from each one is about 1-47, leading 
to a convergence condition |zf|<0-24. In this case the positive singularity is 
somewhat further out from the origin of w, at |wf|~0-3 say. (c) From the over- 
lapping of medium sized networks. Numerical values are not yet available, but 
could be obtained from the transformation theory outlined above. 

There is some independent evidence that the relationship |wf*|=c, where a 
is near to unity, is correct, at all events for the portion of the transition curve near 


zero temperature (f= —1), for this assumption leads to the following equation for 
the transition curve 
2uH =8J —kTlogc+kT log [(1—e“"*7)*—c] (15) 


which is of exactly the type found in Ziman’s (1951) approximate calculation, 
permitting the finite outward slope and ‘bulge’ inthe curve near T=0. There 
is almost certainly some cancellation of singularities as we approach the Onsager 
point (H=0), since the known position of the singularity w~1, f= —0-83 is 
definitely further out than any of the above criteria suggest. Such effects are 
familiar in conditionally convergent series, but we can still be fairly confident 
about the estimates of the cluster sums in the neighbourhood of f= —1 which is 
the case of greatest interest. An attempt to apply these processes to the ferro- 
magnetic case would be completely fallacious, since considerable cancellation of 
the large terms in the b,’s occurs, in fact Katsura (1958) has shown that the higher 
cluster sums vanish very rapidly once we are a little above the Curie temperature. 
In any case, it is known from the work of Yang and Lee (1952) that the only 
singularities occur for H=0, so such an investigation is superfluous. 


§ 4. CONCLUSIONS 


The preliminary study of the asymptotic form of the Mayer series leads to 
conclusions agreeing with those that result from a study of the early terms and 
those which were implicit in earlier work on the antiferromagnetic problem. 
We summarize them here: 

(i) A gas with purely repulsive interactions has under compression a transition 
to a solid-like state with long range order, provided only that the repulsion is 
sufficiently ‘hard’. If the repulsion is too ‘soft’, there is no transition. (We 
are not yet able to give a precise numerical criterion of ‘hardness ’.) 

(ii) The transition point is the nearest positive singularity of the Mayer | 
z-series and corresponds to the abrupt appearance of long-range order. (A 
more suitable variable than z for this expansion probably exists.) 

(iii) An accompanying anomaly of some kind is possible in the virial series 
but it can be extended continuously through the transition point and represents a 
metastable disordered state. Its singularity almost certainly marks the limit of 
the metastable state, rather than a second critical temperature. Gg 

(iv) The model used automatically predicts a second transition at still higher 
density, which corresponds to a change of crystal structure in the ‘solid’ region. | 


s 
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(v) Comparison of the present work with that of Yang and Lee (1952) suggests 
that condensation is a consequence of attractive forces, but that solidification is an 
‘excluded volume’ effect which can, in principle, occur as the result of external 
compression alone. It therefore seems well worth examining the Ising model 
with attraction between second nearest neighbours and repulsion between neigh- 
bours to see if it exhibits two transitions. We reserve this for another paper. 

(vi) The alternation in sign of the b,’s seems to be a characteristic property of 
antiferromagnetic interactions. 
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SoME NUMERICAL DaTA ON THE NuMBERS OF ‘ NETWORKS’ OBTAINED 
FROM VARIOUS SHAPES OF DOMAIN 


It is possible, by a matrix method, to enumerate not only trees but all types of 
connected network for large domains of any given specification. Consider, as an 
example, the 2x N domain. Suppose, as in the Onsager—Ising problem, that we 
build up this domain row by row. We need only distinguish between two 
‘configurations’ of the two points last added to the domain. ‘They may be 

connected, by either a direct link or an indirect chain of links, or they may be dis- 
connected so that the incomplete network falls into two parts. One row of the 
enumerating matrix corresponds to each of these two configurations. We now 
add the next pair of points and consider the effect of adding one or more of the 
three links that can be added with them. Not all ways of adding them are per- 
missible, as some of them would leave one or both points in the lower pair isolated, 
so that they could never be connected into the network. A permissible selection 
of the links will lead to each lower point being connected to at least one upper 
point, and to the upper pair of points being either connected or disconnected in 
the sense defined above, and we distinguish between these two possibilities by 
the use of the two columns of our matrix. If we introduce a factor f for each of 
the three links and enter up all the relevant possibilities in the appropriate cell of 
our matrix, the result is as follows: 


BizmolD 
Cl ft4+3f?2, 2f 
Bip cre sdemmeeG Ald) 


which has the following eigenvalue equation 

§ —A(fF + 4f?7) +f? +f4=0 aie (A2) 
nd the generating function for networks obtained from a domain of N rows will 
e given, in the usual way, by AAW where A is a constant of the order of unity, and 
i, is the numerically largest eigenvalue of (A1). 
This method is perfectly general and can be applied to domains with longer 
tows or with rows of unequal lengths, but the numbers of possible ‘ configurations ’ 
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of each row, and of permissible ways of connecting up the sites added in each row, 
increase extremely rapidly with the breadth of the domain. Fortunately we are 
interested mainly in domains of small breadth, ‘long and thin’, since, as we have 
seen above, these are the most common. (Domains that may contain up to three 
sites per row are, in fact, very nearly as numerous as completely ‘random’ ones.) 
For domains other than rectangular ones we are interested in the factor introduced 
per added site rather than per added row and we can readily allow for this by 
multiplying every matrix element in the row corresponding to a given ‘con- 
figuration’ by w”, where m is the number of sites involved in that configuration. 
Then, if J is a matrix such as (Al), we can obtain the generating function for a 
domain of r rows from the matrix 7’! or, if the number of rows is not of direct 
interest, we can sum over all 7, and (1— 7)! will then enumerate all networks 
obtainable from domains of the given specification. Our problem thus reduces 
effectively to that of factorizing det (1— 7), considered as a function of w, since 
the coefficient of w* counts the networks containing WN sites, and we can then 
reduce any element of (1— 7')~1 to the form 
A B 
+ 


W,-W W.-W 


anioso> 


Four types of result are of particular interest: 

(a) The total number of networks that can be made from domains of N sites. 
For this we put f=1 in a matrix such as (Al). 

(6) ‘The net number of networks, when we reckon negatively these containing an 
odd number of links, that can be made from such domains. (This corre- 
sponds to the ‘rigid’ case f= — 1.) 

(c) The number of ‘trees’, i.e. connected networks without cycles, that can be 
made from such domains. For this we omit those terms from the matrix 
element that lead to the formation of closed cycles (e.g. the term f* in the 
C-C cell of (A1)) afterwards putting f=1. 

(d) In cases where the numerically smallest root of det (1— 7) is negative, we 
are interested also in the smallest positive root. 

We give below some data for rectangular domains and also for ‘random’ 
domains of the special type considered by Temperley (1956), for which all the 
sites in any one row are contiguous. ‘The results in all cases are expressed as a 
factor per site added to the network. If this factor is negative, as always seems to 
be the case for f= —1, this implies that the corresponding type of domain leads 
to a contribution to the cluster sum alternating in sign with the number of sites 
involved. If, however, there is also a positive root of det (1— T) there are further 


Data for Domains of Various Sizes 


(1) (2) (3) (4) (5) , 
Rectangular 2x N 2:1 —1:7 1:9 1 _ 
3x N 26 —2-1 2:3 1 
4xN 25 1 ; 
NxN : 3°2 1 
Random up to 2 sites perrow 3-0 —2:7 (+1:9) 2:9 2:3 
up to 3 sites per row —3°5 (+2:3) 2:9 


row unrestricted 


(1) eked of “aomiein 5 (2) total number of networks : (3) net number of networks; 
(4) number of trees; (5) number of domains. 


Mayer Series for wintferramagnetic Problem 443 


terms, smaller in numerical magnitude, but of constant sign, and these imply 
that the cluster series has a singularity on the positive real axis. The positive 
factors are given in brackets in the table and it is interesting that they seem to exist 
for the random domains but not the rectangular ones. 

The blank spaces in the table have not yet been computed as they involve 
matrices of high order. ‘The order can be reduced appreciably for the ‘net 
number’ problem while the tree problem can be solved analytically for any 
rectangle (Temperley 1958). 

However, the results so far do confirm the validity of the assumptions made in 
the text, namely that even for the extreme case f= — 1 the mutual cancellation of 
networks is not catastrophic, and that the number of trees gives a reasonable first 
approximation to the total and net numbers of networks. 
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Can the ‘ Lattice ’ Model of a Gas describe both Liquefaction 
and Solidification ? 


By H. N. V. TEMPERLEY 


Atomic Weapons Research Establishment, Aldermaston, Berks. 
MS. received 11th December 1958, in revised form 14th May 1959 


Abstract. A preliminary study is made of a two-dimensional model of an 
imperfect gas of ‘attracting rigidsquares’ which is a limiting case of the two- 
dimensional Ising model with second-nearest neighbour interactions studied 
by Domb and Potts. The qualitative behaviour of the high order Mayer 
cluster-sums is determined by a method used by Temperley. It is found 
that at high temperatures these sums alternate in sign, which is what would be 
expected if the approaching transition were the formation of an ordered structure. 
As we lower the temperature, the analytic behaviour of the cluster-sums pro- 
gressively changes to what was found by Yang and Lee when the 
approaching transition involves the formation of large domains, analogous to 
liquefaction. 

It is tenatively concluded that this version of the Ising model may show two 
transitions below a certain critical temperature, just like a real imperfect gas. 


§ 1. INTRODUCTION 


N two previous papers Temperley (1959a, b, referred to as I and II) has 
if considered the nearest neighbour plane square Ising model with repulsive 

interactions. ‘The appearance of antiferromagnetism can, by appropriate 
transcriptions, also give a description of solidification under pressure, the ordering 
process being a preferential occupation of one of the two interlacing sublattices. 
Yang and Lee (1952) had previously shown that the same model with attractive 
interactions describes liquefaction as the analogue of the formation of large 
domains in a ferromagnetic. "Temperley (1954) showed that the Weiss model, 
with long-range attractions, also gives a description of liquefaction, but that 
difficulties arise when we go to the limit of a large assembly. See also Katsura 
(1955) for a more detailed discussion of this model. : 

We know that real molecules exert attractive forces at long distances and 
repulsive forces at short distances and it has long been realized that liquefaction 
and solidification should be explicable on such a basis without having to introduce 
elaborations such as cirectionel cffects or three-body forces. An approximate 
treatment of a simple lattice model, leading to such a result, has been given by 
Morita (1957) following up some similar work by Kikuchi(1951). It is therefore of : 
great interest to ask whether an Ising model, in which nearest neighbours repel but 
second nearest neighbours attract, is capable of describing both transitions. 
A preliminary study of this model by Domb and Potts (1951) did not envisage the 
possibility of two transitions ever occurring. (‘They were guided by the analo 
with the plane triangular lattice, which is equivalent to the square lattice wi 
interactions along one set of diagonals only and which is known to have no a i 
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than one transition.) Apart altogether from the present application, the two 
models, triangular and second-nearest neighbour, do differ in several respects, 
which may make it dangerous to push the analogy too far: (a) The triangular 
lattice has a dual, but the second-nearest neighbour one has not. (b) The 
problem of the second-nearest neighbour lattice has been translated into operator 
form by Temperley (1956). By turning the whole assembly through a right 
angle, we interchange the diagonal interactions described by, for example, the 
operators e# + e~#C, and exp (HS, S;), while leaving the nearest-neighbour inter- 
actions unaltered. This means that we can relate the partition function of a 
lattice with diagonal interaction H to that of one with a diagonal interaction 
H* = + log (coth H) (cf. Onsager 1944). This strongly suggests that the diagonal 
interactions can, in certain circumstances, give rise to a second transition temper- 
ature, given by Onsager’s relation sinh2H=1. (c) The effect of attractive forces 
is equivalent to a Weiss type field to a first approximation. If we take the one- 
dimensional Ising model with repulsion between nearest neighbours and then 
introduce such a field, it can be shown rigorously that we obtain either two 
transition temperatures or none at all. 


§ 2. THE EFFECT OF SECOND-NEAREST NEIGHBOUR ATTRACTIONS 


The rather elaborate investigations of I and II led to the conclusion that an 
assembly of hard squares is qualitatively described by an equation of the type 
1 42 ioe 
: Seri! ~et+ ee) oe ey ae (1) 
as long as we are outside the ‘solid’ region. (At least one more parameter is 
required to describe the situation in the ‘solid’ region.) By reverting (1) we 
can obtain z as a function of v, and hence the approximate virial series. ‘The 
singularity (if any) of the latter probably corresponds not to the transition but to 
the limit of the metastable gas-like state. 
Working with the rigid-sphere model, Kihara and Kaneko (1957) noticed that 
the introduction of a long-range attraction could be rigorously represented by a 
modification of the one irreducible cluster sum f, at all events as long as we are 
in the gaseous region. This is equivalent to the introduction of a van der Waals 
term of the type —a/v?kT into the virial series, which in turn would lead to a 
_ ‘van der Waals loop’ below the critical temperature. ‘Temperley (1954) showed 
_ that this difficulty arises because we have neglected the fact that the other cluster 
sums are also changed by infinitesimal amounts, and gave reasons for thinking 
that the required flat isotherm would be obtained if this could be properly allowed 
for. 
When we go over to an interaction of short-range type, we find that its effect 
can also be represented to a first approximation as a change in f,, but that the 
_ other f,’s are now also changed by finite amounts. We again expect a transition 
with a critical temperature, below which an isotherm may have a horizontal 
Sp ortion. In the light of Yang and Lee’s work (1952), we anticipate that the 
_ Mayer 5; series will become useless in the ‘liquid’ region, because its singularities 
are now indefinitely close to the positive real axis. ; 
We shall study the version of the Ising model in which there is completely 
rigid’ repulsion between nearest neighbours, so that the Mayer function f= — 1, 
but there is a finite attraction between second-nearest neighbours. We denote 
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the corresponding Mayer function (=exp (—£,/kT)—1, where E, is the energy 
associated with a second-nearest neighbour pair of molecules) by g, ith quantity 
may take any positive value. For fixed E,, g becomes very small at high tem- 
peratures, but f remains equal to —1, so that our model then reduces to that 
studied in the previous paper. For hig case, we obtained evidence that the b,’s 

alternate in sign, so that the dominant singularity is on the negative real axis, and 
the Mayer z-series can accordingly be analytically continued up to the ‘solidi- 
fication’ curve which is probably associated with a singularity on the positive real 
axis of z. As the temperature falls, g increases, and we anticipate that, as in 
Yang and Lee’s model (1952), the dominant singularities of the z-series should 
become first complex and then real and positive as we approach the vapour—liquid 
critical temperature. We shall now show that some of the work of II can be 
extended to deal with the second-nearest neighbour model, and shall obtain semi- 
quantitative confirmation that the 6,’s indeed behave in the way anticipated. As 
in the former paper, our knowledge of the ‘network generating function’ is in- 
sufficiently precise to permit of firm predictions of the transition points, but the 
‘order of magnitude’ results are in reasonable agreement with the other evidence. 


§ 3. THE ‘ NETWORK GENERATING FUNCTION ’ 


The three lemmas used in I apply to any lattice model in which no more than 
one molecule may be on a site. In the nomenclature of that paper, a ‘ pin’ con- 
necting two molecules on the same site in a Mayer diagram introduces a factor —1, 
and as in I, we conclude that the problem of enumerating cluster-sums is closely 
related to that of enumerating connected ‘networks’ consisting of sets of lattice 
sites connected by links. The present problem differs from the former one in 
that the networks may now contain second-neighbour links (factor g), as well as 
nearest-neighbour links (factor f). 

In II we studied a number of types of network and in all cases the qualitative 
behaviour was the same, namely that the total number of networks containing N 
sites was proportional to AB%, and that a similar law, with slightly different values 
of B, could be used also to enumerate (a) trees and (b) net numbers of networks 
when those with an odd number of links are reckoned negatively. In the last 
case, the net number alternates in sign with even and odd numbers of sites in the — 
domain, and this behaviour was revealed by the dominant pole (i.e. the one | 
nearest to the origin) of the network generating function being negative. It was 
inferred that such behaviour is characteristic not only of the extreme case f= —1, 
but of the whole region of f negative, and that it would give rise to a similar alter- 
nation of signs of the Mayer b,’s in the antiferromagnetic case. 

For our typical domain we consider one that may contain in each row either 
one lattice site or two contiguous sites. As before, we can set up a matrix corre- 
sponding to the addition of one new row of sites to a network, and we must always 
keep enough links to ensure that the network is completely connected when the 
final row of sites is addeds We distinguish three possible ways of adding a fresh 
row. 

S,a single site. his must be connected to at eat one site in the previous ro} 
C, a row of two connected sites. The connection may be either via a neares 
neighbour link or else be indirect via links with one or more sites already adde 
D, a row of two unconnected sites. Each of them may, but need not, be connect 
to one or more other sites already added, but they are not connected directly « 
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indirectly with one another. If we distinguish the ‘ configurations’ of each 
successive row in this way, it is then easy to enumerate the possible ways of adding 
a fresh row to a network if the configuration of the last row is known. The 
following simple rules will be found to be necessary and sufficient to ensure con- 
nectivity of the final network: (a) There must be at least one link between each 
successive pair of rows. (b) If any row is D, each of the sites in it must be con- 
nected to at least one site in the immediately following row (in particular, the 
final row must not be D). 

We can, as usual in this type of problem, set up a matrix associated with the 
process of adding another row to the network, the rows of the matrix corresponding 
to the possible configurations of the row added to the network, while the columns 
correspond to the configurations of the previous row. For example, the element 
SC corresponds to adding a single site to a pair of connected sites. The single 
site must be a second neighbour of one of the pair (two possibilities) or a nearest 
neighbour of one of the pair and a second neighbour of the other (again two 
possibilities). In the first case, we have available just one g-link, in the second 
case one g-link and one f-link, so that the total matrix element, enumerating all 
possibilities complying with rule (a) above, must be 2g + 2fg+2f+2g. The other 
elements can be derived by analogous arguments and in fact we find, for the case 


a= — 1, 


S C D 
S w(2g—1) w(2g—2) — 2ug 
Cc w?(2 —4g) w(4—4¢) w*(—1 + 49 — 39") ee Drviatatts & (2) 


D w? (4g —2) w? (4g —4) w(1 —4¢ + 397) 


There is no difficulty in extending this work to larger domains and other values of 
f, but the work becomes extremely cumbersome. ‘The experience in II indicates 
that this particular domain may be regarded as fairly ‘typical’. The powers of 
w introduced into the matrix elements of (2) enable one to keep count of the total 
number of sites involved. ‘The generating function for such networks involving 
“nrows is obtained by adding up all the elements in the S and C rows of the matrix 
.T"—, (We must not include the D rows since the last row of the domain may 
‘not be D.) If we want networks with all possible numbers of rows we must sum 
over all positive 7, so that our problem becomes practically the same as that of 
calculating (1—7)~*. If we do this, all the elements contain the following 
expression in the denominator 
det (1— 7)=1+ w(1— 2g) —w?(5 — 8g + 3g?) —w3(1 — 2g + 3g? — 6g*). ...... (3) 
The coefficient of w” enumerates networks containing m sites. As in II 
there is a corresponding contribution to the Mayer 5,series, w having the same 
significance as in that paper, (=2/(1+2)), in that it allows for clusters involving 
multiple occupation of sites. Thus, we may expect the expansion of the 
Teciprocal of expression (3) to behave qualitatively like the Mayer series itself, 
The behaviour of the dominant zero, i.e. the one nearest the origin, of 
pression (3) has been studied numerically. It is found to be negative when g 
egative. This we might expect, since the model is now a wholly repulsive 
e and should behave qualitatively like the model discussed in I and II for which 
=() and f is negative. The dominant root remains negative until g reaches a 
value of about 0-8 and for higher values of g it is complex, asymptotically 
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approaching the value 2/g when g becomes large. ‘This is exactly the type o 
behaviour we might have expected as a result of comparing II with Yang anc 
Lee’s work (1952). It will be remembered that they found that, as the strengtl 
of the attractive forces between nearest neighbours was increased, the singularities 
of the b, series gradually ‘ spread around’ the unit circle, starting from the negative 
real axis of 2, first touching the positive real axis at the critical temperature 
then ‘piling up’ there as the interaction was increased still further. 

This shows that at high temperatures we may expect a solid—gas transition 
the model becoming equivalent to that discussed in I and II. At lower tem; 
peratures the b, series is behaving in the way that we would expect if a liquid-ga: 
transition were approaching, though the above argument is not yet able to predict 
the critical temperature, even roughly. Since our model is of the same quali- 
tative type as Yang and Lee’s (1952) (attracting molecules with a rigid core) we 
can infer that it also has a critical temperature. From the argument in § 1(d) we 
expect the corresponding value of g to be near to 4+ 24/2, and we deduce a value 
of the same order of magnitude if we take account of the effect of the attractive 
forces on f, alone and treat the resulting virial equation exactly like that of var 


der Waals. 


§ 4. CONCLUSION 


We have still not decided whether there are one or two transitions, but we 
have shown that at all temperatures a transition will occur at an appropriate 
density and have obtained evidence that the nature of this transition changes as 
the temperature falls. It does remain possible, though unlikely in view of § 1(¢ 
above, that there is only one transition curve, relating temperature to density 
and we cannot expect to settle this question by a study of the J; series alone. I 
will be remembered that Yang and Lee (1952) had to change their expansion 
variable in order to get a series suitable for the ‘liquid’ region, and a similar step 
seems to be required in the present case. 
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Abstract. ‘The beta, gamma and internal conversion electron spectra of !44Ce have 
been studied with a magnetic spectrometer, scintillation counter and coincidence 
techniques. ‘The internal conversion coefficients of the 80kev and 133 kev 
y-tays were measured. Four partial beta spectra were observed and new evidence 
has been found for a level at 166 kevin the “Pr nucleus. No evidence was found 
for the 95 kev and 145 kev y-rays in the decay. 


§ 1. INTRODUCTION 


energy f-rays and y-rays to the ground state of !4Pr which further decays to 

M4Nd (half-life 17-5 min) by emitting high energy B-rays and y-rays of low 
intensity but high energy. A number of inconsistencies are evident in recent 
attempts to elucidate the decay scheme. ‘The highest excited level in 144Pr has 
been variously placed at 134kev by Porter and Cook (1952), Pullman and Axel 
(1956) and Hickok, McKinley and Fultz (1958), at 175 kev by Emmerich, Auth and 
Kurbatov (1954) and Parfenova, Forafontov and Shpinel (1957) and at 225 kev by 
Cork, Brice and Schmid (1954). The ordering of the lower intensity transitions is 
controversial and these authors further disagree about the existence of some y-rays 
in the decay. In addition to measurements of conversion lines and beta spectra, 
electron-gamma and beta-gamma coincidence experiments have been made in 
the present work in an attempt to resolve the apparent contradictions, 


Pp HE fission product Ce of half life 285 days decays by the emission of low 


§ 2. EXPERIMENTAL ‘TECHNIQUE 


A 5mm diameter disc source was prepared by vacuum distillation of certum 
oxide on toa 250 ng cm~? aluminium backing strengthened by a 50 ugcm~ nylon 
film. The beta spectra were recorded with the large iron shrouded prolate 

‘spheroidal magnetic field spectrometer (Evans et al. 1958) and the y-rays were 
analysed with a Nal (TI) scintillation counter. ‘The coincidence counting 
techniques have been previously described (Freeman 1959). During the coinci- 
dence measurements delay line adjustments were made to correct for the variations 
in the transit time of electrons through the spectrometer. 


§ 3. BeTA SPECTRA 


The total B-spectrum was recorded with the spectrometer adjusted to give a 
‘resolution of 1-3% and a transmission of 2-6% of 47. The statistical error of each 
point was always less than 1%. After subtracting the tail of the high energy 
B-rays from Pr an allowed Fermi-Kurie analysis (figure 1) of the residual spec- 
trum yielded the four components fp, 8,, 8, and f; in table 1. The calculated log ft 
alues suggest that all the transitions are first forbidden. This would require an 
“ + Now at Atomic Weapons Research Establishment, Aldermaston, Berks. — 
2G 
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odd parity assignment to the beta excited levels in Pr since the ground state spin 
of the even—even parent !4Ce must be OF. 


[w/t Cn} (arbitrary units) 


s 8 8 


ar i 12 13 14 Bee het’ 
Energy W (units of mc?) 


Figure 1. The allowed Fermi analysis of the singles B-spectrum of Ce. 


The B-rays in coincidence with each of the three peaks in the gamma counte: 
pulse height spectrum (figure 3) were measured to verify the end-point energi 
found above, and to determine the excited levels from which these y-rays ar 
emitted. Figure 2 shows the allowed Fermi plots of the recorded spectra whi 
the end-point energies andj intensities are presented in table 1. 


Tung = ssrpumt a 


OS aholes... 


RP © ae ¥ 
"2 d 
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lable 1. The end point energies E(kev), intensities I(%), and log fé values of 
the four partial beta spectra (8) 
0 SEs Es ee tL, 
Single Spectrum ————— _ Coincidences 
133 kev 80 kev X-ray 


3 E(kev) I% logft E(kev) I% Etkev) I%t (kev) I% 
me «319+5 60 755 


33 240+10 5 8-2 230 44 240 13 
3 5 185+5 ZS 72, 180 83 181 SZ 182 56 
Bs 128+15 12 0:9 130 17 143 24 126 31 


+ The intensities of the components in coincidence with the 80 kev y-ray have been 
corrected for the background pulses due to the 133 kev y-ray (see figure 3). 


Two further measurements of the B-y (133) coincidences with a source 
mounted on a 3-5 mgcm~? backing yielded an energy difference 8, — B3 of 47 kev 
and 66 kev. 

Assuming the ground state transition to be 60% abundant the intensity of the 
other f-ray components was calculated from the coincidence data : B, (7:5%), 
B, (22-5%), Bs (10%), in fair agreement with the estimates from the total spectrum 
analysis. ‘This second value of the f, intensity gives a log ft value of 8-0 (compared 
with 8-2 for a 5% intensity). 

The existence of 8; provides strong evidence for an energy level in *Pr above 
133 kev. No evidence was found for a 95 kev B-ray component as required by the 
Cork et al. decay scheme. Parfenova et al. employing a similar technique have 
reported four partial spectra By 310 kev (61%), B, 230 kev (6%), Bz 175 kev (26%), 
and B; 130 kev (7%), in excellent agreement with the above data. However, a 
recent note by Geiger, Graham and Ewan (1959) on internal conversion line 
measurements at high resolution places the upper excited level at 133 kev. 


§ 4. THE GAMMA SPECTRUM 


The gamma spectrum as recorded by the Nal(T1) scintillation counter is 
shown in figure 3 uncorrected for absorption. The background extending to 
high energy is due tothe Pry-rays. The main peaks are attributed to the 133 kev 


133 kev 


Counts per Minute (x10~*) 


(0) 10 20 30 40 50 
Pulse Height (volts) 


Figure 3. The low energy y-ray spectrum of the 14Ce—“4Pr—44Nd decay. 
2G2 
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and 80 kev y-rays together with a predominantly x-ray peak at 35 kev. — By con 
paring the peak shapes with the spectrum of 141Ce (145 kev y-ray and 35 kev X-ray 
and with the 70 kev x-ray of 2°%Hg, the residual spectrum yielded additional peal 
at 55kev and 100kev. ‘The ratios of the y-ray intensities were estimated to be 
133 kev : 80kev : 35kev=100(+10) : 24(+5): 90410 in agreement wit 
earlier work. The intensities of the 55 kev and 100 kev peaks were <10% an 
< 5%, respectively of the 133 kev y-ray intensity. 

The x-ray peak was noticeably wider (by a factor 1-4) than the pure x-ra 
peak of Ce, This strongly suggests the presence of y-radiation of this energ 
(possibly the 33 kev and 40 kev y-rays). 

From a f-y delayed coincidence curve (resolving time 27=8 x 10~*sec) a 
upper limit of 5 x 10-!sec was placed on the half life of the 133 kev gamm 
transition. ‘This would be in accord with an M1 assignment to the transition. 


§5. INTERNAL CONVERSION COEFFICIENTS 


The K and L conversion coefficients of the 133 kev and 80kev y-rays wer 
calculated from the ratio of the conversion line intensities to the 8-rays 1n coinei 
dence with the corresponding y-ray. The estimated values were : 

(133) =0-45 (40-07), «a, (133)=0-06(40-01); a,(80)=1-4(+.0:3); 

%,,(80) =0-2 (+ 0-05). 

Assuming the value of (133) a second value of «,(80)=1-13(+0-2) wa 
found from the intensity ratios for the y-rays and the conversion lines. Th 
tables of theoretical K conversion coefficients of Sliv and Band (1956) and th 
L coefficients of Rose (1958) give «, (133) =0-48, «,,(133)=0-065; a,(80)=24 
a#,(80)=0-29 for pure M1 transitions. ‘The measured conversion coefficient 
combined with the K/L ratios of table 2 suggest that both transitions are M1 
The spins of the excited levels are therefore 1— since present evidence (Freema 
1959) favours a spin of 0- for the *Pr ground state. The log ft values of th 
partial 6-spectra feeding these levels agree with this assignment. 


§ 6. INTERNAL CONVERSION LINES 


The conversion lines were measured with a transmission of 1-3°% of 42 and 
resolution of 0-9°% as recorded for the 91kev conversion line with the 5 m1 
diameter source. Below 50 kev the resolving power falls off owing to source 
scattering. Figure 4 shows the spectrum above 15 kev while table 2 summariz« 
the energies and intensities (0c area of each line) relative to a value of 1000 assigne 
to the 91 kev line. 

The interpretation of some of the weaker lines is tentative since the possibili 
of source contamination was not excluded by following the decay period of tk 
lines. ‘The existence of a line at 11-2kev, due to K conversion electrons of t 
53 kev y-ray, was confirmed by measurements with a lens spectrometer which hac 
high detection efficiency for low energy electrons. 

Measurements were made of coincidences between the y-rays and the 
intense conversion lines. The statistics of this time absorbing experiment we} 
rather poor but some qualitative information may be derived from figure 5 
was recorded with a spectrometer resolution Ae transmission a at - sh 
2: pane of 47 respectively, — 
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Figure 4. The internal conversion line spectrum of the 14Pr y-rays (the line energies are 
given in kev). 


Table 2. A summary of the energy E£, interpretation A, relative intensity J and 
the K/L, L/M ratios of the Internal Conversion Lines 


E(kev) A I Ratio E(kev) A MN Ratio 
11-2 K53-1 30K IL 21-5 54:3 5 

16-8 K58-8 29 K/L0-22 55-7 7 

24 K66 iAe i Ha? 57-3 Hae 36 

26-4 L332 140 L/M2-4 rye K99-3 

28-2 30 58-6 L66 6 LIM~15 
29-3 KLL Auger 3 65 M66 4 

31-7 M33-2 57 72-7 L79-5 80° L/M45 
33-7 KLM Auger ~ 25 78-0 M79°5 18 

33-7 L40°5 183. L/M6>5 79-5 N79°5 . 

37-7 K79-7 600 K/L7-5 79-5 L86-5 

39-2 M40-5 28 85-7 M86:5 3 

10-3 N40°-5 5 91-0 K133 1000 K/L6-9 
14.5 K86°5 5 97-5 M99 3 o 
16-3 153-1 28 L/M2:5 126-1 1133 146 L/M4:3 
19-2 12 131-3 M133 34 | 
51-6 M53-1 11 133-0 N133 4 

51:6 L,58°5 68 L/M>3-4 

52°7 14358°7 66 


bd 


: We deduce that : (i) the 133 kev y-ray is in coincidence with the 26-4 kev line 
(L, of 33-2 kev y-ray), (ii). the 80 kev y-ray is in coincidence with the 26-4 kev line 
and. with the L and M lines of the 53kev y-ray. From the measured L/M 
_of 2:5 we calculate the intensity of the unresolved M line in the singles 
trum to be 11.(see table 2), (iii) the x-ray peak is in coincidence with the 26-4 
kev line, the T. and M lines of the 53 kev y-ray and with the line at 57-3 kev. 
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Figure 5. The internal conversion lines recorded with a 1:3% resolution. a, singles 
spectrum; 0, coincident with 133 kev y-ray; c, coincident with 80 kev y-ray; 
d, coincident with x-rays. 


§ 7. DiscussION 


In agreement with previous analyses the positions of the 53 kev, 80 kev and 
133 kev y-rays in the !44Pr level scheme are well established. Some difficulties 
appear when trying to decide the positions of other levels. 

The conversion line at 52kev is interpreted as mainly an L,;-Lyy, doublet 
of a58-7 kev y-ray with ratios K/L ~0-2and L;/Ly;,;~1. This evidence shows that 
the transition is probably M3 with a long lifetime of the order of 100seconds. As 
no coincidences were detected between its conversion electrons and other gamma 
radiation we assume it is a transition to the ground state. Cork et al., however, 
attributed most of the Ly; line at 52-7 kev to K conversion electrons of a 95 kev 
y-ray between levels at 175 kev and 80 kev. We find no evidence for coincidences 
between this line and the 80 kev y-ray + x-rays and the K conversion cles in- 
tensity is estimated as less than 0-05% per disintegration. 

Cork et al. assigned the line at 57-3 kev to the M conversion of the 58-7 kev 
y-ray. ‘The observed coincidences between the x-rays and this line, togethe 
with the absence of coincidences with the L lines of the 58-7 kev y-ray shows tha: 
part of this line must be attributed to K conversion electrons of a 99-3 kev y-ray. 

No coincidences were recorded between y-rays + x-rays and the conversior 
lines of the 40-5kev y-ray. If this is a short half life transition (Geiger et al 
favour an M1 assignment) this y-ray cannot originate from a level at 175 kev a 
required by the decay schemes of Emmerich et al., Cork et al. and Parfenova et al 
The lack of evidence for a 95 kev y-ray further éotiflicts with this level assignment 

A search for conversion lines of a 145 kev y-ray found by Cork et al. gave : 
negative result and we estimate an upper limit of 0- 03% per Se for 
intensity of any line due to this y-ray. wth 
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An energy analysis shows that the 99-3 kev y-ray could represent a crossover 
transition for the 40-5 kev and 58-7kev y-rays. The 99-3 kev level would then 
be fed by the 66 kev y-ray together with possible unresolved f-rays to account for 
the intensity of the transitions from this level. 

From the measurement of concidences between the 133kev y-ray and the 
26-4 kev line we deduce that the 33-2 kev y-ray is a transition from a 166 kev level. 
In view of the rather poor resolution in this low energy region and taking into 
account the good agreement between the 133 kev energy and the summation 
(99-3 + 33-2) kev, the 26-4 kev line might represent L conversion electrons of two 
gamma rays of approximately 33-2kev energy. The second y-ray would then be 
placed between the 133 kev and 99-3 kev levels as Geiger et al. suggest. 

It appears difficult to identify the average energy difference of 50 kev between 
B, and 3 in table 1, with the quantum energy of the 33 kev y-ray without assuming a 
back-scatter distortion of the B-spectra. However, the results with a thicker 
source mount do not appear to support this assumption. Pullman and Axel have 
found evidence for a 12 kev y-ray which might be placed in coincidence with the 
33-2 kev y-ray to account for the discrepancy. 


§ 8. CONCLUSION 


A decay scheme including most of the recorded data is tentatively suggested 
in figure 6. It does not include gamma transitions which might be assigned to 
some of the weaker conversion lines in table 2. The important feature of these 
results is the evidence for an excited level above 133 kev together with the placing 
of a 33-2kev gamma transition above this level in disagreement with the recent 
of Geiger et al. We find no evidence for 95 kev and 145 kev y-rays in the 

ecay. 


#4Ce (185 day) 
y O+ 
144Pr (17-5 min) 
~ 135 kev 
10% 
185 kev 
23% 
240kev 166 
7% —133 I- 
319 kev ’ 99-3 (2-? 
PA 60% 797 \- 
587 3- 
OW0= 


Figure 6. The proposed decay scheme of *#*Ce. 


There is an obvious need for more accurate data on the low intensity conversion 
lines and for further measurements of coincidences with the conversion lines. In 
particular, e~—e~ coincidence experiments would be invaluable in resolving the 
uncertainties in the decay scheme. 
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Double Charge Transfer and the Mobility of He?+ Ions 
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Abstract. The interaction energies between a He?+ ion and a He atom are 
calculated for a wide range of internuclear distances. These energies are used 
to determine the cross section for double charge transfer between He2+ ions and 
He atoms as well as the diffusion cross section and mobility of these ions in helium 


gas. 


§ 1. INTRODUCTION 
UST as the resonance single charge transfer process 
Hei paiees lich riers naa * Heder ete (1) 
considered in two previous papers (Moiseiwitsch 1956, Lynn and 
Moiseiwitsch 1957) is an important factor in determining the passage of Het 
ions through helium, the resonance double charge transfer process 
Beet aiieo dic Het mer 9 ee ae (2) 


is an important factor in determining the passage of He?* ions through helium 
for a wide range of impact energies. 

The present paper is concerned with a theoretical investigation of process (2) 
using the method of impact parameters. This process has already been the 
subject of exploratory calculations by Betts and Jackson (1955), but these are 
only accurate to within a factor of about two or so. 


§ 2. "THEORETICAL DISCUSSION 
If we let V+(R) and V~(R) be the interaction energies between a He?* ion 

and a He atom corresponding to states of even and odd symmetry respectively, 
the theory of slow collisions between heavy particles given by Bates, Massey and 
Stewart (1953) results in the equations 

d*g,+ 2M W(1+1) a 

apt a {i Fez V+(R)- Oye ee g;*(R)=0 eceee (3) 
where g;+(R) is zero at the origin and for large internuclear distances R has the 
asymptotic form 
F ge~ksin(RR—$lrt+yt) vanes (4) 
-M being the reduced mass of the system, k being the wave number of the initial 
relative motion and 7= being the phase shifts for the /th order partial wave. The 
‘cross section for resonance charge transfer in which both electrons are exchanged 
between the He?+ ion and the He atom is given by 


On = AO (21+ 1) sin? Cig) eee eres (5) 


Face2? 
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and the diffusion cross section by 
4m 2 : 
Op = re 2, (-b 1 sin’ (q—a944)) howe (6) 
where 7,=%,+ and 11=Nei1 > the nuclei being assumed to obey Bose- 


Einstein statistics. 
The mobility can then be written in the form 


peeD/R Tee en (7) 
where the coefficient of diffusion D is given by (cf. Chapman and Cowling 1941) 
Sara (RIN 
= _— —(—_ ty Mee ieee agli r 8 
and 
ike i ” 8O_(v)exp(—Mv2kT) dv, sees (9) 
0 


e being the ionic charge, k being Boltzmann’s constant, T being the absolute 
temperature, 7 being the number density of helium atoms, v being the velocity 
of relative motion and e, being a very small term which can be neglected. 


Using Jeffrey’s approximation for the phase shifts, Bates, Massey and Stewart 
(1953) have shown that 


Op = 2n | psiner ap ever (10) 
where 
1 R(V+-V 
l(p)= at Cea a (11) 


v(0o) being the initial velocity of relative motion and p=(/+4)/k being the 
impact parameter. 

If p* is the largest value of p for which I'(p) > 47 then sin? I’ oscillates rapidly 
for 0<p<p* and may be replaced by its average value }. It follows that we 


2 
may write 


On= bp"? 2m | spat dee ih eee (12) 
p* 


Further, putting C*+(p) =n -— Ma? and replacing the summation over / in 
equation (6) by an integration over p we obtain (cf. Dalgarno 1958) 


Qp=2n | p(sin?¢+-+-sin®(-)dp. Lee (13) 
a Pal 0 
For sufficiently large values of p, ies and Mohr (1934) have shown that 
_RV*+(R)_ 2 ow. 
1()=— po = [° Te Le he: (14) 


and so if p* can be chosen such that this approximation is valid for p > p* and ome 
that ai #is.a sepa) oscillating function for p< p* we est 


Donne p(cin® Chin )dp at “al ; (15) 
with. 0 ; 
CHp)=EP(O)4B8) ae (16) 
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where 
_ 1 8 f° R(V+4+V-) 
MO 78%), =p 


é being the energy of relative motion. 


dhe. eee (17) 


§ 3. INTERACTION ENERGIES 


We see from the preceding analysis that in order to calculate the charge 
transfer cross section Q,, the diffusion cross section Oy and the mobility ~ we 
require the He?+—He interaction energies V+ and V- corresponding to the 
States of even and odd symmetry respectively. Approximate values for these 
as a function of the distance R between the helium nuclei A and B can be obtained 
by employing the variational principle. For the state of odd symmetry we adopt 
as approximate wave functiont 

Ye =$(T ar a2) — O("Bp pe) 
where 
P(14, 72) =exp (—ar,— Bre) +exp(—arg—Br) .. see (19) 
with «=2-19 and B=1-18, is the two-parameter helium atom wave function 
which was found to be satisfactory in the investigation of the passage of Het ions 
through He gas (Moiseiwitsch 1956, Lynn and Moiseiwitsch 1957). 

In the case of the state of even symmetry it is necessary to take account of the 
presence of a lower singlet state of the same symmetry associated with the two 
He* ions in their ground states. We therefore adopt as the trial wave function 
for the state of even symmetry 


yt = ea + CoXot ollekateliente (20) 
- where 
X1t =P(Tay Tao) + P(E» Be) tee (21) 
and 
Xot=exp{—2(r4,+7pq)} texp{—2(reit7,o)}, ee eee (22) 


c, and c, being adjustable parameters. 

At infinite nuclear separation the y,+ term represents two Het ions in their 
ground 1s states. Its presence in the trial function y,+ has a considerable effect 
as can be seen by referring to table 1 where the interaction energies Vt and Vt 

_ calculated with and without this term included are tabulated. Whereas Vt is 
“negative for R>2-0ay, V+ is positive and in fact is greater than V~ for all R. 


Table 1. Interaction Energies between a He?+ Ion and a He Atom 


~ R (a units) Vot (Ryd) V+ (Ryd) V- (Ryd) 
1-0 0-63 x 10-2 0-459 x 10 0-307 x 10 
1:5 — 0-342 0-182 x 10 0-991 
' 2-0 — 0-198 0-621 0-332 
' @ 254 —0-808 x 10-4 0-188 - 0110". 
4 3-0 —0-286 x 10-7. 0-540 x 10-3 0-357 x 10-4 
i. 4-0 —0:303 x 10-2. 0-462 x 10-2 0-357 x 10-2 
5-0 — 0-300 x 10-8 0-426 x 10-8 0347 x 10-8 
6-0 —0:30 x10-4 0-41 x 10-4 0:34 x 10-4 
7-0 40:3 x 10-5 04° x 1075 0-3. «10-5 | 


| + We employ Hartree units hereafter. . 
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In these calculations the polarization of the helium atom, by the ion has not 
been included. ‘To a good approximation the effect of polarization is to add ee 
term —4a/R!, where «=1-39 is the polarizability of a helium atom, to both V 
and V~ so that V+ — Vis not affected by polarization except at small values of R. 


§ 4. DouBLE CHARGE ‘TRANSFER CROSS SECTIONS 


An-analytical expression for [\(p) can be obtained if Vt+—V- is fitted to asum 
of exponential terms having the form AR" e~’* by using the basic integral 


ioe) —yR 
Ko(pv)= | Tap dR a (23) 


where K, is a modified Bessel function. ‘The remaining integrals which are 
required can be found by differentiating with respect to y. 


[<a a a a iF T 


AG = 


Charge Transfer Cross Section (units of Tra,”) 


x 
(i eae | | At, { { rt (eS: 
0-01 0-1 1-0 10 10? 103 10+ 105 108 
Energy of Incident lon (ev) 


Figure 1. Cross section Qp for double charge transfer between He?* ions and He atoms. 
The crosses refer to the experimental points obtained by Allison. The broken 
curve was obtained by extrapolating the calculated cross section. 


The charge transfer cross sections can then be calculated by using expression 
(12), the relevant integral being evaluated numerically. ‘The results of the cal- 
culation are given in figure 1 where the cross section for double charge transfer 
between He?* ions and He atoms is displayed as a function of the incident energy’ 
E of the He?*+ ion ona log scale. ‘The upper limit to the range of energies covered 
was 40kev. At higher impact energies reliable charge transfer cross sections 
cannot be obtained until a more accurate knowledge of V+ and V~ at very small 
values of R becomes available. However, if the calculated cross sections are 
extrapolated to higher energies a comparison can be made with the experimental 
double charge transfer cross sections obtained by Allison (1958). At 150kev 
Allison obtains a cross section of 0-65za,? which is rather smaller than the extra- 

~polated theoretical value of 1-47a,? at the same impact energy. Furthermore, 
the experimental cross sections decrease by a factor of about 5 between 150 and 
350kev which is a much more rapid fall off with energy than is shown by 
the extrapolation of the calculated cross sections. This behaviour of the experi- 
mental cross sections is due to momentum transfer which becomes important. 
when E£ is-greater than an energy of the order of 10-100kev. The effect of — 
momentum transfer has been neglected in the calculations presented here. | 


| 


» ; { 
z ~ 
~~ 
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The single charge transfer cross sections for process (1) are about 3 to 4 
times larger than the double charge transfer cross sections for process (2) at the 
same value of E for the entire range of impact energies investigated. 


+5. DirFusIon Cross SECTIONS AND MosiLity 
Using equations (15) and (16) we have for the diffusion cross section 
§ 05= np? +47 I p(sue Pl -esin? 6 =2:sin* sin? 8) dp: 7 (24) 
p* 


_ For large R the major contribution to the interaction energies between a He2+ 
ion and a helium atom arises from the polarization of the atom and so we may 
‘put 


It follows from (17) that for large p we have 
3am axe _— 
==. arty tC) 
B(P)= sap (26) 
For energies of relative motion & <0-1 ev the terms involving I give a negligible 
contribution to Op and so 


\ Ons = npn | psin® B dp | a ) 


— 


Pere B may be taken to be given by expression (26). 
When &22ev the terms involving A give a Bee eonsaleten 10105 


and then we hawer 4 
erie 0-20 * eneie (BYE 


If the energy of relative motion lies between about 0-1 ev and 2ev all the terms 
i 2 ) need to be taken into account. ‘The results. of the calculation of the 
um transfer (or diffusion) cross section 2p are given: in beets 25 ame 


2 


ae _ : oe Je Ata 
Rie Deh et Ok Gee ORR 

valet ee toe Ss 2 Mca 
a ALLE WS pty te Qh FF i 
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Substituting into the integral expression (9) for P the diffusion coefficient D 
may be readily calculated and hence the mobility 4 for He?* ions in helium 
obtained. This is displayed as a function of the temperature T in table 2. 


Table 2. Mobility of a He?+ Ion in Helium 


T(?K) 100 200 300 400 500 1000 2000 5000 8000 
elem" Vo" sec). 24 25 25 25 25 26 27 26 23 


At temperatures below about 200°k expression (27) for the diffusion cross 
section may be used for the determination of the mobility. Dalgarno, McDowell 
and Williams (1958) have shown that the mobility is then given by 


i= GeV Pci Vv BeC | en Ueto (29) 


where the constant A depends without much sensitivity on the particular value of 
p* used in (27) and the reduced mass J is in units of the proton mass. 

If the mobility corresponds to a constant gas density of 2:69 x 101%cm~%, the 
value of A used in the present paper is 40, giving rise to a constant mobility at low 
temperatures of 24cm?v—tsec-4. Due to the use of the Massey and Mohr 
approximation (14) this is about 10% larger than the classical value obtained by 
using the theory of Langevin (1905) and Hassé (1926). 

As the temperature rises the mobility is found to increase to a maximum 
value of 27cm?v—!sec™! at 2000°K and then begins to fall as still higher tem- 
peratures are attained and the effect of charge transfer becomes important. 
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Electron Loss from Fast Negative Ions of Atomic Hydrogen passing 
through Atomic Hydrogen 
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Abstract. Born’s approximation is used to calculate the cross sections of 
the processes 


H(1s) + H-(1s?)—> H(1s or 2p)+H(1s or 2p)+e 


at impact energies between 2:5kev and 10mev. The sensitivity of the cross 
section of the process 


H(1s) + H~-(1s?) + H(1s)+H(2p)+e 
to the choice of bound and free H~ wave function is examined, as is that of the 
process 

H(1s) + H~(1s?) > H(2p) + H(1s)+e 
to the choice of free H~ wave function. The electron loss cross section o_, 9 
is approximated by a sum rule, for the simplest choice of wave function. The 


results are compared with those of Allison for H~ electron loss in H,. The 
energy distribution of ejected electrons at high impact energies is also given. 


§ 1. INTRODUCTION 


hydrogen and helium atoms and positive ions, has been carried out by Bates 
and his colleagues using Born’s approximation (see Bates and Dalgarno 1956 
for a brief summary of this work up to that date, Boyd, Moiseiwitsch and Stewart 
1957, Bates and Williams 1957). 
Considerable interest is attached to comparable studies of processes involving 
the negative ion of atomic hydrogen H~. Electron loss cross sections for fast H~ 
‘in He to Born’s approximation have been published by Sida (1955). In this 
“paper we investigate the simplest of such processes, single electron loss from 
fast H- in H. Since the negative ion is a much more diffuse system than the 
corresponding neutral atom, one would expect the cross sections for these pro- 
cesses to be more sensitive to choice of atomic wave functions than the atom— 
atom and atom—positive ion collisions previously studied. We therefore employ 
a variety of wave functions in some of the calculations, to investigate this sensi- 
tivity. 

There are no available. experimental data in the magnitude of the electron 
loss cross section, though measurements are now being undertaken elsewhere. 
However, Allison (1958) has recently reviewed the results for H~ electron loss 
in molecular hydrogen. Preliminary data on the atomic case (Branscomb and 
Fite 1959, private communication) suggest that the cross sections are closely 

similar, near their maximum. | 
‘+ Now at Georgia Institute of Technology, Atlanta, Georgia. 


[: recent years a detailed theoretical study of fast collision processes involving 
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§ 2. ‘THEORY 
We consider a collision between a fast H~ ion and a hydrogen atom. Bott 
systems are initially in their ground states ; an electron is ejected from the negative 
ion only and each of the residual atoms may be left in any discrete state. Born’: 
approximation is employed, exchange being neglected. The electron loss cros 
section o_, 9 may be expressed as 
G4 9=>, > Olis; Is? nl gnl,C) 5 nese ss (1) 
nl’ nb 
the dashes on the summations indicating that only discrete terms are to be 
included. Here O(1s;1s?->n’'l’;nl, C) is the cross section for the process 
H(1s}+ H=(1s*)> HG!) +H (alse 6 Ayes (2) 
This cross section is given by (Mott and Massey 1949) 


3264 7 PK kn 
O(1s; 1s*+n'l jnl, C)= EE | | a i ™ IL(n'l'; nl, C)PKdKdrdw 
BEAL J iO. od! Stile. criti eeaieionians Sea (3) 
the ejected electron having momentum /x, lying in the solid angle dw about the 
direction (x, 4). ‘The momentum of relative motion is 1K, 
Vi v 
K=k; —kg; =k ot ee: (4) 
where pis the reduced mass of the system, vjand vy are the initial and final relative 
velocities and the z axis is taken along K. 
The matrix element L(n'l’; nl, C) is 


Low's nl, C)= | | | [¥.*(Ou Fa te) Fe(0n Fe Fs) exp {HK R} 

MR Mp rote iapjor.dradR,  — "9 =, 5anae fe) 
in which ‘’; and ‘I’; are the initial and final wave functions of the whole system, 
R is the internuclear separation, g, is the position vector of the target particles’ 
electron with respect to its nucleus; r, and rz are the position vectors of the H- 


electrons with respect to the nucleus of the ion; and V(R, @,, ro, rs) is the inter- 
action potential, which may be written in the form 


il 1 1 1 
VCR} pgp Wags, Weg a i et ee 
iS PGraN a= ee (IRS er 
1 
| a a ee rn ame lets ‘6 
IRer.-e] | Rors—el (6) 


Integration over R-space yields 


(ey jae 2 * max «max 
Cisse eee. = 551 \[, | 


“min 
| x J (1s?>nl, C)[?|G(1s>n'l’) PK dKdkdw, ...... (7) 
all quantities being in atomic units. ‘The integral %(1s?-> nl, C) depends 5 | 


___ on the initial and final states of the H~ ion; similarly the integral G(ls+aT 


_ depends only on those of the target H atom. Both may be evaluated analytica! 
by elementary methods. 
The unit of energy is defined by 
nee , oF P= moe/2Ly. PRD aL errs 
where J;, is the ionization potential of atomic hydrogen and mis the electroni 
mass. Site aia wool Re ad -: 


a 
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§ 3. SENSITIVITY OF THE Cross SECTIONS TO CHOICE OF Wave FUNCTIONS 


The wave functions are written as products of atom and ion wave functions, 
a valid approximation at large R. We put 


ST Res) ae ne ee (9) 
where %(n'l’, p,) is the wave function of a hydrogen atom in the n’l’ state, and 


$i (HL) = Nih(a, re )(B, rs) +(x, ry )h(B, re)} 
Pe) = Neh (nl, ro)b (ts) + (al, ry )b,(r2)}. } 


Consider first the initial H~ wave function. Studies of the binding energy, 
attachment energy, and other properties of H~ (cf. Bethe and Salpeter 1957) 
suggest that a good wave function must take explicit account of the electrons 
mutual repulsion. ‘This leads to great analytical complexity and was not adopted. 
If %(«, r) and %(§, r) are taken to be hydrogenic 1s orbitals with effective nuclear 
charges « and f, then a variational calculation of the binding energy yields « = 1-04, 
B=0-2808 and gives a close approximation to the attachment energy 
(Chandrasekhar 1944). This wave function has also been used in calculations 
of the photo detachment cross section (Chandrasekhar and Breen 1946) and 
of symmetric (H~, H) charge transfer (Dalgarno and McDowell 1956, 
Branscomb, Fite, Stebbings and Hummer 1959, to be published) and gives 
good agreement with the experimental data in both cases. We have used it to 
calculate the cross section of the process 


H(1s)+H~(1s?)>H(1s)+H(2p)+e aaa (11) 


in which the matrix element is greatly simplified by orthogonality of the atomic 
orbitals. Its use with any but the simplest free electron wave function, or in 
other processes, led to prohibitively lengthy calculations. We therefore adopted 
the simple hydrogenic wave function with «=8=0-6875 for the remainder of 
our work, using (11) as ascaling process. It should be remarked that the success 
of a wave function in predicting the binding energy implies only that it is accurate 
in regions near the nucleus, and is in itself no criterion of its value in collision 
problems, in which the electron density distribution over a wide range of radial 
distances may be important. 

The ejected electron moves in the field of a hydrogen atom in the ml state. 
Since this field falls off exponentially it would appear a reasonable first approxi- 
mation to represent the free electron by a plane wave 


h(x) = aan SS 


where we have normalized y(x) according to 


| dw | TOMI Oa ConA Catal eee ee (13) 


[t should be noted that the resulting H~ wave function is not orthogonal to the 
mr nd state wave function. A better approximation would be to use the one- 
ody approximation (Mott and Massey 1949), that is, to solve the Schrodinger 
. tion for an electron in the static field of a hydrogen atom in the ml state, 


K'2g, 
dae)= 5200 Foca ae 24) 


PROC. PHYS. SOC. LXXIV, 4 2H 
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where g(r) is the solution bounded at the origin and having asymptotic form 


ayn cee eae (15) 
of the equation 


ae +122) ee oy (16) 


= fvene{> — A hdty (17) 


the normalization of g,(r) being carried out by the method of Strémgren (cf. 
Bates and Seaton 1949), The resulting wave function represents the s-wave of 
the continuum only. 

We considered the two sets of processes 


H(is)+H-(1s)>H(nl')+H(1s)te 9 (18) 


in which 


and 

H(1s)+H-(is*)> Hat) +H(2p)+er ose (19) 
For the second of these, process (19), only the s-wave of the continuum contri- 
butes, so the use of (14) is no limitation. A more refined variational wave 
function for an electron in the field of H(2p) has been developed by Khashaba 
and Massey (1958). It may be written in the form 


tbs(%) = eee (1 aden? \ee eye ant, on (20) 


Daye ar Kr 
where c and d are variationally determined parameters. ‘These parameters vary 
rapidly with « and are only tabulated at four points. ‘They were interpolated 
graphically for other values of x. ‘The results obtained cannot therefore be 
regarded as very accurate. 

We have calculated the cross section for (19) taking n’l’=1s with each of 
W(x), to(%) and W3(%) and with y,(%) used both a one parameter and a two para- 
meter bound wave function. The results are displayed in figure 1. As might 
be expected the two parameter bound wave function, which portrays the ion asa 
very diffuse system, yields a cross section an order of magnitude larger than does 
the one parameter approximation. Almost all of the effect arises from small 
values of «; the term in the integration over « involving B=0-2808 is mueh 
larger for «<1-0 than is the corresponding term in the one parameter approxi- 
mation involving «=0-6875, even when allowance is made for the much smalle 
normalizing factor. ‘The result of improving the free electron wave function i 
surprising in that the one body approximation compares quite favourably wit 
that of Khashaba and Massey. Both reduce the cross section considerably, th 
latter by an order of magnitude, and this is true at all impact energies considered. 
(It might have been supposed that distortion would only be important at low im 
pact energies, since at high energies more of the contribution to the cross sectio 
comes from large values of « for which the plane wave representation should b} 
valid.) The energy variation of the cross section is not, of course, sensitive t} 
the choice of wave function. The corrections to its magnitude occasioned b 


t The behaviour is controlled by the normalizing factor which is very small in t 


region of « of interest, since the s-wave phase shift becomes quite large. Cancellation 
also oot epnm 
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improvements in the bound wave function are opposite in sense but, perhaps. 


fortuitously, of the same magnitude as are those due to improvement of the free 
electron wave function. It is clear that the behaviour shown in figure 1 is typical 
of all processes of type (19), since the term in the matrix element involving n’/’ 
acts primarily as a scale factor. The remaining calculations on these pro- 
cesses may therefore be greatly simplified by adopting y,(«) and the one para- 
meter bound wave function. ‘The relative magnitudes of the cross sections for 


the processes considered should be quite accurate, and their absolute values 
should not be greatly in error. 


| | 


ul 


32p,C) Tra,?} 


U 
Ls] 


Q (Is;1s? Is 


logo { 


5 
log; {Z; (ev)} 


Figure 1. Cross section Q(1s; 1s2-+1s; 2p, C) computed on Born’s approximation. 


I. One parameter bound, plane wave free electron. 
II. Two parameter bound, plane wave free electron. 
III. One parameter bound, one-body free electron. 
IV. One parameter bound, Khashaba—Massey free electron. 


7 
_ We consider now processes of type (18), and again employ Yy(«) as a first 
approximation, together with the simple one parameter bound wave function. 
In the absence of a closed form for the total cross section we restrict ourselves to 
a consideration of the s and p waves of the continuum. ‘The neglect of higher 
partial waves is unlikely to be serious at the low values of « which are of importance. 
Much effort has been spent on obtaining improved s-waves for an electron 
outside a hydrogen atom in the ground state (cf. Bransden, Dalgarno, John and 
Seaton 1958, hereafter referred to as BDJS) and recently the above authors have 
obtained a variationally determined p-wave. Their results seem in better agree- 
nent with the experimental evidence on slow elastic scattering than do any 
thers (Brackmann, Fite and Neynaber 1958). We have therefore adopted their 
wave functions for the symmetric exchange case, 


ss dotites = {sin er +a, O{1 —e-*"} cos rr + ber } aan (21) 
T 
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in which 7)+= tana) is the s-wave phase shift and 6 is a variational parameter. 
For the p-wave oa adopt 


Hale P)= THe Ta {ir(er) — aU — ey (er) + by (xr Pers wees (22) 


where 
inle)= (FF) Juas)s le)=(F) Taal) ve (23) 


while a, and 5, are variational parameters. 
The s-wave function (21) was used for «=0-1(0-1)0-4 to calculate 


|4(1s?—+ 1s, C)|? and the results compared with those obtained using the s- _ 
component of the plane wave. ‘The general behaviour of the matrix element, as 
a function of K and « was but little changed; however, it is multiplied bya 


we eS wo a 


J\9(1se 13,0) |? dw (arb.units) 


2 3 
KK (atomic units) 
Figure 2. The s and p wave contribution to [LZ stats, C) |? dw for k=0°5. 
I. Plane wave. II. BDJS wave function. ~& 
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10% less than the p component of the plane wave. The p-wave contribution 
is but a small fraction of the s-wave contribution in the plane wave case, 
except in the region near K=1-0 where they both have a zero and here it is 
always smaller than the s-wave. However, in the BDJS case the s-wave 
contribution is greatly reduced while that of the p-wave is scarcely altered 
and hence dominates at small K, giving a sharp maximum in the matrix 
element near K=0-5 (cf. figure 2). The total cross section was then calculated 
on the assumption that the matrix element was decreased in the same ratio (for a 
given K) for x >0-5 as for «=0-5. Errors in this assumption are unlikely to be 
serious since there is only a small contribution to Q from large x. The results 
are shown in figure 3 for n'l'=2p. 


§ 5. ELEcTRON Loss Cross SECTIONS 
It is unlikely that the effect of improving the bound wave function for pro- 
cesses of type (18) will be significantly different from that in processes of type 
(19); that is, they will be slightly larger but of opposite sign to the corrections 
obtained by modifying the free wave function. Hence the cross sections cal- 
culated for processes of type (18) using the one parameter bound and plane wave 
free wave functions should be correct, relative to each other and to the similar 


results for processes of type (19), and their absolute magnitudes should be fairly 
good, perhaps to within a factor of five. 


Q (Is;Is?>Is;15,C) 
Q(Is,ls*—> 2p,1s,0) 


Q(\s;ls?>1s;2p,C) 


Q (is;Is? > 2p,2p,c) 


4 5 6 is 5 ii 
10g, {2% (ev)} log,o{Z;(eV)} 

i ; Born approximation cross Figure 5. Electron loss cross section o_3, 9 
Bee. for the aisteaks for H- ions in H. The upper curve 
H(1s)+H~-(1s?)>H(1s or 2p)+H(1s or is drawn through the experimental 
2p)+e computed using a one para- points (cf. Allison 1958). The lower 
meter bound wave function and a curve gives the computed values. The 
plane wave for the free electron. broken line to the right represents the 


approximate asymptotic result. The 
experimental results of Whittier (1954) 
lie some 20% higher at 4 kev. 


These cross sections, for n]=1s and 2p, are shown in figure 4. ‘The cross. 
sections for which the target particle is unexcited have their maxima at much lower 
ergies than do those in which it is left in a 2p state. This results in a much 
- slower fall off of o_, 9 with increasing impact energy than would otherwise be 
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expected. Further, for any given n'l’ the major contribution comes from single 
transitions of the H- ion, that is, from electron loss without excitation of the 
residual atom. J 

The cross sections shown in figure 4 should make the most significant con- 


tribution to o_, 9 at all energies. Previous work on H*>° collisions with H and 


He (cf. Bates and Dalgarno 1956) indicates that at any given energy the Born 
apprasimauion cross sections for any given / or /’ fall off rapidly with increasing 
m or n’; and conversely for any given nm or n’ and Al or Al’ # +1, they fall off 
rapidly with increasing / or J’. The sum of the cross sections for processes (18) 
and (19) with n’l’ =1s or 2p is displayed as o_, 9 in figure 5. It is possible to get 
an approximate asymptotic representation of o_, 9 by ignoring the contribution 
(which should be small) from processes in which the target atom is left in states 
other than 1s or 2p; that is 


pac Pate 1s?—>'Is ; nl, C) + O(1s; 1s? >2p; nl, C)}. ...... (24) 


(This summation includes an integration over the continuum and so takes account 
of double electron loss o_,.,.) Using a sum rule technique this can be 
evaluated to yield 


42:16 
21,6 Ae)E) aera lo Rane e tS Ae (25) 


‘There are no direct experimental data on o_, 9. Several authors have however 
presented results on o_, 9 for H~ ions in H, (Whittier 1954, Stier and Barnett 
1956, Rose, Connor and Bastide 1958) which have been reviewed by Allison 
(1958). While there are sound theoretical reasons for supposing that H, is 
equivalent to two hydrogen atoms for collisions with H*, this is not so for collisions 
with H-, and indeed Gerjuoy (1958) has argued the contrary. However in the 
absence of direct experimental data the comparison is made in figure 5. The 
agreement is surprisingly good, in view of the approximations made. ‘The 
theoretical results should not be in error by more than a factor of five at high 
energies. [hey are much less trustworthy, through the failure of Born’s 
approximation, near the maximum cross section, where they should considerably 
over-estimate. Preliminary data obtained with atomic hydrogen by Branscomb 
and Fite indicate a cross section of between 5-0 and 10-0 za)? at 5000 ev remaining 
‘steady to much lower energies. ‘This may imply that our results at high energies 
are too small; which would in turn imply that the use of a bound wave function 
taking explicit account of the electronic interaction would increase the cross 
sections even more than does the replacement of the one parameter by the two 
parameter approximation. Further discussion must await the detailed experi- 
mental results. 
The energy distribution of the ejected electrons is of interest in connection 
with secondary processes. In figure 6 we show the variation of N 
logyo{Q(1s ; 1s?—> 2p; 1s, Clx?, E)} 
as a function of « for some selected incident particle energies. This is such th 
O(1s; 1s?—> 2p; 1s, Clx?, E )dx? is the cross section for the yates in whic 
n'l'>2p;nl—>1s and an dleceron 3 is ejected with energy between «? and x? + dk* 
times I, by an incident particle of energy E,. These curves show the sam 
general cee as do those presented for . 0 


HY tH (ls) H* Ht + ¢ dinates CAE 
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by Bates and Griffing (1953), but a very much faster fall off at any given energy. 
That is, there are relatively few high energy electrons ejected: this picture is 
substantiated bythe data on F (?|E;), the fraction of electrons ejected with energy 
greater than «*J, at incident energy Ej, which are displayed in figure 7, Only 


logo {Q(15,15*-r 2p,1s,C|k’, E;)} 


10 2.0 30 
108.0 { 2 (kev)} 

Figure 6. The energy distribution of the ejected Figure 7. The fraction of ejected 
electrons. ‘The numbers on the curves give electrons which have energy greater 
the energy of the incident particle in units than «*fq. The numbers on the 
of of;”. curves give the relevant values of k?. 


25% of the electrons have energies greater than 0-5J,, and only 10% have energies 
exceeding one J,, even at the highest impact energies. While figures 6 and 7 
only refer to the n'l’=2p, nl=1s case, this is dominant at the high energies of 
interest in auroral studies. 
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Electron Collision Cross Sections in Helium 
By D. T. STEWARTYT anp E. GABATHULERT 


Physics Department, Queen’s University, Belfast 
Communicated by K. G. Emeleus; MS. received 28th April 1959 


Abstract. Electron collision cross sections in helium have been measured by an 
optical method, using a photoelectric spectrophotometer. The results are in 
general agreement with those of previous workers. Some values for the cross. 
sections for collisions of the second kind in helium are also given. 


gases, some measurements were made of the electron collision cross sections 

of helium, to test the experimental techniques. These cross sections had 
been previously measured by Lees (1932) and Thieme (1932). There are, how- 
ever, differences between their results. In view of this it was felt that our results, 
obtained by new photoelectric techniques, and covering more of the spectrum, 
might be of interest. 

The basic experimental arrangement has been described in previous communi- 
cations (Stewart 1956, Stewart and Gabathuler 1958). The electron gun, which 
had been designed to provide an intense well-collimated beam of electrons for the 
investigation of weak bands, did not prove suitable for the study of the initial 
portions of the excitation functions of the helium lines. Electrical measurements. 
on the electron energy distribution in the beam at pressures less than 10-? mm Hg 
showed that 95% of the electrons lay within a 2-volt range of the applied accelera- 
ting voltage. Nevertheless, in helium, it proved difficult to maintain a collimated 
beam below about 27 v over a sufficiently wide range of gas pressure and beam 
current to check that the light from the source was only produced by single 
electron impact and to be certain of the absence of space charge effects. Above 
this voltage the beam was well behaved, possibly due to the increasing concen- 
tration of positive ions, and the usual tests could be applied to determine the 
optimum source conditions for the measurement of electron collision cross sections. 

The dependence of intensity of the lines on beam current was first investigated 
over a wide range of conditions; it was found that the intensities of all the lines. 
studied (table 1) were directly proportional to current, indicating that cumulative 
excitation was absent. 

The variation of intensity with pressure was next investigated. It was found 
that the intensities of the lines of the 21P-n'!S, the 2?S—n°P and the 2?P—n°S series. 
were all directly proportional to pressure, indicating that the nS, n3P and n°S 
levels were being mainly populated by single electron impact with the helium 
atom in the ground state. The lines of the 21S-m1P, 21P—n'D and 2?P-n°D series. 

did however exhibit a non-linear variation of intensity with pressure; typical 

results are shown in figure 1. No measurements were made at pressures greater 

_ than 2 x 10-2mm Hg, as the increasing concentration of slow electrons in the beam 

~ tends to become important at higher pressures and makes analysis of results less 

+ Now at Department of Natural Philosophy, The University, Glasgow. 


I N the course of an investigation of the excitation functions of the atmospheric 
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certain. The anomalous variation of intensity with pressure for the 2*S—n'P 
series is due to the population of the 'P levels by absorption of 11S—m'P radiation 
emitted from the beam (Lees and Skinner 1932). In agreement'with Lees (1932), 
we found that much of the light emitted in transitions from the 'P levels came from 
regions outside the beam. In fact, at pressures above 1 x 10-*mm Hg a green 
halo due to the 2!S—3!P line at 5016 A could be observed around the beam. ‘The 
explanation of the non-linear variation of intensity with pressure in the case of 
the 2!P-n!D and 2?P-nD series is more complex and requires consideration of 
the excitation functions for analysis, 


Table 1. Electron Collision Cross Sections Ojjqnax) of the Lines measured at the 
Electron Energy £.,,,,, of the Maximum Probability of Excitation 


max 


Ojxqmax) * 10-*° cm? (Eqmax)) 


Transition Line Lees Thieme Stewart and 
(A) Gabathuler 
21S-—31P 5016 100 (400) 84 (100) 94-6 (100) 
21S—41P 3965 34 (100) 29 (100) 23-5 (100) 
21S—51!P 3613 5-7 (100) a 2:8 (100) 
215-—61P 3447 — —- 1-3 (100) 
21P-415 5047 — 16:5 ( 40) 16:3 (36) 
21P-515 4437 2:8 (36) 8-1 (37) 4:9 (36) 
2'P-61S 4169 1:2 (36) 4 (35) 2 OMntso) 
23P—4:D 4922 11:0 (74) 23. .« (50) 17:4 (45) 
21P-5!D 4388 6:0. (74) 125550) 7-9 (45) 
2'P-6!D 4143 — 6 (50) 4:2 (45) 
2'P-7!D 4009 — 2:5 (50) 2-1 (45) 
2'P-8!D 3926 — ae 1-4 (45) 
2°S—33P 3889 aera (32) 1700 = (30) 95. 2) 
23S—48P 3188 — — 10:3 w(32) 
23P-4BS 4713 21 ye (30) 33 er Gs0) 21-9 (30) 
2°P-5°S 4121 4-1 (30) 19 = (30) Se 830) 
23P-635 3867 Seas) 3:2 (30) 
23P-7°S 3732 —_—. = 1-4 (30) 
2°P-3°D 5875 -— 42 (30) 44-9 (35) 
2°P—44D 4472 12 (34) 18 (30) 14 = (35) 
2?P-5°D 4026 — oe 5-1 (35) 
2°P-6°D 3820 a — ERT laa (el 
2°P-7?D 3705 — — 2:2 (35) 
2°P-8°D 3634 — — 1:16 (35) 
2°P-9°D 3578 — = 0-5 (35) 
The numbers in brackets are the voltages for maximum cross sections. , 


ae 


od 


There is good general agreement between the forms of the excitation functions 
of the various series found in the present investigation (Gabathuler 1957) and by 
Lees and Thieme, the only serious disagreement being for the 21P-7!D lines. 
Typical excitation functions of this series at different pressures are shown in figure 
At a pressure of 3 x 10-?mm Hg figure 1 shows that the 41D level is mainh 
populated by direct electron impact, and therefore curve A in figure 2, which i 
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similar to that found by Thieme, gives nearly the true electron excitation function. 
However, at 8 x 10-3 mm Hg (curve B) where the m!D levels are evidently being 
partly populated by some secondary process, the apparent excitation function 
exhibits a secondary maximum centred around 100 volts, of which there is in fact a 


8 8 
2 
$6 eG 
= s 
5 = 
5, § 
> 5” 
g > 
= 2, 
Z 
0 
) 4 8 12 16 20 40 80 120 160 200 
Pressure x l0~? (mmHg) Accelerating Voltage 
Figure1. Intensity plotted against Figure 2. Relative excitation func- 
pressure at an electron energy tions of the 21P-4'D line ‘at a 
of 100 v for: pressure of: 
A, (2+S-—3!P) line at 5016 4 A, 3x 10-3? mm Hg 
B, (21P-4'D) line at 4922 A B,.8 x 10-? mm Hg 
C, (2°P—4"D) line at 4472 A Creo |Onecmmplic 


Curve D illustrates the relative 
excitation function of the 241S—31P 
line. 


smalltracein A. Curve C obtained at 1-5 x 10-2 mm Hg resembles that found by 
Lees. As the only levels in helium which have a maximum probability of 
excitation greater than 50 Vv are the 7'P levels, this, together with work by Wolf and 
Maurer (1940), suggests that the 71D levels can be populated via n'P levels by the 
process : 

He (m'!P) + He(11S)— He(11S) + He(m!D). 

The energy defect between the !P levels and the 1D levels of the same , of the 
order of a few millivolts, can be supplied by the thermal kinetic energies of the 
colliding atoms. A similar process (Lees and Skinner 1932) can account for the 
indirect population of n*D levels: 

He(n!P) + He(11S) > He(115) + He(n®D). 

The maximum values of the cross sections Q,, for electron excitation of the 
lines are given in table 1, together with the values found by Lees and Thieme. 
‘The observed values of electron energy for maximum probability of excitation are 

also given in each case. ‘Where comparison is possible (neglecting the value 

of Thieme for the 23S—3?P line which is obviously in error) it can be seen that 
in general our values lie between those of Lees and Thieme. 

The cross sections at maximum probability of excitation of the upper levels of 

‘these lines, derived from our measurements and using calculated values of 

ransition probability (Hylleraas 1937, Goldberg 1939, Bates and Damgaard 

950, Dalgarno and Lynn 1958, private communication) are shown in table 2. 
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Table 2. Cross Sections Ojgnax) for Excitation of the Helium Levels derived from 
the Cross Sections Ojzamaxy given in table i! 


a 


Level Qjcmax) x 10-99 cm* Level Qjmax) SIO aa 
ye 4477 33p 106:6 
41P 942 43p 12 
Dae 103 
61P 43-3 43S ZU | 

538 18-9 
418 26 63S 6:2 
51S 10-4 
6'S 6:2 S541 D) 44-9 

4°D 17-8 
41D 23-8 53D HQ 
5D 12:2 6°D 4-0 
61D 6-4 BPD 3-2 
7D 3-3 83D 1-7 
ae 2-2 9°D 0-75 


Recently, Frost and Phelps (1958) have analysed all available experimental 
data for the rates of excitation to the principal levels in helium. Cross sections 
derived from this analysis are in good agreement with the values reported here, 
apart from those for the m!P levels. In this case an analysis of the effects of the 
imprisonment of the 11S—n'P radiation (Phelps 1958) suggests that our values of 
cross sections of these levels are too large by a factor of approximately ten. 
Although figure 1 does indicate that there is little indirect population of the m'P 
levels at pressures less than 5 x 10-? mm Hg, the lower values are in better agree- 
ment with calculations based on the Born approximation (Massey 1957). 

Since the dependence of intensity on pressure for the 2!'P—n!D and 23P-—n?D 
lines was linear at low pressures, an estimate can be made of the rates of population 
of the n'D and n®D levels, due to the transfer reactions, from the departure from 
linearity at higher pressures. ‘The cross sections for these collisions of the second 
kind can then be found, as the populations of the parent n!P levels can be calcu- 
lated from known excitation cross sections and transition probabilities (Gabathuler 
1957). The transfer cross sections are given in table 3, together with the values 
measured by Wolf and Maurer (1940) using a basically similar method. 


Table 3. Cross Sections for Transfer Reactions in Helium 


(1) (2) (3) (4) 
41P-41D 0-006 67 12:3 
41P-"D 0-006 15 2-6 
54P—5'!D 0-003 51 76-0 
54P-5°D 0-003 ea | 11-9 


(1) Reaction; (2) resonance discrepancy (ev); (3), (4) cross section (10-15 cm2): 
(3) Wolf and Maurer, (4) present experiment. 4 


It can be seen that the Wigner spin rule is partially obeyed, the ratio betweam 
cross sections for transfer to triplet and singlet levels of the same 7 being 1 to 5 or 6. 
These transfer reactions occur in a two body collision and should be strongly 
resonant near zero energy difference. This is borne out by the results, as 
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reduction by a factor of two in the energy discrepancy gives approximately a 
six-fold increase in the cross sections in both cases. 


ACKNOWLEDGMENTS 


We would like to express our gratitude to Professor K. G. Emeleus for guidance 
and encouragement. Our thanks are also due to Dr. A. Dalgarno and Dr. A. V. 
Phelps for stimulating discussions on this work. 


REFERENCES 


Bates, D. R., and Damcaarp, A., 1950, Phil. Trans. Roy. Soc. A, 242, 101. 
Frost, L. S., and PHetps, A. V., 1958, Westinghouse Research Report. 
: GaABATHULER, E., 1957, M.Sc. Thesis, Queen’s University, Belfast. 
: Go.pseErG, L., 1939, Astrophys. F., 90. 414. 
HY Lueraas, E. A., 1937, Z. Phys., 106, 395. — 
Hones e)- Ele 932— Proce Roy sSoce AL 37, 173% 
Lees, J. H., and SKINNER, H. W. B., 1932, Proc. Roy. Soc. A, 137, 186. 
Massey, H. S. W., 1957, Handbuch der Physik, Vol. 36 (Berlin: Springer). 
Puetps, A. V., 1958, Phys. Rev., 110, 1363. 
StTewakrt, D. T., 1956, Proc. Phys. Soc. A, 69, 437. 
Stewart, D. T., and GaBAaTHULER, E., 1958, Proc. Phys. Soc., 2 287. 
"THIEME, O., 1932, Ze Physew (SAA le 
_ Worr, R., and Maurer, W., 1940, Z. Phys., 115, 410. 


—= a 
“ — ce 
a 
Se 
a ee 2 as 
bay? av * ¢ 
oo 4 P > 1 i c {it ' F ie S 
: J a a ey > 7 a i 
ee Pia Ta * nt - a ¢ 
“sr bhaee Frog < ik. iced, PS = > at 3 Dp 
psy aryirt 1 
4 Big bey Pct BL: ee avd 
“ . 


ane or aati swe “Oe Se loos 
oiatiwtin Sheath eae 
ae ud te ity aeeey, Sot 


ait - a < ie 


478 


RESEARCH NOTES 
The Decay of '*7Pm 


By R. JAKEWAYS anp W. G. V. ROSSER 
Physics Department, The University, Exeter 


MS. received 11th May 1959 


a maximum energy of 226kev and a half-life of 2-65 years. Accompanying 

the B-decay there is a continuous spectrum of y-rays due to internal and 
external bremsstrahlung. During an investigation of internal bremsstrahlung 
Lederer and Langevin-Joliot (1956) observed several discrete y-rays accom- 
panying the continuous y-spectrum from 1’Pm obtained from fission fragments. 
Most of these were removed by paper chromatography and were identified as 
cerium and europium impurities. However a y-ray of energy 121 kev having an 
intensity of (3-0+0-5) x 10-> photons per B-decay remained. The half-life of 
this activity was found to be comparable with that of the B-activity. A similar 
y-ray having the same intensity was reported by Starfelt and Cederlund (1957), 
In the ‘Table of Isotopes’ (Strominger, Hollander and Seaborg 1958) it 
was left asa query whether or not some of the 8 decays of 14*Pm go via an excited 
level at 121 kev in “Sm. ‘The purpose of the present work was to investigate 
this possibility using B—y coincidence techniques. 

A sample of #47Pm was obtained from the Radiochemical Centre, Amersham, 
in the form of a solution in IN HCl. A source was prepared by evaporating a 
few drops of this solution on to a thin mica disc. ‘The source was covered with 
a collodion film. The B-rays were observed witha 1}in. x }in. NE 102 phosphor 
and the y-rays with a ljin.x2in. Nal(Tl) crystal used in conjunction with 
EMI type 9514B photomultipliers. A resolving time of 3 x 10-8 second was 
used and a 30-channel kicksorter was available to measure energy spectra. 

Observations of the single y-ray spectrum showed that the 121 kev y-ray; 
was present in the same proportion in our sample as reported by Lederer and 
Langevin-Joliot (1956) and by Starfelt and Cederlund (1957). If this y-ra 
arose via B-decay to an excited level at 121 kev in *’7Sm the end point of the energ 
spectrum of f-rays in coincidence with y-rays of 121 kev should be about 100 key, 
The end point of the B-spectrum in coincidence with internal bremsstrahlung of 
the same energy should also be about 100kev. The energy spectrum of f-rays 
in coincidence with y-rays in the region 110-130kev showed in addition to a 
spectrum with an end point below 200kev, a high energy spectrum with an enc 
point of 2:0+0-2mey. This suggested that the 121 kev y-rays were in coinci 
dence with high energy f-rays. : 

To check this, the spectrum of y-rays in coincidence with all B-rays wa 
observed, different thicknesses of aluminium absorbers being placed betwe 
the source and the £-counter. ‘Typical results are shown in the figure. 
intensity of the 121 kev peak is hardly reduced with use of an absorber 
45mgcm~*, which is sufficient to absorb all B-rays below 200 kev, whereas 


if is known that 147Pm is practically a pure B-emitter decaying to ’Sm with 
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continuous spectrum due to bremsstrahlung has disappeared. It is reasonable 
to conclude that all the 121 kev y-rays are in coincidence with B-rays of maximum 
energy about 2 Mev, and so cannot arise from the decay of 147Pm. 

It can be seen from the figure that in addition to the 121 kev y-ray there are 
peaks at approximately 80 kev and 40kev, the latter being possibly an x-ray 
the intensity of which would indicate that the conversion coefficient of thel21kev 
y-ray is not large. Some y-rays were observed above 150 kev in the coincidence 


spectrum using an integral discriminator but the intensity was too low to make 
any detailed measurements. 


{S00 
Gurve A No absorber 
Curve B 45mgcm-2 

Al absorber 


Ss 
S 
o 


Noy per 2 hours 


80 kev 121 kev 
{ | 


10 IS 20 25 30 
Channel Number 


The high energy $-spectrum was observed by counting single £-particles, 
the end point of this spectrum was also in the region of 2Mev. ‘The intensity 
was comparable with that in coincidence with the 121 kev y-ray suggesting that 
a substantial proportion of the f-decays of the unidentified nucleus were in 
coincidence with this y-ray. 

From energy considerations the 121 kev y-ray cannot arise during the B-decay 
of 47Pm to ##7Sm. ‘The only reported B- unstable promethium isotope with a 

comparable lifetime is 46Pm. Little is known of its decay scheme although 
the results reported by Kistiakowsky (1952) and Long, Pool and Kundu (1952) 
suggest that the end point of its B-spectrum is around 0-7 Mev. No conclusion 
can be made of the origin of the 121 kev y-ray other than that it does not arise 
from the decay of 14?Pm. 
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Vacuum Polarization due to Charged Bosons 


By J. G. GILSON 
Chelsea College of Science and Technology, London 


MS. received 24th March 1959, in final form 27th May 1959 


§ 1. INTRODUCTION 


of the electron positron field using a dispersion relation. In their paper 

they remark on the simplicity of the method. ‘This paper is similar in 
principle to their paper and much simpler. Here we calculate the boson field 
polarization effect. ‘The more complicated interaction Hamiltonian for the 
boson case does not complicate the procedure. ‘This is partly due to the choice of a 
particularly simple external electric field. That the choice of the external field 
is at our disposal is because the vacuum polarization constant is independent of the 
external field amplitude in the first approximation. ‘The other point of difference 
is that by renormalizing the complex dielectric constant as a whole and not just 
its real component, we find that the convergence factor introduced in the Euwema-— 
Wheeler paper is unnecessary. ‘This last simplification can also be used in the 
fermion case. 


Bier: and WHEELER (1956) have calculated the vacuum polarization effect 


§ 2. Discussion 


The interaction Hamiltonian for a boson in an external electromagnetic field is 


(Wentzel 1949) 


remsnrgep a Cog tugs? 
H’'=— Dean we Os) Bey eel ke 24% 2 
ied ( f g- 4 ) +g hAY, 
if we use the one component field 
A= (E/o) sin wi,” A,=As=A,=0. 


Expanding 4(x) in terms of boson destruction and anti-boson creation operators, 
we can write 


P(x) = (277) 3? | (2p) d*pla(p)e”*+b*(pjeve}, (1) 


| H gee te | A, (Cf ‘pid ui $*) Big 2 RR (2) 


where the term in e” has been neglected because we require the probability correct 


Now 


‘only to the second order in e. Hence substituting 1 into 2 we find the total 
coefficient of a*b* and b*a* to be 


Tek é : 
sn —1P1)(PoPo')1?54 (p +p’ — w) dp dp’. , 


Ww - 


‘The integrand here is the amplitude for the production of a pair in the’ range 
.d°p dp’. Since we are taking no account of vacuum to vacuum effects the tot: 
number of pairs produced over the whole of space time is 


Ser 


Ww 
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After carrying out the integrations in (3 ), using the fact that the particles are on the 
mass shell, and dividing out the interaction four-v olume, we obtain for the number 
of pairs produced per unit space-time volume 

[(eE£)?/487] wo? (w? — 4m?)3?? 6 (|w | — 2m). 
The step function arises from the dp, integration. Each pair production event 
transfers an amount of energy 2p,=w from the electric field to the boson field. 
Therefore the total energy transformed is 

[(eF)?/487] w-* (w? — 4m?)32 6 (|w |— 2m), 
which by the theory of dielectrics (Frohlich 1958) is equal to (E2/87) e,(w)w since 
E(t) =(e/et) A(t)=Ecoswt. Hence 

€o(w) = fe? w3 (w?—4m?)826(lw|—2m). (4) 
Now for causality (‘Toll 1956) to hold «(w), the complex dielectric constant, must 
be analytic in the upper complex w plane. Therefore if we take a contour C 
indented at the point w on the real axis and composed of the real axis and a large 
semicircle in the upper complex u plane, Cauchy’s formula gives 


aye (riya | sues 


We renormalize at this stage, by subtracting the constant «(0). That is 


nN apf «(u)wdu 
ea) <= ay ea 
Taking the real part of this, we obtain 
pl?” (uv) wdu 
a(a)—4(0)=2 97 |” oe of, Seer seen 38 (5) 


where we have assumed for the moment that e(w) is not more divergent than log u 
so that the contribution of the large semicircle is zero. Substituting (4) into (5) 
we obtain d ce 

cx() =«:(0) = (ew)? (Ba) [ES 
This is easily evaluated by means of the substitution u=2m (1—T?)~?, the final 
result being 


4 Lege * 
<(~) —€,(0) =e?(377) 3 —4mw* + 3 (1 —4m?w*)3? log 
We now see from (4) and (6) that the assumption that ¢(w) is not more divergent 
than log u is indeed justified. 


* 


1— (1 —4m%o-2)12 
1+ (1—4n®w yt 
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A Measurement of the Spin Correlation Coefficient C,,, in p-p 
Scattering at 320 Mey, for 90° Centre of Mass Scattering Angle 


By J. V. ALLABY, A. ASHMORE, A, N. DIDDENS anp J. EADES 
Nuclear Physics Research Laboratory, University of Liverpool 
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mass scattering angle have been made of the coefficients Cnn (Ashmore, 

Diddens, Huxtable and Skarsvag 1958) and C,, (Ashmore, Diddens and 
Huxtable 1959). Owing to the uncertainty of the variation of the coefficients 
with energy these results cannot be used to distinguish between sets 1 and 2 of 
the modified phase shift analysis at 310 Mev (Cziffra, MacGregor, Moravesik and 
Stapp 1958). The measurement of Cnn at 320 Mev was undertaken to make a 
more direct comparison with the predictions of these sets of phase shifts. 

The energy of the external proton beam from the synchrocyclotron was reduced 
by means of a polyethylene absorber placed close to the cyclotrontank. Scattering 
in the absorber reduced by a factor of the order of 10 the intensity of the beam 
collected by the bending magnet and focused in the experimental area. Also 
the focused spot was considerably larger than for the full energy beam and the 
background was higher. By modifications to the beam collimators and the 
introduction of extra shielding, satisfactory running conditions were established 
for a proton energy of 320 Mev using the full circulating beam in the cyclotron. 

The experimental arrangement and procedure were almost the same as in the 
previous measurements. For the measurement of the analysing powers of the 
second scatterings from carbon a polarized beam was produced by scattering at an 
angle of 20-2° from carbon. ‘This angle was chosen on the basis of data from 
Uppsala and Harwell, and the polarization estimated to be 0-93 +0-03 after 
correcting for angular resolution and inelastic scattering. ‘The observed asym- 
metries for the two analysers, corrected for the intensity distribution across the 
second targets, were 0-411 +0-012 and 0-426+0-012. Dividing by the initial 
polarization and correcting for the different contribution from inelastic scattering: 
inthe measurement of Cyy, the analysing powers were found to be P, = 0-427 + 0-020 
and P,=0-442+0-020. These are rather lower than would have been expected 
from Harwell data. 

For the measurement of Cyn a beam of about 0-8 x 10° protons per second was 
used in a spot about lin. square at the lin. diameter hydrogen target. As i 
the measurement of Cyn at 382 Mev the first scintillators were 2 in. high, but thet 
width was increased to 0-75in. The energy resolution was 7-2Mmev, and thd 
angular resolutions in the first and second scatterings 1:0° and 3-3°. All thes¢: 
figures are standard deviations. In about 185 hours running a total of ie 
coincidence counts was obtained of which 355 were estimated to be randont 
coincidences. ‘The genuine coincidences were divided between the four positic 


SOON: LL 1330440. LR 924432 
eR. 1331 +40 RL 989 +35 
These give an asymmetry peas Hite 


S PIN correlation measurements in p—p scattering at 382 Mev for 90° centre-of- 


= +0-163 + 0-016. 
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The correction arising from the geometry of the first scattering was estimated to 
be —0-02140-005, giving a corrected asymmetry e= +0-142+0-017. Then 
mom Cyn =e/P,P,, Con= +0-75 + 0-11. 

The values predicted for Cnn at 310Mev from the modified phase shift 
analysis of Cziffra, MacGregor, Moravesik and Stapp (1958) are 


Set 1 + 0-38 + 0-08 

Set 2 + 0-61 + 0-06 
Thus from the present measurement alone set 2 is preferred. But when this 
result is combined with the other experimental data in the phase shift analysis 
both sets will give goodness of fit parameters just within the range of 50% 
probability. 
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The Response of Plastic Scintillators to Protons 


By H. C. EVANS anp E. H. BELLAMY 
Natural Philosophy Department, University of Glasgow 


MS. received 11th May 1959 


HE fluorescent response of organic scintillators to heavily ionizing particles 
is known to be non-linear. Birks (1951, 1953) has expressed the specific 
fluorescence dS/dr in organic crystals as a function of specific energy loss 


1E|dr as 


1 


dr 1+kBdE/dr 

-Aand kB being constants for a given scintillator. 

Birks interprets the scintillation phenomena in organic crystals in terms of 
primary emission by ion recombinations and molecular de-excitation processes. 
The non-linear dependence of dS/dr on dE/dr is due to quenching of the primary 
mission in the ionization column. A dE/dr represents the number of ionized or 
xcited molecules per unit path length capable of primary emission, and kB dE |dr 
epresents the probability of quenching relative to the probability of primary 


dS AdE|dr abet) 


212 
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In organic solution phosphors or phosphor-plastic mixtures, the primary 
emission is by the solvent or base, and the values of A and kB would be expected to 
depend upon the nature of the base and the fluorescent material and its concen- 
tration. ‘The variation of these constants with concentration has been investigated 
by Harrison (1952) for liquid solutions of p-terphenyl. 

The response of a plastic scintillator has been investigated by Boreli and 
Grimeland (1955) who assumed equation (1) to be true and made use of the two 
limiting cases, kB dE/dr <1 applicable to electrons giving S= AE, and kBdE/dr>1 
applicable to slow «-particles giving S=rA/kB. They obtained a value of 
kB=10-5cm air equivalent per Mev (equivalent to 1-1 x 10? gcm~* Mev if the 
air equivalent range is defined at 15°c and 760mmHg). ‘The scintillator used 
(of French manufacture) was tetraphenyl 1, 1, 4, 4, butadiene 1, 3 in polystyrene. 

Since plastic scintillators are often used to detect and measure the energies of 
nuclear particles, and in many applications the energy determination depends upon 
an extrapolation from a calibration using the response to electrons or nuclear 
particles of known energy, it was decided to check the applicability of formula (1) 
and to determine, if formula (1) was found to be obeyed by the plastic scintillators, 
the value of RB fora commercially available plastic. "These latter more commonly 
use a polyvinyltoluene base rather than the polystyrene base of the scintillator 
used by Boreli and Grimeland. 

Protons of initial energy 14:8 Mev were obtained from the reaction 
d+He->p+ ‘He using deuterons accelerated in a Cockcroft-Walton high- 
voltage machine. ‘The *He was present as a decay product in a tritium target. 
To reduce the background due to knock-on protons from the high flux of neutrons 
present, the protons were detected in a coincidence counter telescope. ‘The front 
counter was a thin proportional counter, which gated the output of the scintillation 
counter, the latter being displayed on a 100 channel kicksorter. ‘The energy of 
the protons entering the plastic scintillator was varied by interposing aluminium 
absorbers between the two counters. ‘The pulse height distributions for protons 
at nine energies between 14:0 + 0-4Mev and 3-08 + 0-18 Mev were determined in 
this way. ‘The pulse height distribution for protons of energy 1-2 + 0-1 Mev was 
obtained using protons from the reaction, 9C+d+C+p. 

The response of the scintillator to protons was normalized to the electron 
response using the Compton edges from the 2:62 Mev thorium y-rays and the 
1-28 Mev ?*Na y-rays. 

The range energy tables of Atkinson and Willis (1957) were used to determine 
the residual energy of the protons entering the scintillator. 

The experimental points for NE.102 plastic scintillator (Nuclear Enterprises 
G.B. Ltd.), of which a sample 2in. in diameter and in. thick was used, are shown 
in the figure. A 2in. long Perspex light guide was interposed between the | 
scintillator and an RCA type 6810 photomultiplier. 5 

The pulse height scale has been normalized using the y-ray data, so that the 
pulse height from a 1 Mev electron is unity. 

The solid and broken curves in the figure have been calculated from equation (1) 
using the values of kB indicated in the figure. The range—energy relationship in 
the plastic was taken as that for CH given by the tables of Rich and Madey (1954) 
For NE.102 the best fit is seen to be for a value of kB= 1-0 x 10-2 g cm-2 Mev. - 

The response of a second sample of plastic scintillator of 3in. diameter an 
2in. thick, also having a polyvinyltoluene base, but manufactured by Messrs. N 
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and Thompson Ltd. (originally purchased in 1956 and not current stock) was best 
fitted with kB=1-1x 10-2gcm-? mev-. 


sg | } T T T is : l 
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Electrons B= 09x ~2 "B= l0x16? 
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Response of plastic scintillator NE.102 to electrons and protons. 


It is seen from the figure that equation (1) quite accurately gives the response 
of the plastic scintillator, and it may be noted that the values of kB obtained for the 
two samples used, and also that used by Boreli and Grimeland, differ only slightly. 
Since the concentration of fluorescent material used by the manufacturers is 
generally chosen to optimize the light output, and since samples using both 
polystyrene and polyvinyltoluene bases behave similarly, it is plausible that similar 
values of kB would apply to all such plastic scintillators. Uncertainties in the 
value of kB of about 10% lead to small inaccuracies in proton energy measurement 
using electron calibration as can be seen from the table. 


Electron Equivalent Pulse Height from Protons 


Ey (Mev) 1 5 10 20 50 100 
S(RB=1-1 x 10-*) On9 1°81 4-82 12-06 37:26 82:70 
S(RB=1-0 x 10-?) 0-20 EO 5-03 12:45 37:96 83-70 


The error due to such uncertainty in kB for high-energy protons is even 
further reduced if protons of energy about 10Mev for example are used for 
calibration. Such a calibration together with an electron calibration would 
readily check on the value of kB for any given scintillator. 
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The Entropy of a Non-Equilibrium Ideal Quantum Gas 


By P. T. LANDSBERG 
Department of Natural Philosophy, Marischal College, Aberdeen 


MS. received 20th April 1959, in revised form 28th May 1959 


T is usual to write for the entropy of an ideal Fermi gas 
] S=—k>[(1—n,)In(l—n,)+njlnnj,]  —..... (1) 
j 


where k is Boltzmann’s constant, n; the mean occupation number of the jth 
quantum state, and the summation is over all single particle quantum states. This 
resultis validin equilibrium. Inthe presence of interactions between the particles, 
and in non-equilibrium situations, it has often been assumed to remain valid, 
provided the departure from the case of an ideal gas in equilibrium is not too great. 
In such theories equation (1) is sometimes fundamental, and it is therefore worth 
while to examine its range of validity. We shall show that in fact (1) follows very 
simply for equilibrium and for certain non-equilibrium situations from the entropy 
concept as developed in information theory. 

One can derive (1) from the grand canonical distribution, by the observation 
that, in a usual notation, 


TS= U-wN+pV =) aH tein (+4). a (2) 
pw) 
Here e, is the energy of the jth single particle quantum state, t;= exp (u—e,)/RT, 
and p is the chemical potential. We have here used the connection between pV 
and the grand partition function. Use of 


eet Fagus th, ae ee, De (3) 
in (2) yields (1). This derivation, though exact, is confined to equilibrium. In 
the absence of equilibrium it is usual (see, for instance Landau and Lifshitz 1958) 
to group a large number G; of quantum states together, and to assume that N, 
particles are in this group. The number of distinct ways of achieving this is 
W,= G;!/N;!(G;—N;)!. Assuming that the different groups can be occupied 
independently, the total number of states compatible with the given specification is 
W=II,W;. If each of these states has the same a priori probability, one can write 
S=kln W, assume G;— N,;>1, N,;>1, use Stirling’s approximation, and one then 
arrives at (1) if n;= N,/G;. The assumption of equal a priori probabilities is 
not self evident away from equilibrium, and there are other reasons wig the 
procedure is not altogether satisfying (Landsberg 1954), 

Instead, we assume here the properties of the entropy which are noua 
adopted when proving the uniqueness theorem of information theory (see, fo 
instance, Khinchin 1957). These are that, given a set of probabilitie 


#P,, Ps, ..., Pp, there exists a function S(P,,..., P,,) called entropy. It has th 
properties ap ne es 


Sie eee of Sia) de gt ae (4) 
S(Pi--) Pr )=S(PiseyPy en 


--n+1 states AMI! é 3. ths oo 


Research Notes 487 


Condition (4) asserts that the entropy is a maximum when the accessible states are 
equally likely. ‘This corresponds to an equilibrium state of an isolated system. 
Condition (5) implies that the inaccessible states do not affect the entropy. ‘There 
is a third assumption which implies, among other things, that if two probability 
schemes P,,..-,P,,; Qy,...,; Om are independent, then for the compound scheme 
in which both types of events can occur, the entropy is simply the sum of the two 
entropies. From these three assumptions one finds for any probability scheme 
CAM teed ae 
Staple Malt Pye teeeio weer le wxpore, Anat. (6) 
v 

which is unique, apart from the choice of a constant k greater than zero. The 
idea that entropy is a concept which applies to a probability distribution will now 
be utilized. It will be assumed that this entropy is consistent with the entropy of 
thermodynamics, and & will be identified as Boltzmann’s constant R. 

Let P; in (6) be interpreted as the probability P(N,, No, ...) of finding N, 
particles in the single particle quantum state 1, N, in state 2, etc., so that the 
summation in (6) is over all admissible sets of numbers N,, Nz, .... If the 
probability distributions p,(.V,) of finding N, particles in the jth quantum state are 
independent, 


PING Nas hs) = P45 UNG) Pal tNa) te dint chp es (7) 
and (6) becomes 
S=—k> > p,(N,)lnp,(N;), where > p,(N;)=1 forall j. -.....: (8) 
j Nj=0 N;=0 
The summations are over all permitted occupation numbers. ‘The assumption 


(7) implies that the system is in contact with an energy anda particle reservoir. 

In the case of fermions N,;=0 or 1, and p,(1) is the mean occupation number, 
whence (8) yields immediately (1) which, assuming (7) and the uniqueness 
theorem, is an exact result. The equi-probability of states in the non-equilibrium 
situation has not been assumed, nor has a restriction been made to small departures 
from equilibrium. Note, incidentally, that maximization of (1), subject to a given 
mean total number of particles and a given mean energy, yields the usual equili- 
brium Fermi distribution. The distribution laws for ensembles, Stirling’s 
approximation, or the grouping of quantum states are not required for this 
deduction. The approach to equilibrium is regarded as a process in which the 

“mean occupation numbers for different quantum states come into equilibrium 
with each other. 

Inthe Bose case the argument is not quite as elegant. One has to assume that 
the probability of an additional particle occupying a state is independent of the 
number already in this state: 


. P(N;)xg7"3, 0<q;<1, Gere) 


where g; is fixed for a given quantum state. Normalization leads to the identi- 
fication 1 — q; for the proportionality constant, and hence 


n;=q;/(1—49;)- eee nat 0) 
Equations (8)—(10) yield after some calculation the usual result 
S=k > [(1+n,)In(1+,;)—n,Inn,], edema (Ly 
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which is exact for non-equilibrium situations, provided assumptions (7) and 
(9) and the uniqueness theorem are valid. The usual equilibrium Bose 
distribution can be derived from (11) on the same assumptions. 

Only trivial changes are required in order to pass from (1) or (11) to expressions 
for the entropy in terms of the mean number of particles in groups of equally 
probable states. This corresponds to a transition from a fine grained to a coarse 
grained entropy. 7 

If, instead of expressing (6) in terms of mean occupation numbers, one maxi- 
mizes this expression subject to appropriate subsidiary conditions (expressing a 
given mean energy and/or a given mean number of particles), one obtains immedi- | 
ately the form of the canonical and grand canonical distributions, together with 
their more rarely used generalizations. This is an attractive approach to the 
ensembles of statistical mechanics (see also Jaynes 1957+) which the author has 
found useful in lectures to honours students. 
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LETTERS TO THE EDITOR 


Bonding in Cadmium Telluride 


The attention of the author has been drawn to a letter by Garlick, Hough and 
Fatehally (1958) which suggests that bonding in cadmium telluride is homopolar. 
and that this is in disagreement with views expressed earlier by the author (1955 
to be referred to as I). The following points should be noted: 

(1) Homopolar (or covalent) bonding is usually understood to describe equal. 
sharing of bonding electrons between bonded atoms. With CdTe this would 
lead to the formulation Cd?~Te?*+ (Pauling 1945), and to a very large bond dipole. 
The evidence of Garlick et al. presumably indicates no such charge separation, 
so that the bonding in CdTe is approximately ‘neutral’ (see I for further 
discussion of this concept) and not covalent. 

(1) In I it was suggested that bond length and energy gap data can give 
an indication of relative departures from bond neutrality. While no absolute 
ionicity scale could be derived it was pointed out that silver iodide must lie near 
the limit of stability of the zinc blende lattice (which requires an appreciable 
covalent component of bonding). For AgI the difference between neutral and 
ionic bonding (Ag®I° and Ag!*+I*-) is equivalent to the displacement of only a 
single electronic charge. Accordingly for there to be some covalency the effective 
charges with AgI must be appreciably less than one unit. Since the data given 
by the author in I indicated that CdTe is less ionic than AglI, the effective 
ionic charge with CdTe should be only_a fraction of the electronic charge and 
an experiment of the kind described by Garlick et al. (1958) might not detect 
its presence, though this appears unlikely. However as pointed out by 
Garlick et al. their results were obtained relatively near the main absorption 
edge where anomalies might occur. It may be significant that the refractive 
index at the longest wavelength studied (1-1) does indicate a high frequency 
dielectric constant (n? = 9-8) slightly lower than the low frequency value («= 11-0). 
Data for longer wavelengths would appear of interest. 

(iii) Garlick et al. also state that the approach by Goodman “‘...ignored the 
_electronegativity difference between the constituent atoms...’’. The concept of 
an electronegativity difference between constituent atoms was in fact used by 
the author to derive a parameter indicating relative bond ionicity. The indirect. 
treatment used was necessary because, as was explicitly stated, no existing electro- 

negativity scale could be applied directly to diamond type lattices. 


Research Laboratories, C. H. L. GoopMan.. 
The General Electric Company Limited, 
Wembley, England. 
5th February 1959. 


4ddendum. A reststrahlen frequency for CdTe of 150cm~ can be deduced 
m a recent note by Mitsuishi et a/. (1958). This, in conjunction with the high 
quency dielectric constant at the longest wavelength studied by Garlick et al., 
would appear to indicate (using the Born equation) an effective ionic charge of 
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0-19e. Any further fall in refractive index towards longer wavelengths would 


of course lead to a larger value of charge. 
8th April 1959. 


Garuick, G. F. J., Houcn, J. M., and FaTEHALLY, R. A., 1958, Proc. Phys. Soc., 72, 9235: 

Goopman, C. H. L., 1955, ¥. Electronics, 1, 115. 

MirsutsHi, A., YOSHINAGA, H., and Fuyita, S., 1958, ¥. Phys. Soc. Japan, 13 1235. 

PAULING, in 1945, The Nature of the Chen Bond (New York: Cornell Univ. Press), 
p. 178. 


The Extent of Ionic Binding in Cadmium Telluride 


Recent measurements of the refractive index of cadmium telluride by Garlick, 
Hough and Fatehally (1958) and of the dielectric constant by de Nobel and Hofman 
(1956) may be used to obtain an estimate of the effective ionic charge in this 
compound. 

For the refractive index the measured values are 3-47 at 0-903 uw and 3-13 at 
1:10. These values may be fitted to a normal dispersion formula of the type 


ai ahey eet 


where B=0-162 and A=0-0582. 

Hence the undispersed value of the refractive index (i.e. A> ©) is m) = 2°68 or 
pal 2. 

The low-frequency dielectric constant is e=11, so that on passing through 
the reststrahlen band there will be a change in dielectric constant of Ae=3-8. This 
change in dielectric constant is related to the effective charge e* by the Szigeti 
(1949) formula 
4ir(mo" + 2)*Ne** (2) 
BEY Te eg 


where N is the density of atom pairs, M is their reduced mass and wp/27 is the | 
reststrahlen frequency. 
The reststrahlen wavelength for Cd’Te has not been measured but may be 
calculated from the compressibility by use of the second Szigeti (1950) relation | 
Py it] 93 ae a 2 
Biya cee 
where r, the nearest neighbour distance, is 2-79A. According to Bridgman} 
(1931) «=2:38 x 10- cm? dyn-!, giving Mw,?=7-5 x 10‘ c.g.s. units, or A n= O98. 
"Thus equation (2) gives e*/e=0-83. 
An alternative estimate of the effective charge may be obtained from the| 
mobility of either electrons or holes. This will be determined mainly by pola 


‘scattering and we may use the expression given by Ehrenreich (1959) for the} 
room temperature mobility : 


B= 2x 10S (=) Gis) ae {exp (er) -1| em?yrisec-1. ... a 


Ae= 


2 
Map, 
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where w"/wy?=e/n*, S is a screening parameter with values near unity, and the 
effective charge used by Ehrenreich is given by e,=e*(n? +2)/3n?. 

Using data from Kroger and de Nobel (1955) for effective masses and their 
highest mobilities, namely 


MH, = 680 cm?v—! sec! for 4:4 x 1016 cm~3 carriers, 
My, =56cm?v~-tsec— for 5:3 x 10% cem~ carriers, 
m,=0-14m and m, =0-37m, 
we obtain effective charges e* =0-62e and e* =0-95e. 
‘These values are in reasonable agreement with that deduced above from the 
optical properties. It is therefore concluded that the effective charge is almost 


as large as in ZnS (Moss 1959), so that there is a considerable degree of ionicity 
in this compound. 


Royal Aircraft Establishment, 71’. .5- VLOSS: 
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Ist May, 1959. 
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Electron Spin Resonance Absorption for Polycrystalline Substances 


Approximate calculations for line shape of polycrystalline substances with 
g-value anisotropy have been performed by Bleaney (1950) and Sands (1955). 
~The basis of the calculations is that, with random orientation, the fraction of 
crystals whose axes lie between the angles 0 and 6+d0 with the magnetic field 

~ is 4sin@d0. To explain spectra obtained from biological materials, Gordy et al. 

(1958) have suggested that the line shape obtained is due to resonance of bound 

oxygen, which should have an axially symmetric g-value. We have made exact 
calculations of the line shape on the basis of the following assumptions: 


(i) The shape of the absorption curve of a single crystal is the Lorentzian 
8 47 AK 
~ 14+? K?(«—c)? 


where A is proportional to the total number of spins, and K=2/7Ax, where Ax 
is the line width. If the absorption is obtained experimentally by sweeping the 
frequency v, x=hv/BH and c=g. If the absorption is obtained experimentally 
sy sweeping the field H, x= BH|hy and c= lig. 


(ii) The line width for a single crystal is independent of angle [rg ghee F 


a 
P 


ve 


= 
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(iii) c varies with @ according to the equation c=(¢,—c,)cos?@+c,. I can 
then be integrated exactly over all 6. 
ot ie AK2nsin6dd _ ln AK 2z sin 6 (d6/dc) de 


o l+mK%(x—c)? Jo 1+aK%(x—-c)? © 
nee 7 ages b p*+2apt+s : 
7 bs aig tin a5 ) +3 (Staats | 
an 


dF oo ALL 7 ey bB, { p?+2apt+s 2pd(2y =p?) 4] 
dx 2pe se 5 oe ( bec dereoeee | beege 
1 


where yow-e,, d=, s=(tt+ay®, p=|ej—af% a={tst typ, | 
7 a 
| b={4sz4y}2, a=+2y—s, B=+2y+s, where the upper sign holds 
for c,>c, and the lower sign for c,<c,. 7 
These functions can be evaluated numerically, and then g, and g, can be 
determined by comparison with the experimentally measured line shape. Thus 
as an example the figure shows the derivative calculated for sweeping the field 
with a resonant frequency of 23000 Mc/s, a line width of 1-025 gauss, and 


Therefore 


Vg Value 
0-4390 0:4995 05000 05005 
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CORRIGENDUM 


The Spin Hamiltonian of a 1, Quartet, by B. BLEANEY (Proc. Phys. Soc., 1959, 
#32039 J. 
Equation (2) should read 
H =gGHS.+ fPH.S3+ Bldg +g f3S(S+1)—2}](H.S_+H_S,) 
IPC OO AL go PO ose ef pig. lito). Gate (2) 


_-P. 941, 9 lines from the bottom. The value of p? in the susceptibility should 
read 


p= 5(57? + 38?), 
é The author is indebted to Mr. H. Hutchinson of Mullard Research Laboratories 
for drawing his attention to these errors. 


NOTICE TO AUTHORS 


_ Authors of papers on experimental measurements are advised to include 
i nf ormation concerning the purity and structure (grain size, homogeneity, 
egree of working phases present, etc.) of materials used. This should be as 
nplete as the nature of the measurements being made requires and should 
clude the source of the material and method of preparation. 
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REVIEWS OF BOOKS 


Electromagnetic Phenomena in Cosmical Physics: Report of Sympostum No. 6 of 
the International Astronomical Union, edited by B. LEHNERT. Pp, xiii +545. 
(Cambridge: University Press, 1958.) 50s. 


Magneto-hydrodynamics, a branch of physics which is developing rapidly 
yet frequently remains controversial, provides an excellent subject for scientific 
conference discussion. Certainly the Stockholm conference of 1956, where the 
emphasis was on cosmical applications, appears to have been of quite exceptional 
interest. The conference report is produced with the usual standards of excel- 
lence of the Cambridge University Press. 

After an opening address by H. Alfvén, van de Hulst gave a survey report on 
magnetic fields in astrophysics. ‘The remainder of the first session was concerned 
with recent theoretical and experimental work on magneto-hydrodynamic 
phenomena. Session II was concerned with solar electrodyanamics, problems of 
active regions, flares and prominences. 

Session III, on stellar magnetism, began with surveys of observational work 
(H. W. Babcock) and of theory (L. Spitzer). Certain magnetic stars are found 
to have heavy element abundances which exceed the abundances for normal stars. 
by factors as great as 10%; these abundance anomalies may be due to nuclear 
reactions occurring in magnetic star atmospheres (E. M. Burbidge, G. R. 
Burbidge and W. A. Fowler). ‘The session on stellar magnetism also included an 
account of Soviet observational work (G. A. Shajn) on interstellar magnetic 
fields. 

Sessions IV and V were concerned with solar magnetic fields and with electro- 
magnetic phenomena in interplanetary space. ‘The interpretation of observational 
work on photospheric magnetic fields (H. W. Babcock and H. D. Babcock) is 
disputed by H. Alfvén and his collaborators. The full reports of the conference 
discussions are here particularly valuable in giving a clear indication of the issues | 
in dispute. ‘The session on solar magnetism included a very interesting paper by 
J. P. Terletzky on the theory of ionized interstellar gas motion. 

Theories of magnetic storms remain controversial; the merits of rival 
theories were surveyed by V. C. A. Ferraro, L. Block and S. F. Singer. 

Cosmic ray observations provide a remarkable method of studying cosmical | 
electromagnetic phenomena. In order to account for variations in cosmic ray | 
intensity one must suppose that some cosmic rays are produced by the sun and | 
also that the observed flux of galactic cosmic rays is modified by variable inter- : 
planetary magnetic fields (J. A. Simpson and E. N. Parker). 

Session VI, on high current discharges, contains three valuable papers by | 
Soviet scientists, all written in German. The final session contains two papers 
by I. S. Shklovsky on the optical emission of radio sources due to relativisti 


Pp. viit+76. (London : G. Bell and Sons, 1958.) 18s. 6d. 


The appearance of this monograph, in which two of the leading workers i | 
the field describe how the theory of x-ray diffraction may be developed in terms 
of the Fourier transform theory, is to be welcomed. 
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About half the book is devoted to a lucid sketch of the theory in which a good 
balance is struck between emphasis on the physical basis of the subject and on the 
mathematics necessary to exploit it. The authors treat diffraction by a (non- 
periodic) group of scattering centres before that by a crystal, with which X-ray 
diffraction began historically and with which most existing books on the subject 
begin. ‘The value of the present approach is that it is better suited to dealing 
with systems which are less ordered than a perfect crystal and which are being 
studied more and more nowadays. ‘The second half deals with a number of 
applications of the theory and should appeal particularly to research workers who 
have some prior knowledge of the problems discussed. The book is, however, 
too short to give more than a glimpse of the possibilities of the method to those 
readers less well-prepared. 

It is a pity that the Abbe theory of image formation is not mentioned, but 
perhaps this topic will be dealt with in a future publication, promised by the 
authors, on the details of optical diffraction procedures for crystal structure 
determination. In the present volume, the authors can be said to have succeeded 
in their aim of showing the great power of the Fourier transform approach for 
tackling many problems that arise in x-ray diffraction, and it is to be hoped that 
the appearance of this book will help influence the teaching of the subject in this 
direction. A. KLUG. 


Mathematical Aspects of Subsonic and Transonic Gas Dynamics, by L. Bers. 
Pp. xv+164. (New York: John Wiley; London: Chapman and Hall, 
1958.) 62s. 


This book is devoted entirely to the analytical treatment of problems that 
arise in two-dimensional flow of a compressible inviscid fluid and to a discussion 
of various methods which have been evolved for their solution. The basic 
differential equations of flow are given in Chapter I and the consequences of 
various modifications and approximations discussed in some detail. Some 
particular solutions of the hodograph equations are outlined. : 

Chapter II deals with the mathematical difficulties of subsonic flow theory. 

_ The characteristic features of equations of elliptic type are discussed and the 
use, for instance, of quasi-conformal mappings and of pseudo-analytic functions 
- in their solution are outlined; special emphasis is placed on techniques that have 
_been developed fairly recently. This is followed by a chapter giving some 
applications to such problems as the determination of subsonic flow around a 
profile, subsonic flow in a channel and related mapping theorems, and subsonic 
flow with free boundaries. 

The mathematical background of transonic flow theory is given in Chapter IV. 
Properties of partial differential equations of mixed elliptic—hyperbolic type are 
described and particular solutions of ‘T'ricomi’s equation. for transonic flow are 
discussed. Basic questions of uniqueness and existence in relation to problems. 
of mixed flow are given particular attention. The final Chapter discusses regions. 
of local shock-free supersonic flow and regions terminating in a shockwave. 
plications of theory to specific problems of practical interest are also included. 
brief account of numerical methods is given in an Appendix and the text ends 
with a list of nearly 400 references, a good many of Russian origin, covering 
wor! to about 1956. ke . co ; 
; eae is placed throughout on the development of mathematical tech- 
1iques rather than on physical aspects and attention is drawn to the importance 
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of aerodynamic research as a source of mathematical problems. This publication 
should be of great interest to theoretical aerodynamicists and is, in the reviewer's 
opinion, a most valuable monograph. W. P. JONES. 


Nuclear Reactions, edited by P. M. Enpt and M. Demeur. Pp. xii+502, 
(Amsterdam: North-Holland Publishing Company, 1958.) 86s. 


It is becoming quite the fashionable thing to publish, more or less verbatim, 
the proceedings of international conferences in physics. The present writer has 
often been doubtful of the value of these expensive volumes; for does one really 
want a permanent record of what was after all of only transitory interest? And 
who but the most hardy of conference-goers would want his more naive questions 
(or answers) engraved upon so impressive a tombstone? 

However, the present volume (which promises to be the first of two) is 
different. True, its origins lie in the 1956 Amsterdam Conference on Nuclear 
Reactions of which this participant, amongst many others, has many pleasant 
memories (albeit somewhat dimmed by the passage of time). ‘The book is 
based upon the principal papers presented to the conference, but each chapter is a 
properly written monograph upon a particular topic dealt with more briefly at 
that time. The result is therefore a book and not a conference report: a free- 
standing monument and not a tombstone. 

The articles presented here are all by leading authorities in their respective 
fields: the many-body system is reviewed by R. J. Eden, the shell model by 
J. P. Elliott, heavy ion reactions by J. H. Fremlin, and angular correlations by 
L. J. B. Goldfarb. Resonance reactions are dealt with theoretically by E. Vogt, 
and experimentally by H. E. Grove (in spite of the list of contents which would 
have it otherwise). K. J. Le Couteur has given a summary of work on the 
statistical model of nuclear reactions; D. J. Hughes and R. L. Zimmerman 
a useful survey of the analysis of neutron resonances, while P. C. Gugelot has 
contributed an article on reactions at medium energies. Finally, A. K. Kerman 
presents a wealth of information on rotational motion in nuclei. The reader 
will note that in spite of the title much of this book is devoted to nuclear structure 
rather than to reactions, a sign that the reaction mechanism, so long disguised | 
by the bulk properties of the nucleus, is at last becoming understood in terms of | 
the particles which constitute it and their motions. 

The Editors are to be congratulated on having produced a well-balanced 
account of much that is important in low-energy nuclear physics, and one that is 
almost as up to date now as it was during the Amsterdam Conference. One 
would certainly have liked to have seen articles on photo-reactions and direct 
interactions as well, but these are promised in a second volume. B. H. FLOWERS. 


Les Spectres Electroniques en Chimie Théorique, by C. SaNporFy. Pp. 230. 
(Paris : Revue d’Optique Théorique et Instrumentale, 1959.) 2000 fr. 


This book is a survey of all the theoretical work on the ultra-violet absorption | 
of z-electron molecules. After an introductory chapter on selection rules and 
group theory, the author who is professor of chemistry at the Université de 
Montreal, reports all the main theoretical calculations in the literature, using 
both the valence-bond resonance approximation and the molecular-orbit 
approximation. Relatively little of the material here set out may be found in z 
other textbook, and the writing is clear. There is an excellent collection of 
references. C. A, COULSON. 
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The Mobility of Potassium Ions in Nitrogen and Neon at 294°k 


By R. W. CROMPTON anp M. T. ELFORD+ 
Physics Department, University of Adelaide 


Communicated by L. G. H. Huxley; MS. received 9th March 1959, in revised form 
24th April 1959 


Abstract. ‘The mobility of potassium ions in nitrogen and neon has been measured 
by an electrical shutter method of the type developed by Bradbury and Nielsen 
for measuring electronic drift velocities. The values obtained for the mobility 
bo, 2°54 and 7-42cm?*volt“'sec~ for nitrogen and neon respectively, are in good 
agreement with those listed by Tyndall. The variation of the mobility with 
E/p, is shown to be in qualitative agreement with theoretical considerations while 
the disagreement between the present results and those of Mitchell and Ridler 
is discussed. 


§ 1. INTRODUCTION 


© iteration of the mobility of alkali ions in gases afford valuable 


information concerning the forces of interaction between ions and gas 
molecules. In particular a knowledge of the variation of the ionic 
mobility with temperature enables the energy of interaction between an ion and a 
gas particle to be evaluated. This evaluation has been carried out by Dalgarno, 
McDowell and Williams (1958) for the experimental data available which are 
almost wholly those obtained by the group working at Bristol (Tyndall 1938) who 
used the four-gauze method of Tyndall and Powell. ‘This method involves 
calibrating the apparatus used by reference to one absolute measurement of the 
mobility of helium ions in helium made by Tyndall and Powell (1932) and a 
possible source of error in all subsequent measurements is thus introduced. In 
‘addition, as will be shown, the procedure which has been used is not valid for 
values of E/p, such that the mobility 19 is not constant, EH being the electric field in 
volt cm and p, the normalized gas pressure in millimetres of mercury. 
In making measurements of the variation of the ionic mobility with temperature 
an absolute method, with an order of accuracy better than that previously obtained 
using the four-gauze method, is clearly desirable. Moreover, such an improved 
accuracy is essential for further investigation of the anomalous ‘elbow’ in the 
curve of jy against E/py which Mitchell and Ridler (1934) reported for K* ions in 
nitrogen. Accordingly the method devised by Bradbury and Nielsen (1936) 
to measure electronic drift velocities was investigated and found to be capable of 
easuring the drift velocities of positive ions to a high order of accuracy. By 
eful attention to the accuracy with which the experimental parameters were 
asured, an accuracy to better than 0-5% has been obtained. The order of 
uracy obtained previously with the four-gauze method was to approximately 
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In this paper details of the experimental method are given together with the 
results obtained for mobilities at room temperature. Ina later paper the results of 
mobilities at low temperatures will be presented. 


§ 2. EXPERIMENTAL DETAILS 


In the method of Bradbury and Nielsen (figure 1) the time taken for the centre 
of mass of a group of ions to traverse a known distance d between two grids G, and 
G, is measured in terms of the frequency of an alternating potential difference. In 
the present apparatus each grid consists of 0-08mm diameter nichrome wires 
stretched parallel and coplanar across an annulus of mica, and spaced 0:52mm 
apart. Alternate wires are connected together and, on the application of an 
alternating voltage between the two sets so formed, ions are transmitted only 
during the interval when the voltage between alternate wires is small. If the 
frequency of the alternating voltage is such that the groups of ions formed each half 
cycle by the first grid traverse the distance between the grids in the time interval 
corresponding to an integral number of half cycles, the groups will be transmitted 
by the second grid also, since the voltages applied to both grids are in phase, 


E 
Collecting 
Electrode 


MOET aa see | 


ha 


Gece ececccccccsecce 
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Figure 1. The Bradbury—Nielsen shutter method. 


The current received by the collecting electrode E will then be ata maximum. A 
graph of current as a function of frequency will therefore consist of a series of 
maxima and minima; furthermore, since successive maxima should occur at 
integral multiples of the frequency fy corresponding to the first maximum, a 


ih K” in Nitrogen 
Po= 8:14 mm Hg 


E/p,= 2-48 
T =2937K 


Z (lo-' amp) 


2000 


Figure 2. A typical ion current-frequency curve. 


valuable internal check on the experimental method is provided. A typical) 
experimental « curve is shown in figure 2. The values of f, derived from successi e 
maxima are given in table 1. The frequencies at which the first two 
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Table 1 


Peak No. 1 2 3 4 5 6 i 8 
Frequency at max. (c/s) 600 1200 1800 2399 3007 3607 4227 4817 
fo (c/s) 600 600 600 600 601 601 604 602 


occurred were measured in all determinations of the ionic drift velocity. The 
value of f, derived from the higher frequency was averaged with the value corre- 
sponding to the position of the first maximum to obtain the best estimate of Te: 

‘The apparatus used is shown in figure 3. The electrode system consists of 
lapped and polished brass plates maintained in vertical alignment by three brass 
rods sheathed with glass tubing and separated by accurately ground glass spacers. 
The upper ends of the rods are extended above the topmost electrode to reduce the 
possibility of electrical discharge occurring between the earthed rods and the 
electrode which is held at a high positive potential. Nuts at both ends of the rods 
enable the whole assembly to be clamped tightly together. The distance of 6cm 
from the top electrode to the first grid ensures that no thermal gradients are present 
in the region between the grids, while as an additional precaution the heat from the 
source of ions is largely removed by surrounding it with a water jacket. 

The uniform electric field E was maintained by means of guard electrodes at 
potentials appropriate to their position in the electrode system. The leads from 
the electrodes consist of phosphor bronze springs and are brought out of the 
envelope by means of tungsten—glass seals of which two only are shown in figure 3. 

In the construction of the experimental tube care was taken to maintain a 
high degree of gas purity by rigorously excluding greases and waxes and by insert- 
ing a cold-trap in the vacuum line as close as possible to the envelope. The 
vacuum system was pumped to a pressure less than 10-4 mm Hg (the lower limit of 
the Pirani gauge on the system) by a two-stage oil diffusion pump and, during shut 
down tests over twelve hour periods, the gauge failed to detect a rise in pressure. 

_ An apparatus similar to the one described but specifically designed for low 
temperature experiments was subjected to low temperature baking at 200°c for 
three periods each of three hours duration. On each occasion the curve of 
mobility as a function of E/p, was obtained before and after baking. On the first 
two occasions the curves obtained agreed well with the curve shown in figure 4 but, 
on the third occasion, the values of mobility were 2:89 lower over the entire 
range of values of E/py. Since this behaviour is not that to be expected were the 
ontamination of the gas reduced by the baking process it was concluded that the 
gas purity without outgassing was adequate and that the change in the measured 
values of mobility had been caused by a change in length of the apparatus. The 
results quoted are therefore those obtained with the apparatus not subjected to 
baking and for which the dimensions are accurately known. 

For the experiments in nitrogen the gas was produced by the thermal decom- 
d0sition of sodium azide while the neon, obtained from a flask supplied by the 
ritish Oxygen Company, was stated to be spectroscopically pure. In each case 
gas was admitted to the apparatus only after passage through a series of cold- 
s 

The source of potassium ions was of the type developed by Blewett and Jones 
36) in which an alumino-silicate of an alkali metal is used. The method of 
paration adopted in these experiments is due to Couchet (1953). T’o avoid 
elf-repulsion in the beam of ions the current employed was of the order of 
2K2 
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10-2amp. A valve electrometer was used to measure the current received by 
the collecting electrode. 


Figure 3. Experimental tube. 


Apart from gas purity the reliability of the experimental.results depends on 
the accurate determination of the following four quantities. 


(a) The distance between the two grids. 


A cathetometer was used to measure the distance at regular intervals around the 
circumference of the apparatus. ‘The mean value obtained was 3-999 + 0-005 cm, | 
(b) The potential difference between the grids. | 

By means of an accurately constructed potential divider the voltage applied 
between the grids was compared with the e.m.f. of a standard cell using a potentio- 


meter. Since the distance between the grids is known the field E could be 
calculated with an overall accuracy to better than 0-1%,. 


(c) The pressure of the gas. 


A precision mechanical gauge employing an evacuated capsule (Crompton and 
Elford 1957) enabled the gas pressure to be measured with an accuracy to bo 
than 1°% at 1mm Hg and 0-1% at 20 mm Hg. 


(d) The frequency of the alternating voltage applied between the two sets of wires 0 
each grid. $ 
The alternating voltage was derived from a high stability oscillator which B | 
initially calibrated against a frequency standard. The stability of the oscilla 
enabled determinations of frequency to be made to better than 0-1%. 
Experimental accuracy could be affected by local field distortion produ 
by the alternating voltages applied to the grids. In the course of the experim 
the peak voltage between either set of grid wires and the guard electrode wu: 


- 
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which the grid is mounted was approximately one half the voltage between 
successive guard electrodes. That the effects of such field distortion were 
negligible can be judged from the agreement between the values of fo for the 
higher orders as shown in table 1 and from the fact that doubling the alternating 
voltage produced a change in fy of less than 0-1%. These experimental results. 
confirmed predictions made from field plots conducted initially by means of an 
electrolytic tank. 

‘The measurement of the four quantities listed above to the accuracy stated 

enabled an overall accuracy to better than 0-5 °% to be achieved. 


§ 3. RESULTS 
__ The mobility j1o is defined as the ratio of the drift velocity W to the electric 
field E in a gas whose density is equal to that of a gas at standard density and 


ressure (1.e. 2-69 x 10! atoms cm~3). For a gas at pressure p and temperature T’ 
the mobility is therefore given by the relation 


Bi poe Vint 273 
oh a uI60(Eipya be. 


No correction other than that for gas density is made for the direct influence of the: 
gas temperature on the mobility 4». The values obtained for the mobility of K~ 
ions in nitrogen and neon (extrapolated to E/p)=() are shown in table 2. 


Table 2. Mobility uw) (cm? v— sec) 


Nz : Ne 
Present 2:54 7-42 
Tyndall 53> 7:50 


‘ e variation of the mobility with E/p) (where py is the normalized pressure 
lefined as p) =p x 273/T) is shown in figures 4 and 5, all results being taken at 


144 


K’in Nitrogen 
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Figure 5. Variation of ») with E/p) (K* in Ne). 


§ 4. DISCUSSION 

For each gas the results obtained agree with those listed by ‘Tyndall within the 
combined limits of experimental error. The excellent agreement confirms the 
accuracy of the results obtained for low values of E/p) by the group working at 
Bristol. In the earlier work it was necessary to calibrate each apparatus since the 
correction to be applied to account for end effects introduced by the pairs of grids 
was unknown. ‘The mobility of helium ions in helium was used for this purpose 
and was determined in the first instance by Tyndall and Powell using an apparatus 
in which the length of the drift space could be varied thereby eliminating the need 
for correction. Since the accuracy of all subsequent work depended on the 
accuracy of this initial determination the present results confirm the accuracy of 
this result also. Dalgarno, McDowell and Williams (1958) have suggested that 
the results of these workers may be subject to a systematic error of 8°, which is the 
discrepancy between their theoretical values and those observed experimentally. 
However, the excellent agreement of the present results with those obtained 
previously indicates that no such systematic error is present. 

The variation of jz) with E/p, (figure 4) observed by Mitchell and Ridler for K* 
ions in nitrogen, which suggests that the breakdown in Langevin’s law occurs very 
sharply, is in marked disagreement with the present results. "That such a sharp 
breakdown is unlikely can be seen from a qualitative consideration of the forces of | 
interaction present. At low values of E/p) the predominant force of interaction 
is that of polarization attraction. As the value of E/p, increases, the effect of the 
attractive forces decreases and at very high values of E/p, the hard sphere repulsion 
is the predominant force present. ‘The mobility then varies inversely as the 
square root of E/p,. Since the effect of attractive forces decreases smoothly as 
the value of E/po is increased, at low values of E/py the rise in mobility is expected | 
to be gradual and not discontinuous. The considerable disagreement between 
the two sets of results at values of E/p,) greater than that at which Langevin’s 
law breaks down may possibly be attributed to the method of calibration and the} 
subsequent operation of the four-gauze apparatus used by Mitchell and Ridler. | 


§ 5. A PossIBLE SouRCE OF ERROR IN DETERMINATIONS OF MOBILITY USING 
THE Four Gauze METHOD 


‘The four-gauze method has previously been the only method extensively u 
to obtain the mobility of alkali ions in gases (‘Tyndall 1938). Two sets of m 
gauzes AB and CD are situated a distance d apart (figure 6). A sinusoidal volta 
is applied between the gauzes A and B and between C and D such that a group 
ions may be transmitted by each pair once every cycle when the field is in 
forward direction. If the frequency of the alternating voltage is continu 
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increased the current received by the collecting electrode will have a series of 
maximum and minimum values and, since the voltages applied to both pairs of 
gauzes are in phase, the drift velocity W will be given by W=fd where f is the 
frequency at the first maximum. However, as Tyndall and Powell point out, the 
fields produced by the alternating voltages cause a periodic disturbance of the field 
EF for which no accurate correction can be applied. For a given ion, if the field E 
and the magnitude of the applied alternating voltages are kept constant, then fp, is 
constant (W=fd, Wocl/p,). Similarly, assuming the same field distribution, fp, 
is constant for any other ion, the ratio of the constants being the ratio of the 
mobilities. ‘Thus although the four-gauze method does not directly measure 
mobilities it does enable relative mobilities to be determined. From Tyndall 
and Powell’s absolute determination of the mobility of helium ions in helium it is 
possible to calibrate any four-gauze apparatus under known conditions of field and 
hence use it to determine other ionic mobilities. The conditions for which this 
experimental procedure is valid are now considered. 


lon source 
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Figure 6. Tyndall—Powell four-gauze method. 


In figure 6, P and Q are planes which lie parallel to the YOZ plane midway 
between the grids A and B and C and D respectively. Let the distance between 
PandQbed. At points between the grids B and C and some distance from each 
the field may be considered uniform and of magnitude E,. However, the experi- 
mental conditions under which the grids are operated to modulate the beam of 
ions will cause the field in the regions AB and CD to differ from that in the region 

“BC. In addition some field distortion will then exist in this latter region in the 
neighbourhood of the grids Band C. Let the field at a distance x from the plane P 
_ (situated at x=0) be E(x) and let W(x) and jo(x) be the values of drift velocity 
and mobility respectively corresponding to the field E(x). ; 

C - It is possible to replace the value d by a value d, such that the measured time 
of flight of the ions between P and Q would equal the transit time over the distance 
; d, were the field uniform and equal to £,. If f be the frequency at which the 
first maximum occurs in the graph of ion current as a function of frequency then 


I Fam es LE? 

f W, JoWx) 

. Bier. W,,=760(E,/py)-4o. and W, and jp; are the values of W and py appropriate 
to the field £;. 
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‘Two cases are considered : 
(a) When the field E(x) nowhere exceeds the value Ee above which Langevin's 


law ceases to hold, that is p(«) is constant and ju9(x) = /491 =Hoo Where pigo is the 
value of fy corresponding to E/p)=0. In this case 

d, eae dx 

760(E4/Po)Hoo 0 160[E («)/Poltoo 

oa 
o E(x) 
and d, is a function only of the constants of the apparatus and the potentials 
applied to the various electrodes. 
(b) When po(x) is not constant, that is, when the field in part or all of the region 
PQ exceeds the value Ey for the particular ion, gas and gas pressure being investi- 
gated. ‘Then 


that is d,=E, 


dy es | seaednn: OX ingen) san 
760[ £3 /Po|H4o1 0 760[E(*)/Po]Ho(x) 


d 
Bases Eto. | Be ual) 
and d, is no longer a constant for a given apparatus and a fixed set of field con- 
ditions. 

From the foregoing analysis it is apparent that the four-gauze method is liable 
to error for values of E/p, close to and in excess of the value above which Langevin’s 
law ceases to hold. Whether the magnitude of the disagreement between the 
present results and those of Mitchell and Ridler for K* ions in nitrogen can be 
wholly attributed to this cause is being further investigated. 
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Abstract. ‘The first order anisotropy constant K, has been measured by torque 
methods on substituted manganese ferrite crystals containing 1, 2, 4, 6, 8, 10 and. 
25 mol °% cobalt ferrite from 160° to 300°k. The contribution to the anisotropy 
from the cobalt ions is found to vary linearly with cobalt concentration up to 25%. 
The extrapolated contributions of the cobalt ions in manganese ferrite lead to K, 
values of 0-8 x 108 ergs cm~* compared with the value of 3 x 10° found for cobalt 
ferrite and K,=1-5 x 10° for cobalt substitution in magnetite. The anisotropy 
contribution is found to vary much faster with temperature for substitution in 
manganese ferrite than in magnetite. 


§ 1. INTRODUCTION 


ably modifies the magnetic properties of ferrites. Cobalt ferrite (CoFe,O,) 

is found to have a large positive anisotropy (K, ~~ 2-3 x 10% ergs cm~*) at room: 
temperature compared with the small negative anisotropy (K, ~5 x 10*ergscm~?) 
commonly found in other ferrites, and consequently materials of approximately 
zero anisotropy may be produced by the substitution of small amounts of cobalt. 
in other ferrites. Experimental evidence regarding the magnetocrystalline 
anisotropy of cobalt-substituted ferrites may be divided into two classes; firstly, 
direct measurements of the first order anisotropy constant K, on single crystals. 
and secondly, indirect evidence from measurements of the initial permeability 
on polycrystalline samples (Van der Burgt 1957). These measurements indicate 

_ that although the anisotropy contribution from the substituted cobalt ions is purely 
an additive effect at low concentrations, it tends to vary in magnitude in different 
ferrites. For example, Seavey and Tannenwald (1956) have measured K, (by 
microwave resonance methods) for a single crystal of manganese ferrite containing 
four mol per cent cobalt ferrite and find that K, is still negative at room temperature 
whereas Bickford (1957) from torque measurements on cobalt-substituted 
_ magnetite crystals showed that only one mol per cent of cobalt ferrite was required 
| to change the sign of K, at room temperature although the anisotropy of magnetite 
: 


] T has long been known that the addition of small quantities of cobalt consider--. 


(K = —13x10tergscm-*) is more negative than that of manganese ferrite 

(K, = —3°8 x 104 ergs cm-*). | 

As the behaviour of cobalt ions in substituted magnetite crystals is now well 

“understood (Slonczewski 1958), it seemed desirable to make careful measurements 
of the anisotropy constants of other cobalt-substituted ferrites, in particular to try 

y explain why the cobalt ion is less effective in influencing the anisotropy of other 
ferrites. 
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In this paper results are presented of anisotropy measurements on substituted 
single crystals of nominal composition Co,Mn,_,Fe,O4 where x«=0, 0-01, 0-02, 
0-04, 0-06, 0-08, 0-10, 0:25, over the temperature range 160°K to 300°K. 


§ 2. PREPARATION AND ANALYSIS OF CRYSTALS 


Large single crystals (approximately 4cm long by 1cm diameter) of cobalt- 
substituted manganese ferrite of all the above nominal compositions were grown 
by Mr. J. L. Page of these Laboratories using the flame fusion method. The 
chemical analysis of these crystals is shown in table 1. Chemical analysis indicates 


bleu 
Chemical analysis 
Nominal composition (nearest sample) 
Mn Fe,O, M Mn Mno-9 Fey-9904 


Coorg WVinotss Hes On Co (OL) (Coptags Witlarpdte Cres Ox 
Copo-93 Minp-9g Fe230, Co (02) Gogoi Nitine ergs On 
Cop. Winj-9¢ KesO,7 +Co.(04) GopejseViny gall ejegr Oe 
Co 9-96 Mino-94 FeszO, Co (06) COg:nce Ving og er-o7 Os 
COo-93 Minp-99 FesO, Co (08) COo-077 Mino-92 Fey-9904 
Coo-10 Mino-90 HesO, Co (0°10) “Cog:o54 Mrg-9) Fes-9, 04 
Cop-a5 Ming-7g FegQO, Co (0°25) | Cop-a45 Mino-na7 €4-990% 


a variation in cobalt concentration along the boule and therefore care was taken in 
selecting the position in the boule of the slice from which the samples were cut. 
The specimens were shaped into the form of spheres approximately 1-5 mm dia- 
meter, using a sphere grinder of the type described by Bond (1951). In caseswhere 
it was difficult to make perfect spheres a manual technique mentioned by Bond 
(1954) wasused. Accurate values of the volume of the spheres were deduced from 
the weight and the x-ray density. Values of the lattice constants (derived from 
x-ray powder photographs) for the crystals are shown in table 2. 


Table 2 
Nominal mol °%% Co in crystal Lattice constant (A) X-ray density 
0 8-512 +0-005 4-967 
1 8:514+0-005 4-964 
2 8°509 40-005 4-970 
4 8511 +0-005 4-972 
6 8:495 +0-005 5-002 
8 8-505 +0-005 4-986 ) 
10 - 8-503 + 0-005 4-991 
25 8-488 + 0-005 5-031 


. § 3. ANISOTROPY MEASUREMENTS 
The first order anisotropy constant K, was measured by the torque method. | 
The single crystal spheres were oriented by x-ray methods and the torque in a (100) 
crystallographic plane was determined using the automatic recording torq 
magnetometer mentioned by Pearson (1959)in which the torque curves are direct 


S| 
: 
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plotted on an X-Y recorder. A schematic diagram of the apparatus is shown in 
figure 1. ‘The measurements were carried out ina field of 12 000 oersteds although 
at low temperatures where the anisotropy tended to become large (K,~5 x 10° 
ergs cm~*) fields of up to 15 000 oersteds could be applied for short periods. With 
the larger anisotropies it was found necessary to reduce the size of the specimens 
to less than 1mm diameter since otherwise the balancing torques become very 
large (greater than 500 dyn cm) and cause instability in the torque curves as pointed 
out by Harrison (1956). 

The anisotropy energy of cubic crystals is usually expressed in terms of the 
direction cosines (0, %, %3) of the magnetization with respect to the crystallo- 
graphic axes by the following expression: 

B= Ky (x47 5? + Xg7 6g? + Hy” 17) + Ky Oy 205? og” 
where K,, K, are the magnetocrystalline anistropy constants. ‘The term containing 
K, is usually more important than higher order terms. Then the torque exerted 
by the anisotropy forces when a crystal is magnetized to saturation in a particular 
crystal plane is given by L = — dE/06 where 6 is the angle between the magnetization 
and the reference direction in the plane. 


Automatic 
Balancing 


Shaft Drive to Turntable 


Figure 1. Schematic diagram of automatic Figure 2. Typical chart record of 
recording torque magnetometer. torque curve: [100] torque 
curve Of C0o.94Mno.9,F e204. 


Torque expressions for the principal crystallographic planes are given by 
~ Bozorth (1951), and it is seen that the torque curve in a (100) plane depends 
_ solely on K,, being given by L= 4— XK, sin 46 where 0 is the angle between the [100] 

direction and the magnetization. ‘The values of K, were simply derived from 
the peak heights of the plotted curves. A typical chart record is shown in figure 2. 
Measurements were taken at approximately 10°K intervals over the temperature 
_ range 160°K to 300°K. 
Pl § 4. EXPERIMENTAL RESULTS 
The experimental values of K, for the whole series of cobalt-substituted 
“manganese ferrite crystals are plotted as a function of temperature in figure 3 and 
are also conveniently tabulated in table 3. All these results were derived from 
_ torque measurements ina (100) plane. The values of K, are thought to be accurate 
to within 1-5 x 10? ergscm~-* or 2% whichever is the greater, and difficulties in 
temperature control and measurement limit the accuracy of the temperature 
values to 1°k. These data are compared in table 4 with values of K, given by 
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Table 3. Experimental Values of K, 


Values of K, (ergs cm~* x 10~-*) for cobalt-substituted crystals of 
manganese ferrite 


Temp. 
(°K) MMn_ Co(01) Co(02) Co(04)  Co(06)  Co(08) Co(10) Co(25) 
300 —37-1 —28-1 k) 
290 —40:-7. —31:2 —22:2 —7:0 +63 +29-1 +373 +171 
280 —45:1 —342 —23-0 —5-0 +14-0 + 41-3 +53-1 +220 
270 —51-3. —37:1 —23-2 +0:2 + 23-8 + 54-9 +72:9 +279 
260 —57:38 —39°8 —22:2 +77 + 36-1 + 72:3 +968 +351 
250 —64:4 —42:1 —20-7 + 16-9 +521 +94:7  +127:3 +434 
240 —71:3 —44:0 —18-0 + 27:5 +72:2 +1245 +163:-7 +532 — 
230 —784 —45:9 —13-9 + 42:3 +95:9 +163:7  +210-0 os 
220 —87-:1 —47:0 — 8-0 +61:-4 +1260 4210-9 +265 — 
210 ~.—95:8 —47-8 0 +83-9 +165-0 —_ +327 — 
200 —105:0 —46-8 +100 +112:2 +210-0 — +407 — 1 
190 —115-3 —43-9 423-0 +146°8 — a = —— 
180 —126:0 -—39:2 +398 +189-5 — — — oo 
170 —136-7 —341 +603 +241-6 — — = aa 
160 — = +91-8 +303 — — — — 

My ST eat | 

gty's neat ’ isla my 


wil} pba aisperind | 
cctv t fiay chads Baril lous 
fh : : Si te hosel 
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Tail 


Cobalt concentration K, (ST) K, (torque method) 


0 mol % — 28000 — 39000 
4 (3-8) ~ 38000 ~ 3000 
10 (9:4) + 44000 + 30000 


The values of the cobalt concentration given in brackets correspond to the chemical 
analysis of our crystals. The chemical analysis of the crystals used by Seavey and 
Tannenwald (ST) is not known. 


differences will be more fully discussed in a separate report on the intrinsic 
anisotropy of manganese ferrite, whereas here we are primarily concerned with the 
effect of the substituted cobalt ions. 


§ 5. Discussion OF RESULTS 


4 


The results shown in figure 3 confirm that the qualitative effect of cobalt on 
the anisotropy of manganese ferrite is similar to that reported for magnetite by 
Bickford (1957). The cobalt ions (Co?*) introduce a positive contribution to the 
first order anisotropy constant K, and this contribution increases rapidly as the 
temperature is reduced. In figure 4, the temperature at which K, passes through 
zero is plotted as a function of cobalt concentration, while on the same graph are 


Ss 
=a 
ee 


---— Temperature of peak initial 
permeability (Van der Burgt) 


Temperature where X,=0 


. ie 


0 0-02 0-04 0-06 0:08 Ol 
x (cobalt concentration) 


Figure 4. "Temperature at which K,=0 plotted as a function of cobalt concentration. 


_ plotted results of Van der Burgt (1957) showing the temperatures at which peaks in 
the initial permeability of cobalt substituted manganese ferrite occur. Although 
these curves show the same variation with composition, our results indicate that 
K, passes through zero at 0°c for a cobalt substitution of 4 mol % compared with a 
value of about 2:2 mol °% deduced from the results of Van der Burgt. This 
_ disagreement may be due to the effect of K, the second order anisotropy constant 
on the permeability, in which case one would not expect the permeability peak to 
~ occur exactly at the temperature at which K, goes through zero. 
If now from the results shown in figure 3 we evaluate the contribution of the 
Co2+ ion to the anisotropy, by subtracting the value of K, for manganese ferrite 
from the value of K, for the cobalt-substituted crystal, we find that at a particular 
emperature this contribution is a linear function of the cobalt concentration Ms 
n figures 5 and 6, these contributions to the anisotropy are plotted for different 
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temperatures from 290°K to 170°K. If we consider the results plotted for 290°, 
we see rather surprisingly that the anisotropy contribution is a linear Tuneton of 
cobalt concentration up to 25% substitution compared to the limit of 10% found 
in cobalt-substituted magnetite crystals by Bickford(1957). Also if we extend the 
line to 100° cobalt-substitution a value of K,=0-8 x 10% ergscm™ is obtained, 
whereas the previously reported values of K, for cobalt ferrite are about 3 «108 
ergcm™%. Using the notation of Van der Burgt (1957) we may write the anisotropy 
constant K.,, of the substituted ferrite in terms of the K, values for the pure ferrite 
(x=0), in our case manganese ferrite, and the K, value for cobalt ferrite (x= Ly 
i.e. K,=(1—x)K,_)+axK,_, where the coefficient a describes the activity of 
the cobalt substitutions and is not necessarily unity and in addition depends on 
temperature. In figure 7, the value of a is plotted as a function of temperature, for 
substitutions in magnetite and manganese ferrite. The coefficient a is less than 
unity for manganese ferrite at room temperature and increases steadily as the 
temperature is decreased. However, the values of ashould be treated with caution 
as the K, values for cobalt ferrite used in the calculation of the results were obtained 
by Shenker (1956) on a crystal of composition Co, .9; Fes.9 03.42 which is obviously 
non-stoichiometric. 


500 = 

“ge ¢ 
: 300 
Co 
Do 
Ss 
% 
x 
<< 200 
| 

100 

Ble 4 1 Ae 
0 0-05 010 0415 0:20 0-25 0 0-02 0-04 0:06 0-08 04 


2 (cobalt concentration) x (cobalt concentration) 


Figure 5. Contribution to K, plotted Figure 6. Contribution to K, plotted 
against cobalt concentration at 290°x, against cobalt concentration at 230°K, 
260°K. 200°xK, 170°x. 


Finally, in figure 8 we have plotted the contribution to the anisotropy of 1 mol % 
cobalt-substitution in manganese ferrite as a function of temperature. These 
values have been derived from the gradients of the lines shown in figures 5 and 6. 
The graph shows quite clearly, by comparison with results of Bickford (1957) and 

‘Shenker (1957), the different variation with temperature of the anisotropy — 
contributions from Co** ions substituted in manganese ferrite to that in magnetite. 

Although the distribution of the magnetic ions (Mn?+, Mn3+, Fe?+, Fe?+) i 
manganese ferrite is more complex than in magnetite, we have assumed that th 
contribution to the anisotropy from these ions is small compared with that from 
the substituted Co?+ ions, which are assumed to prefer the octahedral sites of th 
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spinel lattice. ‘Therefore we might expect that the theory put forward by 
Slonczewski (1958) to explain the anisotropy of Co?+ ions in Fe,;0, would be 
applicable for manganese ferrite. Slonczewski has pointed out that since the 
lowest orbital level of the Co?+ ion on an octahedral site is degenerate, then a 
small trigonal crystal field will tend to couple the angular momentum to the [111] 
axis of the lattice. Spin orbit interaction then effectively couples the spin to the 
lattice producing a resultant magnetocrystalline anisotropy which satisfactorily 
describes the experimental observed values of K,. Anattempt has been made to 
fit the theoretical expressions derived by Slonczewski to the present results by 
adjustment of the atomic parameter «A. (‘Taken to be 132 cm~! for Co2+ ions in 
magnetite.) However, although particular values of K, may be fitted to different 
values of this parameter, no value can be found which gives satisfactory agreement 
over the whole temperature range. 


a 


4 | | 
> + 100 ; | 
ee a ae Hie a® | Ni — AK, *10™ C099, MNg.gg Fez 04 
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Figure 7. Activity of cobalt substitution Figure 8. Contribution to anisotropy of 
as a function of temperature. Co?+ ion in MnFe,O, as a function 
of temperature. 


On the other hand it has been suggested by Smit (1958, private communication) 
and Wolf (1958, private communication) that in manganese ferrite the substituted 
_ cobalt ion would not be in a field of trigonal symmetry and the Co?* ion would be 
effectively in a singlet orbital ground state. It is then possible to apply the 
‘theoretical treatment given by Wolf (1957) for ions in S-states. However, it 
would appear at the moment that this theory would still give rise to a much smaller 
temperature variation of the anisotropy than is found experimentally. 
Bickford (1957) suggested that the effect of cobalt on the anisotropy of mag- 
netite was enhanced by the presence of divalent iron ions and therefore further 
experimental results of the anisotropy of cobalt substituted manganese ferrous 
ferrite would be of interest. Preliminary measurements on this system indicate 
that no simple correlation can be found between the divalent iron content and the 
activity of substituted cobalt ions. It seems clear at the moment that further 
experimental work on the anisotropy of cobalt substituted ferrites is necessary 
efore a clear understanding of the behaviour of cobalt ions in spinel ferrites can 


ye gained. 


Si2 SPY, 10s 1 ON? 


§ 6. CONCLUSION 


Experimental measurements of the anisotropy of cobalt-substituted manganese 
ferrite crystals have confirmed that cobalt substitutions in this material are much 
less effective in influencing the anisotropy than for magnetite. The variation 
with temperature of the contribution to the anisotropy from the substituted cobalt 
ions has been found to be greater in manganese ferrite thanin magnetite. Attempts 
to interpret these results in terms of theoretical models recently proposed to explain — 
the anisotropy of the cobalt ion have proved unsuccessful. . 
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The Principal g Values of Ytterbium Ions in Yttrium Acetate, 
a Triclinic Crystal 


By J. G. PARK+ 


Clarendon Laboratory, University of Oxford 
MS. received 8th May 1959 


Abstract. ‘The principal g values of ytterbium ions in yttrium acetate have been 
determined by a method which requires that the single crystal specimen can be 
rotated about a horizontal axis inside the cavity of a paramagnetic resonance 
apparatus, as well as the more usual requirement that the horizontal magnetic field 
can be rotated about a vertical axis. By this method the principal g values are 
measured directly when they are located, whereas in other methods that have been 
proposed they are calculated from measurements of certain g values and angles. 

The orientation of the g tensor was not determined in our experiments, but a 
method for finding it is outlined here. The results were (choosing x, y, z so that 
82> 8y> 82) 

g= 4-583 +0-008, 9,=2°11740-004, g,=0-71 + 0-03. 


ot Ss 


§ 1. INTRODUCTION 


HE principal g values of the lowest doublet of Yb?* ions in an yttrium acetate 
crystal have been determined, using a device for rotating the crystal about a 
horizontal axis inside a paramagnetic resonance apparatus. ‘The con- 
centration of Yb*+ ions was about 1%. Crystals of yttrium acetate, 
Y(CH,COO),.4H,O, are triclinic and x-ray oscillation photographs have 
shown that there are two molecules in the unit cell. Only one paramagnetic 
resonance spectrum has been observed, so that the two types of Yb?* ion must be 
equivalent magnetically. Furthermore, the spectrum must be due to the lowest 
doublet, since a crystalline electric field of rhombic or lower symmetry (it must be 
lower than rhombic in a triclinic crystal) splits the free ion levels into Kramers’ 
doublets, in any of which resonance transitions are allowed. In a magnetic field 
the splitting of each doublet depends on the direction of the field in relation to the 
: ¢rystal and can be characterized by a g tensor with principal values g,, g, and g., 
provided two levels of different doublets do not approach too close to one another. 
Since only one spectrum is observed it is unlikely that the next doublet is near 
enough to affect the separation of the lowest doublet levels. The energy levels of 
‘the lowest doublet in a magnetic field are then given by the effective spin 
ee (Pryce 1950) © 


H=B > 2,H;S; 


1=2, Y, 2 
‘to which must be added further terms if the ions have a nuclear spin. ‘The axes 
%, y, 2 are here the principal axes of the g tensor, the S;are components of the spin 


+ Now at H. H. Wills Physics Laboratory, University of Bristol. 
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operator for spin } and f is the Bohr magneton. For a magnetic field H in the 
direction (J, m, n) the ‘g value’ is defined by 


o2 = 


5 Ben P? +2," m* +29,7 Th wee eee (1) 


For ions without nuclear spin the splitting of the doublet is gH. 

The paramagnetic resonance spectrum of Yb** ions in yttrium acetate has been 
observed at 4:2°k and a wavelength of 3cm (Cooke and Park 1956). At higher 
temperatures the lines in the spectrum are broadened by spin-lattice relaxation, 
and at liquid hydrogen temperatures they could not be observed. The spectrum 
has a hyperfine structure due to the two isotopes Yb and !Yb which have 
nuclear spin, but there is a single strong line, the ‘ main line’, corresponding to 
isotopes of even mass which constitute 70°% of ytterbium and have no nuclear spin. 
From the position of the ‘ main line’ at a field H, g can be calculated directly ; 
if the microwave frequency is v, g=hv/PH. 

In the method described here for measuring the principal g values, each of the 
axes of the g tensor is aligned in turn with the magnetic field by rotating the crystal 
about a horizontal axis and the corresponding g value can then be measured 
directly, along with the angle between the tensor axis and the crystal rotation axis. 
If only the magnitudes of the principal g values are required, no angles need be 
measured. Other methods that have been proposed do not determine the g tensor 
so directly (Geusic and Brown 1958, Schonland 1959, Weil and Anderson 1958) 
but calculate its orientation and principal values from measurements of g values 
and certain angles in three mutually orthogonal planes in the crystal. ‘These 
other methods are probably not capable of such precision as ours, but could be used 
when it is not possible or convenient to rotate a crystal about a horizontal axis from 
outside the paramagnetic resonance apparatus. 


§ 2. METHOD 


The construction of the crystal rotator will only be outlined here. It consists 
of two concentric tubes. ‘The outside tube supports a Perspex gear wheel which 
can rotate inside the resonant cavity about a horizontal axis, and to this gear the 
crystal is attached. A second gear wheel with its axis vertical is fixed to the inside 
tube, and engages with the first. When the inside tube is turned and the outside | 
tube held still, the crystal rotates. 

For each setting of the rotator, the maximum and minimum g values in the 
horizontal plane, g, and g_, can be measured by rotating the horizontal magnetic | 
field about a vertical axis into the positions for which the ‘ main line’ appears in | 
minimum or maximum field. In 180° rotation of the crystal g, and g_ themselves 
each have a maximum anda minimum. It is clear that the maximum g, (g,™*) 
and the minimum g_ (g_™™) are respectively the largest and smallest of the 
_ principal g values, g, and g,, say. (Throughout this paper we shall label the axes 

to make g,>g,>g,-) One of the other two extreme values g,™™ and g_™®* is gy, 
the g value when the magnetic field lies along the crystal rotator axis ; the remaining 
one is g,, as we show below. Provided the direction of the rotator axis is roug aly 
known, and the angle between it and the g,, axis is not too small, g,, and gr can be 
distinguished. Alternatively, they can be distinguished by experiments wit 
different axes of rotation. Either g,™™ or g_™* will be &, and this value common 
to all the experiments can easily be picked out. 
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The orientation of the g tensor axes can be determined at the same time since in 
measuring the principal g values, the g tensor axes and the rotator axis are located 
by the magnetic field. Thus the angles between each of the tensor axes and the 
crystal rotation axis can be measured as angles turned through by the magnet. 


§ 3. THEORY OF THE METHOD 
Suppose that in the g tensor system of axes x, y, z, fixed in the crystal, the axis 
of rotation of the crystal rotator is given by the direction cosines (Ps ¢,.7). ble 


normal to the horizontal plane, and to (p, q, r) which lies in it, is then (a, 5, c), 
where, 


a= /(1—p*) cose, b= —/(1—g?) cos (e+B), c=—+/(1—77) cos (e—y). 
ae (2) 


Here tan B=r/pq, tan y=q/rp and « is the angle through which the crystal has 
been rotated from a position in which the x-axis lies in the vertical plane through 
(?P, 4 7). 

The most straightforward way of calculating g, and g_ is to relate new axes 
x’, y’, 2’ to the tensor axes x, y, z, using Euler angles 6, ¢, 5 making x’ the magnetic 
field direction and x’—y’ the horizontal plane. If varying % rotates x’ about 2’ 
then g=g., when dg/as=0. One thus finds that 


eRe Pa) geet BU) BE (3) 


OE Ae i) elo) 
O=2,72.7a" +222, 7b? + 2,72,,°C*. 


where 
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? Figure 1. Figure 3. 
The figures show, with the aid of the text, that g,(g,>g,>g,) 1s g,™i4, and gy, the g value 
2 along the axis of rotation, is g_™®* in the example illustrated. In general g, and gy 
‘ may be either g,™i2 or g_™4* depending on the axis of rotation in relation to the 


crystal axes. 

It can be shown by differentiating (3) with respect to « that three of the four 

extreme values of g, and g. are g,, 8, and g,. Since 
preg andy =p eye Ores 

| Presumably it can also be proved using (2) and (3) that gy is the fourth extreme 
value but we have been content with the following proof. 
Suppose the variation of g with field direction to be represented by a set of 
ontours of constant g on the surface of a sphere; as the crystal rotates, the sphere 
otates with it. ‘Then it can be shown that the contours g=g, (g,>g, >g-) form 
eee 
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two great circles intersecting at the point on the surface corresponding to the g, 
axis, as shown in figures 1 to 3, and that these contours separate two regions: in 
one region g >g,, and in the otherg<g,. The regiong>g,, is shown shaded in the 
figures. As long as the horizontal plane does not include the g, axis, g. is found in 
the shaded region and g_ in the other region, as in figures 2and3. Inthe example 
shown, the rotator axis lies in the unshaded region and when the horizontal plane 
does pass through g,,, as in figure 1, g,=g,.. It can be seen from figures 2 and 3 
that for small rotations about the rotator axis in either sense away from g. =g,, 8+ 
increases. Thus, in this example, g,, is g,™™. 

In figure 1, the contour g=gr is shown by a dotted line. Inside the contour 
g<gr. Generally the horizontal plane and the contour cut one another and 
g_ <r, but in one orientation of the crystal they touch and then g-=g_™*. If 
the rotator axis lies in the g, region then g, =g_™** and gr-=g.™™. If it happens 
to lie in one of the planes g=g,,, two extreme values of g coincide and 


gy min=g_™ = 2, =£r- 


§ 4. EXPERIMENTAL RESULTS , 


The principal g values for 1°% Yb** in yttrium acetate were found to be : 
&,= 4-583 + 0-008 
&,=2:117 + 0-004 

2.=0-71-20-03: 
‘The magnetic field was measured by proton resonance. The proton resonance 
coil was wound on a Perspex former which was itself the proton sample. 
No g value less than 1-4 could be measured directiy in our apparatus, since i 
would require a higher magnetic field than we could obtain and g values less the 
1-4 had to be found by extrapolation. When the magnetic field makes an angle 
with the direction corresponding to g,, g?=(g,?—g_*) cos?@+g_*. Thus if g 
was less than 1-4, g values greater than 1-4 were measured for various @, 
was plotted against cos? @ and extrapolated to cos? @=0 to determine g_. Th 
method was used to find the smaller values of g_ in order to determine 2 
which is g.. = . — 
In these experiments the orientation of the g tensor was not determined. 
—< ke 
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Abstract. It is numerically investigated how the angular distributions of some 
typical (d, p) stripping reactions given by the Butler theory are modified by the 
supposition that in a simple (d, p) stripping process protons do not penetrate 
into the nucleus, in contrast to the assumption of the Butler theory that protons 
move freely even in the nucleus. The result of the calculation shows that the 
general trend of the angular distributions given by the present model gives a 
better fit to the experimental data than that given by the Butler theory, though 
it is not greatly altered in both relative and absolute values in the cases of relatively 
light nuclei and high incident energies. The best fit nuclear radii determined by 
the present model are found to be given by the Gamow-Critchfield formula 
a= (1-22A'?+1-70)x10-4%cm. These nuclear radii are smaller than some of 
the best fit nuclear radii obtained in the analyses hitherto done by using the 
Butler theory. 


§ 1. INTRODUCTION 


Butler (1951) has accounted well for the pronounced structure at small angles 

in the angular distributions of (d,p) and (d, n) reactions at energies of 
several million electron volts above the Coulomb barrier. Making use of the 
Butler formula for the cross section, the spins and parities of many nuclear energy 
levels have been determined by experiments. 

The basic assumption in the Butler theory is that in a deuteron stripping 
reaction one of the nucleons in the incident deuteron is absorbed into the target 
nucleus, while the other nucleon merely carries off the balance of energy and 
nomentum without interacting with the nucleus. It is, therefore, assumed that 
‘the nucleon to be stripped off moves freely even in the nucleus. Thus, the Butler 
formula for the cross section includes the contribution from the configuration 
‘in which both nucleons of the incident deuteron are simultaneously in the nucleus. 
For such a configuration, however, it seems more natural to take into account the 
possibility of forming the compound nucleus. co ; 
Ina previous paper, one of the present authors (Nagasaki 1956) has given 
a formula for the cross section for deuteron induced nuclear reactions, in which the 
interactions between the target and both of the nucleons in the incident deuteron 
are taken into account. In the cross section for the deuteron stripping reaction 
derived in that paper only that process has been included in which one of the 
‘nucleons in the deuteron is absorbed into the nucleus while the other nucleon 
merges without entering into the nucleus. T he process in which the whole 
uiteron penetrates into the nucleus, on the other hand, has been considered to 


I: is well known that the theory of deuteron stripping reactions developed by 
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cause the formation of the compound nucleus. Nagasaki’s formula for the 
cross section for the stripping reaction is, therefore, somewhat different from 
that of Butler. 

The purpose of the present paper is to investigate numerically the conse- 
quence of this modification in the angular distribution of some typical (d, p) 
stripping reactions. 

In §2 the underlying assumptions are briefly described and the formula for 
the cross section for the (d, p) stripping reaction is given, and the results of the 
present numerical calculations are shown and compared with the Butler theory 
and the experimental data. 

In §3 discussions are given and the conclusion derived from the present 
analysis is stated. 


§ 2. CALCULATION AND RESULTS 


2.1. Calculation 


According to Nagasaki (1956), the differential cross section for the (d, p) 
stripping reaction is given by the following formula 


do MprMatkp 1 , , 
ee eee = k * 
GQ, ~~ OnhPha 3Q141) ke drexp (—ikptp’)x¢* (tr €) 


x (Vn +Vp,) exp (tka(tp +¥n)/2)ma(r)x(E)1% eee (2Ay 


Here y,; represents the wave function of the initial nucleus together with the spin 
functions of the initial system of the deuteron and the nucleus. € being the 
internal coordinates of the initial nucleus and all the spin coordinates of the 
system. x, 1s the product of the wave function of the final nucleus and the spin 
function of the proton, and wg is the internal wave function of the deuteron. 
Vn, and Vp, are the interaction potential of the neutron and the proton with the 
initial nucleus, respectively. kp and M,,, are the momentum and the reduced 
mass, respectively, of the relative motion between the proton and the final nucleus. 
hk, isthe momentum and M,, is the reduced mass of the incident deuteron relative 
to the initial nucleus. rp and rp are the vectors connecting the centre of mass of 
the initial nucleus and the proton and the neutron, respectively, while rp’ is the 
separation of the proton from the centre of mass of the final nucleus. J is the 
spin of the initial nucleus and 5 denotes summation over the directions of the 


. . BS spin . 
spins of the initial and final nuclei, proton and deuteron. | means the 


2 ‘ : : (ext) 
integration with respect to all the coordinates of the system over the external 


region (Nagasaki 1956), including the summation with respect to all the spin 
variables. > 

In deriving this formula, exchange effects among nucleons are neglected. 
Also the Coulomb interaction between the emerging proton and the residual 
nucleus and that between the incident deuteron and the target nucleus are no 
taken into account. ‘The actual differential cross section may be affected by the 
interaction between the stripped proton and the residual nucleus, the compoun 
nucleus formation and by the possibility that deuterons emitted from the compoun 
nucleus or scattered by the target nucleus are stripped again (Nagasaki 1956 
All these effects, however, are left out of account here and only the simple strippi 
process, willbe considereds.nw ees: try |, ks au 
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In (2.1), that part of integration which contains Vp, contributes only through 
the exponentially damped tail of Xz("n, €) for rn which is beyond the range of the 
interaction of the neutron with the initial nucleus. This contribution may be 
neglected if the binding energy of the captured neutron is not too small. Also, 
if the exponentially decaying tail of x;(£) for the proton extends over a long distance 

‘ng + Vp, contributes to the cross section through the extension, and the process 
which arises from this fact is the so called heavy particle stripping reaction (Owen 
and Madansky 1957). Assuming the binding energy of protons in the initial 
nucleus not to be so small, this process will be left out of consideration too. 


Thus (2.1) reduces to 
d Myr i 
oO # Ty Tatkp 1 | ar, | dry’ | ag exp (=ikorp’) 
Mn <a >a 


a0, 0) (Qnh)ka 3(21 41) < 
x x,* (a, E)Vn, exp ($7ka(rp + rn) )wa(rp — rn)x;(€)| aceite AG (2.2) 


spin 
where a) is the range of the interaction between the captured neutron and the 
initial nucleus and a is that between the stripped off proton and the final nucleus. 
In the following calculation, it will be assumed that a, =a. 
Using the Schrédinger equations that exp (—ikprp’)y,*(rn, €) and 


exp (7ka(rp + fn)/2)ea(r)x;(€) 


satisfy for 7, <a and rp’ >a, and assuming that the kinetic energy of the neutron 
in the nucleus is large compared with that of the proton outside the nucleus on 
account of the strong interaction between the neutron and nucleus, (2.2) can be 
rewritten as 
do — MpyMarzkp 2J +1 Say (27x)a ib 
dQ, (47)? MnPha 2(21 + 1)(2/n +1) (are A: 
x DS | Ag Yigttg*(Qq)— LE Bama] Ilana) Ying (QUE 
My hoe 


where 
Ag = i'm{iBah(3) (iBa)jin (44) — 44jmm' (Gab Bay} vanes (2.3 a) 
Bl = (aa)i'+’f(21 + 1)/(2ln + 1)}12(2A + 1)(A00| JAIn0) 
x {Kaj,_,(Ka)j,(ina) —inajy(Ka)jy_s(iza)} 
Zz x {iBah{” ({Ba)h{? (ixa)j (324) 
. —idab{p (i8a)h) (ida)j,(4ka@) 
— Pah} (Bayh (iaa)j (Aka) nee (2.3%) 


q=ka—(M;/M,,)kp, q and Q, being the length and direction of q; 
K=(1/2)ka—kp, K and Q, being the length and direction of K; 

| %=a(M;/M,), and ka=ka.M/Mp,. | 
M,,, is the reduced mass of the captured neutron relative to the initial nucleus, 
My, and M,, are the masses of the initial and the final nucleus respectively and M 
is the mass of a nucleon. EES 
j,() and h{)(z) are the first kind spherical Bessel and the Hankel functions, 
-espectively, of order / of argument z. Yj, is the normalized spherical harmonic. 
times attached to these functions denote differentiation with respect to their 
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respective arguments. In the deduction of (2.3) the internal wave function of 
deuteron wa(r) is chosen as 

wa(r) = («/27)"2e—"/r, 
where «= (M/f)"? x (binding energy of the deuteron)? =0-23 x 10 cm. “Alse 
the wave function of the neutron captured in the final nucleus (rn) given by 


E(rn)= | dex" Exel €) 
is assumed to take the form of the shell model wave function 


C(rn) =CyhY (Brn), 


near the surface of the nucleus, namely for rn>a. h?8?/2M,; is the binding 
energy of the captured neutron, and Y is the spin angle wave function defined by 
Blatt and Weisskopf (1952), j and y are the spin and its z component, respectively, 
of the captured neutron. A gives the angular momentum of the neutron due to 
the motion of the centre of mass of the incident deuteron, while / gives the angular 
momentum carried by the neutron on account of its motion in the deuteron. 
my denotes the z-component of the orbital angular momentum of the captured 
neutron, the z axis being taken in the direction of the incident beam. 

If all the Bis were zero, (2.3) would give the same results as the Butler theory. 
The correction terms proportional to the B are due to the supposition that the 
compound nucleus is formed when the proton and neutron enter into the nucleus 
simultaneously. ‘Thus the wave function of stripped-off proton is no longer a 
plane wave as is in the Butler theory, but its amplitude vanishes in the nucleus. 
This, in turn, gives rise to the modification from the plane wave in the wave 
function of the corresponding captured neutron and results in the correction 
term mentioned above. 


2.2. Results 


Numerical calculations are carried out for (d, p) stripping reactions in which 
the target nuclei are comparatively light and the energies of incident deuterons 
and emerging protons are high, so that the Coulomb force does not affect angular 
distributions seriously. In order to avoid complexities in angular distributions, 
only such cases are treated for which neutrons are captured with a definite orbital 
angular momentum. ; 

Results of the numerical calculation are shown in twelve graphs (figures — 
1 to 4). Figures 1(a) and (b) show the case I~=0; figures 2 (a)-(d), b=1; 
figures 3(a)—(e), /s=2 and figure 4, 4=3. The ordinates represent the differ- 
ential cross sections do/dQy in arbitrary units, and the abscissae the angles of - 
emerging protons in the centre-of-mass coordinate system in degrees. In each 
figure the differential cross section obtained from the present calculation is shown _ 
by a solid line and that given from the Butler theory by a dotted line, both 
being normalized to unity at the maxima of the curves. 

‘The meanings of the notations indicated in each graph are as follows: 

Ea= energy of incident deuteron in the laboratory system in Mev, Q=Q valu 
of the reaction in Mev, /,=orbital angular momentum of the captured neutron, 
a=best fit nuclear radius in 10-"%cm, p=ratio of the maximum value of the 
differential cross section obtained from the present calculation to that given by 
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Figure 1. The centre-of-mass angular distributions of (d, p) stripping reactions for 
I1,=0. The solid lines represent the angular distributions as given by formula 
(2.3), while the dotted lines represent those given by the Butler theory. The 
values of parameters used in the calculations, Ey (laboratory energy of deuteron), 
Z, (orbital angular momentum of captured neutron), Q-value of the reaction, and a 
(nuclear radius), are indicated in each figure. Also shown in parentheses are the 
values of p, the ratio of the maximum differential cross section obtained from the 
calculation to that given by the Butler theory. 
The experimental data shown by vertical bars are taken from the work of Holt 
and Marsham (1953 a) for both figures. 


Butler theory. ‘The best fit nuclear radii are determined so as to fit the theoretical 
curves to the experimental data indicated by vertical bars or circles. ‘The 
angular distributions based on the Butler theory are ones calculated for the 
nuclear radii so determined. 
In these calculations, as is described in § 2.1, the Yukawa type wave function 
of the deuteron is adopted. It is revealed from several examples, however, that 
the adoption of the Hulthén type wave function makes little difference from the 
‘Present calculation in the calculated angular distribution. 
§ 3. CONCLUSION AND DISCUSSION 
From the figures in § 2 it is seen that the modification of the Butler theory due 
to the supposition that in simple (d, p) stripping reactions protons do not penetrate 
into the nucleus does not much alter the numerical results in the calculated 
(d, p) angular distribution. This is probably due to the fact that the nuclei 
treated in this paper are relatively light, so that the nuclear radii are not so large 
compared with the extension of the wave function of the deuteron. _ For heavier 
nuclei, the angular distributions given by the Butler theory might be altered 
more by this modification. For example, in the case of the teh dp je08 Bb 
ction at Eqg= 15-1 Mev for which Jp is taken to be one, p is observed to take the 
alue 0-68. 
The reduced widths determined from (d, p) reactions using the Butler formula 
for the cross section are known to be comparatively smaller than those determined 
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from other nuclear reactions (Fujimoto, Kikuchi and Yoshida 1954). This 
situation is not much improved by the present analysis, since the values of p 
differ from unity by at most about 30%. fears 

It seems interesting to note that the best fit nuclear radii indicated in the 
figures in § 2 are relatively small. In the analyses hitherto made of experimental 
data on deuteron stripping reactions using the theory of Butler or Bhatia (1952), 
there have often been the cases in which the best fit nuclear radii are remarkably 
large compared with those deduced from other nuclear reactions. 


0-5 


do/dQ (arbitrary units) 


aD | 
295(0,9 5 
Eg = 8:18 
Q =6-42 
ln =2 1-0 r 
\ @ =5°57 | 


\ (Pp =0-91) 


0 20 


~ 


40 60 0) 20 40 


Angie (c.m.system) (deg) 


Figure 3 (e). 
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Figure 4. The centre-of-mass angular distribution of (d, p) stripping reaction for ,=3 


(see the caption of figure 1). 


taken from the work of Holt and Marsham (1953 b). 


The experimental data shown by vertical bars are 


In the case of the B(d, p)"B reaction at Eg=7-7 Mev for which /,=1, the 
nuclear radii of 5-32 x 10-8cm and 4:32x10-%cm must be chosen for the 
Butler theory and the present model, respectively, in order to fit the position of 
the maximum of the theoretical angular distribution to the experiments as shown 


in figure 5(a). 


If the nuclear radius is chosen in this way, the peak of the angular distribution 
given by the Butler theory, as is seen from figure 5(a), becomes narrower in width 
than those with smaller nuclear radii, and consequently the fit of the theoretical | 


angular distribution to the experimental one becomes worse than the angular 


distribution given by the present model. 
Figure 5(b) shows, as an example for J,=2, the case of the ®2S(d, p)#S 
The nuclear radius determined by fitting the positio 


reaction at Ha= 8-18 Mev. 


of the maximum of the angular distribution given by the Butler theory 


| 


- | 


6:57 x 10-'3. cm, which is iarger than the best fit nuclear radius obtained from the 
present model by 1-00 x 10-43 cm. } 


As in the case of boron, it is seen from the figure that the angular distributi 
given by the present model fits the experiments much better than that given 


the Butler theory. 


on 


On the Angular Distribution of (d,p) Stripping Reactions 525 


a bara 
0B (d,p)"B 26 a 
‘a) et I (d,p) Ss 
pee | Ey =7-7 (4) By = 8:18 
1-O- fn =! Lobe Ce 


Present 
model 


/Q=5:57 


Present model | [ 
4 = 4-32 


3 
i= 
= . 
> é 
% (ae L | L IN 
&S 0 20 40 60 0 20 40 60 
2 
S 
< (c) '2C (d,p)!3C (a) SIV (d,p)52V* 
> | Eq = 9:0 (0-i4 Mev) 
a Lor ; Ln =] OK Leg = 8-67 

} \ Us =| 

r \ \ = 

i \ \ Present model 
// \\\ 4a=4-49 r 

Ee // 

L / . 

4 r / 

05+ \" 05+ | 
\ \ Butler / 


| Butler ake 


\ 
a=4-99 \ 


Present 
model 
Q=6-23 


bere = 

0 20 40 60 0 20 40 60 

y Angle (c.m.system) (deg) 

Figure 5. The centre-of-mass angular distributions of (a) !°B(d, p)"B reaction at 
Eq=7-7 mev, (b) **S(d, p)**S reaction at Eg =8-18 mev, (c) C(d, p)®C reaction at 
Eq=9-0 mev, and (d) *'V(d, p)°*V* (0-14 Mev) reaction at Eg=8-67 Mev. The solid 
lines in (a), (6), (c) and (d) are the angular distributions given by the present model 

i with the nuclear radii 4:32x10-%cm, 5°57x10-"%cm, 4:49x10°-#%cm, and 

it 6:23 x 10-} cm for the cases of 1°B, °2S, C and *'V, respectively, and are the same ones 
as the solid lines in figures 2 (a), 3 (e), 2 (6) and 2 (d), respectively. The chain lines 
in (a), (6), (c) and (d) are the angular distributions given by the Butler theory with 

5 nuclear radii a= 5°32 x 10-8 cm, 6°57 x 10-7? cm, 4:99 x 10-# cm and 5:83 x 10-# cm 
for the cases of 1°B, *2S, #2C and °1V, respectively. The broken line in (c) is the 
angular distribution given by the Butler theory with the nuclear radius 4-00 x 10-18 cm 


for the case of #7C. 
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The best fit nuclear radii determined by fitting the maximum of the angular 
distribution given by the Butler theory to the experimental data in the cases of 
the reactions 1°F(d, p)2°F*(0-652 Mev) (Ea=8-90 Mev), 1F(d, p)°F* (0-828 Mev) 
(Ea=8-90 Mev) and ®8Si(d, p)?*Si* (1-28 mev) (Z,=8-21 Mev), for which /y are 
taken to be 2, are found to be 5-06 x 10-3 cm, 5-26 x 10-8 cm, and 5-91 x 10- cm, 
respectively. These radii are to be compared with the best fit nuclear radii 
obtained from the present model, 4:96 x 10-4 cm for the two fluorine cases and 
5-4 x 10-3 cm for the silicon case. 

In the case of the 19F(d, p)?°F(EZa= 14-3 Mev) reaction for which /)=2, the 
position of maximum of the angular distribution given by the Butler theory 
coincides with that given by the present model, both being calculated by using 
the same nuclear radius of 4-96 x 10-13cm. But the latter gives a narower peak 
of the angular distribution than the former, and fits to the experimental data than 
the former, as is seen from figure 3(c). 

In the case of the #°Ca(d, p)*!Ca reaction at Hq = 8-18 Mev for which /p = 3, the 
nuclear radius must be chosen as 6:37 x 10-18 cm in order to fit the maximum of 
the Butler’s theoretical angular distribution to the experiments. This nuclear 
radius is larger by 0-50 x 10-18 cm than the best fit nucelar radius obtained by the 
present model a=5-87 x 10-18 cm indicated in figure 4. 

In the two cases of the #’C(d,p)®C reaction at Eg=9-0Mev and the 
51V (d, p) >? V* (0-14 Mev) reaction at Ha=8-67 Mev, as seen from figures 2 (b) and(d), 
the position of maximum of the angular distribution given by the Butler theory is 
observed to be smaller in angle than that given by the present model, if the same 
nuclear radius is used for the two models in each case. It might, therefore, 
be supposed that for these two cases nuclear radii smaller than those indicated 
in figures 2(b) and (d) could be obtained by fitting the position of maximum 
of the angular distribution given by the Butler theory to that given by the present 
model. 

Figure 5(c) shows the angular distribution given by the Butler theory for the 
case of carbon obtained by using a nuclear radius of 4:00 x 10- cm, which gives 
the same position of the maximum of the angular distribution as that of the best 
fit angular distribution due to the present model with a=4-49 x 10-4 cm shown 
in figure 2(b). It is clear from this figure that Butler’s theoretical angular distri- | 
bution with a=4-00 x 10cm does not give over-all fit to the experimental 
data. As to the over all fit to the experimental data, Butler’s theoretical angular 
distribution with a=4-49 x 10-1cm used in figure 2 (4) is seen to give better fit, | 
though it does not give the steep dip at small angles of the experimental angular 
distribution. ‘This steep dip at small angles has been noted not to be reproduced 
by the Butler theory (Green and Middleton 1956). Thus, if this feature is 
disregarded Butler’s theoretical angular distribution with the nuclear radius 
a=4-99 x 10- cm used by Green and Middleton (1956) rather seems to give the} 
best fit, as is shown in figure 5(c). 

_ Figure 5(d) shows the angular distribution given by the Butler theory for the 
case of vanadium obtained by using a nuclear radius a=5-83 x 10-43cm whid 

gives the same position of the maximum of the angular distribution as that of be 
best fit angular distribution due to the present model with a=6-23 x 10-3 cm} 
shown in figure 2(d). Butler’s theoretical angular distribution obtained b 
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(El-Bedewi and Tadros 1958) and moreover the fit at larger angles becomes 
worse. ‘Thus, the nuclear radius a= 6-23 x 10-4 cm indicated in figure 2 (d) 
will be adopted as the best fit one for the Butler theory. 

In the case of the #Ca(d, p)#"Ca*(1-9 Mev) reaction at Ey = 8-18 MeV, for which 
I, =1 as in the cases of carbon and vanadium discussed above, it has also been 
noted (Holt and Marsham 1953 b) that the steep dip of the experimental angular 
distribution at small angles cannot be explained by Butler’s theoretical angular 
distribution with the nuclear radius a—5-87 x 10-18 cm, which gives the same 
position of maximum of the theoretical angular distribution as that of the experi- 
mental one. ‘The theoretical angular distribution given by the present model 
with the same nuclear radius a=5-87 x 10-43cm, however, gives much better 
fit to the experimental angular distribution, as is seen from figure 2 (G): 

In the table are summarized the best fit nuclear radii for both the Butler theory 
and the present model determined from the discussions given above. The best 
fit nuclear radii determined for the present model shown in the table agree with 
those given by the Gamow-Critchfield formula a= (1:22A¥ + 1-70) x 10-43 cm. 


Best fit nuclear radii 


Reactions L Present model Butler theory 
*8Si(d, p)?°Si ) 524 1e( LOTS cr) CLO eter) 
32Si(d, p)*8S* (0-85 Mev) 0 S°o7 Sey 
MB(d, p)"B 1 ASD, 32 
*@C(d, p)#@C 1 4240 4-99 
4°Ca(d, p)**Ca* (1-9 Mev) 1 5°87 5°87 
51V(d, p)?V* (0-14 mev) 1 6-23 6:23 
19F(d, p)?°F* (0-652 mev) 2 4-96 5-06 
19F(d, p)?°F* (0-828 mev) 2 4-96 5:26 
19K (d, p)*?°F 2 4-96 4:96 
28Si(d, p)?®Si* (1:28 Mev) = 5-41 ol 
82Si(d, p)**S 2 355./, 6°57 
4°Ca(d, p)**Ca 3 5°87 Cay 


The effect of the Coulomb interaction on the angular distribution, which is 
not considered in the present calculation, has been investigated by several authors 
(Butler and Austern 1954, Tobocman and Kalos 1955). ‘Taking into account 
the Coulomb interaction, the peak of the angular distribution has been observed 

to move toward larger angles. If the Coulomb interaction is introduced further 
into the present calculation, it might therefore be expected that the nuclear 
radii obtained in the present analysis should be enlarged more or less in 
order to fit the maxima of the theoretical angular distributions to the experi- 
mental data. It has been observed, however, that the effect of introducing the 
‘nuclear interaction of liberated protons is in general opposite to the Coulomb 
effect, that is, the peak is displaced toward smaller angles. It has been also observed 
that when both the Coulomb and nuclear interaction are introduced at sufficiently 
high energies, these interactions affect the angular distribution in opposite sense 
d compensate each other at least partly. This compensation is expected to 
cur also in the present case. Further investigation is needed however in order 
know how the best fit nuclear radii obtained in the present analysis may be 
nodified by the introduction of the Coulomb and nuclear interactions. : 

The reason why the angular distributions for angles larger than 60 are not 
plotted in the figures of §2 is that for these large angles where the amplitudes 
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of the stripping process are small, the angular distribution may not be determined — 
only by the simple stripping process. Processes which are not taken into account 
in the present calculation, such as the nucleon exchange process, the heavy 
particle stripping process or a process proceeding through formation of a com- 
pound nucleus, may be important. In fact, many of the experimental data 
analysed in §2 show deviations from theoretical angular distributions at these 
large angles, though they are not plotted in the figures of § 2. > 

Results on (d,n) angular distributions using the present model will be 
discussed in another paper. 
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The Scattering of Alpha Particles by Helium 


By A. C. BUTCHER} anp J. M. McNAMEE}T 


t+ Mathematics Department, University of Glasgow 
} Physics Department, University College, London 


Communicated by H. S. W. Massey ; MS. received 6th May 1959 


Abstract. Nuclear phase shifts are calculated for the scattering of two alpha 
particles, using the method of the resonating group structure, and assuming 
central Gaussian internucleonic potentials and Gaussian wave functions. It is 
found that a mixture of two-thirds Serber and one-third MHWB exchange force 
gives good agreement with the experimentally observed phase shifts. 


§ 1. INTRODUCTION 


N 1927 Rutherford and Chadwick (1927) discovered anomalous scattering of 
] alpha particles in helium; Chadwick (1930) followed this by low energy 

experiments which verified Mott’s law for identical particles (Mott 1930), 
thus indicating that the alpha particle has spin O and a spherically symmetric 
force field. In the 1930’s experiments at energies up to 7 Mev were performed by 
Wright (1932), Mohr and Pringle (1937), and Devons (1939) all with radioactive 
sources. ‘These had large inaccuracies due to spread in energy and angle, and 
their results analysed in terms of phase shifts by Wheeler (1941) are in conflict 
with later measurements and with disintegration experiments. 

Since 1950 more accurate work has been done using particle accelerators. 
The range 150 kev—3 Mev was investigated by Heydenberg and ‘Temmer (1956) 
with a Van de Graaff machine. The range 3-0—6-0 Mev was studied by Russell, 
Philips and Reich (1956) at the Rice Institute. ‘Their (phase shift, energy) 
curves fit well on to those of Heydenberg and from the behaviour of 6, near to 

6Mev they deduce an L=2 excited state of *Be near 3 Mev as required by disin- 
tegration experiments. The range 6—12 Mev has not been investigated at all so 
far. 

The range 12—23 mev has been studied by two groups: Nilson e¢ al. (1956, 
1958) at Illinois, and Steigart and Sampson (1953) at Indiana, both using cyclo- 
trons. Both sets of cross sections were analysed in terms of phase shifts on the 
ILLIAC computer by Nilson. They agree quite well above 15 Mev but differ very 
considerably below that energy. The Indiana results indicate a resonance at 
15 ev in 5, (0+ 7:5 state of 8Be) but Nilson’s do not. Evidence from other 
reactions favour Nilson’s results. Isolated results by Mather (1951) at 20 Mev 
and Braden et al. (1951) at 20-4 agree reasonably well with Nilson’s cross sections. 
_ The range 23-1-38-5 Mev has been investigated by Burcham, Gibson et al. 
1957 and private communication) on the Birmingham (England) cyclotron and 
ase shifts derived on ILLIAC, and there are also some results reported by Yavin 
ivate communication) between 37:6 and 40 Mev; the phases fit well on to 


> 


Nilson’s curve. 


PROC. PHYS. SOC. LXXIV, 5 2M 


530 A. C. Butcher and 7. M. McNamee 


180 
_ Calculated 

150 I Serber 
Tl MHWB ‘ 
I Biel 

120 W Symmetric 


x Experimental 


a 


0 “eSevieuls | 15 20 runes 30 3Scepyw as 
Ejay (MeY) 


Figure 1. Phase shifts for L=0. 
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The phase shifts deduced from all these experiments are shown in figures 1-3 
(In the region 12-22 Mev only the Illinois data are shown.) The behaviour in the 
uninvestigated range 6-12 Mev can only be conjectured; but since no bound states 
are suspected in this region it is probably as indicated; a resonance would lead to a 
shift of 180°. 

On the theoretical side several attempts have been made to account for the 
anomolous scattering in terms of a nuclear potential. Earlier calculations treated 
each alpha particle as a single particle with a central potential. 

Taylor (1931) took a simple square well for the attractive nuclear potential and 
calculated 5, obtaining rough agreement with the low-energy data then available. 
Margenau (1941) used an infinite repulsive core for 0 <r <r, an attractive square 
well from r, to 45x 10—%cm and Coulomb repulsion outside this. He also. 
obtained agreement at low energies for 8). Haefner (1951) used 

272 2 
V(r)=—D+ ae (r<ry) and vi)== (r>7) 
giving a strong repulsion at small r, attraction at intermediate range and Coulomb. 
repulsion beyond. His results agree well with experiment up to 6 Mev (the limit 
of his calculation), but Nilson with the same potential could not get agreement at 
higher energies, and Humphries (1958) finds agreement possible only by making 
D depend on L. 

Van der Spuy and Pienaar (1958) and Snyder (Burcham et al. 1958, private 
communication) have also tried to fit this type of potential but meet with the same 
difficulties; Snyder found attempts to explain the phase-shifts by means of dis- 
persion theory not wholly satisfactory. 

The present calculation takes into account all the interactions between indivi- 
dual nucleons but regards them as remaining in their alpha-groups. Account is 
taken of exchange of nucleons between different groups, using the method of 
Wheeler’s resonating group structure (1937). No account is taken of polarization 
except indirectly. A single central Gaussian potential is assumed for the nuclear 
force, and also a single Gaussian wave-function for the alpha particles. Several 
different combinations of the Wigner, Majorana, Bartlett and Heisenberg exchange 
operators are taken, including Ordinary, Serber and MHWB mixtures. A range 

of Flap from 0 to 38-5 Mev is studied. 

The resonating group model has met with considerable success in explaining 
light-nuclei scattering and binding energy data. The first application was to 
neutron—deuteron scattering using central forces (Buckingham and Massey 1941, 
Buckingham et al. 1952, de Borde and Massey 1955, Burke and Robinson 1957). 
| Bransden (1950) included tensor forces at high energies, and Bransden, Smith and 
Tate (1958) have formulated the problem with tensor forces at low energies. 
Swan (1953a, b) and Bransden and Robertson (1956, 1958) have investigated 
nucleon—triton and nucleon—*He collisions. Neutron—alpha collisions have been 
studied by Bransden and McKee (1954), Hochberg et al. (1954) (with central 
forces), and also including the spin-orbit coupling (1955), while Sugie et al. 
| (1957) considered the effects of tensor forces. Work is in progress (Burke and. 
Laskar 1958) on collisions of deuteron with deuteron and *He. 
| Binding energy calculations include those by Irving for the alpha particle 
1951, 1953), Edwards (1952) for ®Be and Biel (1957) for *Be and #C. These are 
closely related to the present problem, which is perhaps the severest test so far of 
2M2 
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the resonating group model; it is the first collision problem attempted in which 
both the nuclei contain more than one nucleon. On the other hand the closely 
bound nature of the alpha particle gave grounds for confidence in this model. 


§ 2. GENERAL FORMULATION 


The basic spatial wave function for the problem is 
(12, 13, 14, 23, 24, 34) . 6(56, 57, 58, 67, 68, 78)f(r)G(R) 


where R=(r, +..... r,)/8;r=(rytrotrst+ry)/4—(r5+retr,trs/)4; (12) means 
r,—r,. Since the two alpha particles are identical f(r) =/(—r) ; f(r) expresses the 
separation of the two particles, G(R) the movement of the overall centre of gravity. 
Each ¢ is the wave function of a single alpha particle and is symmetrical in the 
space coordinates of the four constituent nucleons. We can write the function in 
the form 75(1234, 5678) where (A, B)=%(B, A) = (perm. of A, perm. of B). 

The wave function has to be anti-symmetrized according to the Pauli exclusion 
principle; we take 


VY =Ay,,,.g%(1) B(2) «(3) B(4) «(5) B(6) «(7) (8). 
a(1) a(2) b(3) b(4) a(5) a(6) b(7) b(8) (1234, 5678) 


where «(n), B(n) represent spin function and a(n), b(n) represent isotopic 
Spin ; 
1 AG ee: 
A == Epi... P( E ) , 
sy 8 a am Pi Ps Pibe---Ps 
‘The Hamiltonian is 
H= > (W+BP,f— HP, + MP) V (rq) + & 41+ ry) + 74) = 
i,j ij a 
eon 
~ Fe ~ Bre 
where P,,” interchanges spin coordinates etc. and 
0 o oe a 
Ori Gat” Gyp Be 
Since the functron is symmetrical in o and 7, P;,? and P,,7 have the same effect and | 
we may replace this by H’=(W+ OP,,7+ MP,,")+ ...+etc., where O= B—H. 
‘To get the equations of motion we use the variational principle 


8 (2 tee *) =0, giving (H’—E)=0, 


Jpryp 
ne. {7+C+ DWV (r,;)+ > MPif V(ry)—E}S Ay. 92(1) B(2).. 
WC. 8)4+ QS Ay,..« (1) BQ)... (1..-8)=0 s 
i,j y 


with y spin interchanged, where T=kinetic energy operator, C= Coulomb terms. 

Now 1, 3, 5, 7 have the same spin = ‘«’ and 2, 4, 6, 8, have the same spin =‘B’. 
‘Therefore for (7, ) consisting of odd pairs (#C, = 6 cases) or of even the interchan: 
makes no difference. For the mixed pairs only those with the same isoto 
spin need be considered. ‘The effect of these is the same as leaving spin unchangi 
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but altering the space coordinates with a ch: ange ofsign. ‘Then using the symmetry 
properties of ws we get 
[T+C+W2V(r rg) + MPV (r3)-E+ 00]. [1 — (Pys" + Pog” + Pao? + Pye”) 

45 Ce Dae + Pt oe + Piet Ee) *=0 
where 
© =V(24)+V(26)+....+V(13)+V(15)4+... Poa (2) = V1) 

— Ps," V(34) — Pot V(38) — Pt V(56) — P,." V(52)— P,f V(78) —P,,° V(74). 
P Premultiply by 4*(12...8) and integrate over r,...rg; then using the fact 
that 

[ vsra2y Alo. d0 a= [ ysra3y iets 


a 


we get 
: [vt a 4(T 4d) Pyl + 3(T 40) Pye Pag Wary. 
ae —4P,.7+ SF AE AAR EL dr, cae dr. 
where : 
a=12(W+M)} (12) +4(44W+20-—M)V (15) + se ae te 


Ti2 15 
b=6(W+M) V(12)+6(W+M) V(52)+(W+20-—4M) V(15) 
+6(W+M) V(23)+3(3W-—2M +20) V(26) 
me *( 1 1 1 1 = 
pe? (— + — + +— +—— 
Tyo 152275 a3 27 ag / 
c=2(W+ M) V(12)+2(W+ M) V(56)+8(W+ M) V(13)+ 8(W+ M) V(53) 
1 1 4 4 8 
+4(2W-3M+2 15 4 omar top vst re =— +=—}. 
( let ak ht 3156 :, 3ris 5 3753 e a 
Using the variational principle eee we get as our scattering equation: 


[((T+a—E)—4(T+b- E) Pf +3(T+c-—E) Py Pat \b=0. 


§ 3. ExpLicir ForM 


The above contains eight vectors r,...rg. All but two of these can ae elimin- 
ated as follows. We make the transformation 


2Py=",—(rot+rstr,)/3 Ps="s—(retr,+rs)/3 
~ Po=hy— ap Pg="e—(rz+rg)/2 
meps—Fs—V4 Petia ee 


rand Ras before. 
Now ¢ has the form N exp [—« (14)? +743" --- +734”)]; it becomes 


Nexp| —2 a(302+3 = por +2ps, *\ 
Thecomes— > [8 (V,, 2+ Vell te(Ve +, )+2(Vp, iene ‘ual 


; £4Vi2]= (say) 154 T+ Ty. ee §. 

_ We now put T eh E,G(R) and replacing E by es -E- E, the equation 

omes | Sek 

[(T) +7, +a- E’)- _4(T,+T, she B’) Pygt 43(T, +r. #e-B) Py Pol] 
x $(PiP2P3) $(PsPoP7) f(r) =9 in ne 
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where P,," refers to r,; and r;. Multiplying by $*(piP2P3) ?*(PsP6P7) and 
integrating over dp,...dp, we get 
[.4*(Papaps) #*(PsPaPz) [(Lo+ 7, +2 BE’) $(PiP2Ps) $(PsPoP2)f(F) 
a 
—4(7)+ T,+b—E’) $(P1'P2'Ps') $(Ps Po Pz f(r’) 
+3(T)+T,+¢—E')$(Py"P2"Ps”) $(P5’Ps Pr’) f(")] dpi... dp, =0 
where ’ refers to single exchange (P,,;”") and ” to double exchange (P,;” Py¢") 
e.g. p;’ =4p,+3p;—r is formed by expressing p, in terms of r;’s, interchanging ry 


and r, and re-expressing it in terms of p,’s. 
After several applications of Green’s theorem this becomes 


[V,2-+42— W(r)] f y=] K(ryr')f(r’)dr’ where k?= ae 


1 4e? 
W(r)= | 5 AW +2B—2H— M) V(\$p Ape +e) + LBP —Bpe +e 


{f(P1P2P3) ¢(PsP6P7)}"] 2P1-- - 4P7 


where A is a normalization constant. ‘The left hand side arises from the no- 

exchange part, the right-hand side from the single and double exchange parts. 
K(r,r’) contains three parts. 

(1) nuclear potential terms such as 


[ #*Ce:p.ps)#*(aspep,) $(an'PsPs) $(q5 PeP7) 6(W + M) V(p, —$P2) dp, 


x dp.dp3dp;dp,dp, , 
8r’ Ar z , 2. 2 
where GaP at sae q,; =P, + 2r ~Zr; q/=Pit 2 42 


e2 


(2) Coulomb terms such as [a )..-——— 4p, 
| P1—3P2 | 


(3) kinetic energy term such as 


re [re $* (PiP2P3) £* (PsP6P7) Le V,°$(P1'P2’Ps') $(Ps Pe Pz’) 2Py---- 


We take V(r;;)= A exp (— Br,;”). 
The integrations over p,...p, are performed by first making a transformation 
which orthogonalizes the exponent in the integrand (i.e. gets rid of terms of the 


type P,.P,) and makes the argument of the potential function one of the new 
variables. 


Thus our typical nuclear term becomes 


| exp [— (62+ )s,2— Bas}. (2r' = r)— = P?— Ai) dey, ey 
Using result that 
f exp (—rst + par)demexp (4/42) (H/A)9 
this gives 
Bexp| +B ee (16¢+4f)rr’ + (10a +36)" | 4 


ries B ida constant. “Shy ee oe a } 
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‘The Coulomb terms are of the type 
erf{3 (20)! |2r’—rfexpd =8 (Sr —8r.r' + 5r2)}, 
" 3a 


he kinetic energy terms require several applications of Green’s theorem. 
We now analyse the motion into partial waves by putting 


f(r)= $ 20 p, (cos) (D2) 


—_ 


and 


K(r,r’)= ¥ (2 (r, 1! Bes 
(0 )= Fe ECL+D K (nr) P, (SE), 
Note.—Since f(—r)=f(r) only even L appear. 


Then equation becomes 


ate jt “hn i Ky (r,7') fi (0") dr’ 


where 
1 
K,(, r))=2nrr' [ Arr Pr i)de (w—cosv), 
= 


and W(r) are given in full in the Appendix. 

The kernels were evaluated numerically in the form of a 30 x30 matrix at 
intervals h=0-25 x 10-18cm in r and 7’, using the DEUCE computer; then the 
integro-differential equation is converted to a set of simultaneous algebraic 
equations using the difference relation 


Zl = a OF yt oh 


and Gregory’s formula for the integral a details see Robertson 1956). ‘These 
equations are solved to give the values of the wave function f,(r) at 28 pivotal 
points h, 2h,.... Now for large r, f,(r) should tend asymptotically to 
ein (kr —4L7—n log2kr+o,+5,), 
where 7 = 8me?/kli, o, =arg [(L +1+in), 6, isthe ‘nuclear phase shift’ ; assuming 
this is so, we can take the last two values of f and compute 6,. ‘The phase shifts 
8, so calculated can be compared with those deduced directly from scattering 
observations by the methods described by Nilson et al. (1958). 


ae 


§ 3. NUMERICAL VALUES ASSUMED 


Calculations have been carried out for the various types of exchange force 
shown in the table, based on 


x=m+w—h—b=0-6 
m+wt+h+b=1 


where x is the ratio of singlet to triplet interaction. 
Only 85, 5,, 5, were calculated as 5, is found experimentally to be small in the 
energy range eanatdereds eck values taken (from Hochberg e¢ al. 1954) 


were: 

2 p= 0: 0789 0 1.0*8 cmt? B=0-2657 x 10% cm™ > © 
= — 28-2 mev = —45-1724 x 10° erg 

= —45 Mev = — 72-0837 x 10-8 erg. 
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Ordinary Serber Symmetric 
Ww 1(1+%)=0°8 4(1 +x) =0°-4 0 
m 0 1(1+x)=0-4 4(1+x)=0°8 
bh 4(1 —x)=0:2 4(1—x)=0-1 0 
h 0 4(1—x)=0-1 4(1—x)=0-2 


MHWB (m=26, h=2w) Biel (3 Ser+4MHWB) 90% Ser.+10% MHWB 
(see note (2)) 


w 4(1 —3x) = —0-13 0-222 0-347 
m 4(1+3x)=0-93 0:58 0-453 
b $(1 + 3x) =0-47 0-222 0-137 
h 4(1 —3x)= —0-27 — 0-022 0-063 
(1) The values of ‘ Ordinary’, ‘ Serber’ and ‘ Symmetric’ forces are those given by 


Massey (1953). 
(2) This force combination was found by Biel (1957) to give the correct value of the 
binding energy of *Be and !°C on the basis of a calculation similar to the present one. 


§ 4, RESULTS AND DISCUSSION 


The calculated and observed phase shifts are plotted as a function of energy 
in figures 1-3. The best agreement is obtained with Biel’s force (see note (2) of: 
table); for a large range of E this gives agreement within or just outside the limits 
of observational error (estimated at +8° by Nilson et al. (1958)). The most 
serious discrepancy is found in the range 2—6 Mev for 6,._ We find the expected 
resonance effect but displaced about 2 Mev to the left. ‘This would indicate a 
level at 2-0 Mev instead of 3 Mev in SBe. ‘This may be because the effects of 
polarization (i.e. distortion of wave function), neglected in this calculation, are 
more important in a region of resonance scattering than elsewhere. It would be 
interesting to see whether inclusion of polarization removes the discrepancy. 
The fact that the force combination which gives the correct binding energy for ®Be 
also gives the correct phase shifts for L=0 in alpha—alpha scattering was to be 
expected; it can be regarded as a check on the numerical calculations in both 
cases. However, the substantial agreement with L = 2, 4 phases given by the same’ 
force is a definite success for the resonating group model; also it appears that the 
neglect of tensor forces with use of an equivalent central force gives a good’ 
approximation. 

The most recent calculations on light nuclei scattering indicate that a different 
exchange combination is needed for each particular nucleus. Thus for proton— 
triton and proton—*He Robertson et al. (1958, private communication) found 
Serber force gave best agreement; for nucleon—tHe Hochberg et al. (1955) used 
90% Serber + 10% MHWB to give the correct p phase (although they had to use 
pure Serber force for S phases (1954); while Biel’s binding energy calculations 
(Biel 1957) on *Be and C together with present work require 70% Serber + 30% 
-_MHWB. We see that as the nuclei become larger the percentage of MHWB 
force required increases. A possible explanation is the following: the ‘ true” 
internucleonic interaction is believed to contain a repulsive core at very sho 
range; for a given value of angular momentum and energy of incident nucleus th 
internuclear ‘distance of closest. approach’ decreases with. increasing mass, an 
hence internucleonic ‘ distance of closest approach’ decreases still more, so th 
the hard core becomes more important. Now the hard core has not been explicitly 


The Scattering of Alpha Particles by Helium soy) 


allowed for in the calculation mentioned, but the Symmetric exchange (MHWB) 
force has a similar effect of producing short-range repulsion so a greater proportion 
is needed as nuclei become larger. Work is in progress on the application of a 
hard core to binding energies of 2H, 4He, 8Be,4*C, 
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Carrying out the angular integrations, and using = E—h*k?/4m we get 
(with A= B/«) 


(7,6) = 
(2 r a 12 
ed (:) E CS exp (—4x(10 +) 2 +2 
2 a ; 


Sate {= (8+ 3n)rr| 
(W+ M)3.2125 _ ie Ber 
(4406 Faye XP} ~ Bay 


See ee 8") 9 ea yee 10 aif 
x {82 Ret | OS exp] = A [(10 + 30)r4+ (10-4209 


10 +3A)r2 + (10 + 2 NF prs 


4+ , (W+ M).31?, 218 40a / 
«SF pose {324.525} OO Wer eae SF 7441/2 


y ie aa _ GW-2M +29) .3.288 exp { eS Haire ry} Pei 


3 (8+A)(6+A)!? 6+A 
8+A_, (2W-3M+2Q).3.2% i (ASSAY ee 
x {1a EE | 5 CO exp LO mr: (7 +7 ) 


168.7), (#\12.2® 4009, nlf fm m_, 67 
ee FT ale fyb |+(2) er | Al +r") me 3% 
“ie a/G4 3S 
+ u Ss a2 (7? +r} F 74112 (F ar’) = : TE 6d PLAS EE (F arr )] 


ue 97 40 . ae 

a= (2) Ser] - _ (Pir “yt SF 7141/2 (‘S r’) 
Cae Cy Sire 3 Pkg Cee Pe 
+74(2) e Ol Sac(r? +-1/2)} 


hi 
. (WEM)a.3.2! 2 fg FIG+5A 4 ay} 
4 (i6+3ae=*P oa ree : 
| L=0 
Me Myc.32" ff, 16454, , 1] 
e+! eae SED Neel a 16 ae =f only 
Be W'3,28 {ir a+ 3202(r? +r’) —27aexp{—8a(r2 + rayyh 
w ff) Ayes 
3/2 2 12, " i 
—k? — rr'.3.28exp{—8a(r?+r’?)}. ry 


ql 


538 A. C. Butcher and 7. M. McNamee 


The Coulomb kernels are: 


x ( 


erf Ba 47’? —Arr'w +r?) 7 
es tyes = als) rr’ exp { ae (7? +r} ip (en 
ee eT a 1/2 

io V/3\ 3 ; a {F (4r'2 — 497+ rh 
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x exp {64arr’u}P,(m)dp — 5 () Te die a carry 
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Abstract. Lithium hydride becomes additively coloured by exposure to ultra- 
violet light. An optical absorption band is produced at 6500 A. From the position 
and general behaviour of the absorption band it may be assumed that this is due to 
colloidal particles comparable in size with the wavelength of visible light. It is 
supposed that the coloration process follows the Gurney—Mott theory of the photo- 
graphic process. The irradiated specimens also exhibit a symmetrical, tempera- 
ture-independent electron spin resonance absorption. This resonance is attributed 
to conduction electrons in colloidal particles which are small compared with the 
skin depth at 9000 Mc/s. 


§ 1. INTRODUCTION 


LTHOUGH colour centres have long been known to occur quite generally 
A: ionic crystals, interest has been focused principally on the alkali 
halides, due to the simplicity of their electronic and lattice structure. Itis 
strange, however, that so little is known about colour centres in the simplest ionic 
crystal, lithium hydride. ‘The more so since commercial lithium hydride often 
exhibits coloration to a noticeable degree. In this note preliminary observations 
on the colorability of lithium hydride by ultra-violet light and some properties 
of the centres so produced are presented. 

One of the earliest observations on the coloration of hydrides was made by 
Elster and Geitel (1910), who subjected them to electron bombardment while 
attempting to make improved photoelectric cells. They attributed the coloration 
and concomitant increase in photoelectric yield to the presence of colloidal alkali 
metal. A recent analysis of the selective photoelectric effect (Doyle 1959) supports 
this hypothesis. Additional experimental confirmation of the presence of reduced 
metal in coloured LiH is presented below. 

The most thorough chemical study of lithium hydride is that of Moers (1920). 
He established that LiH is an ionic salt. In the course of his investigations he 
also made qualitative observations on the coloration and decomposition of LiH by 
light and observed that additive coloration could be achieved by solidifying the 
electrolysed melt. There is little doubt that coloration by electrolysis would 
proceed j just as well below the melting point so the resemblance to the alkali halides 
is very close. ae 


Bach and Bonhoeffer (1933) meitees the ultra-violet absorption spectrum of 


~uncoloured LiH and found that the fundamental absorption of LiH begins aq 


f 
/ 


about 19004. They also observed a strong, narrow absorption band at 25124. 
Rauch (1938), who also measured the fundamental absorption i in LiH, pare 
this narrow band to F centres, though it did not occur in his specimens. Bach an¢ 
+ National Science Foundation postdoctoral fellow. On leave from Dartmouth Colleg 
Hanover, New Hampshire, U.S.A. 
t Now at Physics Dept., University College of North Staffs. 
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Bonhoeffer found that irradiation in the 2512 band (Hg 2537 line) led to photo- 
decomposition of the salt. "They measured the hydrogen gas evolved and deter- 


mined a quantum yield of 5% and attribute the low measured yield to trapping of 
H, in the lattice. 


§ 2, OPTICAL ExPERIMENTS 


We have irradiated commercial LiH obtained from Hopkins and Williams, Ltd., 
with 2537 A ultra-violet light from a 25 watt mercury lamp. An exposure of 15 
minutes at a distance of 10cm produces a dark coloration, but detailed optical 
measurements of the quantum yield have not yet been made. Figure 1 shows an 
absorption spectrum taken with a very small single crystal, referred to the same 
crystal before coloration. he crystal appeared greenish blue after irradiation 
and its appearance did not change appreciably with temperature from 100 to 
500°K. ‘The coloration was not bleached by exposure to intense white light 
provided the sample was kept at room temperature, but was bleached by prolonged 
heating at about 400°c. 


Optical Density D 


6000 8000 


3 2 | ev 


Figure 1. Optical absorption spectrum of irradiated LiH. Optical density is plotted 
against photon energy in ev. 


It is clear from the fact that hydrogen gas was evolved in Bach and Bonhoeffer’s 
(1933) experiment that irradiation leads to additive coloration in Lik, In this 
respect the hydride is closer to the silver salts than to the alkali halides. A still 
closer resemblance to the silver salts is indicated by the general appearance and 

insensitivity of the induced absorption band. 
It is of interest to compare the position of the observed absorption band with 
the positions of the F, R and M bands expected on the basis of Ivey’s empirical 
formula (Ivey 1947). The lattice constant of LiH is 2:08A (Zintl and Harder 
1931) so the predicted positions of the F, Ry, R, and M bands are 2700, 3140, 3400 
and 44004 respectively, assuming that Ivey’s relation may be applied to hydrides. 
It is concluded that the observed band does not correspond to F or aggregate bands 
in the halides. The 2512A band observed by Bach and Bonhoeffer, on the other 
: hand, does agree with the position of the F band computed by Ivey’s tule. 
The resistance to optical bleaching and the temperature independence of the 
| band strongly suggest that it is due to colloidal metal. The position of the colloid 
band may be computed from the index of refraction of the host medium and the 
Wood—Zener, or plasma, wavelength of the alkali metal (Doyle 1958) if the particle 
Jiameter is much less than the wavelength of visible light. The index of refraction 
f Li has not been measured. However, Bode (1930) using empirical regularities 


542 W. T. Doyle, D. . E. Ingram and M. F. A. Smith 


has estimated the molar refractivity of LiH to be 4:0. Using this value together 
with Wood and Lukens’ (1938) value for the plasma wavelength of lithium metal the 
position of the colloid band in LiH is found to be 4200 A. ‘This is not in agreement 
with the measured band. Actually, preliminary measurements of the index of 
refraction of LiH using the Becke method indicate that Bode’s estimate for the 
molar refractivity of LiH is too large. Moreover, the position of the colloid band 
in LiF (Pringsheim 1954) suggests that the Wood and Luken plasma wavelength 
may also be too large, in agreement with electron energy loss experiments (Pines 
1956). Thus the lack of agreement between the calculated position of the colloid 
band and the observed band may be even worse than appears. We conclude.that 
the band at 6500 A in LiH is not due to small colloids. 

It is known that the peak of the colloid band shifts to longer wavelength as the 
size of the particles increase (Savostianowa 1930). ‘The shift is accompanied by 
increased light scattering. Comparison with Savostianowa’s. computations for 
NaCl shows that it is necessary to assume very large particles ( > 800 A diameter) to 
account for the position of the observed band in this way. ‘The growth of such 
large particles should be observable as a colour change during irradiation. As the 
particle size grows the peak should shift from the ultra-violet over to 6500 A. No 
colour change has yet been observed. Although the conditions for viewing it were 
not good, it is surprising that no scattered light was produced. Nevertheless, the 
possibility that the observed band is due to colloidal particles comparable in size 
with the wavelength of visible light cannot yet be rejected, for it is conceivable that 
few nuclei are available for colloid growth so that the particles were already large 
before the coloration became noticeable. Moreover, the electron spin resonance 
experiments, to be described below, indicate the presence of a large colloid content 
in the crystal. Although the final identification of the new band will require 
further experiments on larger single crystals, it is tentatively assigned to large 
colloid particles. The coloration probably occurs along the lines of the Gurney- 
Mott theory of the photographic print out effect (Mott and Gurney 1940). 


§ 3. ELECTRON SPIN RESONANCE EXPERIMENTS 


Electron spin resonance of the irradiated LiH has been observed at 9000 Me/s 
using a transmission cavity spectrometer with 100 ke/s field modulation and phase 
sensitive detection. Experiments were performed at room temperature and at 
liquid oxygen temperature. For calibration purposes and g value measurements 
runs were made under identical conditions using a standard free-radical sample 
containing 1-4 x 10'® spins. 

In all irradiated LiH samples a single resonance at g= 2-002 + 0-001 with a half 
width of 0-3 gauss was observed. ‘The material before irradiation was not 
paramagnetic and gave no absorption signal. ‘The extreme narrowness of the 
line rules out the possibility that it could be due to any of the usual electron 
excess centres. Such centres give rise to wide inhomogeneously broadened lines 
(Portis 1953). Since the single narrow line was thought to be due to the con- 
duction electrons in colloidal particles of lithium, the temperature dependence of 
the resonance was also carefully studied. ‘To effect this the intensity of the signal | 
from LiH was compared with that from the standard free-radical sample at roo 
temperature and liquid oxygen temperature. The results are shown in figure 2. 
It will be noted that the magnitude of the free-radical signal is much larger at t 
lower temperature, while the LiH signal is unchanged. The temperatu 
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independence of the LiH signal is strong evidence that it is due to conduction 
electrons in colloidal lithium metal. The slight asymmetry and breadth of the 
lines shown in figure 2 is entirely an instrumental effect. Ither curves show that 
the conduction electron resonance is symmetrical and much narrower than the 
free-radical resonance. The symmetry of the line shows that the colloid particles 
are stnall compared with the microwave skin depth (Dyson 1955). 
‘Previous work on the electron spin resonance of conduction electrons in metals 
is reviewed by Bagguley and Owen (1957 ). Lithium has been studied by Feher 
“and Kip (1955) in both bulk metal and in powders, and by Levy (1956) in the form 
of colloidal lithium metal precipitated from frozen solutions of liquid ammonia. 
The present observation differs chiefly in the size of the colloidal particles and in 
the manner of preparation. The manner of preparation via the ultra-violet 
Asradiation as used here is a convenient one and should work for any crystal in 
which metallic colloids may be produced in suitable concentrations. Such 
‘Samples are quite stable, and the particles size is small compared with the microwave 
skin depth. 


: 


——s 


Electron spin resonance in irradiated LiH. Curves A and B show the derivative 
respectively, at room temperature. Curves C and D show the corresponding signals 
_ & liquid oxygen temperature. 7 

hee sé #24 , 


— 
+2 


544 W. T. Doyle, D. ¥. E. Ingram and M, }. A. Smith 


of surface scattering on the optical and electron spin resonance spectra with a view 
to studying the spin-orbit coupling mechanism for surface scattering. 

It might also be noted that studies on the thermal and optical decomposition 
of various azides have yielded narrow electron spin resonance signals. Preliminary 
measurements indicate that both colour centres and colloids are involved in this 
case. Itis hoped that the work on the lithium hydride will assist in the analysis of 
theseresults, and more detailed measurements will be made in the near future. ? 

} 
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Absrad. A sIusion t the 6 on lattice equations A sustion is desived which 
ats describes restos hesmonic lattice mation. The secular equations 
trast two Aternzive slstions- (3) 2 simple re-normalizaion of the sound 
Welty, (4) 2 cenmdizsion of the sound velocity accompanied by a dis- 
plas: Ui the equiiitornsss positions i the ion tites, the lattes being represented 
7 2 Site component ff the phonon emplinudes. These secular equations are 

i and thes possible pplication to the superconducting state bricfly dis- 


$1. Iereoprcriox . 
base assumption in the theory of metals is that mutual interaction of the 


A lattice waves, Gut to ashearmonicitios oh the lattice forces, may be always 
Hamiltonian 


non-interacting quantized C 
. Is is the purpose of this paper to show thas two alternative harmonic 
Me BUSES Tay «AE, 3 one A which the equilibrium lattice ion sites suffer 
A send Gasiccomests A the ade A 10“ en. An application to the 


i a 


546 Po Ga Harper 


where M is the ionic mass and N the number of ions per unit volume; s’ denotes 
the longitudinal sound velocity in the absence of any interaction with electrons. 
It is then convenient to expand @ into plane wave normal modes belonging to 
(2.3) thus: 


4 Wee 
Q(x, t)= Be (mura) dw case eye ees (2.4) 
where v denotes a unit wave vector in the w direction. Since @ (x, #) is real, 
dwt= _w: ‘The lattice displacement velocity is similarly described by 
: ha Us 
Q(x, t)=1 ee (xara) Pig Care OF A eres (2.5) 
and again, p,*+=p_w- In terms of q,, py, the lattice energy becomes, 
H, = 32 Wis Oo Ue wt le Ow 2 ge en tee (2.6) 


Quantization of the lattice motion requires that 
Pe Pw] ina [Gw> dw’ aa 0, tPws Iw’ | = 18w, we ise aes (2.7) 


Finally, the energy of interaction of electrons and longitudinal lattice vibrations is 
given by 


HeeG | tac fain Oldie ay nee (2.8) 


where p(x) denotes the electron density y+ and C is an empirical interaction 
constant. From (2.4), (2.8) becomes 


Hip=s) D Gat oe oe ee (2.9) 
wk 
where 
C2hw 
2 ne 
sha ae MATTE ct a2 hy enlcine akS RG (2.10) 


The total Hamiltonian is given by 
H=He+ A, + Hint 
and for the equations of motion we have exactly 
[a,, H]=«,a,+ 2 NN RC oa (2.11) 


[ows H], H]=(fiew)’qy +hiwDSYaty wd vesese (2.12) 
k 


where w=s'w. For the lattice motion (2.12) we require a+,_,a, which, using | 


(2.11) is given by 
[2+ w%| H] =Aaty_ a+ XD (A eww = at pw rtaes +2 CCE 


where A=«,—e,_y- ‘The w’#w terms in (2.13) contribute only anharmoni 
terms, wJw—w’ towards the motion of g,. For harmonic motion it is sufficien 


to retain only w’=w terms, when we have f 
[a* pw HW] =Aaty way + Dy dw(Yyow— Me) vee itp ne | 
where y,-=a,+a,. Putting w=0 in (2.13) we have, exactly, 
(y= 2P ol Qua* OEY ler el li ae te ce (2.15), | 


ated 


/ 
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Equations (2.12), (2.14), (2.15) may now be solved in the phonon representation 
which diagonalizes the total Hamiltonian H, the quantum numbers being n,, 
the number of excited lattice quanta of wave vector w. The phonon energy is 
given by 

A(n,+1)—H(n,)= hQ. 
In this representation g,, connects only adjacent states but in addition may have 


diagonal elements, this being the most general harmonic transformation possible. 
Thus between states differing by one excited phonon w, equation (2.14) becomes 


an (AQ oh A)(A* yw e)n+1, n— Dik (Qee)n +1,n (eile iam Ven, n ai Ow (Ypew = YE) n-+4, at 


where for convenience n,, is written as n, and oy, denotes the diagonal value of qy. 
Considering equation (2.15) between the same states, and using the fact that the 
diagonal values of [v,, H] vanish identically, we further obtain 


AhQ(VY._w = Vie)n +1,n — 2D. ow Ch Rae R +1,n7 Te (Oe ew, ret ae 


It is now straightforward to solve these matrix equations for (4y%._y—%) natn 
which is given by 
4D? ow (Gwin 0 
uw Vic )ntt,n = Gay A? —4D,AlowP ew eam 
Secondly, (a*,_ w4)n+1,n iS given by 
De (hQ=A)(Gw net. 
(2 w%nt1,n= — irae sea (ip en eee BP SRLS (2.16) 


A diagonal value of the electron density component is obtained by taking 
diagonal values of (2.14): 


Dis oho P ia (qw)n snl (Gwar |) Ly 
(27, wnn= — ke {! = ee st a nol (Mgaw = Med, n° 


Finally, the harmonic secular equations are obtained by inserting into (2.12) the 
non-diagonal and diagonal values of (a,_,,*4@,), thus: 

(RQ —A)(%—~w—Ve)nen fi 
{ (ies)? — (hQY — D, Pho > A2+4D,,7I00P° = (iQ? (Qw )n-+1, n= 9. 


k 


Vw oa Vie yn. a 4D,,"(|(q Jaeunl oe (Goleaoal) (i 
{fiw D3 k oe dun (14 Ta Sets RE ALTO) aa oF 


Samer psi 


This pair of simultaneous equations determines the resultant harmonic motion 
of the lattice exactly in terms of the two quantities Q, o,, both functions of w. 
 Itis immediately apparent that there are two alternative solutions, o, =0 and 
Ow #0. 

(i) Ow = 0. 


_ Equation (2.19) vanishes identically, and there remains 


(Vigzew a 7) : 
(iw)? — (AQ) =D,Phw 2 ROTA . es 7 (2.20) 


2N2 


548 P. G. Harper 


This equation for the re-normalized frequency ( was first described by Frohlich 
(1952) and leads to the relation 


so (1 2p Rees a i eee te sttetcr (2.21) 
where Q=s,w, and the interaction parameter F” is defined as 
jE ee Me merce. (2.22) 
8 ¢Ms’2’ 


¢ being the electron Fermi potential. 

Chester and Houghton (1959) have considered the modifications to the inter- 
action function D,, brought about by the effects of Coulomb interaction between 
electrons. Generally it is sufficient to disregard %Q in the denominator of the 
right-hand sum, which is then equivalent to an adiabatic treatment of the lattice 
motion. However, the resonances of the exact denominator formally indicate 
that real electron-phonon collisions are permitted in this state. 

(ii) o, 40. 

Equation (2.19) requires the. value of (q)n41,» Which is obtained from the 

identity 
[Pwe Iw] =7 


as KGvalets al faa 55 (tw ae 1) 


i.e. a re-normalization of the ‘bare’ matrix element. Since (2.18), (2.19) were 
obtained by treating the lattice displacement field as consisting of a single normal 
mode, normalization requires that |(q,)n41,,|? and |o,|? both be corrected by a 
factor N where N is the number of ions per unit volume. 

The value of (yy — %& )n,n 18 not, strictly speaking, that due to an arbitrary 
electron momentum distribution. In fact, from (2.15) we have, taking the 
diagonal value, 

y heb wi (Pe—w = Ve) nn = 

we (Sh) N44 Dl Bn San eae 
which is an integral equation to be satisfied in both the displaced (o,,40) and| 
undisplaced (o,,=0) lattice states. It appears, however, that for ky>ms/h, Ro 
the Fermi wave number, the Fermi ground state distribution is sufficiently | 
accurate. : 

In this displaced state the free electron-pair energy A is replaced by 
(A? +4D,,?|o,|?)!? in the denominator. This latter energy is that due to electrons 
moving in a static sinusoidal potential of wave vector w, amplitude D,,|o,,| which 
is evidently the potential field due to the rigid sinusoidal displacement of lattice} 
sites. Each lattice mode therefore carries its own static ‘inner field’ which is 
maintained in a self-consistent way by the electrons. It will appear later that a 
real solution of (2.18), (2.19) exists only when 2D,,|o,|>%Q. Since 2D,,|ow| 
is the energy gap of the electronic energy spectrum due to the phonon stati 
Bloch potential, it follows that there can be no electron phonon collisions which 
satisfy energy conservation. 

All lattice modes are actually present of course, and the total electronic wav 
function is then the linear resultant of the above states. This is not the same as 
many- particle wave function composed of single electron states of particle 
moving in the resultant potential. The total electronic wave function cannot b 
presented in terms of single particle states in fact. 


Electron—Lattice Interaction in Metals 549 


§ 3. APPROXIMATE SOLUTION OF THE SECULAR EQUATIONS 
The summations over k in (2.18), (2.19) are conveniently carried out by first 
ceeping €,—_w Constant and summing »,_,—v, over allowable values of k 
uch that «, —«,_,,=A and then secondly summing over pair energies A. This 


ast summation is replaced by an integration over dA with a density factor equal 
0 the inverse spacing of A values. Thus 


L\ m 

5.9 (5) fe fe w)dA 

where e( AS) ==> (cw — 4g) (Ee — ew — A): 
k 


For the ground state Fermi distribution it is easily shown (Harper 1956) 
hat €(A, w) is given as follows: 


B= 2k,, 
wes 
L\22 | » 
= (=) = (ern e a <a ee 
OMe 
p> 2kp, 
L\22mr 
g (x) Ie (wy) 
where 


-, = B (mA 1) 
= 2m \h?w ~ 2 


ind L? is the volume V. Since € is odd in A, the contribution proportional to 
iQ in the right-hand sum of (2.18) vanishes. Taking new dimensionless vari- 
bles defined as t=w/2k,, z=A/4f and defining as dependent variable f by 
4¢f)? =4D,,?|c,, |? — (AQ)? then the secular equations (2.18), (2.19) become for 
me 2k,, 1.c. ¢< 1, 


Dyeqes 2220 (pee? oo VILE en {A ii \, eee 
Aid Palle t 0 224 fe we t—t? t EP fe 


2 +g (ie 4 In ae ee gir (3.1) 


1 1 fi-# 4F ms i+4 
= ft ee eee eee SSD FF, / 
2vF’ an (1+ 3 me) ‘ 


1 fee z 2 4F ms n+4 ) 
an ee ea pac peace Sot VP 
tal! (j ite 3 thy 2+f? ‘ 


1 1—#2, 14¢ ated nite «t= 
eae Eg bn ik ig Al CU Te 
ee rs eGR eT Andel eT 
PEI tare orf Caled as 
rin Inge G(1-t +G) ine rap ee (3.2) 


vhere f? has been anticipated to be positive, and v denotes the number of free 
lectrons per ion. The phonon quantum 7 has been replaced by a mean value n 
those determination will be discussed later. The F, s that occur on the right- 
nd side of (3.2) are the re-normalized values connected with F’, s’ by 
ee = F's’? | 
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The first two F-independent terms on the right-hand side of (3.2) may be 
replaced by 1 for ¢ small and } for <1. From their integral form, the terms 
proportional to F are seen to remain positive and in order to satisfy (3.2) it is 
clearly necessary that 2vF’<1. This condition is sufficient to ensure a real 
solution for f and at the same time exclude real poles from the k summations in 
(2.13) Soy: 

Considering (3.1) when t<1, the logarithmic term is very nearly equal to 
unity, and the inverse tangents very nearly equal. When ¢~1 however, the 
logarithmic term and the second written inverse tangent vanish. We therefore 
replace (3.1) approximately by 


(=) =1—2ygF" ( ~Tran-1) nt, (3.3) 


where g=1, w<2ky 


Similarly, (3.2) is replaced by 


Bas SES Leas 
1—2veF mee TRA aC den F eee) avers (3.4) 


The equations (3.3), (3.4) for f and s are clearly not capable of exact solution, 
but we may obtain useful approximate solutions in two extreme cases, one of which 
proves sufficient for practical purposes. 

Consider (i) t<f. In this case tan! (t/f)~#/f and we obtain immediately 


Ee gvFF’ ms 
~ 31-—2gvF"’ hk, 


(=) i 5 gvF" (G) et 1 eae (3.6) 


This solution holds whenever #?<f? or, retaining only dimensional magni- 
tudes, 


(Ade mise tecnologia Sas (335) 


hs'w<ms?(n + 4). 


Taking for 7 a thermal average, then for RT'S ms? ~0-1 deg K x (Boltzmann’s 
constant), this (very) low frequency solution holds for 


hee (MPL a ceed cmd iy Seat Beak eee (3.7) 


(ii) In the opposite extreme, f<z, tan-! (¢/f) ~ 4a and the solution becomes 


Bi: gvFF’ ms 7 


f= 3 1 —deoF te, 2 +9) evccce (3.8) 
s\2 ee: y af 
(;) ~1—2goF (1-34) 
or 6 hes Sere icnay BE a Sk RN a ee 
oy SUM 5 (1 ier) ae (n+4) Weise rene (3.9) 


_ Only the short wave solution, fis'w>(ms.RT)"2 is of practical interest, an 
we note that when w<2k, there is an increase of sound velocity relative to 
undisplaced state. For the same wavelengths, using (3.8), the magnitude 


. 
- 


where 5) = (1 —2vgF’)1s’ is the undisplaced sound velocity (equation crt 
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D,,\ow|, i.e. the energy gap due to a single mode w, is seen to be nearly inde- 
pendent of w and of magnitude (ms?.Z)"2. The magnitude of |o,,|? in the region 
w < 2k, is then given by loa, 2 ~ ms/hRo. 

It remains to discuss the solution of (2.18), (2:19) for w>2k,, he, t> 1 
Using the expression for (A, w) given for w>2k,, we obtain for equation (2.19) 


15 s Sie gaat Fms i+ fe+t72— (2-22) dz 1 
2 EM FES Be 8 st fig  QyF’f 


The first and second terms (independent of F) decrease from } at t=1 and vanish 
as t~*, remaining always positive. Supposing f?>0 the integral is always 
positive and has an upper limit independent of f, 


r £2 — (x —72)2 2 —(z—22)2 . 
| ep) eS [—Sa-0¢ 3) t>1 
Thus no positive f? can satisfy (3.10). Suppose secondly that f2 <0, say, = —f”. 
Then if f’ > #+7¢ the integral is negative, and obviously cannot satisfy (3.10). If 
f' <# +1, the integral may have a real pole but again, taking principal parts, 


1 ( #—(z—#)2 dz 
has an upper bound independent of f’ which decreases to zero, thus failing to 
provide a real solution. 

It is concluded therefore, that when w> 2k, (3.10) is satisfied only by o, =0, 
$=5). That is to say, the displaced lattice motion is identical with the un- 
displaced lattice motion when w>2k,. ‘There is thus a negative discontinuity 
in the displaced phonon spectrum at w=2k, which results in a double degeneracy 
of phonon states in the energy interval hQ+O(ms?). This is illustrated in the 
figure. The existence of an infinite discontinuity in the gradient of the phonon 
spectrum at w= 2k, has recently been suggested by Kohn (1959) in a calculation 
of the lattice screening due to a periodic perturbation. Though this was 
intended to describe adiabatically the phonon itself it more closely relates to 
the static deformation considered here. 


RAN 


FLO) uw 


4 Displaced phonon energy as a function of wave number w. 


We complete this brief discussion of the displaced state by considering the 
mean displacement of the ionic sites. This is generally given by 


F ac h ca iw .x 
Q, (x) =2 2 (savva) Ow € J 


L 
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On the average this must vanish since the phase of o,, is arbitrary and random. 
The mean square (Q,2) however will not vanish and is given by 
V (2% 
Q?2)= — —___—. |o, Pudw. 
Since the greatest contribution will come from the upper limit, we get dimen- 
sionally, 


h ms 
ae 
Gee NMs' ‘hk,’ °° 
= a 0 ~ 10-2 em? 


Thus the root mean square ionic displacement 
(Qe te 102 en. 

If, more generally, we consider the correlation 
(Q,)(x)Q,(x+ R) 


it is found that this quantity is nearly constant and equal to (Q,?) for 
is'R“> (RT .ms?)? and thereafter decreases as R7". 

The effect of the static random displacement of ion sites on the reflection of 
neutrons and x-rays is similar to that produced by thermal agitation. That is 
to say, there is an enhancement of the normal thermal background scattering. 
Since at low temperatures the mean thermal amplitude is of order 10—!°cm, the 
displaced state contribution would be of comparable magnitude. 


§ 4. SpeciFIC HEAT OF THE DISPLACED STATE 


The phonon energies in the undisplaced state AQ, and in the displaced state, 
hQ, say, are normal mode eigenvalue differences of the same Hamiltonian, but 
belonging to alternative lattice states. Moreover, each spectrum separately 
exhausts all degrees of freedom of the lattice. This is in contrast to the case of 
non-combining rotational spectra of a molecule, say, where ail] rotational bands 
due to possible electronic excitations are required to account for the total motion — 
of the molecule. Since the eigenvalues of a Hamiltonian are unique the un- | 
displaced and displaced spectra must be identical. Since the (Q, w) relation is 
not perfectly linear, the w spacing in the displaced state is non-uniform. This is 
unusual, but since a lattice site displacement implies a non-uniform volume strain 
it is plausible that w spacing need no longer be determined by the usual periodic 
boundary conditions. 

The undisplaced and displaced phonon states contribute identical mean 
thermal energies to the total lattice thermal energy. In the energy region 
hQ(2Ry) + O(ms?), however, the extra (degenerate) displaced phonons contribute 
an additional mean energy A, (7) equal to 


he OF [ow fecal 7 i er (2k) *HO(2h) PE 


where 
872 


Var ae (GS) Feary (eqn (3.9)). 


i) te A 
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For low temperatures RT < 2hsky, A,(T) has the exponential temperature 
dependence characteristic of the (electronic) specific heat of many super- 
conductors. ‘The activation energy (energy gap), namely, 2hsky is however, 
somewhat high unless the effective electronic density is low, say ky~ 10? cm 
It may be noted that the specific heat contribution per electron is proportional to 
ms”. 

The complete specific heat, and therefore, the possibility of a thermodynamic 
transition, cannot be discussed without knowing the electronic behaviour about 
which nothing has been said in this paper. For a second-order transition it 
would be necessary that the electronic energy in the displaced ground state be 
lower than the undisplaced electron energy. It then remains to account for the 
absence of the electronic heat linear in temperature. The following consider- 
ation is put forward tentatively. Since in the above solution real electron 
scattering is completely prohibited there appears to be no thermal contact between 
the electron gas and the lattice and consequently no necessity for a common 
temperature. In that case, if the displaced lattice state is reached through a 
transition temperature 7, then for lattice temperatures T< T, the electron gas 
might be expected to remain at 7; thus possessing no specific heat. ‘This would 
suggest that the mean phonon quantum number 7 in (2.19) should equal the 
thermal mean at 7, rather than the lattice temperature T. 
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Abstract. 'The penetrating components of extensive cosmic-ray air showers of 
sizes ranging from 4 x 104 to 5 x 10° particles have been examined at distances 
from 3 to 18 metres from the shower cores. Within these distances the nucleonic 
particles, of energy 2 Gev or larger, examined here have a lateral distribution not 
flatter than that of the electrons which is described by a power law r-°’”*, whereas 
the muon component decreases as r~°? with distance from the core. The numbers 
of nucleonic particles and muons decrease relative to the electron numbers.” 
with increasing shower size, the number of nucleons being proportional to W°*, 


§ 1. INTRODUCTION 


ENETRATING particles in extensive air showers, at one time regarded as 
P= admixture to the supposed main component of electrons and photons 

in showers, are now not only recognized as the determining factor of shower 
development, but may even provide a more reliable means of detection and 
examination of showers than that afforded by the soft component. 

Earlier reports of the air shower work at Leeds, 100 m above sea level, have 
been concerned with a determination of the core location of showers (Kellermann, 
Shaw and Dickinson 1957, to be referred to as I) and, based on this, with an 
examination of the electron—photon component (Kellermann, Shaw and Walker 
1958, to be referred to as II). The present paper discusses the penetrating 
particles, namely the nuclear-active, or N-component, and the muons. Pre- 
liminary results comparing the relative distribution of the electron—photon, the 
nucleonic, and the muon component were given first at the Cosmic Ray 
Conference at Guanajuato in 1955 (Kellermann 1958). Work by other groups 


on these problems is summarized in the report of the 1957 International 
Convention on Cosmic Rays, Varenna (1958). 


§ 2. METHOD . 
In I a ‘core-detecting’ apparatus was described and its performance 
assessed, it being shown that more than 50° of the showers detected in this 
way had axes falling within 3 m of the centre of the core detector. The units 
included arrays of unshielded counters which allowed showers of different sizes 
to be distinguished: four groups (referred to as (3.3), (4.2), (5.1), and (6.0)) 
corresponding to densities of roughly 25, 40, 90, and 200 particles m-® at about 
3m from the shower-axis were distinguished. These probably correspond to 
showers of total size 4x 104, 8x 104, 2x 105, and 5 x 105 particles respectively. 

t Now at the Nuclear Power Plant Co. Ltd., Knutsford, Cheshire. 
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The central unit of the core detector consisted essentially of two counter 
trays within a lead block with full side and bottom shielding. ‘The upper tray 
lay under 5 cm lead, the lower one under 20 cm, and records of the individual 
counters were photographed in a hodoscope display. Core detection involved 
the selection of events applying a specific criterion in the discharge pattern of 
the central unit. Other selections here are those recognizably associated with 
the passage of muons through the lead pile or with the products of nuclear 
interactions taking place in the pile. To a first approximation, a discharge of 
only one of the ten counters in the lower tray would indicate the presence of a 
muon, and that of more than one the presence of nuclear-active particles. 
Corrections made necessary by this simple differentiation will be considered 
below. 

Since two units were in use, and since the separation between them was varied, 
data were obtained relating the detection of shower cores in one unit with the 
occurrence of the two kinds of penetrating events in the other, at various distances 
of separation ranging from 3 to 18 m. 

The analysis of the measurements was carried out as follows: the rates of 
air showers in which penetrating particles were detected were calculated with 
the help of the expressions used in II and employing only one new parameter, 
namely the density k of the penetrating component expressed as a fraction of the 
electron density. Rates were calculated for different values of this parameter, 
and by fitting of the calculated to the observed rates, a best value for k was found 
with its standard deviation. Values were computed for the penetrating component 
as a whole as well as separately for the N- and the »-component. 

It was assumed that within each of the four shower density groups considered k 
was constant so that in any one group the spectrum of the penetrating particles 
could be described by a power law with the same exponent y=1-5 as that 
applicable to the electron density spectrum. ‘The assumption is not correct 
if taken to hold over the whole range of shower densities, but is found to be a 
sufficiently good approximation within limited density ranges since k is found 
to vary only slowly with density. The approximation is valid, too, whether one 
considers the total penetrating component or either of its constituent parts. 
It was found useful in the representation and the discussion of the results, to 
express the penetrating particle density at distance r either as a fraction k of the 

_ electron density « at the core detector, or as a fraction k, of the electron density 
prevailing at the distance r from the core detector. In II it was shown that 
the electron density at distance r from the detector was x.a(r) where «<1, 
and the lateral dependence of « on r was determined. Hence the k,=k/«(r) 
can be tabulated quickly. The values of « used here were taken from smooth 
curves fitted to the values given in II. 

The actual integrals are readily written down: S;°(x«) dx is the spectrum 

determined in II, describing the showers in density group 7 for which a 
_core-response is also registered. Penetrating particles, occurring with density 
kx, falling on the lead pile and leading to the discharge of one or more of the 
ten counters, each of area A, in the bottom tray can be described by the response 


om “ | 4. , ; R,(x) = e—lo4ke © : 


regarding here the ten counters as one counter of area 104 and without 
- differentiating between single and multiple discharges of the individual counters. 
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The response to a single discharge of one of the ten counters only by which 
the response to a muon is identified can be written as 


R,,,(”) ={1 — exp (— Ak,x)} exp (— 94k, 2). 


As shown in II, the rates of these events would then be %; ;, or F;, ,,,, where 


Ayn |” Si(e)Ri(x) dy 
0 


i0) 
Ry, 4,610 | Sie(x)Ry,(x) dx. 

0 
The rate of 2; ;. of multiple events under lead associated with N-particles is 
then obtained as 

Bi, kx =K;,,—B 

The density spectrum contains a constant of proportionality, and it is preferable, 
therefore, to express all rates above as a fraction of the rate of all core-selected 
showers 


i, ku* 


foo) 
yee | S(x) dx. 
0 
If the ratios Pi, | R,. ul Fis 
then Pi, ky = Pi, k — Pi, eu 
All the integrals were evaluated for a series of values of k. The ratios p; , 
and p;,;,, were fitted to the observed ratios of the total penetrating and of the 
muon component respectively, as was also their difference to that of the multiple 


component. The best fit in each case yielded the values of k, k,, and ky with 
their standard variations. 


§ 3. RESULTS 


About 3000 showers were observed. ‘Table 1 gives the rate of showers in 
which a penetrating particle was recorded at various distances from the core, 


Table 1. Observed Penetrating Events as percentage of Showers 


Density Distance of core-detector to penetrating particle detector (m) 
group 3 6 10 14 18 
a 24 eye 6 16 12 2 tT 
(3.3) j227! JTfae 759 7 10:1 42-4 7197 10:242°'8 joq = 115423 98> 7142-6 
(4.2) a =24:0+3-4 rat = 22298 af ae MP 
f 754 ra! 716 et 116 7 16443-4 595 = 13-942-0 jg — 11-7428 
ee 59 30 47 12 
(5.1) i543! 8+3°8 Jog = 30'143:3 7347224436 537 = 19:8 + 2-6 94 = 128434 
70 28 56 18 : 
(6.0) page SbOE43 Tee= 451440 Fo= 41-2460 aga 38-9441 <5 =30546 


as a percentage of the core-selected showers for each density group. From these 
observed rates the density of penetrating particles k and k, are obtained as 
outlined in §2. They are collected in tables 2 and 3. The: crude separation 
of the observed penetrating events into an N- and a muon-component according 
to the multiple or single discharges caused by them respectively under 20 cm Pb 
requires certain corrections. j-events will give rise to more than one i 


‘ 


\ . - 
= 
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if accompanied by knock-on electrons or if muons arrive in pairs or in even larger 
numbers simultaneously. The rate of knock-on events was measured and found 
to be not more than 4°% of the rate of single muons, and the rates were corrected 
accordingly; the multiple muon rate was estimated from an analysis of all events 


Table 2. The Density of all Penetrating Particles as percentage k 
of the Electron Density at the Core-Detector 


Density Distance of core-detector to penetrating particle detector (m) 
group 3 6 10 14 18 
(3.3) 2:03 + 0-43 0:96 + 0-25 0:97 +0-29 1:10 +0-24 0:65 +0°-25 
(4.2) 1:56 +0-27 1:46 + 0-22 1-00 + 0-24 0:83 40-14 0-68 +0-19 
(6:1) 1320-20 1:24+0-17 0:86 +0:17 0:74+0-12 0:46 +0-14 
(6.0) 1:29+0-19 1-07 0-15 0-88 +0-20 0:80 + 0-13 0:56+0-15 


Table 3. The Densities of all Penetrating Events as percentage k, 
of the Electron Density at Distance r from the Core 


Density Distance of core-detector to penetrating particle detector (m) 

group 3 6 10 14 18 
(3.3) 1-90 + 0-40 1-68 + 0-44 2°86 + 0-86 4-66 + 1-02 3:71 + 1-43 
(4.2) 1-29-- 0°22 2:40 + 0-36 2:87 +0-69 3:52+0:59 SOs tei til 
(5.1) 1:02+0-15 1:90 + 0-26 2:31 40:46 2:93 +0-47 2:50 + 0-76 
(6.0) 0-87 + 0-13 1-35 + 0-20 2-05 + 0:47 2:75 +0-45 DSS ale 7/1l 


and was found to be insignificant. The problem of the N-component is more 
complicated: nucleons of low energy on interaction will normally give no charged 
secondaries of range sufficient to reach the lower counter tray; very energetic 
nucleons on the other hand will be expected to give rise to multiple counts. 
The identification of multiple events with the interaction of nucleons may in a 
first approximation, therefore, be regarded as defining a lower energy limit of 
the nucleons under investigation. ‘This limit has been estimated by Froehlich 


Table 4. Density of the N-Component as percentage ky 
of the Electron Density at the Core 


Distance of core-detector to penetrating particle detector (m) 


nsi 

= al 3 6 10 14 18 
(3.3) 1:25+0-38 0:39 +0:16 0:32+0-18 0:34+0-12 0:06 + 0:06 
(4.2) 0:57 40-17 0-37 +0-10 0:52+0-18 0:20 + 0-06 0:10 + 0-07 
(5.1) 0-74+0-16 0-61 +0-11 0:41 +0-12 0:20 + 0-05 0-15 + 0-08 
(6.0) 0:52 +0-09 0:28 + 0-04 0-46 +0-14 0:20 +0-10T 0-10 + 0:04 


+ Obtained by interpolation. 
eases felt SA Se ee ee ee 


Table 5. Density of the N-Component as percentage &,, x 


of the Electron Density r metres from the Core 


| Density Distance of core-detector to penetrating ees detector (m) if 
6 10 

, oup 3 | 

a 3 3) 1-17 +0°36 0:68 + 0-28 0:94 +0°53 1:-44+0°51 0:3440:34 
s (4.2) 0-47 +0:14 0:61 +0-16 1:49+0-52 0-85 40-25 0:58+0-41 
2 (5.1) 0-57+0-12 0:9440:17 1:10+0-32 0:79 + 0-20 0:82 +0:43 
4 (6.0) 0-35 +0:06 0:37 +0-05 1:07 + 0°32 0:68 + 0:34 0:47+0-19 
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Table 6. Density of the ~-Component as percentage k,, 
of the Electron Density at the Core 
Density Distance of core-detector to penetrating particle detector (m) 
group 3 6 10 14 18 
(3.3) 0:87 +0-29 0:59+0-20 0-68 + 0:25 0-80 + 0-23 0-60 + 0:26 
(4.2) 1:00 + 0-24 1:10+0-23 O52-20nl7, 0-67 + 0-14 0-61 + 0-20 
(5.1) 0:61 +0:16 0:64+40-15 0-45 +0-14 075520341 0:32 40-13 
(6.0) 0:49 + 0-18 0:57 40:20 0:29+0-14 0:66 + 0-23 0-42 +0-23 
Table 7. Density of the .-Component as percentage ,, , 
of the Electron Density 7 metres from the Core 
Density Distance of core-detector to penetrating particle detector (m) 
group $ 6 10 14 18 
(653) 0-81 + 0-27 1:03 40°35 2:01 + 0-74 3739 UOT 3-43 + 1-49 
(4.2) 0-83 + 0:20 1-81 +0-38 1:49-0:49 228420 :59 3:37 + ted 
(sb) 0-47+40-12 0-98 + 0-23 1-23 + 0-38 Dekefasta) 45 1-7440°78 
(6.0) 0:332- 0712 0:76 + 0:27 0-68 + 0:32 2270-79 1-99=F 1-09 


et al. (1952) (cf. also Camerini et al. 1951) as 2cev. Further, all energetic nucleons 
will not interact. Assuming an interaction length of 160 gcm~?, only about 76% 
will do so; of the remainder about half will be neutrons and completely 
undetected, the other half will be mistakenly identified as muons. The muon 
rate has been corrected for this effect. From the corrected rates, the values of k 
were computed for the two components. They are given in tables 4~7 with their 
standard errors. 


§ 4. DISCUSSION OF RESULTS 


The results shed light, in the main, on two aspects of shower structure: 
firstly on the ratios of the various components of a shower of given size, and 
secondly on the variation of the composition of showers with shower size. Our 
values refer to distances of 3-18 m from the shower core, and it must not be 
assumed that they may be extrapolated towards the immediate core region 
which must be examined by a different kind of experiment. 


4.1. The N-Component 

The relationship of the N-component to the electron component is shown 
in table 5. The weighted average value of k, . is (0:-56+0-10)%, and the whole 
set of results in this table is consistent with this value, that is to say with the 
conclusion that the density of N-particles is proportional to that of the electrons 
both for the lateral range 3-18 m and over the size range 4 x 104—5 x 10° electrons. 

While the values of k,, , in table 5 are consistent with a constant value which 
is independent of shower size, they give some indication that k, . diminishes 
with increasing shower size. In this sense they are in agreement with the result 
of other workers, namely Kasnitz and Sitte (1954), Marsden and Doran (1956), 
Nikol’skii et al. (1956), and Lehane et al. (1958). Table 8 shows the weighted 
averages of k, y over all distances in each of the four size groups of table 5. The 
values of 8 given by Marsden and Doran, corresponding to our k,, xy are shown 
for comparison. The fact that the absolute values of the are larger than the | 
k,,~ Suggests that this work includes N-particles of lower energy. a conclusion : 


i 
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Table 8 
Size group 
(particles) Marsden and Doran Present work Nikol’ski 
B(%) ky, N (%) ky, N %) 
4x 104 2:3 (3 0:81+0-18 0-95 
8 x 104 2°2.+0-3 0:61 + 0-10 0:50 
Ps Oe fe ees (23 0:74 +0-09 0-25 
Scr 05 OF O23 0:38 + 0-07 0-20 


quite in keeping with the respective modes of detection. It is interesting to 
note that the variation with size of the two quantities is similar. Table 8 also 
contains the values of k, » which have been obtained from the graphs of 
Nikol’skii et al. ‘The variation of our values of k,. . over the size range considered 
and that of the quantity 8 used by Marsden and Doran agrees with the assumption 
of Lehane et al. that the number of nuclear particles in this range is proportional 
to 4° where is the number of electrons; the values given by Kasnitz and 
Sitte are not directly comparable, since their size groups are defined differently. 
Nikol’skii et al. reach a conclusion which is not easily reconciled with the present 
work nor with that of Marsden and Doran and of Lehane et al., unless a totally 
different situation exists at the high altitude (3860 m) at which their experiments 
were carried out. They find that for W <10°, k, yo.W—°8 while for W > 10° 
k, x 1s constant, yielding a general form of variation quite different from that 
reported here. In view of these differences in the results it is premature to 
attempt an explanation of the discontinuity at  =10° reported by Nikol’skii 
et al. 

Regarding the lateral distribution, when the data of table 5 are examined 
together with the results of other workers there is some indication that the ratio 
of nuclear particles to electrons decreases slightly with increasing distance from 
the core. Nikol’skii et al. assign an index 1-4 to the variation of the nuclear 
component with core distance, and so, effectively, an index 0-65 to the lateral 
variation of k, x, since the decrease of the electronic component (cf. IT) is best 
represented by an index 0-75. The values of 8 tabulated by Marsden and Doran 
fit best with the assumption that there is a small decrease with increasing radial 
distance from the shower core. 


C 4.2. The Muon-Component 


The muon-component (tables 6 and 7) is described by values of ,,,, which 
increase with distance from the shower core and which decrease with increasing 
shower size. ‘These effects are, to the accuracy of the present work, separable. 
The lateral density distribution (table 6) may be represented for all shower sizes 
used in our experiment by a power law r—®3+°"», and this value can be compared 
with the results of other workers for showers of similar size and at comparable 
distances from the core. Thus Vavilov et al. (1957) find a power law r~°*8, 
and for a larger average distance from the core Fujioka (1955) finds r”. 
Tables 6 and 7 show, in addition, a general decrease of k, ,, with shower size. 
Since our results do not go beyond a distance of 18 metres from the shower core 
they cannot give a proportion of muons in the whole shower. A decrease has, 
however, been found by Vavilov et al. and Lehane et al. This generally observed 
écrease of the proportion of muons with increasing shower size probably reflects 


560 E. W. Kellermann and N. Dickinson 


the different absorption properties of the muon-component and of the cascade 
component of showers rather than any difference in the formation process. 
The ratio N/u is given by corresponding values from tables 4 and 6. ‘There 
is no significant difference between the four size groups and, plotting the average 
of N/p over all sizes against lateral distance from the shower core (see figure) 


0 5 10 I5 
Distance from Core (m) 


The ratio N/u averaged over all sizes as a function of distance from the core. 


equality of the two penetrating components occurs between three and four metres 
from the core. A similar value (~5m) was obtained by Lehane et al., but no 
great significance is to be attached to this figure since comparison with the results 
of Marsden and Doran suggests that the percentage of detectable nucleons is 
sensitive to the method of detection. 
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Abstract. The problem of a non-interacting spin system coupled to a damped 
resonant cavity is formulated wave-mechanically. An exact solution of the 
Schrodinger equation is found for this system, and the expectation value M, of 
the s component of total spin angular momentum S, is determined in series 
form from an expansion of the solution. The expectation value is obtained 
exactly and in closed form only for very small values of the total spin quantum 
number S. Approximate solutions in closed form are obtained for the initial 
conditions M~S and M~—S. For the former condition, <¢|S,|t) exhibits 
exponential decay for small values of ¢t. The approximations break down for 
larger values of ¢, but damped oscillatory behaviour is suggested. The results 
are discussed in terms of the total number of spins, and a value of at least 1018 
spins seems necessary for an appreciable exponential change in ¢é|S,|t) to occur, 
under typical experimental conditions. Reasons are given why a simple, closed 
form for <¢|S,|t) seems unlikely for the general case of arbitrary S, and some 
mathematical difficulties are considered in more detail. 


§ 1. INTRODUCTION 

ECENT developments in maser technology have brought into prominence a 
R problem in magnetic resonance which has always existed but which has 
not previously attracted much attention. It is the problem of describing 
and understanding in detail how a spin system is coupled to a cavity mode. 
When the coupling is weak, as is usually the case in paramagnetic resonance, a 
simple discussion can be given. It is only now that much tighter coupling is 

being used that the necessity arises for a more comprehensive theory. 

In setting up any formalism it is necessary to describe the spin system, the 
cavity mode and the coupling between them. ‘The spin system is most con- 
veniently described wave-mechanically while the cavity mode, which is neces- 
sarily damped by the wall losses, is most conveniently described classically. 
This is an unfortunate mixture and to make progress it seems desirable either to 
describe both spin system and cavity mode classically or to describe both wave- 
mechanically. In certain cases, particularly where the Bloch equations can be 
used, it is possible to describe both systems classically as was done by Bloembergen 
and Pound (1954) and Bloom (1957). Where the spin system cannot be described 
slassically, as is often the case in masers, the only alternative is to describe the 
savity mode wave-mechanically. Whether one chooses to work classically or 

ave-mechanically some errors are likely to occur (for example, the Bloch 
ations do not fully describe ferromagnetic resonance), but in the most 
urable cases these will be small. In the wave-mechanical treatment of the 
vity a first possibility is to try to describe the motions of the electrons in the 
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cavity walls, taking wall losses into account by considering the coupling of the 
electrons to the radiation fields in the cavity and to the lattice. ‘This is an 
extremely complex problem and something simpler is required. 

The approximation we use is based on the intuitive belief that, for maser 
problems, the properties of a cavity mode are adequately described by its field 
configurations, frequency and Q factor. For example, we do not believe that it 
matters what the cavity is made from provided that its electrical properties are 
known. Detailed considerations involving the number of free electrons in the 
walls and their collision times should be adequately summarized by the bulk 
properties of the material of the cavity wall, since in microwave masers there is 
no interest in fluctuations at frequencies comparable with electron collision 
frequencies. Our theory will need extension, however, if appreciable micro- 
wave noise arises from the mixing of these high-frequency fluctuations. 

This type of approximation has been considered in detail by one of us (Stevens 
1958, hereafter referred to as 1) where it was shown that it is possible to quantize 
a damped harmonic oscillator, using a damped tuned circuit as a model. Our 
present discussion will use similar arguments for a cavity mode. In addition we 
shall consider the coupling of such a cavity mode to a spin system and examine the 
possibility of solving the Schrodinger equation for the coupled system. 

In this paper we wish to keep our examples as simple as possible consistent 
with exhibiting clearly the essential features of our method. For this reason we 
shall not aim at maximum generality but will, in fact, take advantage of what- 
ever simplifications present themselves. More complicated problems are left 
for later consideration. By treating a few examples from what is certainly a 
large class of problems, we hope to demonstrate the value of our technique. 


§ 2. DESCRIPTION OF THE Cavity MOpDE 


Our first problem is to set up the classical Hamiltonian for a damped cavity 
mode. ‘This can then be quantized as in I. If the cavity damping is due to 
wall losses a complication arises when Maxwell’s equations are applied to describe 
the fields because there are two distinct regions, inside the cavity and in the walls, 
in which the equations must be solved. There are also problems connected 
with matching the solutions on the boundaries. It is within the spirit of our 
approximation to consider instead a cavity which has perfectly reflecting walls 
but which is filled with a dielectric of finite conductivity c. The properties of 
this new cavity are chosen to give the same resonance frequency and Q as the 
cavity we are actually interested in. ‘The handling of Maxwell’s equations is 
greatly simplified by this procedure. 5 

Introducing the vector potential A=.A,(t).f(x, y, 2) and the scalar potential 
p(t, x, y, 2) into Maxwell’s equations, we can choose a gauge which makes 
zero. We have, then, q 


Este 
Cc 


where A satisfies the wave equation 
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It is possible to take A in many different ways, according to the problem being 
tudied. We find it convenient to set 
A= A,(ik, cos k, xsink, y—jk, sink, x cos kay) sin kg 2, 
there i and j are unit vectors in the x and y directions and A, is a function of 
me only. Then 
pe dA, 


=p eater ik, cos ky xsink, y— jk, sink, x cos ky y) sin kg, 


0 that the tangential components of E vanish on the planes «=0, | Reis 27h Ravn oes 

=0, m/Rg, 2r/k,...; and z=0, w/ky, 27/kg... Thus we shall be considering a 

1ode which can exist in any cavity formed by a selection of these planes. 

quation (2) then leads to 

Nb Cal ieiaate be enemies (3) 
Coed ee Ae * 

yhich shows that A,, the time dependent part of the vector potential for this 

node, satisfies the differential equation of a damped harmonic oscillator. 

The problem of quantizing a similar classical equation (for the charge in a 
esonant circuit) was investigated in I. In order to follow the same formalism 
tis convenient to make the present notation the same as that usedin I. Equation 
3) can be multiplied through by a factor «, so that «(e/c?) has the dimensions of 
aductance (« has the dimension of cm~'). Then LZ, C and R are defined by 


L=1(4), Raa( HH), A = a(t hee + he). 


setting A, =O, equation (3) becomes 


PO pdIQ-O_ 
L Te +R were Terie 0. 
‘rom I, the Hamiltonian for this differential equation is 


(Ry? + Ry? + hg”) A + 


tae AO 
a eS a NL Re ne Fhe) retell es 5 
CS Sieh a eae ©) 
yhere P is conjugate to Q. It is of some importance to investigate the constant 
1 which appears in # ; we consider first the undamped case, R=0. The 
Jamiltonian is then just the total energy in the mode, which can be written 
Iternatively as 


go] GE. E+pH.H)dV. 


‘his integral is readily evaluated, and when compared with (5), leads to 
: A=pV (ky? +k,?)/3270, 
ere V is the volume of the resonator. (In I, A was determined after quanti- 
It seems preferable here to use this alternative derivation.) When the 
ity is damped (i.e. R40) the following argument seems valid. Suppose we 
asure from time f, onwards, If we assume that the damping is switched on at 
ere seems no reason to suppose that the instantaneous Hamiltonian of 
ion (5) will be affected. Therefore we take 
_ wV (Ry? +e") ‘s “). 
fe 32770 oe L 
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The Hamiltonian for the cavity mode can now be quantized, as in I, by inter- 
preting P and Q as operators which satisfy OP —PQ=1h. 


§ 3. THE SPIN SYSTEM 
We suppose that the cavity contains an assembly of spins which are also in an 
external magnetic field Hy. If they are non-interacting (we also neglect spin- 
lattice coupling) and have identical g-values the contribution to the total energy 
is #,, ="gBH,.$, where S=,s,. There is also an additional energy from their 
interaction with the radiation field in the cavity. From general considerations 
(Dirac 1947) we expect this to be 


Ddugh(s,- curl A). 


Assuming that the spins are so close to one another that the vector potential is 
constant over the spin system, the interaction energy is 


H1=pgBO | S,k,kg sin k,x cos kay cos kgz + Skok cos kyx sin Ray cos R32 ] 


— S,(k,? +k.) cos kx cos kay sin kz. 
The Hamiltonian for the system of independent spins in the excited cavity is then 


the sum of #,, #,, and #. 


§ 4. SOLUTION OF THE SCHRODINGER EQUATION 


The problem which now confronts us is that of finding solutions of the 
Schrodinger equation 


ine It) =(L e+ m+H1)|t) =o |t) 


and in particular finding how a state |f)), determined at time ¢), develops with 
time. 

With no loss in generality, some simplification is possible if we assume that 
the spins are placed in the cavity in a region where the d.c. magnetic field and 
the oscillating field are mutually perpendicular. For example, if we take H, 
along the 2 axis the spin system can be placed at a point where cos k,y = cos kag = 1. 
For this case, the Hamiltonian becomes: 


P? 
KH =heS, +(¢ SG ry aha as ) +pagBOS, 


where a= fiks sin k,x, 
We now set |¢ a =exp{—iw )S,(t—t)}|T,,¢). Then the transformed ket |T, ¢) 
satisfies a Schrédinger-type ah 


ing IT1,t)=#,|T, t) 


with H ,=exp [iw)S, pert exp [—1m)S,(t—t))] —hw)S, 
=H c+ 1nagBO {exp [inyS.(t—4)](S.+S_) exp [ian S.(¢—f)] 
Mee we have written S,=43(S,+S_) and where S,=S, car eye No 
=(S,4+ 1)Gs, 40." (SF 1)2.S., and therefore 


Si exp [—twS alt—to)] = exp [—1w9(S,F 1)(t—t)] Ss | . 
exp [S(t — to) |S. exp [—iwpS,,(t—t))] =exp [ + twp (t—t)]S 


< 
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ra aati 


(exp [tu19(t—t))]S, + exp [—iwg(t—t,)}S_} 


which shows that the Zeeman energy can be eliminated at the expense of com- 
plicating the interaction terms. 


_ The terms which describe the cavity mode have been treated in I, where 
transformations which eliminate these terms are developed. ‘The reider is 


erred there for a complete account, but we list the results here for completeness. 
Using the following definitions: 


2P = (2AL hw ell )12(9., + Q_) 


20=(= hwe-™#)" (0,-0.) 
QO. =icosh§ q.+sinh4@q_ 
QO_=sinh@ q, —icosh6q_ 
w= (LC)-¥ 
tanh 26= — R/2wL 
cosh 26=w/Q 


12 
o-(F rs 


LC 47 : 


[O_, O.]=[g¢_, ¢.]=1 so that q, and Q. are creation operators and 
and Q_are annihilation 4 ai the poebens transformation will eliminate 


IT, t)= ep (Sap {- oguernG= ~t)} od 


von -_ Tar U4 + 4-44)— Be aba a 
. eater new a ag ee Z — | 


£ ; - ™ - 7 by : - » 
home i a Se kien | 
XP |b “0 an! oI 4 + Exp | Nias aA A OF aed 


a ok 
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) L 
where exp (—i#). (cosh @+7sinh @) = (cosh 26). We also write = =F 
the Q-factor of the cavity mode. ‘Thus 


th - [Ts, £) = K(x 2Qneelen SB QuerlnS_) , (ap Oop |. + PMO ITS, t) 


where > mph ae 
k= ~ 4000 pager TRDVO | 

This equation can now be integrated to determine how |T},t), and hence |t), 
develops with time. The result is very complicated and it seems of more value 
to make certain restrictions and approximations. Therefore, we assume that 
the external d.c. magnetic field is adjusted so that w)= i.e. the spins and the 
cavity are resonant to the same frequency. ‘Terms in x+?@{/ can be neglected. 
Then 


it \Tyt)=K(S.p_+ S_ps)|Tot) 
which has the solution 
ay a 
[Pt)=exp | = (S.p_+S_p.)(e-1) | lo) 


where |f)) is just the initial state of the system. ‘The complete wave function, 
showing how the initial state develops in time, is 


I) exp {vg 5.(¢—4)} expCiS)exp { ~ 7 (g.9-+4-9.)(t—t0)} 


1K 
exp | — 5 (S.P-+S_p,)(@—I)} I 
For convenience, we write 


BSD (tat) type Oe SP eo] ote Es (6) 


§ 5. PHYSICAL PROPERTIES OF <S,). ‘THE CasE OF S=4 

To obtain results of physical significance it is necessary to study the variation 
with time of the expectation value of certain operators. Although we have 
investigated a number of these, we will confine our attention to S, in this paper. 
This operator is of considerable importance and gives a good example of the 
general problem. 

‘The expectation value of S, at any time ¢ is given by <¢|S,|t). Using equation 
(6), |¢) can be written in terms of |t)), which is independent of time. Only the. 
last transformation does not commute with S., and we are left with the problem of 
evaluating 

<t|S,|t) = (tole“* Se [to 


where 
‘€ 
X= — 5 (8,p_+S_p,)(e-1). 


Clearly, S, and X commute with S,?+S,?+S,2, so that the total spin S is a 
good quantum number. Therefore, if |¢)) is expanded in states of definite total 


spin, 
loo9= > a|S=r, to) 


{tole“* Se |to) = Yla,P(S=r, tle“*S_e*|S=r, ty) 


we obtain 


ae AGG tate mm 
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and it is enough to study the properties of (t)|e—*S, e* |t)) where |t,) is now a 
state of definite total spin. ; : 

We should Say at the outset that we have not been able to find a closed, simple 
form for e“*,S,e'X, Exact expressions for <t|.S.|t) can be found for small values 
of S, but for the general case (arbitrary S) we have had to use approximations. 
As we shall show, there is good reason to suppose that no striking simplification 
is possible. 

We begin by treating the simplest case, where |t)) is taken to be an eigenstate 
of s? with S=}and M=}. (The eigenvalues of S, will be denoted by M.) It 
is simultaneously an eigenstate of (p,p_+p_p,) with eigenvalue 2n+1. Thus 
|t)>=|n, +), where the plus sign indicates the state M= + +. 


. s K? 2 
Now X?|n, + )=—, (x—1)?p_p,S,S_|n, +) 


K2 
sy (x—1)?(n+1)|n, +) 


2 
or X?|n, +)= b?|n, +), where b?= = (x—1)?(n+1) 
ji 


Hence e*|n, + )=—i{(e* +e) + (eX -e-F)} In, +) 


a (cosb+i x) |n, +) 


= cosh|n, + )—isinb|n+1, —) 
= COS {5 (x—1)(n+ 1} + )—7sin GF (x—1)(n+ iy} in 1,-). 
Similarly, we determine 
e'X|n, — )=cos {F (x— 1m |n, — )—isin 1G (x— 1m} In—1, +). 


With these relations it is simple to obtain the time dependence of the expectation 
value of any operator. In particular, 


(n, + |e-*S,e'*|n, + )=4 cos {= (x—1) (n+ 1} 


and {n, —|e'S, e*|n, — ) = —} cos = (x — 1ymel, 

a h 
To obtain some physical insight into the meaning of these results we shall 
consider the simplest way of obtaining S=4, which is by supposing that the 
cavity contains just a single spin of $. The above formulae then show that if 
the spin is in one orientation at time ¢y there is a chance that subsequently it will 
be found to have reversed, for the expectation value of S, in a sinusoidal function 

of x. It must be remembered, however, that x and ¢ are related by 

| _w=exp{—R(t—t)/2L}, 

80 that as ¢ goes from f, to infinity, x goes from 1 to0. The number of cycles that 
S.,) goes through as ¢ goes to infinity thus depends on the magnitude of K and n. 
uppose that initially the spin has M=4 and that there is energy in the cavity. 
Phe energy is gradually dissipated in wall losses, but while it remains there is 
lways the possibility that the spin will be stimulated to emit, giving its energy 
to the cavity and moving to the M= —4 state. After this has occurred there 


aN 
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will still be energy in the cavity and it may happen that the spin will re-absorb 
some energy and return to M=4, whereupon the process may repeat itself. 
Meanwhile the cavity energy is being reduced by wall losses and the probability 
of the spin making a transition is constantly being reduced. If Qy is small the 
cavity energy is dissipated in the walls before the spin has a chance to make a 
transition. We shall not deal much further with this example, since one spin in 
a cavity is a highly academic situation from which no significant, quantitative 
deductions can be made. Nevertheless, the discussion of this case is of value 
because of the suggestion that the spin and cavity may exchange energy in a manner 
analogous to the behaviour of coupled circuits. There is one final point of interest: 
as t goes to infinity, the formulae of equation (7) do not inevitably lead to 
(S,)= — 4, aresult which might be expected on physical grounds, since this would 
put the spin ultimately in its lowest state. The reason for this is as follows. In 
preparing to quantize the cavity mode we were led to equation (4), which is 
similar to the usual charge equation in lumped circuit theory. However, the 
corresponding lumped circuit equation is incomplete. The point has been 
made very clearly to us by Professor M. H. L. Pryce that it is physically un- 
satisfactory to introduce a damping term into the harmonic oscillator equation 
without also introducing some means whereby the oscillator can acquire energy 
from the fluctuations of the dissipative system. To do this classically it is usual 
to rewrite equation (4) as 


#O p42 9 
La +R ~ Cm V(t) 
where V(t) represents a noise voltage. In so far as we have omitted a similar 
term from our mode equation our cavity must be regarded as noise-free. There 
seems little doubt that if we were to include the noise (which is a problem for 
future investigation) we would find that ¢.S,) tends to a constant value, determined 
by the temperature of the cavity, as ¢ becomes infinite. Similar considerations 
apply to the exclusion of spin relaxation processes from the problem. The con- 
clusion is that the formulae we give are only applicable for times which are less than 
the spin relaxation time and for cavities which are very cold. It seems likely that 
these restrictions can be removed by further refining the theory, for it is possible 
to quantize the mode equation when a noise voltage is included (see I.) 


§ 6. LARGE VALUES OF S 


An analysis similar to the above can be given for S=1, but the indications are | 
that no method applicable to an arbitrary value of spin can be found (see below). 
Thus to obtain an exact solution for a large value of spin it seems necessary to 
evaluate (t)|e~*S_e'*|t)) by expansion in powers of iX. This is a straight- 
forward but laborious process, and without giving the full details we shall quote 
the results for the first few terms. The intial state |t,) is taken as one which is 
an eigenstate of S*, S, and of p_p,+p,p_, with eigenvalues S(S+1), M and 
2n+1 respectively. We write 


hers SG See. gl TA ania ce | 
eZ 8, e% = S$, +ih[S,, iX]+ phe [[S,,7X],iX]+  ...... (8) 


We use the commutator notation of Dirac, i.e. (AB—BA)=ih[A, B]. 


ge iat = Al 
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ee K 
With X= — = (x—1)(S,p_+S_p,) we obtain 


(M, n|e“*.S,e|M, n) = > {Au ~\ 

where 6,.,,=0, 6,=M 

d= —{4Mn+2(S+M)(S—M+1)} 

6, = 16{Mn? — n[4M?-— M—2S(S+1)]+(S+M)(S—M+1)(1- M)} 

4Mn* — 2n*(42M?—3M — 16) 
o,= —16 + 2n{8M3 + 26M? + 11M —(S+M)(S—M+1)(52M —32)} 
—(S+ M)(S—M+1)(34M—8M?-17) 

Any general features of the variation of (S,) with time are obscured by the com- 
plexity of the series, and for this reason we have investigated approximate ways 


of evaluating 
(M, n|e—*S,e*|M, n). 


The case of M approximately equal to S is of considerable interest. To 
evaluate the commutators of equation (8) for this case, we first introduce the 
operator U,, where S,=S—U,. Then 


S,/U,=1)=[S(S+1)—(S—1)S}?|U,=0) = (2S)"?|U,=0) 
S,[U,=2)=[S(S+1)—(S—2)(S—1)P?|U,=1) = (4S—2)7|U,=1) 


S,[U,=r)=[S(S+1)—(S—r)(S—r+1)}?|U,=r—-1)= 
x [2rS—r(r—1)]}1?|U,=r—1) 
so that if r<S, the matrix elements of S, are approximately equal to those of 
4/(2S)a_, where a_ is an annihilation operator. Similarly, S_~»/(2S)a,, a, 
being the corresponding creation operator. ‘Therefore 


ix=— ‘2 (w—1)(8,p_+5_p,)~ — 48 @-1)y25)(a_p_+a.p,) 
and 
[S,, 1X] = — 5 (x—1)(S,p--S_p.) = — BN V(2S)(a_p_—a,.). 
~We now quickly obtain 
[[S.,iX], iX]~ AE 98. (aa, +p.) 
[[[S4 eX], 1X], xX] 2 i EAaaep .2S[S,, 1X] 
so that each term in the series can be written in terms of 
[S,, 1X] and [[S,, 2X], ¢X]. 


Substituting into equation (11), we obtain 


| eRe ra, (1.25) wR, | 
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Now 
(M, n|[S,, -X]|M, n) =0 
and 
= 2K2(x—1)?. 
(M, n|[[S,, 2X], X]|M, n> = cae {2Mn+(S+M)(S—-M+ 1)} 
so that 
zs M)(S—-M+1 
(M, news. elt \M, n) ~M+ (ae 
x 1! — cosh Ri isso aus (9) 


Comparing an expansion of this expression with the exact expansion (in 
terms of 8,, 5,,...) it is seen that 5, is given correctly. The terms in n?, n? etc in 
5, and higher terms cannot be obtained, but if M~S and S is large compared 
with nm the higher terms agree. We thus conclude that the above approximation 
is valid provided that is small, M is large and approximately equal to S, and 
(«—1)is small. The final requirement ensures that the behaviour of the series 
is determined by its first few terms and is equivalent to restricting the time 
interval to be so small that the value of <S,) does not change by enough to 
invalidate the approximation M~S. 

As an aid to examining the behaviour of (S,) in more detail we assume that 
all the spins are aligned parallel at t), so that M=S, and insert some numerical 
values. For M=S, equation (9) becomes 


(S, nle-2S, e218. 2)2S44(n41) E = Boe cara yuh (10) 


The time dependence is contained in the factor x—1=exp [—w(t—t,))/20,)]—1 
which goes from 0 to — 1 as t—ty goes from zero to oo. It is convenient to con- 
tinue the discussion in terms of the ratio 


— (S82 )¢t-t) +0 n+1 2K4/ (28) 
Sea Se | ant ew 7 
Se Se ) {1 gop SMES. \ =. (11) 
where 
2K __ meee muh 1/2 
y ho (RP +k +h) (RP +REVOS - 


We take g=2, Qy=5 x 108, kj =k,3=1, k,=0, a=k,kgsink,x=1, w=1, Var? 
and Q=w=2.10!. Inserting these values into the above expressions we 
obtain 2K/h~ —10-8 and 


Pedic (3 *) (1 —cosh 10-*4/(25)). 


2S . 
First of all we note that w/20,~ 27.108, so that the value Cerne | 


effectively reached after a few microseconds. Since OpRN/O. Seung will 
__be reached in less time as the frequency is raised. 
Secondly, for 2S less than 1018 Z is effectively unity, but on increasing 2.5 to 
10° it decreases to approximately —(m+1)10®3 because of the term cosh 100. | 
The approximations break down for such a large change in (S,), but the general 
implication is clear: for 2,8 less than or equal to 1018 the change in <S,) is ve 
small, while (S,) changes very rapidly with time if 2.9 is increased to 102. 
Therefore, our formalism predicts a threshold below which the spin syste | 


; 
- 
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changes relatively slowly, but above which the energy in the spins is rapidly 
given up to the cavity. 

‘The physical interpretation of this is as follows. If 2.9 is below 1018 and the 
spin system makes a transition (so that <S,) decreases by unity) the energy 
thereby given to the mode is so rapidly dissipated by the wall losses that there is 
very little probability that it will induce the spin system to make another tran- 
sition. However, if 2S is increased to 10°, the coupling between the spin moment 
and the cavity fields is increased sufficiently to ensure that the energy released 
on a first transition remains long enough to induce a second transition, which 
more than replaces the energy lost to the walls. A cascade process results, 
during which there is a rapid build-up in the cavity energy and a corresponding 
decrease in ¢S.). ‘This rapid build-up cannot continue indefinitely, for the 
spin system contains only a limited amount of energy. In fact, as (S,)—> —S, 
the couple on the spin arising from the cavity fields decreases because, although 
the cavity magnetic field may still be increasing, the component S., on which it 
acts is decreasing more rapidly. 

For a single spin of 4, we have seen that ¢S,) can oscillate between +4. We 
have also calculated exactly what happens for spin 1 and again find oscillatory 
behaviour, although if the system starts with (S_,)=1 it does not go to (S,) = —1, 
but to a value slightly greater. Making a very considerable extrapolation it 
seems likely that an exact treatment for an arbitrary value of spin would show an 
initial exponential decrease in «S,) followed by damped oscillatory behaviour. 
The oscillations arise because, in a sense, the rapid decrease in (S,) over-shoots. 
When a situation is reached in which there is more energy in the cavity than in 
the spin system, the spin system begins to re-absorb energy from the cavity mode. 
Under such circumstances the energy in the cavity should also show a rapid 
build-up followed by a damped oscillatory behaviour. The similarity between 
the behaviour of a spin system coupled to a cavity mode and the behaviour of 
coupled circuits is striking, and may form a useful analogue. 

In our example, we have assumed that all the spins in the cavity are aligned 
antiparallel to the field at t, ie., N=2S, where N is the number of spins in the 
cavity. The quantity 2.S occurs inside the hyperbolic cosine in equations (10) 
and (11), showing that the behaviour of N spins in a cavity is not given by multi- 
plying the result for a single spin of } by N. In practice it is unlikely that the 

_ spin system will be prepared so that at ¢) it is in such an eigenstate of S?. It is 
more likely that }(N+2c) spins will be in the state M=4, and 3(N—2c) spins 
will be in the state M=-—4. Such a state will contain a superposition of 
states with total spin quantum numbers ranging from o to 3N. ‘Thus the initial 


state can be written 


N/2 
lt>= > 4,|S=r, M=o). 


we 

_ Therefore if |£) =®(t—t)|t)) then |t)= }4,0(t—t))|S=r, M=o). 

” r 

‘ We may now ask what our theory predicts for (S,) in the case where the 
spin system is not in an eigenstate of S? at %. We have shown previously that 
each substate can be considered independently, the behaviour of the system as a 
‘whole being a linear superposition of the behaviour of the substates. Each sub- 
state will radiate at a different rate depending on its value of total spin r; the 
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larger the value of r (for a given M) the larger the transverse, precessing com- 
ponent of the magnetic moment and the faster the rate of radiation. ‘Therefore, 
if we assume that (.S,) for each substate goes into damped oscillation after its 
initial exponential decay, it seems likely that the superposition will soon lose its 
oscillatory character and will show a fairly steady decay because the component 
oscillations are unrelated in phase. This argument leads to a picture of ¢S_) 
for the system as a monotonically decreasing function whose initial decay is 
exponential, but whose decay rate decreases with time. On the other hand, if 
4N—c is small, (almost complete reversal) it seems likely that, after the initial 
exponential decay, (.S,) will retain some periodic character for a time. Some 
evidence which may be relevant comes from the observations of Feher e¢ al. 
(1958) and Chester, Wagner and Castle (1958) who report unexpected modu- 
lations of the power output of two-level solid-state masers when oscillating, 
though it must be borne in mind that there may be other explanations. In this 
connection, it would be instructive to observe the variation of <S,) directly 
rather than indirectly by monitoring the cavity energy. 

Having seen what happens if one starts with M~ S it is of interest to see what 
is predicted if, initially, M~ —S, still assuming that m is small. For this it is. 
convenient to define a new operator, V,=S+S,. Then 

S_|V,=1)=[S(S+1)-S(S—1)}2|V,=0) = (28)!2|V,=0) 
and 
S_|V,=r) =[S(S+1)-(S—n)(S+1-r)}2[V,=r-1) 
= [2rS—r(r—1)]}1?|V,=r—1). 
Thus, for r<S, the matrix elements of S_ and S., are approximately equal to: 
those of 1/(2.S)b_ and 4/(2S)b,, where b_ and b, are annihilation and creation 
operators. Making the approximation that S,.=4/(2S)b,, we obtain 


ix~ —ROW1) (25)(,p_+5p,). 


It is convenient to define other creation and annihilation operators which will 
make X diagonal: 
1 i 
B= V2 (b,. +P.) Ya Age (6.—p.). 


The commutation rules for these operators are 


[B., y+] a [Bs vx] =0 
(Bo; B.] = [yey v+] =31, 


Therefore iX~ — 28 (w—1)y/(28)(8,8_+8-B,—ys7--9-714) 
and 
[S.ix]=- “SEP (8,5 —9 px - SEY veasyyp_-y py) 


Instead of using the direct expansion of e~* S$, e'X, we proceed as follows. Setting 
[S,, 1X] = Y, we find 


[S., (X)?] = YGX) + (X)Y 
[S., @X)*] = ¥@X) + EX) VEX) + EXPY 


[S., e’*]=coefficient of A in the expansion of e+*¥, 


The Coupling of a Spin System to a Cavity Mode 573 
Following the method of Karplus and Schwinger (1948), we find 
1 
eye eS) — ot | e tak V eiaX du. 


0 
so that ' 1 
5, OS in| eX V gick Jy, 
0 
Writing X and Y in terms of 8, and y,,, we find that our approximations lead 


to ; cS j 
Y= — 53 (*—1)V/(25S)(y,8_—y_B4) 
y+B_(iaX)=(iaX+itap)y,B. : y_B4(iaX) =(iuX—iap)y_P, 
7+B_(taX) = (aX +i4ap)Py.B  :-y_B, (ixX)? = (iaX —i4ap)%y_B, 
y,p_ eiaX se elak PRY OB : wi Big lax ie Cee eB 2B 
where & 1)/(28 
Pie BAD (x ied )v/( Ne 
Therefore 


; viv. 2. ‘ 
eek jy eax ——_ 7 piety. B_ —% Caetiys6 .} 


so that = e“*¥ Se = S,— 3 [(e#*— 1)y,8_+ (-”—1)y_f,] 
TS isinf SEW DVCON yg ay { testes ey 


* loan {ies rey 


Now <M, nbys8-1M, n)~ (MM, ml} 5 ~p.}{ 5 +p_hlae n) 


=2{S(S+1)—-M(M— 1)—n}~ (M, nly_B,|M, 2). 
Therefore 


(M, nle—*S,e*|M, n) =M—{S(S+1)—-M(M— 1) —n}sine{ SE | 


and, in particular, 
Pts hs ee aa (Sete 


The satisfactory feature of this result is that the variation of (S,) with x—1 is 
now a sinusoidal function, in contrast with the previous case where it was a hyper- 
bolic cosine. It is reasonable to expect a less violent dependence on x—1 for, 
when M changes from — S to — S' +1, there is absorption from the cavity, so that 
although <S,) increases there is less energy availablé to induce a further tran- 
sition. There is thus reason to expect that no sort of cascade process can occur. 


: § 7, More DETAILED EXAMINATION OF e** 
§ From the above special cases it is clear that an exact treatment of e'*|t)) is 
required, and the considerations now to be presented result from a detailed 
examination of the problems involved in this. 
Consider a state which is an eigenstate of Sand S,, with M=S. The Say! 
is, as usual, described by 2. a require e|S, 2) where 


iX = — = Ee 1)(S,p_+S_p4) 
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Now 

(Sips PSE, ) |S} 2S) rely eer) 

(S,p_+S_p,)|S, 2) =2S(n+1)|S, n> 

+(2S.3S)!?[(n+1)(n+2)]}'?|S—2, +2). 
Continuing to operate successively with S,p_+S_p, it is seen that |[S—r, n+r) 
can be expressed in terms of powers of S,p_+S_p, acting on |S, 7). The 
minimum value which M can have is —.S, which means that as far as operating 
on |S, 2) is concerned, any function of S,p_+S_p, can be written as a linear 
combination of powers of S,p_+S_p, up to (S,p_+S_p,)*8. In particular 
there is a relation 
{uy +u,(S,p_+S_pi)+u(S,p_+S_p,)? t+... 
+Uggii(Syp_ + S_p)S*}|S, 2) =0 

where up, Uz, Us,... etc. depend on Sand n. This relation can be regarded as the 
characteristic equation for the sub-matrix of S,p_+S_p, formed from the 
states |S,n), |S—1,n+1),..|—S,2+2S). By a well-known theorem for 
matrices (Ferrar 1941) a unitary transformation exists which diagonalizes this 
submatrix and the elements which appear on the diagonal are real and are the 
roots of 


Up sia u,A oa UA? = ee + Ugg ght =(). 


Denoting them by Aj, A,,...A,s,,; and the corresponding eigenfunctions by 
lA), Ae), --» Agg4i) it follows that 


2841 
e<|S—r,nt+ry=e*% > [r,,)«A,,|S—7, n+1r) 
m=1 


2S+1 ae — 
= xp { at Onl 7, 4 
m=1 


Then 
(S—r,n+rle“*S,e*|S—r, n+r) 
28+1 28+1 5 ae 
=> > ap{- 25-9 On ANP S—r 2+ 1A, ARLSPn) OnlS =P 1-1) 
t=1 m=1 


The time dependence of ¢S,) is thus described by a sum of sinusoidal functions 
of (x—1), the frequencies of which are determined by the differences A,, —A,. 
This is a rigorous result, but it does not take us as far as we could wish, and it is a 
problem for future consideration to determine the distribution of the differences. 
It does, however, suggest that, as we remarked earlier, there is no simple expression 
for <t|S,|t). ‘The initial exponential variation which occurs when M~S and n 
is small presumably arises from a particular superposition of oscillatory terms, 
which further supports the assumption that subsequently an oscillatory 
behaviour ensues. ‘The periodic type of behaviour which arises when we start 
with M= —S must be a result of an entirely different superposition. 


§ 8. GENERAL REMARKS AND CONCLUSION 


3 


In most of the above reasoning the cavity mode at ty has been described by the — 


quantum number 7. We have assumed, however, that the resistance is switched 
on at ty with no change in energy. ‘Therefore the energy at f, is 


' ce RigVP* Rt)\ AQ? 
inlexp( L) SL texp (4) 58 \n) : 


} 
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which can be expressed as 
Vico <nlO.,O_ +0_O,|n) 
= hw <n\{(9.9_ + 4_9,) cosh 20 + i(q,.2—g_2) sinh 26} |n) 
(2n + 1)(hw)? 
2nQ 
since \n) is an eigenstate of (¢.9-+9-9,). It will however be noticed that |) 
is not an eigenstate of the energy at fy. It is, in fact, quite complicated to express 
the eigenstates of the energy at ft, in terms of the eigenstates of g,g_+q_q,, and 
we have found it most convenient to work with the |z)’s. As an example, let 
|N=0) be the eigenstate of O,0_+0_O, corresponding to 
(0,0_+Q0_0,)|N)=(2N+1)|N) with N=0. 


Then IN=0)= > |n)(n|N=0). 
n=0 


Now 0=Q_|N=0)= (sinh@ ¢, —icosh@ g_)>|n)<n|N=0) 
so that 0=)>|n)>{{n—1|N=0)sinh@. 4/n— (n+ 1|N=0)icosh.4/(n+1)} or 


Wiha = /n sa ate 
(n+1|N=0) AAs rerern <n—1|N=0). 
It now follows, after some manipulation, that 
|N =0) = (cosh 6)? exp {— iitanh 6 q,?} |n=0). 
It is finally of interest to review the achievements of this quite lengthy analysis. 
The most important result seems to be that the technique developed in I is of 
value in considering the interactions between spin systems and cavity modes. It 
is true that we have used about the simplest possible type of spin system, coupled 
to only one cavity mode but we have obtained results abouts its behaviour which, 
as far as we are aware, cannot be obtained by any other method. Furthermore, 
these results appear to be satisfactory, except possibly for the limitation that we 
cannot follow the whole development with time of (S,). This however is due 
to our deficiencies in mathematics, not to a failure in the formalism. A good deal 
remains to be done, and it is particularly desirable to have a theory which takes 
into account a driving signal in the cavity. Various difficulties are introduced 
by this, not because of limitations in our description of the cavity, but because it 
now becomes necessary to include the relaxation processes to which the spin 
“system may be subject. We hope to examine this problem later. 


=} (2n+1)hw cosh 20 = 
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Abstract. The axial current density in an infinite cylindrical conductor is calcu- 
lated as a function of radius and time. In the problem studied the total axial 
current is specified as a function of time. The case of a rigid conductor is studied 
first, and the analysis is extended to the case of a radially expanding or contracting 
cylinder such as occurs ina linear pinched plasma. The radial velocity is assumed 
proportional to the radius, while the outside radius of the conductor is a general 
but specified function of time. 

It is shown that the variation of total current with time can give rise to distri- 
butions of current density which bear no resemblance to the normal skin effect. 
In fact, an inverse skin effect or even reversal of current may occur. This latter 
effect causes a reversed pinch force and perhaps eventual break-up near the surface 
ofaplasma. Some special total current profiles are used to illustrate these features. 


§ 1. INTRODUCTION 


HE current density distribution in a conductor is of considerable interest to 
| those working on electrical discharges because this distribution affects the 
circuit parameters. ‘There is a special interest in the field of discharges in 
ionized gases such as the linear pinched discharge, because the distribution of 
current also affects the behaviour of the plasma, including its stability. 
In a normal high frequency alternating current case it can be shown that the 
current is confined to a thin layer at the surface of the conductor due to the skin 
effect (see e.g. Harnwell 1949). ‘The simple theory shows that the current pene- 


trates to a depth 6 of the order of 4/{2/(wuc)}, where w is the frequency of the — 


applied field, and » and care the permeability and conductivity respectively of the 
conductor. 

However, to assume that the current is confined to the surface of the conductor 
in all cases where the current changes rapidly with time is incorrect. In general 
during the initial stages of a discharge, when the total current is increasing rapidly 
with time, the current first appears at the surface as might be expected, but ina time 
t (of the order of j.oa?/15 for a cylindrical conductor, where a is its radius) it 


diffuses into the conductor. After the initial stages, when this diffusion has 


occurred, the concept of a skin might no longer hold. Then if the total current 
decays with time, it will be shown that an inverse skin effect (that is, the current is a 
maximum at ihe centre of the conductor) occurs, and the current may even be 
reversed at the surface. This is due to an jaded back e.m.f. near the surface of 
abe conductor. : 

~ Complications also arise in iid case of a conducting plasma due to its motion 
A simple theoretical example of the effect of motion of a plasma carrying a currenti 
given by Alfvén (1950), and will be discussed later. Experimental measuremet 
by probes of axial current density distributions in a cylindrical conducting plasr 
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show that the inverse skin effect and the reversed current effect do in fact occur, 
see, for example, Andrianov, et al. (1958), Kurchatov (1956), Burkhardt and 
Lovberg (1958). 

In this paper a general theory is first developed for calculating the axial current 
density distributions over the radius of a rigid cylindrical conductor, which is 
assumed to be infinitely long and axially symmetrical. The total axial current 
J (t) is assumed to be a specified, though quite general, function of time. 

‘Two special examples of current profile will illustrate the results. The first 
example is an oscillatory current, when the effect of the transient terms in the 
solution at the start of the waveform are shown. This is compared with the steady- 
state solution, which is the well-known skin effect, as given by McLachlan (1949). 
The second example taken is the current pulse obtained from an overdamped 
discharge of a condenser through a resistance and inductance. This example will 
be used to illustrate the normal skin effect in the early stages, and the inverse skin 
effect and reversed current effect later on. 

Finally, the more general problem of a radially expanding or contracting con- 
ductor is considered. This is the case found, for example, in the linear pinched 
discharge when the conducting plasma possesses a radial velocity, and its outside 
radius changes with time. In order to obtain an analytical solution to the prob- 
lem, assumptions are made as to the radial dependence of this velocity and the 
electrical conductivity. However, in this theory the outside radius and the 
electrical conductivity can be quite general functions of time and, knowing these 
functions (from experiment) and the variation with time of the total current, current 
density distributions can in general be calculated. The effect of this radial velocity 
will be discussed qualitatively but, because of the difficulties involved in calcu- 
lation, no special example will be given. 

Throughout the analysis, rationalized m.k.s. units are used. 


§ 2. GENERAL THEORY FOR A RIGID CONDUCTOR 

A rigid cylindrical conductor carrying an axial current is considered. It is 
assumed to be infinitely long and axially symmetrical. 

Employing Maxwell’s equations in the form 


oB 
ae . oD 
s VxH=i+ ae 
: V.B=0 
V:D=q;; 
the relevant components, neglecting displacement currents, are 
0B 
oa = ot ex) 
or ot 
1a : 
=, (Bs) =H ses Fe) 


where B=,H, » being the permeability of the conductor. sete: 
When the inertial effects of the current carriers and thermal diffusion effects 


a ignored, Ohm’s law is 
| i,=oL, ws ogtte: (3) 
Y there o is the electrical conductivity, assumed a constant for this case. 
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Changes with time of the total current always affect the current density 
distribution at the surface directly. ‘This can be seen by integrating equation (4) 


below and obtaining 
a, _ po dF 
Or) ra 27a dt 


This equation means that the gradient of the current density at the surface of 
the conductor is proportional to the rate of change of total current with time: 
this is also true for the radially moving conductor. 

From (1), (2) and (3) the differential equation for current density is derived 


as follows 
ire) O1 Ol, 
7 ral! 3) ie ee =(), efevele iets (4) 


Let x=r/a and y=t/uca®, where a is the outside radius of the conductor. 
Then, in terms of these dimensionless variables x and y, equation (4) becomes 


fe alybor, Yo ppc: 
ome) Sle hae ora. (> G pettane Ghae (5) 


This equation is of the same form as the well-known diffusion equation. 
Equation (5) is required to be solved to obtain 7,(x, y) when the total current 4(y) 
is a known function of time. The relation between .4%(y) and 7,(x,y) is 


I (y)=2na? | ; pecweTaT mea 2k) Ooubadae (6) 


There is a boundary condition that the total current is zero until y=0, and the 
current density is also zero everywhere until y=0, that is 


A{y)=0,_ - 9<0 
i (x,¥} = 0, y<0, for all x. 


To obtain a solution, the Laplace transform is used. Let 


oe | ifs ye?" dy. Pee 
The transform of atare ¥ as the boundary condition, is 
aN reek ed * («, Piso Dt (x0 yee ae eros (8) 
The solution to this subsidiary equation in terms of Bessel functions is 
i(x,p)=P(p)Io(pi?x) +P (p)Ko(pr?x). sae (9) 


Since Kj(p?w) is infinite at x=0, ['(p) must be put to zero. ®(p) is an 
arbitrary function of p to be determined from equation (6). To do this, the 
Laplace transform of equation (6) can be taken and compared with the result 
obtained by multiplying equation (9) by « and integrating with respect to * 
between the limits 0 and 1. cera it can be seen that 


©(p)= mat iv. B(gePedg 8 a (10) : 


as q is a dummy variable equivalent to y. On substituting (10) into age one 
obtains 


1/2 1/2 
i(x = 9) = om | J (q)e?4 dq. tere AL) 
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On taking the appropriate inversion of (1 1) using the Fourier—Mellin theorem, 
the general solution for the axial current density distribution becomes 


, 1 f S+in eyp 1/2 T ‘ 1/2, (oe) 

1,(x,y) = —— lim | < alaeea soe PAG) GSe 8 dg dp. ta. ta.. (12) 
s-in 27a"l, (p¥) Jo 

This is an open contour integral, and Cis a constant greater than all the singularities 


of 2(x, p). 


§ 3. SpeciAL Case I: StnusompaL CurRRENT WAVEFORM 
The total axial current in this case is given by 
JF (q)=sinw't 
ight } es 
= sin wg 
=), i<0, 
where g=?t/y.ca? and .w’=w/yca?. 
Then the current density distribution is 
1 .. [stinger pl2]. (plzy 
1.(x,y)= = han seen) Dae saad), 
; Zit n>0 J cin 27071, (p"?) w? +p? 
On expansion it can be shown that the integrand is a single-valued function of p, 
with poles of 2(x,p) occurring at p= +iw, p= —iw and p=—y,2, where y,, 
n=1,2... are the roots of the equation J,(y,,)=0. 


From an evaluation of the residues at these poles one obtains 
f q@il2 
#e(%,) = 27a" (berg? wl? + beig’? wl?) 

x [cos wy(berywt?x berg’ wt? + beigwt?x bein’ wl?) 


+sin wy (berg w!?x bei’ w!?—beigwt#x bery’ wt/?)] 


S&P (CH yn') Yn" Jo(Yn®) 13 
ae 770” Jo(Yn) w+ Yn! ie 


where the Bessel functions of complex argument are defined by 
71, (F227) =J,.2 2) = Der, 2 +f Del. 
The first term is the steady-state or long-time solution for an oscillatory 
current. This is in agreement with the results of McLachlan when the imaginary 
components of his results are used. (This is because he used 


TF (q)=e%= cos wq +1sin wq.) 
The transient terms decay as exp(—y,”y) where y,;=3-83, that is, the 
characteristic time for decay of these terms is 
7 =poa?/y,”. ues L4) 
Asan example of the value of 7, let p= 40 x 10-7 Hm“, o=5:8 x 10’ohm-*m-? 
(for copper), a=10-*m, then r~5 x 10~*sec. : : 

To illustrate the current density distributions at various times, an arbitrary 
alue of w equal to 25 was used. For the above example of copper wire, this 
vould correspond to 546 c/s. The total current is plotted against time in figure ky, 
at various times g during the first cycle the current density distributions are 
rawn (full line). It is to be noted that the current is initially confined near the 
ace, but that, before the total current has completed its first half cycle, i.e. 


is still flowing in the positive direction, the current density is reversed at the 
2P2 
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surface. On the same diagrams are plotted (broken line) the current density 
distributions at similar times in the cycle many cycles later on. These distributions 
are the steady-state distributions as derived before by McLachlan, and can be 
compared with the first cycle distributions to see the effect of the transient terms. 


mn fo 
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S(t) can be written 
F (q) = exp (— ag) — exp (— Bg) 


where g=t/y0a", « =a/uoa® and B’=B/uca®. From equation (13) the current 
density is given by 


erin eyy plz y, (pl2x) 1 
x, y= =— lim a d 
tt chan zilim | in 27a* J i(p'? ) ene oa) i 
Again, from an evaluation of the residues at the poles of i(x,p), one obtains 


—ay yl/2 1/2 —B 1/2 1/2 
i,(x,y) = = a Jo(« x) inne wp Jo (B x) 


~— Qna®J, (at?) 27a? J, (B¥) 
5S XP (yn) ¥ntTo(yn®)(_1 15 
2 2 7a" Jo (Yn) (; 1. Vin B -< a) bn Sy 


where y,,, m=1, 2... are, as before, the roots of the equation J,(y,)=0. 
At the start of the current pulse the transient effects (the infinite summation 
term) are important, and the current is confined to the surface of the conductor. 
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Figure 2. Radial distributions of current density are shown at times on the total current 
profile .g =e-1"96%— e-864 as indicated by the broken lines. 
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These transient terms die away as before with a characteristic time 7 of the order 
of poa*|y,?. 

It can be seen that after sufficient time has elapsed, one of the terms in this 
expression will be dominant due to the exponential time dependence of each term. 
If «<+,2 the term containing e~*Y is the dominant one, and if « >," the term 
containing exp (—y,2v) dominates after sufficient time. In both cases, there is an 
inverse skin effect at this time, i.e. the current density is a maximum at «=0 
due to the spatial dependence on Jo(«!?x) or Jo(7x). 

If «tl? > é,, where €, = 2-4048 and is the first zero of J,(€,,), then, after sufficient 
time, the current density reverses in sign at a certain radius. This radius is always 
greater than x=€,/y,=0-6276 for this current profile. Outside this radius the 
current density flows in the opposite direction to the total current. The effect 
of this reversed current density in the case of a plasma will be discussed in $6. 

A numerical example illustrating the skin effect found early in the pulse, 
changing to the inverse skin effect and showing a reversed current near the surface, 
is given in figure 2. « and f are chosen arbitrarily as 12-96 and 36 respectively. 


§ 5. GENERAL THEORY FOR A RADIALLY-MoviING CONDUCTOR 
Ohm’s law for a conductor moving with a velocity v is modified to 
i=o(E+vxB). 
The component of this equation which is relevant to the problem is 
i,=0(H,+0,Bg)- “Se , ibe 2 aes (16) 

Equations (1) and (2) remain unaltered. For a plasma the radial velocity g, 
and the electrical conductivity o should be determined from the magneto- 
hydrodynamic equations. ‘The electrical conductivity of a plasma depends 
essentially on the temperature. Thus v, and o are in general functions of the 
radius and time. 

In order to obtain a tractable solution to the problem, assumptions have to 
be made as to the radial dependence of v,-and co. It is assumed in this analysis 
that the outside radius a(t) of the conducting plasma is a known but quite general 
function of time, and that the radial velocity is given by 

witha! r_da(t) 

AO ees ee ee 
This linear radial dependence means that the conductor expands and contracts 
uniformly across its radius. The electrical conductivity o is assumed to be 
independent of the radius, and just a general specified function of time. These 
two conditions are probably only valid for a slowly moving hot plasma, when the 
temperature is uniform across the radius due to a high thermal conductivity, 
and when no shock waves are present in the gas. 


From equations (1), (2), (16) and (17) the following equation can be deriva : 
Ot. 1 da a 
aaeda ) | =noty| Sens SS ri, RE (18) 


By suitable ape of variables, namely 
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the modified differential equation for current density is 
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This equation is the same as equation (5), and the relation between ¢b(x, y) and 
the known variation of the total axial current with time becomes 


I(y) =i ih aoe detains Leiba ores (22) 


The boundary conditions are also similar, namely 


(y) =0, V<0; 
(x,y) =0, y=," for all x, 
Then using the Laplace transformation as before, the solution for the current 
density distribution is 


: 1 F t+in eup pl], (pl2x) fe 
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Thus, knowing the variation with time of the total current, the electrical 
conductivity, and the outside radius of the conducting cylinder, the current 
density can be calculated as a function of the radius and time. 

No specific example of the effect of the radial velocity is given here owing to 
the difficulties involved both in computation and also in interpreting the results. 
Changes with time of the outside radius of the plasma and its conductivity 
effectively alter only the time scale. A change of total axial current with time 

has more effect when the surface radius or the conductivity is large than when 
small. ‘This can be seen from 
afr dF 
pana =F 
because it is the variation of Y with y rather than ¢ which affects the distribution 
of current density (see equation (23)). Thus, when the plasma possesses an 
outward radial velocity, changes with time of the total current are increasingly 
important in affecting the current distribution, and decreasingly important with 
time for an inward motion. However, it is to be noted that the sign of d¥ [dt 
is the same as the sign of the scaled d.%/dy, and it is the magnitude only which 
is scaled. 
Alfvén, using a particular solution of the problem for a plane cartesian case, 
obtained an inverse skin effect. No boundary to the plasma was introduced, 
i.e. an infinite conductor was the model used, and its velocity was equal to = | Fa. 
The total current was rising exponentially with time (with no boundary conditions 
at t=(), but because the velocity increased to infinity at the infinitely placed 
boundaries, this had more effect on the current distribution than the rising 
current. In fact, in this artificial case a Gaussian distribution of current density 


_was obtained. 


, 

i § 6. EFFECT OF CURRENT DENsITY DISTRIBUTIONS ON A PLASMA 

: The radial force equation which applies to a plasma carrying an axial current 
can be written as 


: op 
= —i, B,- a ee 
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where p and p are the plasma density and pressure respectively. Inan equilibrium 
condition the pressure gradient will balance the magnetic pinch force, and p dv,/dt 
will be zero. Now, at the surface of the plasma the density and pressure fall off 
to zero, i.e. dp/dr must be a negative quantity at the surface. 

For containment, therefore, i,B, must be a positive quantity, large enough 
to balance dp/dr. If it exceeds dp/dr, further pinching will occur, i.e. a negative 
or an inward radial acceleration will be possessed by the plasma. 

However, if at the surface the current density is reversed in sign relative to 
the total axial current, the electromagnetic pinch force will be a negative quantity. 
(B, at the surface depends only on the sign and magnitude of the total current.) 
Then, without the added consideration of an axial magnetic field and azimuthal 
current, pdv,/dt will be a positive quantity at the surface, and containment of 
the plasma might not occur. With a reversed pinch force, the outer shell of the 
plasma will be forced to expand radially and perhaps separate from the rest of 
the gas. Perhaps this would be seen in an experiment on a pinched plasma as 
a growth of instability at its surface eventually causing a break-up of the ionized 
column. A more general theory of stability of confined plasmas taking account 
of possible current density distributions would be desirable. 
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The Experimental Determination of the Range-Energy Relations for 
Alpha Particles in Water and Water Vapour, and the Stopping Power of 
Water and Water Vapour for Alpha Particles at Energies below 8-78 Mev 
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Abstract. A method for measuring the residual energy of alpha particles which 
have traversed paths of various lengths in water is described, and also a method 
for determining total alpha-particle range in water, the results being used to 
deduce a range-energy relation for alpha particles of energy up to 8-78 Mev in 
liquid water. A method is described for measuring the residual energy of alpha 
particles which have passed through air and through water vapour, and by means 
of a scintillation detector the complete alpha-particle range in air and in water 
vapour is established. From these results range-energy relations are deduced 
for alpha particles in air and in water vapour. The differential and integral 
stopping power of water and water vapour at various energies is calculated and 
the results are discussed. 


§ 1. INTRODUCTION 

HE dissipation of energy by alpha particles from naturally radioactive 
substances on passing through an absorbing medium is considered to be 
due almost entirely to the ionization and electronic excitation of atoms 
along their path. It would therefore be expected, as stated by the Bragg rule, 
that the rate of absorption of energy at any particular alpha-particle energy would 
depend only upon the nature and density of the atoms in the absorbing medium, 
and not upon its inter- or intra-molecular structure. Certain experimental 
determinations of the stopping power of water for alpha particles have not 
confirmed this (Gray 1944). Experiments by Philipp (1923) and Michl (1914) 
indicated that the integral stopping power of liquid water was considerably 
higher than would be predicted by the Bragg rule from a knowledge of the 
“molecular stopping power of hydrogen and oxygen. In a later determination, 
Appleyard (1951) found the stopping power of water to be about 20% higher 
than the value predicted by the Bragg rule. Other determinations (Wilkins 
1950, unpublished, de Carvalho and Yagoda 1952, Ellis, Rossi and Failla 1955, 
Aniansson 1955, and McInally 1956) are in much closer agreement with the 

predicted value, the differences not exceeding 5% in any of these cases. 

The results mentioned involve either a determination of the total range in 
water of alpha particles from naturally radioactive substances, or a measurement 
of the differential stopping power relative to air of a water layer or film over a 

limited energy range. It therefore seemed desirable to design an experiment 
which would give a continuous range-energy relation for alpha particles in water 
over as wide a range as possible. In addition, since relatively little experimental 


+ This paper contains material submitted by R. B. J. Palmer to the University of London 
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information is available regarding the stopping power of water vapour for alpha 
particles, it was decided to determine the range—energy relation for alpha particles 
in water vapour in order that the stopping power values for water in the liquid 
and vapour phases could be directly compared. omer S 

In most of the experiments to be described nuclear emulsion techniques have 
been employed. Alpha particle ranges were obtained from the mean of a number 
of track lengths in emulsion, and hence mean energy values were found. The 
alpha-particle path lengths in water and water vapour were derived from the 
mean track lengths in emulsion, so these. will also be mean values. For alpha 
particles of one particular energy, the distribution of track lengths about the 
mean value is approximately normal, and the mean value therefore also represents 
the most probable range for a particle of the energy considered. 


§ 2. "THE RANGE-ENERGY RELATION FOR LIQUID WATER 


In order to determine the range-energy relation for alpha particles in liquid 
water, alpha particles from thorium C (8-78 Mev) were allowed to travel through 
water layers of various known thicknesses and then to pass into photographic 
emulsion. From the known range-energy relation for alpha particles in 
photographic emulsion (Rotblat 1951) the energy of the alpha particles on 
entering the emulsion could be determined, and hence the loss of energy on 
passing through a given thickness of water could be found. The total range of 
the alpha particles in water was also determined, and hence the range—energy 
relation for the alpha particles in water was deduced. 


2.1. The Relation between Path Lengths traversed and Residual Energy 


An active. deposit source of thorium C was collected on a highly polished 
steel cylinder of radius 9-51 mm and a thin film of. polyvinyl formal resin 
(‘Formvar’, Messrs. Shawinigan Ltd.), which was equivalent to 4 of .C2 
emulsion in stopping power for alpha particles of 8-78 Mev energy, was wrapped 
round the cylinder. A100 C2 nuclear research plate was covered with a similar 
Formvar film, and about } cm’ of distilled water, to which Formvar is impervious, 
was placed in the centre of the plate and the cylinder was laid on it, thus trapping 
a quantity of water between the cylinder surface and the emulsion (figure 1 (a)). 
Alpha particles thus passed from the cylinder surface through the water and 
into the emulsion. The plate was exposed in this way for 14 minutes. During 
this time a beam of x-rays was allowed to fall normally on to the plate producing 
an x-ray shadow of the cylinder from which the line of contact of the cylinder 
with the plate could later be determined. The plate. was processed and tracks 
in the emulsion were measured, the distance x from the line of contact-of the 
plate and emulsion to the point at which each track entered the emulsion being 
noted, and also the angle of dip of the track,in the emulsion @ (7 BAC) and 
the angle ¢ (7 CAD), that the projection of the track on a horizontal plane made 
with a vertical plane in the w. direction (figure 1(b)). If the. path length of a 
certain track in the water is denoted by T, and. if the projection of T on a vertical 
plane in the x direction is denoted by p, then =, 


wats % ee es a ,. Pp? . 
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If the er peuvces p and the Near of the emulsion ( EAD) is sepated by w, 
tan w= tan @/cos d. 


Hence w sweep be computed from experimental data and, by means of a scale 
diagram of a right circular section of the cylinder, the distance x being known, 


<< 


Figure 1 (a). Isometric diagram showing arrangement for irradiation of nuclear emulsion 
through water. 


—a 


p could be found. From this the path length in water T corresponding to the 
aed residual track length in the emulsion L could be found. A correction 
as applied to each residual track length for losses in the Formvar films. 

_ Measurements of between 125 and 280 tracks were carried out on each of 
< ix plates and for the purpose of analysis the track measurements were divided 
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into groups depending upon the value of T. The mean value of T in each group 
and the corresponding mean value of L were determined and a graph was plotted 
of T against L for each plate. Results obtained for values of L smaller than 
about 15. were found to be unreliable owing to difficulties in measuring 0 and d 
accurately in short tracks. Values of L near the line of contact of the cylinder 
and plate were low in some cases, possibly due to the wrinkling of the Formvar 
around the region of contact. Results for one of the plates are shown in figure 2. 
In each case the graph of T against L was found to be a straight line, and the 
slope of this was found by the method of weighted means. The six values obtained 
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Figure 2. 


for the slope were found to be the same within the limits of experimental error 
(2-09 + 0:04), and the mean result of the experiments can therefore be expressed 
by a line having this slope and intercepting the L axis where L =47 p, this value 
being assumed for the range of 8-78 Mev alpha particles in C 2 emulsion (Rotblat 
1951). If this linear relation were assumed to hold for values of L less than 
15 y, and the line were then extrapolated to the T axis, a value for the total range 
of 8-78 mev alpha particles in water of 98-2+1-8y would be obtained. This 
assumption cannot be made, however, without experimental confirmation. 


2.2. Determination of the Total Range of 8-78 MeV Alpha Particles in Water 


Assuming that the atomic stopping powers of the constituents of a mixture 
may be added, it may be shown that the range Ry, of an «-particle in a mixture 
of two components is given by 


where R, and R, are the respective ranges of the particle in the components of 
normal densities p, and p., which have ‘reduced’ densities of p,* and p,* as 
they occur in the mixture. The ‘reduced’ density is defined as the mass of a 
component per unit volume of mixture. } 


i 


Range of Alpha Particles in Water and Water Vapour 589 


The range of an a-particle in water may therefore be deduced by measuring 
the range in wet emulsion if the range in dry emulsion is known. 
If a volume v of dry emulsion swells to a volume V when a volume of water W 


is absorbed, and the ranges of the particle in dry emulsion, wet emulsion and 
water are L, R and X respectively, then 


and hence X may be found. 

400» C 2 nuclear research plates were used in these experiments. The plates 
were soaked in water for 2 or 3 days and were then transferred to water containing 
ThC ions in which they remained for a further 48 hours. Special precautions 
were taken in preparing the radioactive solution to ensure that there was no 
change in the quantity of water absorbed by the emulsion when it was transferred 
to this solution, and this was checked by weighing. It was not assumed in these 
experiments that the volumes of dry emulsion and water are additive in wet 
emulsion. In all the plates examined the final volume of the swollen emulsion V 
was less than the sum of the dry volume of the emulsion wv and the volume of 
water absorbed W. ‘The ‘apparent density’ of the water when absorbed, which 
is given by Wp/(V —v), where p is the normal density of water, was found to be 
1:07+0-01gem-3. In each case the volume of water absorbed was found by 
weighing the plate before and after soaking. The volume of the emulsion was 
determined by measuring its thickness and area. The dry area was found to 
increase by about 3% after soaking, whereas the thickness increased by a factor 
of about 4:5. Considerable care was necessary for the accurate measurement 
of emulsion thickness. Before soaking each plate, the corners were cut off and 
part of the emulsion was scraped from the glass backing at each corner. The 
emulsion thickness was then found by focusing in turn on the emulsion surface 
and on the glass backing, a mean of many estimates being taken. In order to 
obtain a value for the wet emulsion thickness, the corners were soaked with the 
rest of the plate and a thin cover-slip was then placed on the emulsion surface, 
thus trapping water between the cover-slip and the glass backing in the space 
from which the emulsion had previously been removed. This prevented 
evaporation and consequent shrinkage of the emulsion during the measurement 
of the wet emulsion thickness which was carried out as before by differential 
focusing, due allowance being made, however, for refraction in the water. 

Eight plates were examined in this way, and in each case from a mean of 80 
to 100 track measurements a value was obtained for the range of 8-78 Mev alpha 
particles in water. ‘The mean range value obtained from all the plates was 
—-96-641-7%. This result is not significantly different from the extrapolated 

value indicated by the previous experiments. In the light, however, of the results 
: obtained for water vapour and air which are given later there seems to be no 
| justification by analogy for assuming a linear relation between residual track 
length and water path length at low energies, so a total range of 96-6 has been 

assumed for 8-78 Mev alpha particles in liquid water at 20°c. 

The values of the residual path lengths in emulsion L were converted to 
_ residual energy values E and hence the range-energy relation for alpha particles 
in water was derived (figure 3). ‘The results of previous range measurements 
_ are also indicated in figure 3 for comparison purposes. 
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Figure 3. Range-energy relation for alpha particles in water. 


§ 3. THE RANGE-ENERGY RELATION FOR ALPHA PARTICLES 
IN WATER VAPOUR AND IN AIR 


The determination of the range-energy relation for alpha particles in water 
vapour was carried out by means of two separate series of experiments. Alpha 
particles of 8-78 mev energy were passed through a chamber containing water 
vapour at various known pressures and the residual particle energy was determined 
from the lengths of tracks then formed by the particles in nuclear emulsions. 
From these results a graph was plotted of concentration of water vapour molecules 
against residual track length for a fixed alpha particle path length in water vapour. 
The concentration of water vapour molecules required just to stop the alpha 
particles at the end of the given path length was determined by a second series of 
experiments in which a scintillation counter was used to detect the alpha particles 
near the end of their range. 

Similar experiments were carried out for air, so that a comparison could be 
made between the results obtained for air and the present accepted range—energy 
relation for alpha particles in air (Bethe 1950). In addition, stopping power 
values for water vapour relative to air could be derived by the direct comparison 
of experimental results which had been obtained by means of the same technique. 


3.1. Absorption Measurements in Water Vapour and in Air 
‘The apparatus used in these experiments is shown in figure 4. It was 
constructed of brass and consisted of a vacuum chamber A, an annular water 
chamber B, a lid and heater support C, and an outer tube D. The thorium C 
was deposited on a steel disc of diameter 1 cm which had one face coated with 
platinum foil, and this disc was held by means of a magnet at E. F was a vacuum- 
tight rotatable shutter which covered the source except during irradiation of the 
plates. Alpha particles emitted by the source passed down the tube and through 
the window at G. The window consisted of a hole of diameter 1-9 cm covered 
with fine mesh copper gauze supporting two sheets of Formvar which were sealed 
to the brass by means of a waterproof adhesive. In the vacuum chamber below 
the window a nuclear research plate rested on the support H which was inclined 
at an angle of 66° to the horizontal. All alpha particles from the source 78-5 cm 
above the window were therefore incident on the plate at an angle of 24+ 19 
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to the emulsion surface. ‘OQ’ ring vacuum seals were fitted to the apparatus at I 
J and K, so that any required vapour or air pressure less than Sarena 
pressure could be maintained within the apparatus. 

The heater assembly consisted of six short threaded cvlinders of fireclay L 
wound with constantan wire and supported at the ends of six long brass rods 
encased in tubes of bakelized paper. The length of the rods was such that, when 
the apparatus was assembled and the annular water container was full of water 
the heater coils were completely immersed but did not touch the bottom of the 
container. Connection was made to the heater coils by means of fine copper 
wires, one of which was wound on an insulated former which fitted over the 


37 in. 


Figure 4. Water vapour and air absorption chamber, 


magnet at E, thus keeping the temperature of the magnet and source slightly 
“above that of the immediate surroundings during experiments and preventing 
the condensation of water on the source. Temperature measurements at four 
points inside the vapour chamber were made by means of thermistors which were 
fixed to the vertical rods at N, O, P and Q. When in use the complete apparatus 
was placed on a brass box filled with ice which kept the vacuum chamber and 
nuclear plate cool during the experiment. . ss aches 
Before each experiment the absorption chamber was evacuated and the 
water heated, and when temperature and pressure conditions were constant at 
the required values the plate was irradiated for about 1 hour. A series of 
experiments was carried out with vapour pressures varying from 1:35 to 
HT 1:37cmHg. From the known mean temperature and pressure conditions the 
concentration m of water vapour molecules in the vapour chamber was found and 
a graph was plotted of m against residual track length in the emulsion (figure 5). 
The residual track lengths were corrected for energy loss in the Formvar window. 
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Similar experiments were carried out with air at room temperature in the 
absorption chamber, and the resultant graph of molceules per cm* against 
residual track length is also shown in figure 5. 


Molecules per cm? 


Figure 6. Photomultiplier holder. 
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Figure 5. assembly. 


3.2. Determination of the Molecular Concentration required for Complete Alpha 
Particle Absorption in a Fixed Path Length through Air and through Water 
Vapour 


For these experiments the absorption chamber previously described was 
used, the vacuum chamber being replaced by a brass holder containing a 
scintillation counter as shown in figure 6. A plastic scintillator, consisting of 
polyvinyl toluene plus sensitizers (Naton 11, Messrs. Nash and Thompson) 
was used as the alpha-particle detector. The scintillator was prepared in the 
form of.a film about 5 » thick on a small glass plate by evaporation of the Naton 11 
from a solution in chloroform. The photomultiplier tube used was an E.M.I. 
tube type 6260. Different amplifier gains could be used to give a pulse amplification 
of 40, 50, 170, 500 or 1500 as required, the amplified pulses greater than 5 volts 
being registered by a scaling unit. 

‘The counting rate was measured for various air pressures and water vapour 
pressures in the absorption chamber, and typical results are shown in figure 7. 
In the water vapour experiments counts were taken over half-minute intervals 
as the temperature and hence the pressure slowly increased, whereas in the air 
experiments, in which conditions were static, it was possible to measure the 
~ counting rate over longer intervals of time. Hence the points on the water vapour 
graph are more scattered than those on the air graph. : 

In the experiments described in § 3.1, the mean residual track length represented 
the most probable energy of the alpha particles after passing through the 
absorption chamber which contained air or water vapour at a given pressure 
In order, therefore, to be consistent in the definition of range used in thes 
experiments, the pressure end-point selected to represent complete alpha particl 
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absorption was the pressure at which the greatest number of alpha particles were 


just stopped on reaching the surface of the scintillator, that is, the pressure at 
which the maximum rate of reduction of counting rate with pressure occurred. 
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Figure 7. Typical end-point graphs for water vapour and air. 


The results of experiments carried out for air showed that the pressure 
end-point for 8-78mev alpha particles was independent of amplifier gain at 
amplifications of 170 or over, the mean value obtained corresponding to a 
molecular density of 2-80 + 0-02 x 108cm~-*. At lower amplifications, the value 
obtained for the pressure end-point decreased, a molecular density of 
2-68 + 0-01 x 101*cm~-? being found to correspond with the pressure end-point 
when the pulse amplification was reduced to 40. It was inferred from this that 
alpha particles at the extreme end of their range could not be detected with 
amplifications less than 170. 

An attempt was made to carry out similar experiments with water vapour 
as the absorbing medium, using the same range of pulse amplification. It was 
found, however, that the counting rate increased very rapidly with temperature 
in the 50 to 60°c range, since thermal electrons emitted from the photocathode 
were detected when the amplification of the pulses from the photomultiplier was 
too high. As the pressure end-point was approached, the counting rate rose 
so steeply, due to the temperature increase, that it masked the fall in counting 

ate due to the stopping of the alpha particles in the absorption chamber. It was 
* impracticable to cool the photomultiplier as this caused condensation of 
ater on the scintillator. It was therefore possible to obtain results for water 
apour only with a pulse amplification of 40 and a mean value for the molecular 
nsity of water vapour required to stop 8-78 Mev alpha particles under these 
sonditions was found to be 3:-48+0-03 x 10'%molcm-*. The final end-point 
water vapour corresponding to zero alpha-particle energy was deduced as 
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follows. ‘The pressure end-point for air was inserted on the ordinate of the 
absorption graph, figure 5, at the corresponding molecular density of 
2-80 x 10/8 cm-3. The line was extended to this point A, and a point B, at 
which the molecular density was 2-68 = 10'%cm~* corresponding to the 
end-point obtained with a pulse amplification of 40, was inserted on the 
graph. The residual track length corresponding to this molecular density 
was’ 2:3, so that, from the range—-energy relation for alpha particles in 
photographic emulsion, it can be seen that the minimum alpha-particle energy 
detectable by the scintillation counter, using a pulse amplification of 40, 
was 0-65 Mev. 

Since the apparent end-point for water vapour was measured under the same 
conditions, the end-point value obtained must be the pressure required to reduce 
the energy of the alpha particles to 0-65 Mev in a 78-5cm path. A point C was 
therefore added to the water vapour graph shown in figure 5, having coordinates 
3:48 x 10!%molcm~? and 2:3, which corresponded to the apparent pressure 
end-point and to the equivalent emulsion path length of the 0-65 Mev alpha 
particles respectively. ‘The graph was extended to C and extrapolated to the 
axis, intercepting it at the molecular density value of 3-58 x 101% cm~%, and 
this value has been taken to represent complete absorption of the alpha particles 
under the given conditions. The extrapolation necessary was small and it would 
seem unlikely that it would give rise to an error greater than 2%. 
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From the results shown in figure 5, graphs were plotted of the molecular 
density of air and of water vapour against residual energy of the alpha particle 
after they have traversed a 78-5 cm path. Assuming that at any particular energy} 
the rate of loss of energy by an alpha particle in water vapour is proportional to 
the molecular density, it follows that a molecular density of n molecules cm: 
in a path length of 78-5 cm, will give rise to the same reduction in alpha-particle 
energy as a molecular density of m’ molecules cm-* in a path length p cm, where 
pn'=78:-5n. Itis possible therefore to convert the information displayed in figure 5 
into range-energy relations for alpha particles in air and in water vapour at am 
required pressure. ‘The range-energy relation obtained for alpha particles i 


al 
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air at 15°c and 76 cm Hg pressure is displayed in figure 8. The range-energy 
relation for alpha particles in water vapour under saturation conditions 
(12-79 mm Hg pressure) at 15°c is shown in figure 9. 


§ 4. THE STOPPING PowER oF WATER AND WATER VAPOUR 
RELATIVE TO AIR 


The differential and integral stopping powers of water s, and S_ and of water 
vapour s,,, and S,,, relative to air at various alpha-particle energies have been 
deduced from the range-energy curves shown in figures 3, 8 and 9 and these 
are displayed in table 1. The differential stopping power values are obtained 


Table 1. Differential and Integral Stopping Power Values for Water and 
Water Vapour at Various Alpha-Particle Energies 


ey Sw Swy Sp Sy Swy Sp 
8 1-48 153 1-47 Thesis 1key7/ 1-47 
7 1-44 1-54 1-47 Leif 15D) 1-47 
6 1-41 1-50 1-48 1-30 1-62 1-47 
5 1:38 153 1-50 1-29 1-66 1:47 
4 1-36 da 2 1E55 1°24 1-76 1-46 
34 is 7/ 1:56 1-56 22, 1-81 1:44 
3 yA! iE Gul 1-55 1:20 1-89 1:42 
24 1-18 1-63 1-50 1:20 1-99 1-40 
2 1-06 1-66 1-40 ica 2°08 (loge 
14 0-98 1-78 ihes}s 1-30 Mapp 1:40 


All stopping power values quoted are stopping powers per molecule of water or water 
vapour relative to that of one ‘ atom’ of air. 


Sy and s,, are the experimental differential stopping powers of water and water vapour 
respectively. S, and S\,, are the experimental integral stopping powers of water and 
water vapour respectively. sp and Sp are the differential and integral stopping power 


values for water as calculated by Platzman. 


from the ratio of the slopes of the water or water vapour and air graphs at 
corresponding energy values. The errors in the differential stopping power 
values therefore arise solely from errors in constructing the best line through the 
experimental points in the initial graphs and in measuring the slopes of the 
derived range-energy curves at various energies. ‘These errors are estimated 
not to exceed 2% at energies above 2 Mev, but may be greater at low energy since 
the differential stopping power is then very dependent upon the accuracy of the 
total range determinations. ‘The main source of error in the integral stopping 
power values is considered to be the complete range determination for thorium C 
alpha particles in water and water vapour. The consequent error in Sis estimated 
not to exceed 3% at an energy of 8 Mev, but increases in inverse proportion to 
the alpha-particle range. The values of the differential and integral stopping 
powers s,and S, as calculated by Platzman (1950), which are considered to apply 
both water and water vapour, are also shown in table 1 for comparison. These 
es were calculated from atomic data for hydrogen and oxygen by modified 
yplication of the Bethe formula and the Bragg rule. It can be seen that the 


fferential stopping power values for water do not agree with the calculated 
2Q2 
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values except at the highest energy. The calculated values are, however, likely 
to be in error at the lower energies owing to the lack of theoretical knowledge 
regarding the behaviour of alpha particles of low energy in an absorbing medium. 
The effect of capture and loss of electrons has been ignored in these calculations, 
and no consideration has been given to the possible effect on the stopping power 
of the polarization of the surrounding medium by the incident alpha particles ; 
this is likely to be of significance in the case of liquid water but not in the case 
of water vapour. 

The range in water of alpha particles of various energies obtained from the 
range-energy relation of figure 3 is seen to be greater than the range values that 
have previously been obtained. The differential stopping power value obtained 
by McInally (1956) is about 4% higher than that obtained from the present 
experiments over the same energy range. Other differential stopping power 
values differ more widely from the present experimental results. 

The value of 1-52 +0-03 for the differential stopping power of water vapour 
at energies greater than 3-5 Mev would seem to be in agreement with the approxi- 
mate value predicted by theory in its present form. ‘The increase in stopping 
power at low alpha-particle energies may be due to increased energy transfer 
to the rotational and vibrational modes of the molecules. A further complication 
is added by the capture and loss of electrons which occurs when the velocity 
of the incident alpha particle is comparable with that of the orbital electrons. 
In addition, the contribution to the stopping power by the K electrons of oxygen 
and nitrogen is likely to be reduced appreciably by the screening of the outer 
electrons in the atoms as the alpha-particle energy decreases. ‘These factors are 
all liable to produce a change in the stopping power of water vapour relative to 
air at low alpha-particle energies. 

The lower values obtained for the differential stopping power of water in the 
liquid phase at low energies would appear to be due to polarization of the water 
by the incident alpha particles. Fermi (1940) states that, for incident alpha 
particles in the energy region at present under consideration, the decrease in 
rate of energy loss of the particles with distance travelled in an absorbing medium 
is given by 

Cp = (27 Ze* In €)/mv? 
where m, e and mare the mass, charge and number per unit volume of the electrons 
in the absorbing medium, Ze is the charge on the alpha particle, v is the velocity 
of the alpha particle and « is the dielectric constant of the medium concerned. 
By introducing appropriate values for the constants n, Z, e and m the value of Cp 
for alpha particles of velocity v in liquid water is given by 
(4:94 x 10141n €)/v? ergcm—}. 

Hence for alpha particles of various energies the required correction to the rate 
of energy loss with distance Cp may be calculated provided that the appropriate 
value for the dielectric constant is known. When the action of electromagnetic 
radiation on water is considered, the appropriate value of ¢ varies with t 
frequency of the radiation from below 1 at very high frequencies to the stati 
value of 81. The value of « that is applicable to the field produced by a movir 
charged particle, however, is not immediately obvious, although it would 
reasonable to assume that it depends on the velocity of the particle. In table 
‘the value of Cp in terms of Ine is given for various alpha-particle energies. Values 
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for the rate of alpha-particle energy loss with distance, dE/dx in erg cm~ obtained 
from the range—energy relation shown in figure 3, are also tabulated in table 2. 


Table 2. Correction to Stopping Power Values for Liquid Water due 
to the Polarization Effect 


(1) (2) (3) (4) (5) (6) (7) 
2 0-98 5-1 2:1 24-4 5y7/ 10°5 
3 1-20 3-4 1:8 19-0 28 4-4 
+ 1:39 2°56 1:5 17:1 9 1°7 
5 1°55 2:05 1:3 15:8 at 2-0 
6 17 1-71 1:2 14-2 6 1°5 
of 1-84 1:46 (leu 13:3 7 1°7 
8 1-96 1-28 1-0 12°0 3 1:3 


(1) Particle energy (Mev); (2) v (10°cm sec~}); (3) Cp/Ine (10-4erg cm); (4) dE/dx 
(10-* erg cm~1); (5) Cp/In e as percentage of dE/dx; (6) Cex; (7) e. 


Since the polarization correction for alpha particles in water vapour is negligible, 
the difference in the experimental values obtained for the stopping powers of 
water and water vapour is likely to be entirely due to the polarization effect in 
liquid water. The experimental difference in differential stopping power 
expressed as a percentage of the differential stopping power of water Cex is shown 
in column (6) of table 2 and may be compared with the calculated correction Cp. 
expressed as a percentage of dE/dx (as determined from figure 3), which is shown 
in column (5) in the same figure. In column (7) of table 2 the value of € is quoted 
which, if used in the calculation of Cp, would make Cy equal to Cex at each alpha- 
particle energy stated. 
The required value of « is seen to be 1:6+0-4 for alpha particles of energy 
4mev and above. At lower energies the value of « rises to 10:-5+4-0 at 2 Mev. 
This may be explained as a dispersion effect, the impulsive action of the alpha 
particles of various energies being compared with that of electromagnetic waves 
of certain frequencies in the ultra-violet range. It is convenient to consider 
this by means of a model. For the present purpose each water molecule can be 
considered to consist of a number of electronic oscillators of known natural 
frequencies. An alpha particle passing such a molecule will distort the electronic 
field in such a way as to reduce the influence of the alpha particle upon neighbouring 

molecules. The electrons which will be influenced to the greatest extent and 

hence will make the greatest contribution to the polarization are those which are 

the most loosely bound in their constituent atoms, and these have a natural 

period of 3x10-'second (Sternheimer 1952). If a passing alpha particle 
influences such oscillators for a time greater than 1-5 x 10-16 second, the resulting 
polarization will cause an appreciable reduction in the rate of ionization loss of 
the alpha particle. If the oscillators are influenced for a time less than 
| 1:5 x 10-16 second, however, the electronic distortion will be diminished and 
will occur too late to produce an appreciable shielding effect. ‘The time during 
‘which an oscillator is influenced by a passing alpha particle will depend upon 
he velocity v of the alpha particle and the distance x over which the alpha particle 
can be said to exert an appreciable influence. This time will be 2x/v for an 
oscillator which is close to the alpha-particle path and will diminish to zero for 
oscillators at a distance x from the alpha-particle path. Itis necessary to postulate 
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a value for x in order to obtain an estimate of the velocity of the alpha particle 
below which the effect of polarization will become appreciable, and the value 
suggested is 104. Although excitation probably takes place over a wider range 
than this, the proportion of the total alpha-particle energy lost by such distant 
interactions is likely to be small, and the effect of distortion of distant electronic 
fields upon the ionization loss will be negligible. Using this postulated value for 
the effective range of influence of an alpha particle it can be shown that the 
shielding due to polarization will be negligible for alpha-particle velocities 
greater than 1-33 x 10®cmsec~! (energy 3-3 Mev). For 3Mev and 2mev alpha 
particles, effective polarization will occur for oscillators which are within 4A 


and 6-6A respectively of the alpha-particle path. > 


§ 5. CONCLUSION 


Range-energy relations have been obtained experimentally for alpha particles 
at energies below 8-78 Mev in water and water vapour, and from these the stopping 
power of water and water vapour for alpha particles is shown to be the same at 
high energies. At low energies, however, the stopping power of water vapour 
is shown to increase, while that of liquid water decreases. It is suggested tha 
the polarization of water due to the moving field of the alpha particles in the 
particular energy range considered is complicated by dispersion, and that thi 
accounts for the decrease in stopping power observed at low alpha-particle energies. 
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The Magnetic Susceptibility of Bismuth Telluride 


By R. MANSFIELD 
Department of Physics, Bedford College, London, N.W.1 


MS. received 26th March 1959, in revised form 25th Fune 1959 


Abstract. Measurements of the susceptibility of Bi,T'e,; over the temperature 
range 100°K to 600°K, with magnetic field parallel (y,) and perpendicular (oe) 
to the c axis, are reported. Bi,Te, is diamagnetic and y, has the larger algebraic 
value. 

The contributions to the susceptibility from the core and valence electrons, 
free carriers and impurities are discussed, and it is suggested that the effect of 
the impurities is negligible, the free carriers give rise to a paramagnetic 
contribution and the main contribution is from the core and valence electrons. 


§ 1. INTRODUCTION 


many recent papers. ‘The transport phenomena have been measured and 

attempts have been made to explain the results. In particular magneto- 
resistance measurements have been used to investigate the band structure of 
Bi, Te, (Drabble, Groves and Wolfe 1958). For a more complete study, 
measurements of cyclotron resonance would be very desirable. However, it is 
doubtful if such measurements on Bi,Te; are possible since it is unlikely that 
specimens having sufficiently low concentrations of charge carriers can be 
prepared. Inthe case of germanium, measurements on the magnetic susceptibility 
have proved useful in the determination of the parameters of the charge carriers 
and it was considered that similar measurements on bismuth telluride might 


yield further information on its band structure. 


T= electrical properties of bismuth telluride have been the subject of 


§ 2. EXPERIMENTAL PROCEDURE 


Bismuth telluride is anisotropic having a layer type lattice. It is diamagnetic 
and the susceptibility is also anisotropic. It is therefore possible to measure 
the susceptibility using the method developed by Krishnan and Banerjee (1935). 
If a crystal is placed in a uniform magnetic field with c axis horizontal or cleavage 
planes vertical a couple G acts on it which is given by the formula 

G=4(x, —x,)sin2¢.H?m 
where ¢=angle between the cleavage planes and the magnetic field H, m= mass 
of specimen, and yx, and’ x, are the mass susceptibilities with magnetic field 
perpendicular and parallel to the c axis. 

_ The couple acting on the crystal is a maximum when ¢=45° and can be 

measured by suspending the crystal from a quartz fibre. The procedure is to 
set the torsion head so that initially 6=0, that is application of the magnetic field 

causes no rotation of the crystal. The angle through which the torsion head 
yas to be rotated in order to twist the specimen through an angle of 45° is then 
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measured for a known magnetic field. This angle can be accurately measured 
since the specimen becomes unstable and flips round when rotated through 45°, 
The quartz fibre can be chosen such that the torsion head is rotated through 
several revolutions. 

In order to obtain the individual susceptibilities it is now only necessary to 
measure the ratio y ,/x,. This can be determined by suspending the crystal in 
a non-uniform magnetic field and measuring the ratio of the forces exerted on 
the specimen when it is rotated through 90°. The balance described by McGuire 
and Lane (1949) was used. The magnetic force was balanced by the force 
between a double coil mounted on the balance arm and a fixed coil, the balance 
arm being supported by a torsion strip. The electric currents flowing through 
the coils were measured by a vernier potentiometer and the product of the 
currents was proportional to the force on the specimen. Four measurements 
were made by reversing the magnetic field and the currents flowing through the 
coils. The balance and specimen were contained in a vessel which could be 
evacuated. 

The two methods give x, — x, and x,/x, and observations, say, at room 
temperature enable the individual values of x, and y, to be calculated. To 
determine the variation of x, and x, with temperature it was only necessary to 
use the balance. However as a check, values of x , — y,, were determined over the 
temperature range using the quartz fibre method and compared with values of 
X;—xX, deduced from the other method. The agreement between the two 
methods was satisfactory. 

The magnetic field was produced by an electromagnet designed for experiments 
on magnetic resonance and consequently had a field which was uniform over 
a considerable volume. ‘The field was determined using the Hall effect of a 
specimen of indium antimonide. This specimen had previously been calibrated 
using the proton resonance method. ‘Temperatures were measured using T,-T3 
thermocouples. Preliminary measurements of y, — x, on each specimen for 
different magnetic fields showed no indication of ferromagnetic impurities. 
Measurements were made on two p-type specimens R5 and R8. The electrical 
properties of these specimens had been measured and are described by Mansfield 
and Williams (1958). Measurements were also made on an n-type specimen 
R9-1. The properties of material adjacent to this specimen in the original ingot 
have been measured by Williams (1959). 

The error likely in the values of the susceptibility at room temperature depends 
on the accumulation of errors of both methods and is estimated to be 2%. The 
susceptibility at different temperatures relative to the room temperature values 
can, however, be determined more accurately. 


ri 
Poa ~ 


§ 3. Discussion 


The variation of the susceptibilities x, and y, with temperature is hotel : 
_ the figure. Values of the Hall constant for the different specimens at 90°K ar 
also given. For an account of the transport properties of these specimens 
reference should be made to Mansfield and Williams (1958) and Williams (195 
Matyas (1958) has recently determined the susceptibilities of several V-VI 
compounds and finds for a polycrystalline specimen of p-type Bi,Te, a mast 
susceptibility of — 0-402 x 10-* which is independent of the temperature. This 
value is closer to x , than the average susceptibility obtained in this investigation. 
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eo analyses his results assuming these compounds to be essentially ionic 
- e Poet en to the susceptibility of the free carriers and impurity centres 
0 be negligible. He shows that the susceptibility is proportional to the number 


-x.x 10° 
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Mass susceptibility of bismuth telluride. Hall coefficients of specimens R.5, R 8 and R 9:1 
at 90°K are + 0-2, +0-9 and —1-7 cm? coul-! respectively. 


of electrons per molecule Z (the values of Z for Bi,Se, and Bi,Te, are given 
incorrectly and should be 268 and 322 respectively). Such an analysis is useful 
for discussing the order of magnitude of the susceptibility but cannot explain 
the anisotropy or temperature variation. 

It was assumed initially that the anisotropy of the susceptibility was due to 
the free carriers which take part in the transport phenomena and that their 
contribution could be calculated using the Landau—Peierls formula, the effective 

~masses of the carriers being anisotropic. “The following discussion shows, 
_ however, that this is not the case. 

The measured susceptibility is composed of a number of contributions, 
Xz, due to core and valence electrons, y, due to free carriers and x; due to the 
impurity centres. Reasons will be given later to show that x, is negligible and 
it is only necessary to consider x; and xo. Now the concentration of charge 
carriers, and consequently y,, varies both with impurity content and with 

_ temperature. Ata given low temperature the susceptibility decreases in magnitude 
as the concentration of carriers increases, indicating that the free carriers give 
_ rise to a paramagnetic contribution. Because of this it is suggestive to attribute 
the high temperature linear decrease of the susceptibility to the free carriers, 
since their concentration increases due to excitation of electrons from the valence 
band to the conduction band. 

This explanation, however, is not adequate. By analysing the variation of 
electrical conductivity with temperature, it is possible to determine the 
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temperature when the concentration of intrinsic carriers is comparable with the 
extrinsic carriers. Writing the electrical conductivity as o= 0; +0, with oj and o, 
the contributions due to intrinsic and extrinsic carriers, then the temperatures 
at which o;/o, is 10% have been determined for each of the specimens and are 
shown on the figure by arrows. For temperatures below those indicated by the 
arrows, the concentration of carriers is constant, while above these temperatures 
the concentration increases. This increase is relatively slow because the energy 
gap between valence and conduction bands is small. Now a comparison of the 
results for the two p-type specimens R5 and R8 indicates firstly that, over the 
temperature range where the concentration of carriers is constant, the difference 
in susceptibilities of R5 and R8 decreases, that is the contribution of the free 
carriers decreases as the temperature increases. Secondly, in the high temperature 
range where there is an appreciable temperature variation of susceptibility, a 
large temperature change is required to alter the concentration of carriers by an 
amount comparable to the difference of concentration of carriers in R5 and R8. 
Thus the concentration of extrinsic holes in specimen R5 is three times the 
concentration of extrinsic holes in R8. In order to increase the concentration of 
holes in R 8 by a factor three it is necessary to increase the temperature to 500°K. 
The change in susceptibility of R8 as the temperature is increased from 300°K 
to 500°K is several times larger than the difference in susceptibilities of R5 and R8 
at 300°K. (Itis unlikely that this change is due to the contribution of the electrons 
produced when the temperature is increased.) 

It would appear therefore that the linear decrease in susceptibility at high 
temperatures is not primarily due to a temperature dependent contribution of 
the carriers, but due to the core and valence contribution y,;. A temperature 
dependence of the susceptibility x, of germanium has been observed and 
Krumhansl and Brooks (1956) have attributed this effect to a Van Vleck 
paramagnetic term. Because of the small energy gap such a term would be 
considerably larger in Bi,'Te,; and would be temperature dependent, since the 
energy gap varies with temperature. However, it must be noted that the rate 
of variation of susceptibility is much larger in Bi,'Te, than in germanium. 

The contribution due to the free carriers, given by the difference in 
susceptibilities of the different specimens at low temperatures, is much larger 
than the contribution predicted by the Landau—Peierls formula. ‘Thus the 
maximum paramagnetic effect given by this formula is mpo2/pRT (j19= Bohr 
magneton, p=density, m=concentration of free carriers). The effect of 
degeneracy and orbital motion of the free carriers would reduce this quantity. 
Using values of n given by the Hall constant, this expression gives a contribution 
which is negligibly small compared with the observed difference in susceptibilities _ 
of specimens R5 and R 8. x 

‘This qualitative discussion shows that the main diamagnetic contribution 
to the susceptibility is from the core and valence electrons and indicates that the 
valence electrons must exhibit a large Langevin type diamagnetism, the electron 
configuration being anisotropic. Bismuth telluride has a layer type lattice and 
similar anisotropy of susceptibility has been observed in other materials with this 

type of lattice. 

The reasons for assuming x, is negligible must now be considered. Thi 
contribution arises from both the ionized and un-ionized impurities; howev 
it is usual to assume that the effect of the ionized impurities is negligible, 


ENR 


The Magnetic Susceptibility of Bismuth Telluride 603 


especially if they are substitutional impurities. A combination of bismuth and 
tellurium in the proportion 2:3 gives p-type specimens having properties similar 
to R5. In order to reduce the concentration of holes or to produce n-type 
specimens, the starting material is doped with donors, iodine was used in the case 
of R8 and R9-1. The electrical properties show that the concentration of carriers 
is constant in the extrinsic range, suggesting that the activation energy of the 
impurity centres is zero or very small. Hence specimen R5 contains acceptors 
which are all ionized, R 8 contains donors and acceptors, the former are ionized 
and a number of acceptors, having the same concentration as donors, are 
un-ionized. In specimen R 9-1 all the acceptors are compensated and the donors 
are ionized. It is expected therefore that y; will be negligible in the case of 
specimen R5, which has all its acceptors ionized, and will be larger for R8 and 
R9-1. ‘The reverse happens in the case of the free carrier contribution y,, since 
the concentration of carriers increases from R9-1 to R5. If, therefore, y; is 
responsible for the difference in susceptibility of R5 and R 8, this contribution 
must be diamagnetic; if, on the other hand, yg is responsible, it must be a 
paramagnetic contribution. ‘There are two factors which suggest that y,; is not 
responsible; firstly, the diamagnetic term for this effect is independent of 
temperature and one would expect the difference in susceptibilities of the 
specimens to persist at higher temperatures, whereas the difference decreases 
until the curves tend to a common intrinsic curve; secondly, the linear depen- 
dence of the susceptibility, which appears to be an intrinsic effect, extends to 
lower temperatures in R9-1 than R5, indicating that the impurity contribution 
is leastin R9-1. This would be the case if the carriers produced by the impurities 
are responsible for the difference in susceptibilities. 

Finally, it should be pointed out that although it has been suggested that the 
free carriers, in particular the free holes, give rise to a paramagnetic contribution, 
it is possible that there is a group of electrons having a large diamagnetic effect 
which is reduced when these electrons are trapped at acceptors or excited to the 
conduction band to produce the holes. 
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Abstract. From an analysis of the soft x-ray emission spectra of graphite, it is 
deduced that the fundamental Brillouin zone of graphite is bounded by two 
independent sets of planes, the electrons overlapping one such set into the next 
zone, and that the total band width is about 24(+3)ev. On comparing these 
results with the properties of the three Brillouin zones which have been suggested 
for graphite, namely the 1-, 3-and 4-electron zones, the last is found to be the most 
suitable. It is also shown that the K-value for the vertical bounding planes of the 
four-electron zone corresponds to the energy difference between the origin and the 
first peak of the soft x-ray spectra, and that there is sufficient o—z interaction in the 
C—C bond formation to make the four-electron zone plausible. 


§ 1. INTRODUCTION 


Ms | ‘ue Brillouin zone of graphite has been investigated theoretically by many 
authors (Wilson 1954, Johnston 1955, 1956, Lomer 1955, Noziéres 1958, 
McClure 1957, Slonczewski and Weiss 1958) during the last few years, and 

it has been found to have the shape of a flat hexagonal prism, the energy surfaces 

normally overlapping into the next zone across the vertical zone boundaries. Itis 
therefore interesting to see how far the results of the soft x-ray emission spectro- 
scopy (which, as is well known, can furnish reasonable ideas regarding the band 
structure of a solid) are in conformity with the above theoretical findings, and also 
to determine the number of electrons per carbon atom which can just be accommo- _ 
dated in the fundamental zone. The present publication gives an account of these 
discussions. 


§ 2. INTERPRETATION OF THE SOFT X-RAY EMISSION SPECTRA OF GRAPHITE 
AND DISCUSSION OF A SUITABLE BRILLOUIN ZONE FOR IT 


The soft x-ray emission spectrum of graphite has been obtained by Skinner 
(1940) and others (Siegbahn and Magnusson 1935, Magnusson 1938, Chalklin 
1948). Since the work of Skinner is of a more detailed nature than that of the 
others, we shall utilize his observations only. He has given a curve for graphite 
showing the variation of the density of states N(E) with energy, obtained from soft _ 


-X-ray emission spectroscopy, which is reproduced here (N(E)oJ(E)/v’). It 


will be seen from the diagram that as the energy increases N (E) also increases, 
reaches a maximum at about 17 ev, then decreases, shows a kink at about 21 ev, 
rises again, exhibits a peak at about 22 ev and finally diminishes rather sharply, the 


TA preliminary account of this has been published in the Report of the Symposiun 
on Magnetism held in 1954 in Calcutta and published by the Indian Association for th 
Cultivation of Science, Calcutta-32. 
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absorption edge lying at about 24 ev in the lower part of this steep portion of the 
falling curvet. Now according to the usual methods of interpreting soft x-ray 
emission spectra (Skinner 1940, Wilson 1954), the behaviour is identical with that 
of a semi-metal, the first peak representing the touching by the energy surfaces of 
one set of bounding planes of the Brillouin zone. In view of the kink observed 
these boundary planes have evidently been overlapped, while the second peak pre- 
sumably indicates the contiguity of the energy surfaces to another set of boundary 
planes and it also determines the maximum energy up to which the levels are 
normally filled. Thus the total band width of graphite can be taken to be 24 +3 ev. 


10 20 30 
balan so E ee 


Intensity distribution of the soft x-ray emission spectra of graphite. J(E£)=intensity in 
numbers of quanta per second of radiation in the emitted band in the unit range of 
quantum energy, y=absolute energy of transition, HE=energy in electron volts 
(+3). 

From the table, which gives some details of the three Brillouin zones of graphite 
which have been proposed from time to time (Wilson 1936, Mott and Jones 1936, 
Ganguli and Krishnan 1941, Wallace 1947, for other references, see §1), it is 
evident that the Fermi energy calculated according to the simple Sommerfeld 
formula taking all the four valency electrons of carbon in graphite into considera- 
tion is 22 ev and the total band width as obtained from x-ray emission spectra has 


Details of the Different Brillouin Zones suggested for Graphite 


(1) (2) (3) (4) (5) (6) 
a hexagonal 0 00, 2) 4 0:92 8-4 
prism 
peee ae ee (211, 0) 4 2-55 atte 
hexagonal (000, 2) 4 0-92 
prism 
Four Flat (220, 0) 1 2:95 a 
hexagonal (000, 2) 4 0-92 
} prism 


"4 . . o . 
; i he different Brillouin zones in 
“No. of electrons just accommodated in the volumes of t 
. eee (2) sain of the Brillouin zone; (3) bounding planes; (4) structure factors 
for the bounding planes; (5) value of K, the wave vector for the bounding planes 
(108 cm~1); (6) Fermi energy calculated according to the simple Sommerfeld formula 
(ev). 


+ The high energy tailing effects have, however, been neglected in these discussions. 
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nearly the same value (24+3ev). It is also evident that since the energy dis- 
continuities, which are proportional to the structure factors for the planes, are very 
low across the (220, 0) planes—much lower than those across the (000, 2) planes— 
normal overlapping will probably take place across the former set of planes. ‘Thus 
we may safely conclude that the four-electron Brillouin zone is the proper one for 
graphite, the vertical boundary planes, i.e. the (220, 0) planes, being overlapped, 
and it is evident that there is a large anisotropy in the energy surfaces. But 
before finally accepting this conclusion, a few points involved in doing so need 
careful consideration. 


§ 3. EVALUATION OF K FOR THE SET OF PLANES OVERLAPPED 


According to its definition, N(£), the density of states per unit volume, is given 


b 
‘ N@®)= gs] | am Py (1) 
873} J | grad E|’ 


where the integration is over the entire constant energy surface in K-space. 
Now in the particular case of graphite, in view of its highly anisotropic structure it 
will be sufficient to assume that the energy surfaces are approximately cylindrical, 
and we need only consider the energy distribution in the basal plane. ‘Therefore, 
instead of considering equi-energy surfaces we have to consider equi-energy 
curves, which in this case are approximately circular. Now if we assume that the 
energy distribution is similar in all such parallel basal planes, the density of states 
per unit volume of the crystal will evidently be the same as the density in any 
particular plane. In consequence the equation (1) may be represented as 
1 1 
M(E)= g5 ama) a me (2) 

where dl is any element of the circular energy contour, the integration being, as 
before, over the entire constant energy curve, and where grad £ is constant for a 
circle and is equal to |dE/dK |. 

Now experimentally from a study of the soft x-ray emission spectrum of 
graphite we obtain for energies ranging from 0 to about 17 ev, i.e. up to the first 
peak (see figure)t, 

Nl Ej= eee ee eee (3) 
where P is some unknown constant of proportionality between the actual N(E) 
values and the values expressed in some arbitrary units as obtained from the soft 
X-ray spectra, and where E is the energy in electron volts. 

Again, we know that the electronic specific heat Cy is given by the relation 
(Mott and Jones 1936) 

Cy = 3nk2TN(E), Alp Fee (4) a 
per gramme atom, where N(£5) is the energy density per unit volume on the — 
Fermi surface, p is the density and A the atomic mass, the other symbols having — 
their usual significance. From a measurement of the specific heat of graphite at 
very low temperatures, De Sorbo (1955) obtained the electronic component of 
specific heat as 
| Ce eel STORES deel) Po Nt eet (5) 
per gramme atom. ‘Therefore, in view of the relations (2) and (4) and the data 
(3) and (5) and taking as already stated the band width of graphite to be about 

t Such an exponential variation has also been indicated by Chalklin (1948). 
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24 ev, the value of K for the planes overlapped is found to be about 3 x 108cm—!. 
From the table above we find that K for (220, 0) planes is 2:95 x 108cm-,_ In 
consequence, it may now be stated that the first peak represents the touching by 
the Fermi surface of the (220, 0) planes, which have, as already shown, been 
overlapped. ‘Thus, the result obtained from a simple analysis-of the soft X-ray 
spectra, namely that the four-electron Brillouin zone of graphite is the appropriate 
one, is further corroborated by this necessary test. 


§ 4. POSSIBILITY OF o-7 INTERACTION IN THE C—C Bonp FORMATION IN 
GRAPHITE 

‘The earliest idea regarding the inter-carbon bond formation in graphite was 
that the 3o electrons are involved in direct planar bond formation with the three 
neighbouring carbon atoms. ‘lhe remaining one electron, namely the z-electron, 
was supposed to move freely over the entire lattice while remaining completely 
distinct and separate even though it might be involved in some form of C-C bond 
formation. ‘Thus the z-electron was considered to be solely responsible for all the 
electronic properties of graphite, the c-electrons being considered ineffective for 
such purposes. In consequence the one-electron Brillouin zone would become 
inevitable for graphite, which as we have seen appears contradictory to the soft 
x-ray data. ‘To escape this difficulty the simplest way appears to be to assume 
some form of admixture and interaction between the electrons, which amounts 
to the acceptance of a four-electron zone. 

Looking at the actual bond formation in graphite, one finds that whatever 
bonds exist are all located in the basal plane only, and that the bond distance is 
much shorter than the single bond C-—C distance, thereby accounting for the 
enhanced bond energy and stability of graphite. It is therefore evident that the 
z-electrons are affecting in some way the bond formation by the o-electrons. 
Now it has been shown by Coulson e¢ al. (1951, 1952), Altmann (1952) and others 
(e.g. March 1952) that there is no rigorous division into 7- and o-electrons, and 
that the one merges into the distribution of the other, possibly with some amount 
of interaction. Pariser (1953) characterized the assumption of the energy of the 
o-electrons remaining constant and independent of the charge distribution of the 
a-electrons as undoubtedly unrealistic, and he has shown how by considering the 
effect of the c-electrons on the z-electron distribution better results could be 

~ obtained. Finally, quite recently, Niira (1952), Davies (1955), Haugh and 
_ Hirschfelder (1955) have proved the existence of a sufficient amount of o—7 inter- 
action in such cases. ‘Thus the adoption of the four-electron Brillouin zone may 
safely be said to be well justified from the consideration of the presence of o—7 


interaction also. 


§ 5. CONCLUDING REMARKS 


It is thus proved that the four-electron Brillouin zone is the proper one for 
graphite, and that the peculiar properties of graphite are as already indicated by 
- theoretical workers (see § 1) due to electrons overlapping from this zone across the 
vertical zone boundaries. That this overlapping is a normal one and not thermally 
_ effected is proved theoretically by McClure and others (see §1) and also by the 
‘ fact that graphite has a positive temperature coefficient of resistance (Dutta 1953 ). 
It must, however, be borne in mind that the possibility of thermal overlapping 
cannot altogether be ruled out; but ifit exists at all it must always be masked by the 
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more pronounced normal overlapping. It is needless to point out here that 
although electrons have been held mainly responsible for the various properties 
of graphite yet the positive holes created in the full zone due to overlapping of 
electrons, as shown by McClure and others (see § 1), also play an important part. 
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Abstract. A high temperature diffractometer has been used to determine the 
lattice spacing-temperature relations for both «- and f-titanium. For «-titanium, 
the mean coefficients of thermal expansion over the temperature range 0-600°c 
are 9:-55x10 *deg for the a spacing, and 10-65x10-®deg— for the c 
spacing; for f-titanium, the mean expansion coefficient over the temperature 
range 900—1070°c is about 12:0x10-deg-!. The temperature variation of 
the (peak) intensities of diffracted powder lines for silver is in agreement with 
Debye-Waller theory, after applying a correction due to Paskin, and corresponds 
to a Debye temperature of 197°K. Corresponding results for «-titanium indicate 
that the Debye temperature is about 270°+30°K. Analysis of the line shapes 
of cold-worked titanium indicates an appreciable density of basal plane stacking 
fault. 


§ 1. INTRODUCTION AND LATTICE SPACING MEASUREMENTS 


HIS work is a preliminary investigation into the determination of Debye 
temperatures by measurements of X-ray intensity in a high temperature 
diffractometer. Such measurements are of especial interest in metals 
such as iron and manganese which have more than one stable structure, since 
they assist in the division of the enthalpy and entropy into lattice, magnetic and 
electronic terms. Silver was chosen as a typical example of a well-behaved 
cubic metal, having a known lattice spacing—temperature relation. ‘Titanium was 
used as a more severe test of the performance of the instrument, but an important 
secondary purpose was to determine the lattice spacing-temperature relations 
_of this metal more accurately. The predictions of some of the current theories 
of martensite crystallography depend rather critically on the parameters of the 
two phases at the transition temperature. 
The high temperature diffractometer has been described elsewhere 
: (Spreadborough and Christian 1959), and the lattice spacings of silver at tem- 
peratures up to 850°c were in very good agreement with accepted values. Some 
difficulties were experienced in preventing surface contamination of titanium, 
and experiments were made with both powder specimens and solid specimens 
machined to the shape of the specimen holder; good quality iodide titanium 
was used throughout. Despite many precautions, and very low pressures, the 
powder specimens were found to contaminate appreciably in the temperature 
range 700-900°c, and in one such specimen the hexagonal form was retained 
is p to 960°c. The impurities, presumably nitrogen and oxygen, produced some 
line broadening; the a and c parameters increased slightly, and cla increased 
nsiderably. The change in c/a between 700° and 900° is especially evident 
2R 
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for powder specimen 2intable 1. ‘The solid specimens did not seem to be affected 
at all after heating in the « range, but some slight contamination was apparent 
after experiments at up to 1100°c in the £ region. ‘This impurity had no 
measurable effect on line sharpness, and the surface appeared clean and bright, 
but there were changes in the parameters at room temperature, and the hardness 
had increased slightly. After one set of exposures entirely in the « range, the 
mean hardness was 85 V.P.N. Another sample used for exposures in the 8 region — 
had an initial hardness of 102 V.P.N. and a final hardness of 190 V.P.N. Both 
this hardness increase and the lattice spacing changes shown in table 1 are consistent 
with about 0-2-0-5 wt. % nitrogen plus oxygen in the surface layers. 

The main results on the « and 8 parameters are shown in tables 1 and 2. — 
Lattice spacings were determined by a standard extrapolation procedure, and — 


Table 1. Lattice Parameter Results for «-Titanium 


Vol 
Treatment a c c/a Temp. of atom7! 
(kx) (kx) meast (°c) (kx*) 
Solid No. 1 
- cold worked 2:9447 4-670(3) — —-1-586(0) 22 17-53(5) 

ann. at 600°c 2-9610 4-699(1) 1-587(0) 600 + 2 17-84(0) 

down to 400°c 2:9554 4-689(3) 1-:586(7) 406+3 17-736 
Powder No.1 — 

heated to 600°c 2-9589 4-695(8) 1-587 601 +2 — 
Powder No. 2 

rough values 2-956(5) — 1-587 500+5 = 

heated to 600°c 2:9586 — 1:587(0) 597241 — 

heated to 700°c 2:9616 — 1:587(2) JOS 2 — 

heated to 965°c 3-01(0) — 1-60(0) 965+5 — 
Solid No. 3 5 

ann. at 600°C 2-9435 ° 4-671(3) 1-587 9 17: 

heated to 950°c 2-9440 4-678(0) 1-589 9 

heated to 374°c 2:9554 — 4-693(2) 1-588 37442 3 

heated to 581°c 2-9608 4-704(7) 1-589 58143 

heated to 699°c 2-9646 4-713(4) ~-1:590 699+1 

after measuring — P 
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the accuracy of the measurements is estimated to be within +0-0005 kx for a 
and + 0-001 kx force. Figure 1 shows the temperature variation of the a Sra Le 
of the « phase, and figure 2 the parameter of the B phase. It is rather surprising 
that in the « phase, the powder results are a little below those of the solid specimens, 
since oxygen and nitrogen increase the parameter slightly. As already noted, ite 
higher temperature results refer to slightly impure specimens, but it is believed 
that they are more accurate than any previous determinations. ‘The mean 
coefficients of expansion of the « phase over the range 0-600°c were 


3310 F Solid N°3 A 
Solid N24 A 


950 1000 1050 1100 
Degrees Centigrade 


Figure 2. Variation of lattice parameter of f-titanium with temperature. 


Table 2. Lattice Parameter Results for 8-Titanium 


Specimen a (kx) Temp. of Atomic 
meast (°c) volume 

3-3107 1067 +3 18-14(4) 

Solid No. 3 3-3082 1000 + 2 18-10(3) 
3-3062 Ueyilsel 18-07(0) 

3-3044 908 +1 18-04(0) 

Solid No. 4 3-3107 1084+ 2 18-14(4) 


9-55+0-5x10-*deg— for the a parameter and 10-65 +0-7 x 10-®deg for the 
¢ parameter; the expansion coefficients do not vary with temperature to within 
_the experimental error. ‘These values are about 15 and 25% respectively lower 
‘than the expansion coefficients given by Berry and Raynor (1953) from x-ray 
measurements, but they support the conclusion of Berry and Raynor that c/a 
increases with temperature; some results of Brocklehurst, quoted by McHargue 
and Hammond (1953), indicated the opposite result. The coefficient of 
expansion of the f phase in the range 900—1070°c is about 12 x 10-*deg™!, and 
the extrapolated room temperature parameter of f-titanium (3:272kx) is in 
reasonable agreement with that obtained by extrapolating parameter values 
from retained f phase titanium alloys (3-276 + 0-003 kx) (Levinger 1953). The 
change of volume associated with the «— transition is very small, and is estimated 


to be between —0-15% and —0:30%. 
§ 2. TEMPERATURE VARIATION OF DIFFRACTED INTENSITY FOR SILVER 


If it is assumed that there is a single Debye characteristic temperature 0 
hich does not vary with temperature, and if the variation of Bragg angle with 
2R 2 


™ 


= 


taken as unity. The modified temperature 7” in this equation is defined by the 
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temperature due to lattice expansion is neglected, the Debye-Waller theory 


leads to an expression 


r? pr 2 eee 7), 
l — = 4 he Diliman | ciaedl——- Wea Mant, wetce: 1 
sin?6 (2) mk > | iF fe (F f (1) 


where p,, pp are the integrated intensities of a Bragg reflection at temperatures Is 
and T, ¢ is the Debye integral function, and the other symbols have their usual 
meanings. If the lines are sharp, and the angular range over which the intensity 
is appreciable is nearly constant, it is reasonable to take the integrated intensities 
as proportional to the intensities of the Ka, peaks. The accurate measurement 
of a peak intensity is rather easier than is that of an integrated intensity, since 
small temperature variations during the scanning of a line can introduce 
appreciable errors into the latter. The use of peak intensities is not justified 
if there is grain growth, or change of line shape for any other reason, but very 
careful measurements now being made at Oxford by Dr. C. W. Haworth show that 
I,/Ip is almost always very nearly equal to p7/pp if the structure is first stabilized 
by a high temperature anneal. The results in this paper are all obtained from 
peak intensities. 

Using copper K« radiation, the peak intensities /,, for the three highest angle 
lines of silver were measured at various temperatures, after a preliminary high 
temperature anneal to stabilize the grain size. From equation (1), it follows that 
(A/sin 6)? logy) (Ip/1,), where J, is the peak intensity at a standard temperature 
T, =289°x, should vary linearly with T, since {6(0/T)+©0/47} is only very 
slightly greater than unity for all temperatures 7 greater than ©. ‘The 
observed decrease in intensity is greater than the theoretical decrease, as has 
been founa by other workers in tests of the Debye-Waller theory at high 
temperatures. ‘The main error in equation (1) arises from the neglect 
of volume changes with temperature; the equation refers to constant volume 
conditions, but the measurements are made at constant pressure. One way of 
correcting for the volume changes is to introduce the concept of an effective 
Debye temperature, varying with temperature, as was suggested by Zener and 
Bilinsky (1936). More recently, Paskin (1957) has published a similar method, 
which is easier to apply in practice. His treatment leads to a Debye temperature 
© which is related to the Debye temperature at absolute zero @, by the equation 


ORO ay, ices aes eae (2) 


where V7, Vy are the atomic volumes at temperatures T°, 0°K respectively and 
y is the Griineisen constant. ‘The equation corresponding to (1) then becomes _ 


A® pr\ _ 12h? ; . 
sara (82) = Sega.) bn ea 3) 


| 
where we have assumed that 7 is sufficiently large for {f(@/T)+ 0/47} to be 


relation 
L/D gi Vay 
V, being the atomic volume at the reference temperature 7). 
For the calculation of 7’, values of V, from the experimental lattice 
spacing-temperature curve were used, and y was taken as 2-40 (Slater 1939). 
Figure 3 shows the effect of plotting (A/sin 0)? log (Ip/I,) against T’ instead of T, 
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I he use of Paskin’s correction places the experimental points on a straight line, 
from the slope of which ©, = 191+ 8°, 


X/sin76), log, ('/, 
g ) 


o 5il-333 
oO 422 
© 420 


200 400 600 800 ; 1000 1200 1400 
T or T (°k) 


Figure 3. Effect of applying Paskin’s method to silver results. The arrows indicate the 
change from T to T’, resulting in a straight line plot. 


The Debye temperature ©, is related to the Debye temperature at 0°K by 
equation (2), which gives 0)~197°K. ‘This is somewhat lower than the Debye 
temperature of 225 °K deduced from specific heat measurements (Corak, Garfunkel, 
Satterthwaite and Wexler 1955). In a theoretical calculation of the x-ray Debye 
temperature for a face-centred cubic lattice, based on the known vibrational 
spectrum, Blackman (1957) finds @=189°K. If the vibrational spectrum has 
the Debye form, © from x-ray measurements should be equal to © from specific 
heat measurements; in general, the effect of the actual spectrum is to lower the 
X-ray value in comparison with the specific heat value. 


§ 3. MEAN SQUARE DISPLACEMENTS OF ATOMS IN SILVER 
For a Bravais lattice with random displacements of the lattice points from their 
mean positions, the diffracted intensity in a Bragg reflection is reduced by a 
factor exp(—2M) where 2M=(4rsin6/A)u2 and us is’ the mean square 
displacement of a lattice point in a direction normal to the diffracting planes. 
In the simple cubic structures, having one atom on each lattice point, the 
Debye-Waller theory gives an expression for M in terms of the temperature 7, 
from which u;? may be calculated if © is known. A direct experimental measure- 
ment of us? is not possible, since the x-ray results give only the difference in M 
at two different temperatures. However, the error in us” resulting from an 
_ incorrect © may be reduced if the procedure given by James (1948) is followed. 
4 His equations (5.96) and (5.97) give us? in terms of three quantities, 8, y and 6, 
_ of which y contains known constants and 6 is a small term which may be calculated 


with an approximate value of ©. The quantity 8 is then obtained from the 
xperimental intensity results. For cubic crystals, the, thermal expansion is 


isotropic, so that u<2 does not depend on direction and the mean square of the 
rotal displacement is given by 2 =3us. Table 3 shows values of (u®)"” for silver 
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calculated from the experimental results in this way, and also directly from the 
assumption © = 191°K. 


Table 3. Values of r.m.s. Total Displacement for Silver 


‘Temperature (“k) 300 500 800 1100 
(u®)1/2 from James’ procedure (A) 0-18 0:22 0:27 0-32 
(u®)1/2 assuming © = 191°K (A) 0-15 0-17 0:22 0:25 


The values of (u2)"? calculated directly from the experimental intensities by 
James’ procedure are about 25% higher than those calculated from an effective 
Debye temperature obtained by Paskin’s method. Although James’ method 
reduces the error caused by an incorrect ©, it makes no other allowance for the 
effects of thermal expansion. Thus the most reliable way of finding u? may be 
to use Paskin’s method to obtain ©, and then calculate VW from this value of ©. 
This view is confirmed to some extent by the results for the constant f. 
A theoretical value of B may be obtained from the known elastic constants of 
silver by means of Waller’s equation (James 1948, eqn (5.99)), and is 
B~1:3x10-*!. This agrees reasonably well with f calculated from © =191°K 
(1:88 x 10-*4), and less well with 8 obtained directly from the intensity change 


(3-05 x 10-21). The magnitude of the w® values in table 3 are such that the 
r.m.s. atom displacements in silver are roughly 5—6% of the interatomic distance 
at room temperature and 8-5—11% of this distance at 850°c. 


§ 4. "TEMPERATURE VARIATION OF DIFFRACTED INTENSITY FOR «—TITANIUM 


The x-ray data on solid specimen 3 (table 1) were used to measure the decrease 
in intensity in the Ka, peak at 375°, 580° and 700°c, referred to the annealed 
specimen at 9°c. Measurements were made on the (1233), (3032), (3030), 
(1124) and (1231) lines, but only those from the two latter strong reflections 
were sufficiently accurate for quantitative calculations. ‘There is some difficulty 
in applying Paskin’s method, since Griineisen’s constant is not known for 
titanium, but this is obviated by the small coefficient of expansion, which reduces 
the difference between 7” and J and makes it insensitive to y. Within the 
limited accuracy attainable, there is no difference in the intensity ratios of the 
two lines used, despite the difficulties in applying the usual Debye-Waller theory 
to a non-cubic structure with more tnan one atom in the unit cell. The results 
were plotted in the same way as figure 3, making separate assumptions that 
y=2,3 or 4. From the limiting slopes obtained in this way, it is estimated that 
the effective value of © is 270° + 30°K. The value obtained from low temperature 
‘specific heat measurements is 280°K (Estermann, Friedberg and Goldman 1952). 

The results for B-titanium could not be interpreted on the basis of the 
Debye-Waller theory, probably because of bad particle statistics or other effects 
caused by grain growth (De Wolff, Taylor and Parrish 1959), 


$5. STACKING FAULTS IN 'TITANIUM : 


Mogard and Averbach (1958) report that they found no indication of stacking 
faults in cold-worked zirconium. In the present work, however, it was we 
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‘The profiles of the {1124} line (which is not affected by stacking fault) and of the 
neighbouring {1231} line from a heavily deformed solid specimen were measured 
accurately, and analysed by the Fourier method used by Anantharaman and 
Christian (1956). A deformation stacking fault parameter of «~0-10 was 
obtained; this is very high, and comparable with unpublished results obtained 
for hexagonal cobalt-nickel alloys. Smith (1959, private communication) has 
observed basal plane stacking faults in thin film transmission electron micrographs 
of titanium, thus giving some support to our x-ray results. 


$ 6. CONCLUSION 


The results for silver show that the Paskin correction to the Debye-Waller 
theory is in reasonable agreement with experiment for a face-centred cubic metal. 
For hexagonal metals, the position is uncertain; the present results enable an 
approximate Debye temperature to be deduced, but more work is needed to 
establish the validity of this procedure. 
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Observations on the Development of Electroplating Deposit Structures 
on Single Crystals of Copper 


By V. R. HOWES+ 


Department of Industrial Metallurgy, University of Birmingham 
MS. received 21st April 1959, in final form 15 June 1959 


Abstract. Results of step height measurements of layer structures on electro- 
deposits, on a copper single crystal surface with orientation close to a (100) plane, 
are shown by frequency distribution curves for increasing deposition times. 
Platelet layer width measurements are given for the same times. ‘The results 
are associated with the concept of bunching. Observations are also described 
of a secondary topographical structure, detected by auxiliary microscope 
techniques, on the surfaces of the normal platelet layers; these are seen to be 
differentially tilted, curved and covered with micro-layers. 


§ 1. INTRODUCTION 
M ANY studies of the growth of crystals have shown that this occurs by 


the successive spreading of thin layers over the crystal faces. ‘That 

this method of growth also applies in electrodeposition was first indicated 
by Volmer (1922) and more recent observations have been made by Wranglen 
(1955) and by Pick and Wilcock (1958). With similar conditions of plating as 
in this last work, Storey (1957) has studied the effect on the process of such 
variables as base orientation, current density and temperature. The quantitative 
results and the detailed study of the plating structures described here form one 
of several extensions to this work that are being currently investigated. 

The preparation and plating conditions in these experiments were as follows. 
The cathode specimen was a cut surface, at a particular crystallographic plane, 
of a copper single crystal, previously grown in a Bridgman type furnace. After 
mounting and mechanically polishing, the specimen surface was electropolished 
in a solution of 50% orthophosphoric acid immediately before electroplating 
was begun. For the electrodeposition the anode was of polycrystalline oxygen 
free high conductivity copper, the current density being 10 ma cm-? in a normal 
solution of copper sulphate and sulphuric acid (}M.CuSO,+4M.H,SO,) at 
a temperature of 25°c. The single crystal surfaces used all had orientations 
close to the (100) plane of the cubic crystal, since it had already been shown by 
‘Storey (1957) that the most coarse platelet-layer structures were then obtained, 
consisting of platelets with surfaces in the (100) crystallographic plane (to a first 
approximation) and having edges predominantly in (110) directions but with 
smaller edges in (100) directions, and this type of structure is the most easily 
accessible for a first detailed microscopic study. 

This investigation has special reference to development of the plating structure 
with time, and for this purpose four plating times of 15, 30, 45 and 60 minutes 
were chosen for study, one specimen being used for all four times, being 
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repolished and re-prepared again for plating between each experiment. ‘The 
specimen was specially mounted for repolishing so that change in orientation 
between experiments was avoided; this was checked by an x-ray photograph 
taken for the newly prepared surface before each plating. The electrolyte 
solution was made up from Analar chemicals using thoroughly cleaned glassware, 
and everything immersed into it afterwards was first given a prolonged rinse in 
running distilled water to prevent contamination. A standardized electroplating 
test was used to check the solution; if the appearance of the deposit—extremely 
sensitive to impurities present—did not conform to that usually found, the 
solution was rejected. The same electrolyte solution was used in all the 
experiments described; it was checked for reproducibility between each plating 
experiment, and quantitative reproducibility was also obtained when a repeat 
experiment was done for 30 minutes’ deposition again after several intermediate 
platings. 
§ 2. QUANTITATIVE MEASUREMENT 


2.1. Experimental 

The specimen surface used in this series of experiments (specimen A) had 
the orientation as shown in figure 1, and this gave the typical platelet layer 
structure with (100) crystallographic surfaces for 60 minutes’ deposition seen 
in figure 2(a) (Plate), the indicated direction being the (110) direction in the 
(100) plane. This regular structure developed gradually with time, the platelet 
size and regularity increasing continuously; this development is illustrated by 
a comparison of figure 2 (a) with figure 2 (b), which shows the structure obtained 
after only 15 minutes’ deposition on the same specimen under identical 
conditions; much larger magnification_had to be used in order to resolve the 
smaller structure. 


(1) 


(001) (ol!) 


Figure 1. Orientation of surface of specimen A. 


For the four plating times already specified, measurements were made on this 
-specimen’s surface of the step heights between platelet-layers and of the average 
widths of the layers. Step heights were measured by the profile technique of 
-Tolansky (1951) with calibration against a standard before and after each series 
of measurements; ten consecutive measurements were made, traversing the 
- surface in a direction at right angles to the step edges, at each of five positions on 
the surface spaced symmetrically 1 mm apart; thus 50 measurements were made 
for each plating time. Average widths of the platelet-layers were calculated 
from measurements of the distance across 10 to 20 layers at each of nine positions 
1 the surface 1 mm apart for each plating time. 
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2.2. Step Height and Step Width Measurements 


These results are shown in figure 3 in the form of frequency curves of the 
distribution of measured step heights for each plating time; N is the number 
of times the values of step height H were obtained. The points A on the ordinates 
show the average value of step height for each plating time, and the points X on 
the abscissae show the number of steps found that had height values below the 
resolution of the measuring technique (0-1 2). 3 
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_ Figure 3. Frequency Hcaputiolt curves of measured step heights of platelet layers for 


electrodeposits on specimen A. E 
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. The positions of the points A illustrate that the average step height value 
increases with plating time but that the rate of increase gets less with time. 

Figure 4 shows the variation of average step width W with plating time 7, 
the error range being plus or minus twice the standard error of the mean. The 
values of W are seen to increase with time but the rate of increase gets less, this 
notably corresponding to the variation of average step height with plating time 
as already described. . 

‘These variations in step heights and width with time can only be the result 
of bunching of the growth layers, i.e. the development of surface growth by the 
catching up and meeting of growth layers with others spreading in the same 
direction across the surface. 


§ 3. SECONDARY STRUCTURE ON THE NORMAL PLATELET LAYERS 


3.1. Detection and Development 

During the investigation described above, a secondary structure was detected 
and then consistently found for all the plating times and on all the specimens 
observed. Not seen by normal microscopy, it was studied with phase contrast 
and multiple beam interferometry techniques. The illustrations given are of 
the surface of specimen A, and also of the surface of another single crystal 
specimen with face orientation exactly on a crystallographic (100) plane, as 
indicated by back reflection Laue photograph patterns and the symmetry of the 
deposit structure itself (to be referred to as specimen B). 

Figure 5 (a) (Plate) shows a region of the surface of specimen B after electro- 
plating for 45 minutes, figure 5 (6) shows the identical region but with phase 
contrast illumination showing up the secondary structure consisting of diffuse 
lines occurring singly and in networks. ‘This photograph shows typical secondary 
structure which is reproducible in general appearance, but not in detail, for any 
one plating time. 

However, the general appearance does change with plating time as can be 
seen in figures 5(c) and (d). In the former, after only 15 minutes’ deposition 
on to specimen B, the secondary structure appears as small circles occurring on 
individual large platelet tops; whereas after 30 minutes on the same specimen 
small circles and linear networks are seen as in the latter photograph, giving a 
definite appearance of an intermediate stage between that seen at 15 and 

45 minutes. The appearance after 60 minutes’ plating did not change from that 
after 45 minutes except that the secondary structure lines became even more 
profuse. These changes in appearance of the secondary structure were found 
to be quite general for all the single crystal specimens observed—as indeed were 
all the observations reported in this work—but these were limited to specimens 
having the coarse platelet-layer structure associated with surface orientations 
close to the (100) plane of the crystal. 


4 3.2. Height Changes on the Platelet Surfaces 

Once found, the secondary structure was further studied by interferometry, 
and figure 6(a) (Plate) shows a multiple beam interferogram of the surface of 
pecimen B after 60 minutes’ plating. Since the step heights between platelets 
are relatively large (as seen from the light profile measurements already described), 
the interference fringes are not generally related from platelet to platelet ; however 
indulations and irregularities in the fringes clearly show height variations on 
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individual platelet tops in the range of 200-1000. It was at once established 
that these height variations correspond to the secondary structure by increasing 
the fringe dispersion until a contrast effect within the very broad fringes thus 
obtained showed up the structure at the same positions as the sharp fringe 
variations. It would seem from these observations that the observed secondary 
structures are of the form of non-sharp micro-steps on the platelet surfaces. 

It is also seen in figure 6(a) that the fringes on the platelets, apart from 
variations, are generally not straight but curved showing that the surfaces are 
non-flat. In addition the changes, from platelet to platelet, in both the general 
direction and the dispersion of the fringes indicate that the platelet surfaces are 
differentially tilted one with respect to another; measured variations in fringe 
dispersion show that differential tilt angles up to 2° occur. ‘The surface 
curvatures are more clearly seen with the high dispersion high magnification 
multiple beam fringes seen in figure 6(b) for the same electrodeposit as above; 
here complete ring fringes are found which indicate dome-shaped platelet tops. 

Similar fringe variations, curvatures and tilts were found on the platelet 
surfaces of deposits on specimen A, as can be seen for example in the interferogram 
of figure 6(c), obtained after 60 minutes’ plating. 


3.3. Origin of the Secondary Structure 

The small circles seen in figure 5(c) for a 15 minute deposit suggest that 
surface nucleation of the micro-layer secondary structure has occurred on the 
largest platelets at the early plating times. A second source of the micro-layers 
is seen in figure 5 (e) showing the appearance of a 45 minute deposit on specimen A; 
here it is seen that often the secondary structure on the platelet surfaces is 
associated with small projections at the platelet edges, as at points marked X in 
the photograph. Such projections are a common feature of the plating structures 
observed, although becoming less frequent at the longest plating time; also 
they have been found without exception to be of two types, in plan they appear 
triangular on (110) platelet edges and rectangular on (100) platelet edges. 
Although the reason for the growth of these projections is not known, it would 
seem that the cause can also initiate edge-nucleation of the secondary structure 
micro-layers. 
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Figure 7. Calibration of interferogram of figure 6 (d), : 
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A third origin of the secondary structure, and the most important at the — 
longer plating times, is the merging of platelets or layers, i.e. the development 
of surface growth by the meeting of growth platelets or layers with others spreading 
in the opposite direction across the surface. Merging is continuously occurring 
in all layer growth development and examples can be seen of it in all the photo- 
graphs shown. ‘The height differences between merging platelets, or even the 
tilt or curvature differences alone, give rise to small remnant steps which then 
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appear as secondary structure micro-layers on the surfaces, as seen for example 
at point Y in figure 5(f), showing a 30 minute deposit on specimen B. 

An example of exactly how merging influences the surfaces of platelets is 
seen in figure 6(d), which is an interferogram taken at high magnification, by 
an extension of the method reported by ‘Tolansky and Emara (1955), using 
fringes of equal chromatic order. The fringes illustrate a topographical section 
at the line marked X in figure 6 (e) where merging of one platelet with another 
has occurred. The calibration of this interferogram, seen in figure 7, shows that 
this merging has given a height disturbance on the platelet surface of the order 
of 1200A; also further evidence of differential tilting and surface curvature 
can be observed. 


§ 4. DIscuSssION 


The deposit structures that have been observed are derived from the character 
of the earliest stages of growth when platelets were first formed. Surface 
geometrical irregularities on an atomic scale, adsorbed or inherent impurities, 
strains and lattice faults in the surface of the crystal must all influence the 
initiation of the platelets and their consequent spread to give the wide range 
of step heights found as the plating time increases. Once a distribution of step 
heights is in existence, however small, the range of different values will be extended 
continuously by the processes of merging and bunching. 


Powe Eee 


Figure 8. Illustration of bunching (B) and merging (M). 


These two processes of crystal growth by layer spreading have been illustrated 
in this experimental investigation, and the relationship between them, for the 
growth of a typical platelet layer structure as found on a surface with orientation 
somewhere near to a (100) plane, is shown diagrammatically in figure 8 where 
B indicates bunching and M indicates merging. On such a surface platelets 
form with (100) top surfaces at a slight tilt to the specimen surface, and as these 
spread outwards they meet and merge to give layers. The layers so formed 
read in a direction influenced both by the tilt direction of the surface with 
spect to the crystallographic (100) plane, and by the (110) directions in the 
surface, which are the directions of the dominant edges of individual platelets. 
Figure 8 shows a stage in the development of the layers, where it is seen that 


bunching, as already defined, occurs in the direction of spread of the layers, 
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while merging occurs at right angles to this direction; indeed it is by the latter 
process that layers are formed from individual platelets. It is to be noted that 
in the case of specimen B, having a surface exactly on a (100) crystallographic 
plane, the growth process is more complicated since then bunching and merging 
can both occur in all directions and there is no main direction of spread. 

An explanation for the occurrence of bunching, as a result of adsorbed 
impurities on the growing surface, has been given by Frank (1958). But although 
such impurities do exist and must be of some influence on the process, it is 
thought that for the present results, once different values of step heights are 
obtained—a point already discussed—then this must be the dominant factor 
for further bunching, since small steps should move faster than large steps under 
similar conditions. The process is then more like that analysed by Chernov 
(1957), for which the average step heights and widths are both proportional to 
the square root of the time of deposition. ‘The experimental values of widths 
shown in figure 4 closely follow this proportionality although agreement is not 
so good for the measured values of average step height. ‘The distribution curves 
can also be explained qualitatively on this basis, since then bunching will occur 
predominantly where small and large steps are consecutive. ‘Thus a rapid decrease 
in the number of small step heights found on plating surfaces with increasing 
deposition time, and a steady increase in the number of larger step heights 
obtained, is exactly what would be expected. 

The secondary structure has so far only been observed on specimen surfaces 
with orientations close to the (100) crystallographic plane, but the observed 
changes of the phenomena with deposition time would lead one to expect that 
the main criteria for the occurrence of secondary structure are initially that the 
individual platelets reach a certain size, and finally that merging of similar platelets 
occurs. 

It appears, from observations after 15 minutes’ plating, that growth on the 
tops of platelets, as opposed to that at the edges, starts with surface nucleation 
occurring when the platelets have become larger than a certain size, these small 
growth layers then spreading out over the separate platelets. At later times, 
merging of platelets gives a second source of micro-layers, so that both small 
circles and non-circular secondary structures are seen, as for 30 minutes’ 
deposition. At still later times the necessity for surface nucleation to occur 
is avoided by the profusion of micro-layers already on the surface due to the 
merging that becomes increasingly common with further growth; thus at 45 
and 60 minutes, although the profusion of secondary structures has increased, 
there are no circular features as seen earlier. With reference to the necessity 
for nucleation, it is well known that crystal growth occurs most easily at kinks 
in layer edges rather than by the formation of new surface nuclei. However, 
there is a limit to the distance that new material can diffuse to get to an edge, 
this limiting distance depending very much on the type of growth occurring and 
on the particular conditions of this growth. Thus if distances exceeding this 
limit are obtained on flat surfaces produced during growth then surface 
nucleation again becomes a probability. 

The new observations of the tilts and curvatures of platelet surfaces togethe’ 
with the secondary structure gives rise to an interesting possibility that these are 
indirect evidence of sub-microscopic steps on the growth surface. Supposi 


growth to occur by the spreading of fundamental layers too small to be seen by 
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any technique, then surface curving and tilting could be the observable indication 
of an array of these layers, as shown diagrammatically in figure 9, An apparent 
tilt on the surface would be obtained by the presence of sub-microscopic layers 
as in figure 9 A, while a curvature would be given as in neures.9.B andiC. sin 
addition, the observable secondary structure micro-layers could be the result 
of either the merging of platelets with surface curvatures, giving remnant small 
non-sharp steps, or the extended bunching of the fast moving fundamental layers, 
in the manner described by Frank (1958), after surface or edge nucleation, as 
indicated in the diagram of figure 9D. Both these last postulates would explain 
the diffuseness of the secondary structure lines as seen with phase contrast, 
why they do not improve in visibility with increased lateral magnification, and 
why attempts made to observe them with the high magnification and extended 
depth of focus of the electron microscope have so far failed. 


Bicure 9. [Illustration of surface changes on platelets due to possible sub-microscopic 
layers. 


Finally, one other observation is relevant to the above mentioned possibility. 
Under the conditions of the experiments that have been described, solitary single 
straight-sided platelets are quite often observed on the electrodeposits, although 
most common at the early plating times. These attain considerable heights 
above the average platelet level without any visible secondary structure on their 
surfaces, and are quite distinct from the surrounding deposit, as can be seen 
or the three examples shown in figure 6 (f) for a 15 minute deposit on specimen A. 
[he presence of sub-microscopic layers would seem to be a most likely explanation 
r the growth mechanisms (but not the initial development) of these particular 


latelets. 
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Proton-Proton Elastic Interactions at 930 Mev 
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Abstract. ‘Vhe elastic scattering of 930Mev protons by protons present in a 
propane bubble chamber is investigated. ‘The method of isolating elastic p—p 
events from background contaminations is discussed. An estimate is made of 
the scanning efficiency and the elastic cross section is found, from track length 
measurements, to be 21-6 + 2-5 mbn, in good agreement with the values obtained 
by other authors. The angular distribution of the scattered particles is also 
given and compared with the predictions of two high energy models. 


§ 1. INTRODUCTION 


URING an analysis of the interactions in a propane bubble chamber of 
930 Mev protons from the Birmingham proton synchrotron, some results 
have been obtained on p-p elastic scattering. 

Measurements of p—p elastic and differential cross sections near this energy 
have been performed by Duke et a/. (1955), Smith, McReynolds and Snow (1955) 
and more recently by Batson et al. (1959). With the exception of the latter 
results, the most significant information has been obtained for centre-of-mass 
angles greater than 30°. The measurements of Duke et al. were limited by poor 
statistics and those of Smith et al. involved a normalization to the results of Sutton 
et al. (1955) at 437 Mev. 

The present results supplement the existing information, and also illustrate 
the possibility of isolating free hydrogen events in a propane bubble chamber 
(Chretien et al. 1957). 

The experimental arrangement is shown in figure 1. A beam of 950 Mev 

“protons, energy selected by the fringing field of the synchrotron and focused by 
a quadrupole system, emerges through a lead collimator into the laboratory. A 
second lead collimator, placed close to the chamber, confines the tracks to the 
central region so as to reduce scattering from the walls. Because of energy 
losses, the mean energy of a proton producing an interaction in the propane is 
930 + 20 mev. 
_ The chamber has a useful volume of 9 in. x 3 in. x 24 in. About 5000 pairs 
of stereophotographs (stereoangle 16°) were scanned for events. The investiga- 
tion has been limited mainly to those events whose geometry could give unambig- 
uous information for their analysis. The p—p elastic events fall into this category, 
and can be selected with fairly high accuracy, the only limitation being due to 
errors in angular measurements. When possible, ranges and relative ionization 
densities have been used to derive auxiliary information. — 
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The coordinates of the events were measured on full-size reprojections, and 
the accuracy of a single coordinate measurement has been estimated to be to 
+0-2 mm. Scattering and azimuthal angles and their errors have been computed 
electronically. 

More detailed information about the experimental technique and the methods 
of analysis employed are given in a separate paper (Dowell, Frisken, Martelli 
and Musgrave, to be published). ‘The plate shows a typical p—p event. - 


§ 2. SELECTION OF EVENTS 


In elastic free p—p collision the trajectories are coplanar and the scattering | 
angles 6, and 0, (figure 2) satisfy the relativistic equation 


‘ 


E 
t 0, cot 0, = ~— Ro 
cot 8, cot aM (1) 


where E is the total energy of the system and M is the mass of the proton (all 
quantities are referred to the laboratory system). 
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_ (iii) ‘The angle « made by the incident particle with the plane containing the two 
scattered particles. This is given by 


_ sin 6, sin 6, sin(¢,— 42) 
sin xy 
These three quantities have been computed electronically for each event. 
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Figure 2. Relation between the scattering and the recoil angles in proton—proton elastic 
scattering at 930 mev. 


Mutghen of Events 
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was classified as elastic if the range of the recoil was consistent with an elastic 
interaction. In cases where both particles left the chamber, relative ionization 
measurements have been used to exclude meson events. Forty-one p—p elastic 
collisions have been found in this region. 

In the second group the accuracy does not vary appreciably with angle. 
Events which, within the ease errors, were found to be coplanar (the 
limits being approximately —3°<«<3°), were examined for angular correlation” 
(equation (1)). It was found that a limit of +4° for A@ would include more 
than 95%, of the events which could be elastic. The distribution in A@ for all 
coplanar events is shown in figure 3. A Gaussian curve has been extrapolated 
into the region A9<4°. To check the consistency of the method the distribution 
in « for all events with A@<4° has also been plotted, and gives substantially the 
same result (figure 3). In this way 124 events have been selected, out of a total _ 
of 162 possible elastic events. 


§ 3. SCANNING EFFICIENCY ] 


Events where the secondary tracks have large azimuthal angles may be missed, 
particularly if they occur when many other tracks are present. Figure 4+ shows 
azimuthal distributions of events in the various angular intervals (the interval 
0°—5° has not been plotted because of intrinsic inaccuracy in measuring the large 
recoil angle of the siow proton). Booth et al. (1958) found no significant 
asymmetry in the azimuthal distribution for clastic p—p scattering at this energy. 
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§ 4. Exastic Cross SECTION 
The elastic cross section has been found from track length measurements. 
To ensure that the total track length was accurately determined, only those 
photographs showing less than about 15 incident protons were used. A mean 
free path of 217-6 cm was found for two prong events on a total track length of 
311-15 m. The total number of events analysed in the experiment was 747, out 
of which 165 were elastic. 
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Figure 5. The proton-proton differential cross section at 930 Mev compared with that 
for the black disc model. 


The density of expanded propane at 60°c (the average working temperature) 
was taken to be 0-429 g cm~3, which gives a partial hydrogen density of 
0-078 gcm-*. The value obtained for the elastic cross section was thus. 
21-6+2-5mbn (the quoted error is the statistical uncertainty). This assumes. 

‘no scanning losses during the track length measurements. The angular distri- 
bution normalized to this cross section, and corrected for scanning inefficiency, 


is plotted in figure 5. 


§5. DiscussION OF RESULTS 

_. The value of 21-6 + 2-5 mbn obtained for the elastic cross section falls among 
those: found by other authors near this energy (Duke et al. 1955, Smith, 
‘McReynolds and Snow 1955, Batson etal. 1959). It should be noted, however, 
that the assumption that no scanning losses were present during this measurement, 
“may not be completely justified, and the value obtained might be as much as 10% 

‘too low. ber 
The angular distribution for angles greater than 30° is in good agreement with 
he results of Smith, McReynolds and Snow (1955) and Batson et al. (1959). 
owever the present values of the’ differential cross section for smaller angles 
e significantly lower than those found by the latter authors. _ y 
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If one treats the results in the black disc approximation (Fernbach, Serber 

and ‘Taylor 1949) with 

_ oeil Ji(kRsin @) |? 

ss caf a sin 6 
the best fit is obtained for a radius R=0-85 x 10-%cm, where RR=2:85 (cf. 
figure 5, curve A). This corresponds to a total cross section (o,=27R?) of — 
45mbn. A second curve (B) corresponding to the experimentally measured total 
cross section of 48 mbn (Chen, Leavitt and Shapiro 1956) is also shown for 
comparison. The contribution of Coulomb scattering has been evaluated 
using the say formula 


* [sin-#40 + cos 46—2 cos 46 sin~ $6 cos (27 Intan 46)] 


aie 1+ mga || area (2+ alae 


and is shown in figure 5 asa eriae curve added to curve B. 


o,(0)= 4, 4R2 
where (Breit 1955) 


© (0) Calculated 
$ Batson et al. (1959) 
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than the black disc, this provides strong evidence for the existence of an 
appreciable spin-orbit force at this energy. 
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Cross Sections for some (n, pn) Reactions with Heavy Nuclides 


By J. F. BARRY, R. F. COLEMAN, BoE. HAWKER anp J. L. PERKIN 
Atomic Weapons Research Establishment, Aldermaston, Berks. 
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Abstract. The (n, pn) cross sections of five heavy nuclides for 14-5 Mev neutrons 
have been measured using activation methods. The variation of both the (n, pn) 
and (n, p) cross sections of '**W with neutron energy in the range 13 to 22 Mey 
has also been investigated. 

All the cross sections found have been compared with those calculated using 
the direct-interaction theory of Brown and Muirhead. 


§ 1. INTRODUCTION 
r JHE understanding of the nature of (n,pn) and (n,np) reactions with 


medium or heavy weight target nuclides and neutrons of about 14 Mey 
is hampered by the lack of experimental evidence. 

The most probable mechanism for the (n,np) reaction involves the initial 
emission of a neutron either directly or from a compound nucleus, followed by 
the emission of a proton from the residual compound nucleus. ‘The emission 
of a proton in competition with the usually much higher probability of neutron 
emission under these conditions is only possible in special circumstances. These 
occur when the binding energy of the residual nucleus after neutron emission 
is greater for neutrons than for protons and its excitation energy is such that 
only proton or y-ray emission is possible. Allan (1958) examined the reaction 
®Cu(n, np)**Ni and March and Morton (1958) the reaction *4Fe(n, np)?Mn, 
both of which are examples of this type of mechanism. 

The most likely mechanism for the (n, pn) reaction consists of a direct (n, p) 
reaction followed by the emission of a neutron either directly or from the residual 
compound nucleus. Possible examples of this type of reaction were investigated 
by Cohen, Hyder and White (1956) who found upper limits for the (n, pn) 
cross sections of four nuclides for 14:5 Mev neutrons. No conclusions could 
be drawn from this work as these limits were higher than the values they 
calculated using both the statistical theory of the compound nucleus and the 
direct interaction theory of Austern, Butler and McManus (1953). 

In a recent experimental survey of (n, p) cross sections with heavy nuclides 
and 14:5mev neutrons, Coleman et al. (1959) had considerable success in 
predicting the cross sections measured with the direct (n, p) reaction theory of 
Brown and Muirhead (1957). This success encouraged the present authors 


to measure some (n, pn) cross sections and compare these with an extension of 
the same theory. 


§ 2, EXPERIMENTAL DETAILS 
2.1. Choice of Target Nuclides 


The choice of heavy target nuclides suitable for (n, pn) cross section measure 
ments by activation methods is severely limited. It was essential in every cas 
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to separate chemically the (n, pn) reaction products from the target material 
after irradiation in order to remove some of the activity of the products of other 
reactions with much higher cross sections. The (n, pn) product in this separated 
fraction must be such that it could not be formed by an (n, p) reaction with an 
isotope of the same target element. Its half-life should not only be convenient 
to measure but, because of the low levels of activity expected, should be a factor 
of at least three or four different from that of any other (n, p) or (n, pn) product 
produced. Only five nuclides were found to fulfil these requirements namely 
2Pd, 18Te, °Te, Ce and 18*W. Isotopically enriched target elements for 
three of these nuclides (!?8Te, !3°Te and ™2Ce) were used in order to reduce the 
intensity of the (n,p) products of the other isotopes present and thus increase 
the precision with which the (n, pn) product was counted. 

In the work described here the (n, pn) cross sections of these five nuclides. 
Were measured for 14-5 Mev neutrons. In addition, one of these nuclides was 
selected in order to measure the variation of the (n,pn) cross section in the 
neutron energy range 13-22mMeyv. 1'*W was chosen for this purpose because 
its (n, p) cross section could be measured conveniently by the same method and 
could be compared with the predictions of the direct interaction theory of Brown. 
and Muirhead. 


2.2. Neutron Irradiations 
2.2.1. Irradiations with 14-5 MeV neutrons. 


The (D, T) reaction was used to obtain neutrons in the energy range 13 to 
22Mev. For the 14:5Mev neutron cross section determinations a tritiated 
zirconium target was bombarded with 500kev deuterons. The neutron output 
was maintained at about 10?” per sec during the course of the irradiations. Samples 
for irradiation consisted of some 50mg of material sandwiched between 
aluminium discs and were placed close to the back of the tritium target. The 
27 Al(n,«)4Na reaction was used to monitor the neutron flux in this close 
position. In order to calibrate the *Na activity of the aluminium discs in terms 
of neutron flux, a separate experiment was performed in which the aluminium, 
discs were irradiated in positions of known geometry with respect to the tritium. 
target. The neutron output from this target was found by counting the 
associated «-particles from the (D,T) reaction. The accuracy of the flux 

_ determined in this way was estimated to be about os 


> 2.2. Irradiations with 13 to 22 MeV neutrons. 


The measurement of the (n,p) and (n, pn) cross sections of ®W over the 
energy range 13 to 22 Mev involved the positioning of the target material (tungsten. 
metal) at some distance from the tritium target to ensure some degree of neutron. 
energy resolution. This meant that the amount of target material had to be- 
increased to about 12g in order to obtain sufficient activity from the smaller 
neutron flux in this position. The weight of the aluminium discs for monitoring 
this flux also had to be increased for the same reason. Five of these were placed. 
at regular intervals throughout the target material which was packed into a 
‘cylindrical container 1-8 cm long and 1-6 cm in diameter. _In this way a value for 
the mean flux throughout the target material was obtained. 


‘ 
& 


' : t ’ 


‘Neutrons of 13 to 15 Mev were produced using the tritiated zirconium target. 


lready described. Neutrons of 17 to 22mev were obtained by increasing the 
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deuteron beam energy. Large beam currents and a tritium gas target had to be 
used however in order to obtain a sufficient yield of neutrons. It was found 
possible to use beams as high as 5 to 10a by cooling the nickel foil entrance 
window to the tritium cell. This was done with a double foil helium cooled 
window similar to that described by Nobles (1957). ‘The tungsten samples were 
irradiated a few centimetres from the gas cell and in the forward direction. The 
spread in energy of the neutrons passing through the sample was calculated 
from the angular distribution measurements for the (D,’'l’) reaction (Bame and 
Petty 957). 

Corrections were applied to the neutron fluxes calculated from the activities 
of the aluminium discs for the variation of the ?“Al(n,«)?+Na reaction cross 
section with neutron energy. The results of Mani, McCullum and Ferguson 
(to be published) for the neutron energy range 12 to 21 Mev were used. 


2.3. Chemical Separations and Counting Techniques 
2.3.1. Chemical yields and counting techniques. 


Standard techniques were used in the chemical separations performed on 
each target element examined. These are described briefly in §§ 2.3.2. to 2.3.5. 
With the exception of tungsten, the methods used to obtain the chemical yield 
and to count the reaction products were similar. ‘The final solution containing 
the separated reaction product was divided into two portions, one for the 
measurement of activity and the other for the determination of the chemical 
yield of the process. ‘his yield was determined by a suitable colorimetric or 
microtitration method. The activity of the solution was measured by evaporating 
on a 20ugcem * plastic film and counting in a 47 proportional counter. Since 
the source weighed less than 0-5 mg the correction for self-absorption of B-particles 
was, in all the cases examined, negligible compared with the other experimental 
errors. 


2.3.2. Palladium. 


The irradiated palladium was dissolved in aqua regia and 1 mg of rhodium 
and rutherium carriers was added. The rhodium was separated by passing a 
6M hydrochloric acid solution through an anion exchange column on to which 
the palladium and most of the ruthenium was absorbed. The remaining ruthenium 
was removed by evaporating to dryness with perchloric acid. Finally, the residue 
was dissolved in hydrochloric acid. 


2.3.3. Tellurium. 


The tellurium was dissolved in aqua regia and mixed with 1 mg of tin and 
antimony carriers. ‘The tellurium was separated by reducing it to the elemental 
state with sulphur dioxide and hydrazine. The antimony was then precipitated 
_ by hydrogen sulphide from a fluoride solution in which tin is strongly complexed. 


2.3.4. Cerium. ; 


The irradiated ceric oxide was dissolved in nitric acid with 1 mg of bale 
and lanthanum carriers. The cerium was extracted by methyl iso-butyl keton 
and the lanthanum precipitated from the aqueous solution as hydroxide. Th 
precipitate was then dissolved in dilute acid. 
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2.3.5. Tungsten. 


About 12 grammes of irradiated tungsten were dissolved rapidly in acid solution 
(3M sulphuric acid, 4M nitric acid and 6M hydrofluoric acid) containing a known 
quantity of 1*°'T’a tracer. ‘The tantalum was extracted with methyl iso-butyl 
ketone and then back extracted with a 6M sulphuric acid solution saturated with 
boric acid. ‘This volume of the solution was adjusted to 10 ml and transferred 
to a liquid Geiger counter. The decay of 18°Ta and 18°Ta the (n, p) and (n, pn) 
products of '**W was measured; background activity from the longer lived 
isotope '**T’a was subtracted and finally the residual activity due to the 182Ta 
tracer was counted. From the ratio of the activities of the tracer before and after 
separation the chemical yield was determined. 

The liquid counter was calibrated for Ta by standardizing a solution of 
i"'T'a using a 47 proportional counter and then counting portions of this solution 
in the liquid counter in exactly the same way as for the cross-section measurement. 
The counter was similarly standardized for 1*°Ta and 18¢Ta using nuclides of 
similar 8 energy, namely *?P and Y. 


§ 3. RESULTS AND DIscussION 
3.1. Experimental Results 


The values found for the five (n, pn) cross sections measured with 14:5 Mev 
neutrons are shown in table 1. In table 2 are the results obtained for the 
variation of the (n,p) and (n,pn) cross section of **W with neutron energy. 
These are also shown graphically in figure 2. 


Table 1. Cross Sections for (n, pn) Reactions with 14-5 + 0-4Mev Neutrons 


Cross section (mbn) 


Target 1 Experimental Calculated 
Nuclide Ovahien 7 21ast0-4 Beni49S 9 ANE. =15-0 
L0spq 10-04 4:0 £08 1's 2:5 
128°T'e — 9-89  0-33-£0-05 0-04 0-08 
130 Te 10-68  0-17£0-02 0-01 0-10 
12Ce Sigig7 1-0 0-2 0-08 0-20 
e8W ~ $-48 0-11 £0-05 0-02 0-05 


Table 2. Cross Sections for the Reactions 18°W/(n, p)!*°Ta and 18*W(n, pn)!*°Ta 


— Incident neutron 13-7 14:5 Ree ne re 1: 3 

energy E,, (Mev) +0-25 +0°3 sel aude ae tg) se ile 
Gp) ean 1040-2 1:4+0°3 2:3+0°5 9:64+2:0 14:5+4+3:0 13:64+2-7 
o (n,pn) (mbn) <0-04 0:11+0:05 0-34015 4:741:5 14643-0 17:143-0 


Eee ee eS So ee te ee. ee 


3.2. Calculation of the (n,p) and (n, pn) Reaction Cross Sections 
The calculated cross sections shown in both the tables and figure 2 were 
obtained using the direct (n, p) reaction theory of Brown and Muirhead (1957). 
With this theory an energy spectrum for the emitted protons can be obtained 
‘or any given target nuclide and incident neutron energy (see example in figure 1). 
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Each spectrum has a high energy peak and extends to a maximum energy of 
Ey + O where Ey is the energy of the incident neutron and Q is the energy released 
in the reaction. ‘To calculate direct (n,p) cross sections a low energy cut-off 
of magnitude En—q must be imposed, where q is the binding energy of the last 
proton in the target nucleus. This ensures that the residual nucleus after proton 
emission is not left with sufficient excitation to emit a further neutron either 
directly or later on from a compound nucleus if formed. 

To calculate direct (n, pn) cross sections only the protons emitted with energies 
less than E,—g were taken into account. A second low energy limit to exclude 
those protons with sufficiently low energy to make possible (n, p2n) reactions 
was applied to the spectra calculated for the higher neutron energies investigated. 
The fractions of the proton spectrum found below this second limit were, however, 
very small. 
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Figure 1. Calculated energy spectra Figure 2. The variation of the 
of protons from the _ reactions cross sections for the reactions 
186W(n,p)1®°Ta and 18 SW (n,pn)!® 5ST a 186W(n,p)?® 8'T'g and 186W(n, pn)!®T'a 
for incident neutrons of : A, 15 Mev, with neutron energy. The broken 
and B, 22 mev. Protons in the curves show the predicted variation 
shaded areas are from (n, p) reac- of : A, the (n, p), and B, the (n, pn) 
tions. ‘Those in unshaded areas cross sections using direct inter- 
are from (n, pn) reactions. action theory. 


Although the emission of a second proton from the residual compound nucleus 
can be neglected under the present conditions, there is still the possibility that 
a second proton could be emitted directly with the first, and this would invalidate 

the (n,pn) cross section calculations made. Brown and Muirhead have 
investigated the probability of direct emissions from second collisions of the 
incident neutron and have found this to be negligible: 


Sos Comparison of the rene and Pheoreiteat Coe Sections 
A comparison between the experimental and theoretical results can be made 
if it is assumed that the cross sections measured are in fact due solely to (n, pn) 
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reactions. ‘The activation method of detection used cannot of course distinguish 
between (n, pn), (n, np) or (n,d) reactions. 

From the results for the variation of the cross section of the OW (ne pin) La 
reaction with neutron energy it can be seen that the cross sections measured in 
the region of 14:5 Mev are very dependent on neutron energy. ‘l'hese remarks 
will also apply to the other four (n, pn) reactions measured at this neutron energy 
as they have similar thresholds. The calculated values in tables 1 and 2 show a 
similar dependence and are very sensitive to the magnitude assumed in the theory 
for the penetrability of protons through the nuclear boundary. 

In these circumstances therefore the agreement between experiment and 
theory can be taken as satisfactory. The agreement is almost as good as that 
obtained for direct (n, p) reaction cross sections by Coleman ef al. (1959) using 
the same theory. 

The results for both the (n, p) and (n, pn) cross sections for !8*W represent 
a much more comprehensive test of this theory. In figure 2 the calculated 
excitation functions for these cross sections have the same general shape as that 
found experimentally although the absolute values are too low by a factor of 
three or four. ‘The neutron energy at which the two cross sections become equal 
is predicted correctly and the calculated ratio of the two cross sections in the 
energy region where they are varying more slowly agrees with the experimental 
results to within 50%. ‘Thus within the limits of experimental error and the 
simplifications made in the theory, the (n,p) and (n, pn) cross sections. found 
are consistent with the direct mechanism envisaged by Brown and Muirhead. 
The possibility however that some of the activity attributed to (n, pn) reactions 
was in fact due to (n,np) or (n,d) reactions, cannot be excluded. 


3.4. Possible (n, np) Reactions 


Although the cross section for the initial stage of the (n, np) reaction is three 
orders of magnitude greater than that for the (n,pn) reactions studied, the 
emission from the compound nucleus of the proton in the second stage is about 
five orders of magnitude less likely than neutron emission. ‘The contribution 
to the measured cross sections by (n,np) reactions should therefore be small. 


a 3.5. Possible (n,d) Reactions 


¢ It has not been found possible to calculate the magnitude of the cross section 
_ of (n, d) reactions which could occur in the present experiments. Some indirect 
estimate of this magnitude can be obtained however from the published data 
_ for (p, pn) and (p, d) reactions. . 

Cohen et al. (1954 and 1958) found that the (p, pn) and (p, d) cross sections 
for heavy nuclides and 23 Mev protons are of the order of 60 and 30 mbn 
respectively. These results can be compared with the value of approximately 
30mbn found in the present work for the (n, pn)(+ (n, d)) cross section for 
186\W and neutrons of the same energy. This comparison is possible because 
he thresholds for these reactions and the penetrabilities of the coulomb barriers 
‘or the different incident particles are similar. : 

Preliminary calculations using Brown and Muirhead’s theory have shown 
hat the ratio of the (p,pn) to (n, pn) cross sections just quoted should be 
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approximately 2. This suggests that the contribution,to the measured (n, pn) 
cross sections by (n, d) reactions is small. 
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RESEARCH NOTES 


Flame Spectra: the Effect of Deuteration on the Hydrocarbon 
Flame Bands 


By G. N. SPOKES anp A. G. GAYDON 


Chemical Engineering Department, Imperial College, London 
MS. recetved 1st Fuly 1959 


§$ 1. INTRODUCTION 


HE hydrocarbon flame bands are a system of bands extending from 24004 
| to 4000A found in the emission spectrum of flames of all hydrocarbons. 
‘They were first studied in detail by Vaidya (1934), who suggested that the 
emitter was the molecule HCO. Various other emitters have been proposed, 
including CH, (Bell1937) and CH. OH (Smith1940). The excitation of the bands 
in the fluorescence spectrum of formaldehyde subjected to very short wave ultra- 
violet radiation (Dyne and Style 1947) indicates that the emitter must be either 
HCO or formaldehyde. Vaidya (1951) has studied the isotope shift when deu- 
terium is substituted for hydrogen. That there is a shift shows that there must 
be at least one hydrogen atom in the molecule responsible for the bands. Ramsay 
(1953) and Herzberg and Ramsay (1956) have obtained in absorption quite a 
different band system which is also attributed to the HCO molecule. This 
absorption is found at AA 6138-2 and 5624-1 A when glyoxal, aldehydes and formates 
are flash photolysed. Detection of absorption in the region of the main hydro- 
carbon flame bands has not been possible because the parent compound usually 
absorbs strongly at these wavelengths. 

One of us (Gaydon 1957) has reported that flames of acetylene mixed with 
deutero-acetylene showed much overlapping band structure which appeared to 
be merely a superposition of the bands obtained with acetylene alone and deutero- 
acetylenealone. This observation would seem to indicate that only one hydrogen 
atom is present in the emitter of the flame bands. Confirmation of this, however, 
was needed and we have now studied flames of mixtures of deuterated, undeuter- 

~ ated and partly deuterated acetylenes. 


§ 2. EXPERIMENTAL 


Flames of very rich mixtures of various fuels (Spokes 1959) have been found to 
give clear strong hydrocarbon flame bands without the so-called B bands (Vaidya 
1934). The absence of the B bands leads to clarity in the appearance of the 
spectrum which makes observation and measurement easier. ‘The intensity of 
emission from these rich flames is, however, low, making exposure times for the 

deuterated mixtures prohibitively long. Hornbeck and Herman (1951, 1954) 

have described a burner for running flames at low temperatures, which gives strong 

emission without B bands. We have used a similar burner; an alumina tube, 
6inches long and of 1 inch diameter, was used, the end being heated by a bunsen 
burner. Air was used in place of oxygen, and the fuel-oxygen ratio was 
consequently higher than in the experiments of Hornbeck andHerman. Fueland 
air flows were about 30cm? sec~! and 1000 cm® sec“ respectively. 
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With a Hilger E517 quartz Raman spectrograph, it was possible to obtain a good 
spectrum in the region 2400-2700 A in three minutes on Ilford Zenith plates. The 
resolving power of the spectrograph is quite good in this region (about 15 000) 
and the isotope shift is easily seen. Interference from other molecular spectra is 
not serious at these wavelengths, although very weak OH 2608 A emission has been 
noted on some plates. 

The various mixtures of acetylenes were made by adding carefully a mixture 
of water and heavy water to calcium carbide of commercial quality. ‘The gas, 
which appeared to be of adequate purity to give the usual spectrum, was collected 
in a rubber bag. 

Acetylenes were prepared from the following mixtures of water and heavy 
water: (a) H,O alone, (6) 2 H,O : D,O, (c) H,O :2 D,O, (d) D,O alone. 


§ 3. RESULTS 


If a molecule containing more than one hydrogen atom were responsible for 
the hydrocarbon flame bands, a new system of bands would appear in the spectra 
of flames of acetylenes produced by mixtures (b) and (c). No such new system 
has been observed. The spectra of the mixtures (b) and (c) are found to be a 
superposition of hydrocarbon and deuterocarbon flame bands with approximately 
correct intensities. Vaidya’s assignment of the hydrocarbon flame bands to the 
HCO radical is thus strongly supported. Formaldehyde which contains two 
hydrogen atoms is eliminated. 

Prints of the spectra are shown in the plate. Shading has been necessary in 
the printing process, and this has resulted in some unevenness of reproduction. 
All negatives are considerably more dense at about 2700 A than at about 24004. 

Long exposures (up to one hour) on the flame, using ultra-violet sensitive 
plates. (Ilford Q2) showed some bands of the Fourth Positive system of CO 
between AA 2337:9A and 2173-04. It is rather surprising that a spectrum 
requiring an excitation energy of over 8ev should occur in a relatively low 
temperature flame. 


§ 4. A PossiBLE ARRAY FOR THE DCO SysTEM 


We have measured a few additional bands of the DCO system and, using these, 
together with more accurately measured bands observed on larger dispersion by 
Hornbeck and Herman, we have arranged most of the strong bands into the 
vibrational array shown in the table. A few other fragments of arrays using the 
same intervals have been formed, but their relation to the main array is uncertain. 


Vibrational Array for DCO Bands 


v 
0 33158 31340 29535 27752 25973 24230. 

975 1818 997 1805 993 1783 981 1779 986 1743 968 ; 
2h 34133 Janae 30528 28733 26959 25198 
, 1796 944 eae 953 1795 962 1774 966 1761 952 | 
i 33278 31481 29695 27925 26150 24395, 
1786 963 1770 953 1775 967 1755 96 ? 
é 30658 1780 28878 1761 27117 1759 a 
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The vibrational intervals of around 1800 and 980 em=1 presumably correspond 
to the C=O vibration in the lower and upper states, and are similar, allowing for 
anharmonic terms, to the intervals in the formula given by Vaidya (1951), but the 
actual arrangement of bands in the array appears to be different. 

For HCO the main array uses only slightly larger vibrational intervals. With- 
out knowing the other vibrational frequencies and their isotopic shift, it is not 
possible to use the present data definitely to assign an origin to the band system 
or to assign values of v” with certainty. 
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purposes has been mainly in the production of interference devices and few 
attempts have been made to measure instability or ageing after the films are 
prepared. However, recently this instability has acquired great importance due to 
_ effects such as the shift of the predetermined position of the pass band of an inter- 
ference filter and broadening of the band. mg 
Magnesium fluoride films have been observed to age (Greenland and Billington 
1950) but zinc sulphide films have been found to be very stable to within one unit 
of the second decimal place of the refractive index (Hall and Ferguson 1955), 
_and it has been suggested that the instability of a system of MgF, and ZnS films 
such as the all-dielectric interference filter is due to the irregular instability of the 
_ former. eF 
To investigate possible changes in ZnS films, it is necessary to use a very 
sensitive method of measurement, as the changes are apparently so small, the 
pparatus, described elsewhere in detail (Lee Sang Soo 1959), isa modified form of 
Rayleigh refractometer with photoelectric detection. It measures the difference 
in phase between light transmitted through the film under test and through ue 
+t Now at College of Liberal Arts and Sciences, Seoul National University, Republic 
f Korea. a0 
PROC. PHYS. SOC. LXXIV, 5 
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same geometrical thickness of air, with a probable deviation of about + A/7000, by 
detecting the amplitude of the fundamental frequency component introduced to 
the system by oscillating the double slit Fraunhofer diffraction pattern in a small 
amplitude of the order of one-tenth of a fringe, which makes the expansion to a 
Taylor series possible. 

“The samples of ZnS used in the present investigation are as follows : 


Material Impurity (%) Producer 
A 0-004 (0-001 % of each of Sn, Mg, Siand Mn) Levy and West Ltd. 
B 0-16 (0:04°% of each of Sn, Mg, Siand Cd) Levy and West Ltd. 


C 2:5 (0:5% of each of Ca, Mg, Cd, Mnand Pb) Hopkin and Williams Ltd. 


and the analytical data are to be found in Musset’s thesis (1957). 

Throughout the present investigation the specimens were all prepared under 
the same optimum conditions found after repeated trials so as to eliminate any 
differences between specimens, namely the speed of the deposit was approximately 


(a) 


Phase Difference (degrees) 


| deli SER tei eo 
ne 5 rs 


3 
Days 


The ageing effect of ZnS impurity 0-004 % (optical thickness of the film ~)/2). 


90 A min“! which is near to Rood’s suggestion of 100 Amin! and the material 
charged in the molybdenum boat was thoroughly baked before evaporation, 
following Hall and Ferguson’s (1955) report. No specimen developed the 
common defects in ZnS films which are a milky bloom and spots. The thickness 
of the film was controlled visually by observing the sequence of interference 
colours and A/2 thickness was used to obtain equal amplitudes on the two slits of 
the interferometer; otherwise some disadvantages occur in measurement. ~ 

The results which follow were all obtained with a probable deviation in each 
measurement of less than + 0-15 degree from at least five complete measurements, 
__ and during the period of a series of measurements for about a week, the film under 

test was kept in position in the apparatus to eliminate possible error due to 

resetting. 

The phase differences were measured in degrees and the results from materi 
A, the purest one, are given in the figure, the points being obtained in most c 
at intervals of a day. Graph (a) shows features which are typical of all experi 
ments, the initial rise and then gradual drop to a final value near to the initial valu 


3 
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Graph (6) is from another specimen of the same material and additional points 
were taken in the first two days in which the curve varies most significantly 
according to the smooth curve. It can be seen that corresponding points of (a) 
and (b) agree well. The results from materials B and C gave similar but more 
pronounced peaks and results obtained are summarized as follows : 


Material A B CG 
Impurity (%) 0-004 0-16 Aide, 
Main peak occurs after (days) 1 14 24 
Total ageing period (days) 5 to 6 6 to7 8 
Height of the peak (degrees) 0-9 1-7 40) 
Slow hump for (days) 3 34 - 


From this table it is seen immediately that the ageing effect increases with the 


increasing impurity, but itis by no means simply related to the original impurity of 


the material evaporated. This may suggest that the well-known decomposition 
and hydrolysis of zinc sulphide during the progress of evaporation must be taken 
into account in clarifying the ageing effect of the film. 
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understood. Difficulties arise, however, in the case of semiconductors 
te with low mobility as has been pointed out on various occasions by 
A. F. Joffé (e.g. Joffé 1956). In the present note we shall show that the usual 
theory actually is invalid in these cases, and we shall give a qualitative survey 
of the modes of conduction in such semiconductors. According to Joffé, typical 
values for mean free path / and velocity v according to the usual theory would 
be 10-9cmsec—! and 10-7 cmsec~ respectively, values which, as he emphasizes, 
are incompatible with Heisenberg’s uncertainty relation. This argument must 
be somewhat modified because the above value for v is obtained from a mean 
kinetic energy 3k7/2 (T=temperature) on the assumption that the effective: 
nass m* is equal to the electronic mass m. Also since » and not / is normally 
aie 


} (nds conduction in semiconductors with high mobility p is well 
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measured, the requirements of the uncertainty relation in the usual semiconductor 
theory (assuming absence of degeneracy) can be expressed as 


3 h eh 
RE > = Se ee A lt sine ae 1 
2 Tr (1) 
where t=//v is the relaxation time, #/7 the energy uncertainty and 
perf ee (2) 


Express » in cm?sec-ty~!; then (1) implies that 
mM i 20 €% wlth 20300 


m ~ 3300mkTu gw T 


Joffé’s values for / and wv correspond to 


peo 10=Lem-* sees vat: 

Inequality (3) appears in the first place as a condition which the effective mass 
must satisfy in order to permit discussion of semiconductors in terms of the 
conventional theory. However, equations (1) and (2) are correct only if m*/m 
is not too large. Large values of m*/m entail narrow bands and the usual theory 
breaks down whenever the band width W is less than k@ (6 = Debye temperature). 
For remembering that v=(1/#)(d0E(K)/oK) is the velocity of a state of wave 
vector K and band energy E(K), the maximum velocity in a band is of the order 


0 VS RE ee eee (4) 
where s is the velocity of sound and a the lattice distance. Whenever 
Deepens, ee A ee (5) 


then absorption or emission of single acoustic phonons becomes impossible in 
view of energy and wave vector conservation. In this case, therefore, the usual 
xT? law becomes invalid. Furthermore, equation (2) also breaks down. 
For on the assumption of an appropriate scattering mechanism described by a 
relaxation time 7(K), the current density j in the say 7 direction is in the usual 


way obtained as 
a er ok \*. of mene 
e ral (3x) han Oe 


= oa Srv Mose asc (6) 


where F is the field, f the (Maxwell) distribution and m the number density of 
electrons. ‘The bar indicates appropriate averaging. Thus 
_ ervz ster aa" 


are e Peta yt ee ey | (7) 


provided W<kT, because then v* is of the order v,,,,2.__In this case the uncertainty 
relation requires W>h/7z, or a 

2 > 

aes CREAT SRD Th, aa (8) 

Before discussing a number of modes of scattering we wish to point out 

_ that very narrow bands are well feasible in particular in dealing with substances 

such as oxides where atomic wave functions tend to overlap relatively littl 

In the first place through application of Bloch’s tight binding approximatio 

this would not lead to a drastic reduction of band width. It is necessary, howev 

to consider displacement of ions due to localized wave functions and hence 

include in the overlap integrals not only electronic but also ionic contribution 
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The latter may lead to a very drastic reduction of band width. Details of this 
have been worked out by Sewell (1958) after a sketch by Frohlich (1957) where 
it is shown that occurrence of dielectric loss of the Debye type due to electrons 
(observed in oxides and similar substances) can be understood only in terms of 
very small overlap integrals corresponding to extremely narrow bands. This 
latter thus provides some experimental evidence for very high effective mass. 

In discussing now modes of scattering in bands whose width W is less than 
RT it will first be observed that electrons can in this case be represented by nearly 
localized wave packets. Nevertheless, for some purposes it is useful to employ 
extended wave functions. In considering first scattering by impurities it is 
important to realize that perturbation theory cannot be employed because in 
general W will be small compared with the magnitude of the potential of the 
impurity. Short range repulsive potentials will normally lead to a scattering 
cross section A of the order of the geometrical cross section because of the 
relatively large wave vectors of the electrons (order z/a). This leads to a mean 
free path of the order 1/Anj, nj being the number density of impurities. Since 
the velocity is of the order v,,,,, equation (4), we find the mobility py; from 


equation (7), ee 
at ET ina Ane 9.” heel gectierneene worl Ie Pusescls.cxca: we 
It will be noticed that condition (8) holds provided ; < 1/Aa, a trivial condition. 
In turning now to scattering by lattice vibrations, again it is of importance to. 
realize that it would be wrong to treat the electron-phonon interaction as 
perturbation. Instead use can be made of the narrowness of the bands which 
permits the lattice displacements to follow the electronic motion in a nearly 
adiabatic way. Starting, for example, from localized electronic wave functions 
for which interactions with lattice displacements can be treated in a nearly exact 
way (cf. Sewell 1958) the remaining energy terms lead to electronic transitions 
to neighbouring sites. The matrix elements for these can be classified according 
to the change in phonon quantum numbers connected with such transitions ; 
no change leads simply to formation of the band as indicated above. ‘To deal 
with a more definite model we shall assume that interaction with optical modes 
is principally responsible for the reduction of the band width to W. Matrix 
elements for emission and absorption of acoustic phonons are then found 
_ proportional to W but in contrast to the case of wide bands they may even in first 
4 order involve more than one phonon. For a z-phonon process they are found 
“proportional to g* where the important factor g is the ratio of two lengths: 
the acoustic mode contribution to the displacement of an ion through an electron 
on a neighbouring site, and the magnitude of the ion’s zero point displacement. 
By appropriate summations these matrix elements can be coordinated to extended 
wave functions, but this concept is useful only if g<1 (unless T’<@) because 
otherwise electronic jumps connected with phonon processes become more 
important than those without. For g<1 then, since single-phonon processes 
are prohibited by energy-wave vector conservation, the main contribution arises 
from two-phonon (absorption of a phonon with wave vector w,, quantuin number 


; emission of a phonon wW., mz) process. ‘These matrix elements are found of 


he order 


iM x, Weea(woye0904(1 +-ny))2 earsiy 


there N is the total number of atoms. For T'>8, L.€. m0 Ly L+ng0 T, these 
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processes occur with a probability proportional to W?7?. Equation (7) then 
shows that the corresponding mobility ,, becomes proportional to T'~*, but is 
independent of W, 

CAA, ONS tert s 

ie = a(z) al er ekg 40 CAAA om oe. (11) 

hg\i 
For 7’<6 the cube has to be replaced by the eighth power but impurity scattering 
will then be predominant. 

The above case is realized when interaction with acoustic modes is relatively 
weak (g<1) but when interaction with optical modes is sufficiently strong to 
reduce the band width to W<k@ so that the usual 7~* law becomes invalid. 
At T=6, equation (11) leads to 4, >1cm?sec-!v— (using a~3 x 10% cm), and 
comparison with condition (8) shows that no contradiction with the uncertainty 
relation arises. Note that g=4 would lead to p,~ 300. 

Quite a number of cases have been reported in the experimental literature 
which might find their explanation in terms of equation (11). ‘Thus Joffé (1957) 
and Putley (1952) find for PbTe, PbSe, or PS either a T~* or a T~*? law. It 
must be pointed out that the experiments do not always permit a clear distinction 
between the two; also impurity scattering is probably not negligible so that the 
T- law should be approached for rather pure samples only. 

It is evident now that empirical values of ; below or of the order of 
1cm?sec-!v-! must correspond to the case of strong interaction with acoustic 
phonons, i.e. g>1. At sufficiently high temperatures scattering by optical modes 
may also become important. As mentioned above the use of extended wave 
functions is not a useful concept in this case, except for very low temperatures, 
because the jumping of a localized electron to a neighbouring site will almost 
certainly be accompanied by multi-phonon processes (most likely an equal 
number of absorptions and emission involving very little energy change). We 
have so far considered this jumping conductivity only for two-phonon processes 
where it leads to a mobility 


ea fW\* 
‘ie = (a) : G) 250 wlocnie ahaa eel (12) 


This type of conduction—i.e. transfer of an electron from a lattice site to its 
neighbour with the help of lattice vibrations—does of course exist even if g<1. 
In this case it leads however to currents which are smaller by a factor 
g°(W/k@)? <1 than the usual conduction currents, and therefore are negligible. 
Clearly this is reversed when g is sufficiently larger than unity. In this case, 
however, two-phonon processes are probably negligible compared with multi- 
phonon processes and a new approach is therefore preferable. It seems likely 
that such multi-phonon processes essentially can be described in terms of thermal 
fluctuations leading to temporary reductions of the potential barrier surrounding | 
a localized electron and hence to a mobility which increases strongly with 
_ temperature. In this event Fe,O, and NiO might provide examples for Morin 
(1954) found here mobilities which increase strongly with temperature but are 
always well below 1cm?sec-!y-—1. 


2 


REFERENCES 
Frou.icu, H., 1957, Arch. Sci., Genéve, 10, 5. 
Jorré, A. F., 1956, Proceedings of the International Conference on Electron Transport, Cana 
F. Phys., 34, 1393. 
— 1957, Semiconductor Thermoelements and Thermoelectric Cooling (Lon 
Infosearch), pp. 140-141. 


U 


Research Notes 647 


Morw, F. J., 1954, Phys. Rev., 93, 1195, 1199, 
Putiey, E. H., 1952, Proc. Phys. Soc. B, 65, 388. 
SEWELL, G. L., 1958, Phil. Mag., 36, 1361. 


A Strong Absorption System in Type I Diamonds 
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types of diamond, Type II having a transparency in the ultra-violet down 
to 2250A compared with about 30004 in Type I. 

Nayar (1942) showed that there is no complete cut-off at 30004 in the 
spectrum transmitted by the Type I variety and that the cut-off could be extended 
progressively towards shorter wavelengths by reducing the thickness of the 
specimen. It was subsequently shown by Custers and Raal (1957) that, if 
sufficiently thin specimens are employed, Type I diamonds can be made to 
transmit down to 2220A which is also the limit for Type II diamonds. They 
concluded, in agreement with other investigators, that this limit constitutes the 
fundamental absorption edge of diamond. In Type I diamonds a secondary 
absorption edge is superimposed on this fundamental absorption which, according 
to Kaiser and Bond (work being published) is due in a large measure to the 
presence of nitrogen as an impurity in substitutional sites in these particular 
diamonds. 

Clark, Ditchburn and Dyer (1956) made a very thorough study of the 
absorption spectra of diamonds. ‘Type II diamonds were shown to have no 
sharp absorption bands and little change was observed on varying the temperature. 

Type I diamonds, on the other hand, exhibit eight distinct sets of absorption 
bands which are numbered N,, N,...Ng. It was shown by the authors that a 
definite correlation exists between certain sets of bands and they suggested that 
the natural absorption bands of Type I diamonds be classified as: 

_ Group A, consisting of N;, Ng, N;, Ng and the secondary absorption edge ; 
Group B, composed of N,, Ng and Ny. 

Group A bands are strongly temperature dependent while Group B bands 
are quite sharp even at room temperature. Also Group A bands do not appear 
to have systems of ancillary lines similar to those associated with the principal 

_ bands of Group B from which it was concluded that two independent absorption 
centres A and B are responsible for the absorption bands observed in Type I 
diamonds. 

The region below 3000A was not explored by them although the existence 
of a band located at about 2355 A was established for one diamond of intermediate 
type. This band, as well as one at approximately 2300 A, was first observed by 
Robertson et al. (1934) and later confirmed by Bai (1944) and Ramanathan (1946). 
It was suggested by the last two workers that the intensity and breadth of the 
bands are directly correlated with the intensity of luminescence of the diamond, 
.e. the Ng absorption band system since, as was shown by Dyer and Matthews 


Rivece Fox and MARTIN (1934) suggested the existence of two 
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(1958), the fluorescence emission spectrum at 4150 A for diamond is approximately 
the mirror image of the absorption band system at this wavelength. Champion 
and Humphreys (1957) contradicted the existence of any such correlation. The 
present experiments were done to verify the existence of these bands by a different 
method and to find out if any correlation with the known ‘Type I band systems 
exists. 
Very thin parallel-sided slabs of Type I diamond were necessary for th 
investigation since only with these could the transmission be extended beyond 
the required wavelength. ‘To obtain these thin plates presented a major experi- 
mental obstacle since, whereas Type II diamonds can be cleaved readily into 


thin plates, T'ype I diamonds, not being laminar, are inclined to shatter and — 


give pieces with curved surfaces quite unsuitable for optical work. Several thin 


parallel-sided plates varying in thickness from 0-04 mm to 0-50 mm were finally — 


obtained by means of a special polishing process. 

Light absorption measurements were made at room temperature on an adapted 
model DU Beckman spectrophotometer. The instrument has wavelength settings 
reproducible to 0:5 Ain the ultra-violet region and great accuracy could be obtained 
by using the most sensitive range of the instrument. The thin plates were used for 
measurements up to 3000A but, beyond this, slabs of about 1 mm thickness 
were used to increase the accuracy of the measurements. 
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school (Bai 1944, Ramanathan 1946). Comparison of the integrated areas of 
these bands revealed that they bear a constant ratio to each other even though the 
absolute values differ over a wide margin from specimen to specimen. It is 
reasonable to assume, therefore, that they belong to one and the same system 
which we shall designate Ng. 

In figure 2 the N, band system which is associated with the fluorescence of 
diamond is depicted for F,, F, and F, respectively. F, and F, are strongly blue 
fluorescent while F; fluoresces blue only weakly. The bands at about 3840, 3940, 
4030 and 4150A which form the greater part of the N, system are clearly in 
evidence. Measurements of the integrated areas between the continuum (dotted 
lines) and the N, and N, band systems are consistent with the existence of 
correlation between these systems. The ratio of the strength of N, to that of N, 
is approximately 2:1 and N, thereby constitutes the strongest natural absorption 
band system found in Type I diamonds to date. 
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generated by the three elements 7;, enables one to express any 2x2 

matrix as a linear combination of the elements of this algebra. 
‘Similarly, 4x4 matrices can be decomposed in terms of the sixteen-element 
- Dirac algebra which is generated by the four Dirac matrices y,. 

In the following we shall develop an algebra which allows the expansion of 
‘any 3x3 matrix. Such a device can be useful for many physical applications ; 
the problem which has actually led us to develop this method is that of the 
decomposition of the correlation matrix of an arbitrary electromagnetic field. 
(Roman 1959). oe 
The familiar analogue (see, for example, Votruba 1951) of the Pauli spin. 
natrices for the case of spin one is, in a suitable representation, 


A s is well known, the four-element Pauli algebra 1, 7,, 7), 73, which is. 
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These satisfy the angular momentum commutations relations 
£ Coen bobs Sie AN ClY, oi aks leetedeek bas (2) 


and their eigenvalues are +1, 0, —1. It has long been known that, besides (2), 
they also satisfy the Kemmer relations 


EEE + FF cSi= S18 t+ 84% » (,Rk=1,2,3), soe (3) 

Using these relations, it can be seen that the three elements €, (¢=1, 2, 3) 
generate a 35-element algebra. ‘This ‘three-dimensional’ Kemmer algebra has — 

been discussed, with all other Kemmer algebras, in a paper by Kemmer (1943). 

The algebra is semi-simple, and has four commuting elements. Hence, from 

the generalized theorem of Frobenius and Schur, which states that 

Nn=n+n?+...+7,”, 
where 7 is the number of elements, r the number of commuting elements, and m, _ 

the dimension of the sth irreducible representation, it follows that the algebra 

in question has four inequivalent irreducible representations of dimension 
1, 3,3 and4 respectively. One of the two three-dimensional ‘twin representations’ | 
for the generating elements is given by (1); the other differs only in sign. . 
Both the three- and four-dimensional representations have been used 
extensively in problems connected with the isobaric properties of elementary 
particles (see, for example, Votruba 1951, Votruba and Lokaji¢ek 1958). 
It is clear that any 3 x 3 matrix can be decomposed into a linear combination 
of the 35 elements generated by the three 3 x 3 matrices €; or —€;. We search 
for a ‘minimal algebra’, however, which serves the same purpose. This algebra 
must consist of nine ga To find it, consider ira three matrices 


= fy = (+22), se ed a 5 (E. ers ny seh sin Ge) 


By aoe calculation we find that the linearly independent products which c 
be formed of these three generators are 


eo 2=0,, re 0203= 05, = 0103= Og 0:2=07, 7 032= 0g. 
All other double (and, consequently, all other higher order) products 
expressed as linear combinations of the 3 x 3 unit matrix and the eight m 
Cis dwg Oy, ~Thus, we have arrive: Sue aes Ua = ee 
ies fase (mapa ot = bate 0 eats serait: 7; ried 


) 


fs " 
= \( 
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We notice that this algebra has only one element which commutes with all 
others, namely the unit matrix oy. Further, by applying the criterion det G40, 
where G=(G,,)=Tr (c4o,) (see, for example, Kemmer 1939), we find that 
this algebra is semi-simple. Consequently, by the above-mentioned theorem 
of Frobenius and Schur, the algebra has just one irreducible representation and 
this is a three-dimensional one. Therefore, up to equivalence, the representation 
(5) is unique. 

; It is, however, useful to find a Hermitian representation. This can be 
obtained by constructing the linear combinations 


Po=% Pi=%), P2= (o2+ 05), P3=1(0— 03), Pa=%a 


Ps=(95+06), ps=t(o;—96), pr= (o,+¢5), pg=t(o,—<a,). 
_ Explicitly, we have 


| Wey gt eet Us sr RP 
ee Ye bees Os reer lO oO: Osha5. acpys fee Le we Omuaelel, 
Daa Oa) 0 0-1 Oy lane 
Owes See ey Toe yc Oe 0 
Reais Olea dis eo pyeclOs lt hOd yon ings 0 sya Orth ph shee, (6) 
0 e438 0 QUO Kal 0-1 0 
Goode 0 pacers i MOP et 
eh Oe aD mt 50s pee ADs Wa Orlse pg=iil: On 10 95.0 
Pratl 1 TELO -i 0 0 


Clearly, any 3x3 matrix A=(a,,) can be decomposed by our algebra into 
the form ? 7 


j 8 
Baers A eis Leaen ote (7) 
Gru : a=0 ; 
For the nine coefficients r,, we find: 
se 1 
a” 10 = 422) a 4 “<h ute! et >4 r 
~ - > . : oe 
ew rade se ior geein ape TA Teed 
Bacon par 12= 3 (a1 + 442); ; b 2h gts aS 


7 eeric ee i", i, stig’ t t MA, Fete ket : ad bs ‘ Af i aD. 2 
7 eager . ar : / \ \ >}*)} P's : i a aoe —. ; 
Fe ari, Le Lec 4are: ha Ta 5 (41 = ia) abe ibe Hey ab : ‘hal i, ai gh 

a ae ae Te pe ita £} ei ato" aye % 


4 me 9s © Me 
=) 


cin ae 
ss a = g f 


” 


eatin (8), Nees sh” 
proms oii q ; Fa i “ 
ee of 4 are vite Tae 

, aed artis eee 
| Part a " -\ a 
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~~ 


_ Castillejo and Singh (1959) and Sawicki and Watanabe (1959). 
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Nucleon Polarization from Charge-exchange Reactions in Deuterium 
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Communicated by W. M. Lomer; MS. received 3rd Fune 1959 


forward direction (8@=0) from high-energy d(p,n) reactions when the 

incident protons are polarized, and the polarization at small angles when 
the incident beam is unpolarized. Our results apply equally to the ‘mirror’ 
reaction d(n,p). The impulse approximation (Chew 1950, 1951, Chew and 
Wick 1952) is used, neglecting multiple scattering, to relate these effects to 
nucleon-nucleon phase shifts.| Numerical examples are given for the inter- 
nucleon potentials of Gammel and Thaler (1957) and Signell and Marshak (1958); 
we find that the neutron polarization differs appreciably from that in the 
corresponding free p—n scattering; this difference is due to the action of the 
Pauli principle in the residual two-proton system. 

Let us label the bombarding proton, the struck neutron and the second 
proton by suffices 1, 2 and 3 respectively. Then for transitions from an initial 
proton momentum k, and deuteron state ¢ to a (fast) neutron momentum k,’ 
and final two-proton state y, the impulse approximation replaces the true three- 
body t-matrix} by the n—p t-matrix, according to 


(ko, Plelky, 6) 
~ | dk,’ dks’ diy dks x)* (ky, Ks’) (ky’ Ky’ |tnp| ky ky ) 
x O(ks’—kg)A(F[ko—Ks])S(Ka tks), eee (1) 
~ <inp) | ky’ * (ky’, ky — ky’ — ky) (ky +key’), cae (2). 


in an obvious notation, suppressing spin for brevity. . 

Equation (1) expresses the impulse approximation proper. In equation (2) 
the matrix element of tpp has been taken outside the integral, to be evaluated - 
at the maximum of the remaining integrandg; this further approximation is 


Ties note considers the polarization of fast neutrons emerging in the 


t Similar calculations, for elastic nucleon—-deuteron scattering, have been made by 


{ We mean the scattering matrix without the energy-conserving §-function. 
§ For the case of small momentum transfer k, —k,’, which proves to be dominant, this 
integrand peaks at small values of k,’ and k,. However, this peak has considerable width 
and equation (2) is not a trivial approximation. 
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always made for convenience in practice. If we specialize the two-proton eigen 
function y to have total momentum K and internal quantum numbers A, labelling 
spin, angular momentum and energy (which is of course related to K2 by 
conservation laws), the integral in (2) can be written ; 


B(ky Ky K) | dy,*20)4(%) exp (73K X oman se eter (3) 


To calculate the outcome of the reaction we must sum over a complete set of ¢, 
for each K. However, for forward and near-forward reactions the overlap 
integral (3) very strongly favours the smallest values of K and an S-wave for ee 
which is therefore spin singlet by the Pauli principle. Chew (1950, 1951) and 
Gluckstern and Bethe (1951) call attention to this; it is easy to understand, 
remembering the strong S-state attraction which almost binds the p—p system. 
We therefore give (tnp) its value for free n—p scattering at the incident energy 
and the corresponding angle; because of the Pauli principle, however, we have 
to consider only transitions which leave the two protons in a singlet state. 

For convenience we assume a pure S-state deuteron wave function, since 
the space and spin parts then separate and the polarizations we calculate do not 
depend on the former. This further approximation introduces very little error 
roughly estimated at about 1% 

The t-matrix elements for elastic nucleon—nucleon scattering at given energy 
and angle are often written as a 4 x 4 matrix in spin space, M_, (e.g. Wolfenstein 
1956). We use the singlet-triplet representation in which the suffices 
pv, v=S, 1, 0, —1 represent the singlet and three triplet spin states of the two- 
nucleon system. Spin is quantized along the incident beam. 

If the incident protons have transverse and longitudinal components of 
polarization P; and Pj, respectively, and the deuterons are unpolarized, we find 
that the neutrons emerging forward have corresponding components of 
polarization «P; and «Pi, where 


yat= — |My, — Moo)? — |My, + Mss? + 3|Moo + Mss\? 
yal = — |Moo + Mss|? + $|2My, — Moo + Mss|? 6 Seaic Gogo (4) 
y= |My — Moo? + |My + Mss|? + $1200 + Mss|* 
The n-p M-matrix is evaluated at centre-of-mass angle 180°. a and « are to 
be compared with the ‘triple-scattering’ parameters D(p,n) and A'(p, n) of 
Wolfenstein (1954, 1956) which take their places in free p-n scattering, where 
there are no restrictions from a ‘spectator’ proton and the Pauli principle. 
D and A’ are given at 180° centre-of-mass angle by 
[,D= 2AM, (Moo— Mss)* 
IgA! =4|M,\° +41Moo—Masl?—$|Mgo+ Masl? +. ....-.) 
1) = |My)? + +|Moo!* +4|Mss/? 
The table shows numerical values for these parameters, calculated from the 
phase shifts given by Gammel and Thaler (1957) and Signell and Marshak (1958) 
at bombarding energies from 40 to 160mev. The column for zero energy is 
included only to confirm the trends suggested by the other figures : our 
approximation has no physical significance here. is the most sensitive to 


+ For small K, the D-wave part of ¢ contributes mainly through a D-wave oy. For 
arger K it contributes more through an S-wave 7s,. In both cases the overlap integral is 


all. 


~~, 
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corrections: the small values shown for most of the range reflect a near- 
cancellation of large terms. 


Potential Signell—Marshak Gammel-Thaler 
E (Mey) 0 40 100 150 90 156 
Or — 0°33 — 0-49 — 0-60 —0:52 — 0-54 —0°58 

D 0:48 —0:19 — 0-45 — 0-39 — 0-38 — 0-50 

— 0:33 — 0-02 0-19 0-04 0-08 0-16 

A’ 0-48 0-18 0:27 0-12 0:17 0:20 


Let us now consider neutrons emerging at a small laboratory angle @, small 
enough for triplet p—p final states to be greatly inhibited. ‘Then for unpolarized 
incident protons the neutron polarization is 8, where 


yB = +/2Ki( My — Mo1)(Moo + Mss—2My_3)*. wee wee (6) 
It is to be compared with the free p-n polarization Ppn, where 
1 2 
IoPou= TP AGA erect AI Cd Mina et til Bh ee neP ES (7) 


Strictly, y and J, here contain extra terms involving Mj), M), and M,_, not 
given in (4) and (5), but these terms are of order 6? and may be ignored. In 
both (6) and (7) M is taken at the centre-of-mass angle 7 — 26 (non-relativistically), 
and the polarization vector is parallel to kj x kp where kj and ky are the initial 
and final relative p-n momenta. As an illustration we take the Signell-Marshak 
phase shifts at 100 Mev, for which 


Basa)! 210 aly, Pek ee 2e)-270 ad les Dereon (8) 


to first order in @ (radians). 
According to Chew and Wick (1952) the impulse approximation introduces 
errors of order a/kR?, where a is the two-body scattering amplitude (here meaning 
some average), k is the incident proton’s relative wave number and R is the 
average nucleon separation in the deuteron (~3-2x10-% cm). This quantity 
is about 5% at 150 Mev and 15% at 40 Mev. These authors also state that multiple 
scattering corrections may be of order 3% at 200 Mev, rising to 16% at 50 Mev. 
The accuracy of substituting a mean value for (tnp) in equation (2) depends 
on how smoothly tnp varies with energy; rough estimates for the examples 
considered give an error from this cause of about 5% at 100 Mev, and perhaps 
10% at 50mev. Arguments of Chew (1951) suggest that the neglect of final — 
two-proton triplet states is a fair approximation for neutron angles 0<10°. 
Within such limits our formulae should have quantitative significance. 
It should be possible to test some of our conclusions experimentally, with — 
one or other of the mirror reactions d(p,n) and d(n,p). The small-angle — 
polarization measurement appears the easiest ; the example shown in equation (8) . 
gives B= —0-03 and P= —0-04 at 6=8° and 100Mev, seemingly within reach 
of present techniques. ‘To compare the transverse polarization parameters at 
and D (p,n; 180°) requires essentially triple-scattering experiments. None 
of the latter involving neutrons has yet been performed, but these are among the 
least difficult. ‘I'o measure the longitudinal polarization parameters « and A’ 
(p,n; 180°) requires triple-scattering experiments with magnetic precessing of 
the nucleon spin between successive scatterings, which are more difficult. _ 


Research Notes 655 


Measurements of «+, « and 8 might in principle be used to supplement 
N—p scattering data, to help to determine unique phase shifts. However, 
nucleon-nucleon experiments of no greater difficulty will probably be sufficient, 
and would suffer from no theoretical uncertainties. 

Our conclusions also suggest a possible application. The d(p,n) reaction 
may be used to generate a nearly monoenergetic neutron beam from a proton 
beam. If the protons were partly transverse-polarized, like those from a linear 
accelerator with a polarized ion source for instance, our examples would predict 
an appreciable transverse neutron polarization. 
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The Scattering of Fast Charged Particles VI: The Multiple Scattering 
of 10 Mey Electrons and Positrons in Nuclear Emulsions 


By K. PHILLIPS anp C. AMBASANKARANT 
Research Department, Metropolitan-Vickers Electrical Co, Ltd., Manchester 


MS. received 28th May 1959 
§ 1. INTRODUCTION 


EVERAL investigators have used nuclear emulsions to study the multiple 
scattering of fast particles and the methods have been widely adopted to 
the energy and mass determination of cosmic-ray particles. The Bristol 

University group has been particularly active and has carried out a series of 
_ exhaustive researches in these fields, see Gottstein et al. (1951) and other papers. 
- Most of the previous work has been concentrated on developing the techniques 
_ of energy determination and also on the measurement of the scattering constant 
of the emulsion and its variation with cell size. ‘Two notable exceptions are the 
investigations by Voyvodic and Pickup (1952) and Hisdal (1952) 95. Le former 
studied the angular distribution of the scattering deflections for electron pairs 


+ Now at the Tata Institute, Bombay. 
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produced by Be y-rays and compared the distribution with the theory of 
Williams (1939, 1940). Some differences with this theory were found at the 
larger angles but the authors mention, however, that the apparent experimental 
‘excess’ can be accounted for by the theories of Moliere (1947, 1948) and 
Snyder and Scott (1949). The other paper by Hisdal described measurements 
on the multiple scattering of 0-59 Mev electrons. The experimental mean of 
these results was found to be significantly lower than the value given by Moliére’s 
theory. 

More recently, Heymann and Williams (1956) have measured the multiple 
scattering in nuclear emulsions of electrons and positrons with energies up to 
2-5 Mev and found significant differences from the theoretical scattering constant 
and also in the angular distribution. A comparison of the scattering of positrons 
and electrons in this energy range has already been carried out by Phillips and 
Allen (1959) using a cloud chamber. A detailed examination of the angular 
distribution was found to be too tedious by this method and it is the aim of this 
work to make an accurate comparison of the multiple scattering distribution for 
10 mev electrons and positrons. 


§ 2. EXPERIMENTAL ARRANGEMENT 


The electrons used in this experiment were accelerated by means of a betatron 
and were scattered out of the glass donut by means of a platinum target attached 
to the end of the injector gun. They were bent by the magnetic field of the 
betatron magnet out of the main x-ray beam which was blocked off by means 
of a 7 ft thick barytes concrete wall. ‘The electrons were then selected and 
deflected into 400 micron thick G5 emulsions, contained in a thin-walled 
light-tight box, by means of a 90° spectrometer magnet. ‘The calibration of 
the magnet was known with an accuracy to +3% and areas of the plate were 
chosen so that the energy spread was less than +5%. The positrons used were 
the positive component of electron pairs produced in a 0-005 in. thick lead target 
by the high energy x-ray beam which was collimated into a fine pencil beam. 
A series of visual checks was made on the positrons by means of a Wilson cloud 
chamber in a magnetic field placed at the back of nuclear plates. This gave a 
definite indication of the sign of the particles and was considered necessary 
since it seems inadvisable to allow the whole experiment to depend on the 
adjustment of the direction of flow of the spectrometer current. Another 
confirmatory fact which also indicated that the particles in the plates were 
positrons and not electrons was shown by the fact that several of the tracks 
appeared to stop in the emulsion indicating possible annihilation. 

In order to reduce any distortion in the emulsion to a minimum, a low 
temperature development technique was used, pre-soaking at 2°c and development 
at 6°c. All the measurements were carried out using a Cooke, Troughton and. 
Simms type M4005 nuclear research microscope with a x95 oil immersion 
objective and a binocular x6 eye-piece one of which contained a graticule. 
The coordinate method of Fowler (1950) was used to measure the scattering. 
For every track, the coordinates of the point of entry and departure in the 
emulsion were noted together with the angle of inclination into the emulsio: 
and also the angle with respect to a fixed fiduciary line representing the directio 
of the incoming beam of particles. If, during the traversal of the emulsion, the 
angle of the inclination to this fiduciary became greater than 20° then no mor 
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measurements were made on the track since large errors in the measurement 
of the deflection are likely to occur. The plates were quarter-plate size and only 
tracks which entered near the centre of the emulsion were measured in order 
to reduce any distortion effects which are generally more pronounced near the 
edges of the plates. Two other conditions of acceptance were that the tracks 
had to be at least 1 mm long and must have entered the emulsion at an angle of 
less than 10° to the fiduciary line. The measurements of the track deviation 
were made for cell lengths of 40 microns. An attempt was made to measure every 
individual deflection to within 0-2 division (0-27 micron) on the graticule. 
Measurements were made on 300 positron and 300 electron tracks resulting in 
a total of about 30000 second differences for both distributions. The resulting 
mean energy of each distribution, based on the theoretical scattering constant 
of 21-7, was 10-3 Mev for the electrons and 9-7 Mev for the positrons. These 
values lie within the estimated energy spread of the spectrometer magnet. 


§ 3. THE RESULTS AND COMPARISON WITH MO.ibre’s THEORY 
The angular distribution of the projected angles given by Moliére is 


, slat agit wri lee ea) 
FG)ds= a) 1) +O +O «ap 
the f functions being tabulated and defined in terms of the parameter 
LS Tod dx 
xX? =40NeEtZ(Z+ 1) Re 
with dx equal to the cell length. 

This angular distribution is modified due to the contribution from spurious 
scattering introduced by reading errors and effects due to non-linearities in the 
microscope stage. The corrections have been calculated by Menon, O’Ceallaigh 
and Rochat (1951) and involve replacing the parameter B and Q, by B* and Q,* 
with ah 

In Q,*=InQ, + B(S) 
signal 
where Q, is defined as the number of collisions suffered by the particle. 

The theory of Moliére does not however take into account any effects due 

to the spin orbital interaction. Spencer and Blanchard (1954) have applied a 
“method for summing slowly converging series of Legendre polynomials and used 
the single scattering cross section «? approximation to refine the theory of Moliére 
for electrons. They point out that the equivalent result could be obtained by 
multiplying Moliére’s results by the ratio of the exact single scattering cross section 
to the cross section used by Moliére. The scattering cross section for the «* 
approximation has been calculated by Allen, Phillips and Ww hittaker (1957) 
for positrons and electrons for angles less than 30°, but this cross section has to 
be modified for projected angles. 
The Moliére distribution together with the modified form are given in 
figures 1 and 2 for electrons and positrons together with the experimental 
histograms normalized at the mean value of the scattering angle. he experimental 
sults and the theoretical results for both the electrons and positrons show 
excellent agreement over the whole range except for scattering near the zero 
legrees. Here the experimental results are lower than predicted by theory and 
2U 
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this discrepancy may be considered to be due to a somewhat larger value of the 
noise than estimated. 
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Figure 1. Angular distribution of electrons Figure 2. Angular distribution of positrons 


with a mean energy of 10-3 Mev compared with a mean energy of 9-7 Mev compared 
with the theoretical distribution of with the theoretical distribution of 
Moliére. Moliére. 


One source of correction which may cause some difference at the large angles 
is the ‘Flachekammer’ or flat-chamber effect. ‘This is necessary in order to 
account for electrons which are scattered at large angles and may go out of the 
emulsion. If this happens the track length may be comparatively short and 
owing to the artificially imposed experimental condition that the track must 
be longer than 1 mm then tracks which undergo large scatters may be omitted. 
Therefore the observer will tend to select tracks which do not have large angle 
scatters, this resulting in a reduction in the experimental distribution at large 
angles. ‘This problem has been considered by O’Ceallaigh and MacCarthaigh 
(1944) in connection with cloud chambers. Another method of estimating the 
number of tracks lost, due to scattering out of the emulsion, is to adopt the method. 
used by Allen et al. (1956) for the correction of large angle single scattering. 

The average fraction of tracks which lie in the conical scattering envelope 
which are not measurable is 


Ase Und erp |e 
a= =| deos (5) {r 3 +r] 


where d is the depth of the emulsion (400 microns), r=bsin@ where @ is the 
scattering angle, and where b is taken to be the minimum acceptable length o: 
track which in the present case is 1 mm. 

If d<r, then b>d/sin@, i.e. b> 1000 microns for 6=10°, so even though t 


electron is scattered through a large angle near the surface of the emulsion it wi 
still be accepted for measurement. 
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If d>r then the cos~! (d/r) term can be neglected and with irs, a~ 0:03. 
The correction is then at the most 3%. By considering different values of 
2 /2\1/2 cr 1 
(1 — d?/r?)"? values of @ and b can be calculated and, in all the cases of b< 1 mm, 
d@ 1s always less than a few per cent. For scattering angles less than 10° the 
correction will be correspondingly smaller. 


§ 4, CONCLUSIONS 


There is good agreement between the experimental multiple scattering 
histogram and the theoretical distribution calculated from Moliére’s theory 
for both the electrons and positrons. In the single scattering region there is a 
tendency for the experimental results to be higher in the case of the electrons. 
and lower for the positrons indicating a somewhat better agreement with the 
theory of Moli¢re modified to take into account a more accurate single scattering 
law. However, the experimental probable errors are larger than the differences 
and more experimental work will have to be done before any significant 
conclusions may be drawn about this single scattering region. An interesting 
feature of this work is the agreement between the mean energy of the electrons. 
and positrons deduced from the multiple scattering measurements with the mean 
energy estimated from the magnetic spectrometer setting. This tends to confirm. 
the work of Husain (1955) that the experimental value of the scattering constant 
is in good agreement with the theoretical value of 21-7 deduced from Moliére’s. 
theory. Furthermore, this result suggests that any difference between the 
multiple scattering of positrons and electrons is likely to be less than +5%. 
This is in agreement with the theoretical results of Mohr (1954) who showed 
that the differences will be about 1% for the 10 Mev electrons and positrons. 

It is interesting to note however that the electron distribution does not show 
a significant excess in the single scattering region as found by Hanson et al. (1951). 
The present results are not necessarily inconsistent with the findings of these 
workers since their experiments were carried out using gold foils at 15-7 Mev 
and the excess may only be noticeable at the higher values of Z. 
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1-12 mev Level in !8F 


By K. W. ALLEN, D. ECCLESHALL anp M. J. L. YATES 
Atomic Weapons Research Establishment, Aldermaston, Berks. 


MS. received 28th May 1959, in final form 19th June 1959 


of the detailed shell model calculations of Elliott and Flowers (1955). 

These authors have obtained the positions of the even parity levels assuming 
a Rosenfeld mixture for the force between the extra-core particles, and taking 
proper account of configurational mixing. Assuming that the strength of the 
nuclear force between the extra-core particles is about the same as in the 
deuteron, a feature of the theoretical results is the occurrence of the level sequence 
1+, 3+, 5+ in 8F; the ground state is 1+, while the predicted separation of the 
3* and 5* levels is about 0-2 Mev at an excitation of about 1 Mev. X 


Ts energy level structure of mass 18 nuclei is of particular interest in view 


D of 0:930 MeV 
fenale (prompt i759) 


Research Notes 661 


“°O(?He, p)'*F and °F (3He, «)!8F. They observed four levels in the neighbour- 
hood of 1 Mev (figure 1) and they also measured the angular distribution of the 
proton groups leading to these levels for bombarding energies close to 6 Mev. 
Although the interpretation of the angular distributions of the protons is not 
completely clear, there are strong indications that the formation of the 1-12 Mev 
level requires the transfer of four units of orbital angular momentum from the 
bombarding particle, suggesting an assignment of 5+. The following experiments 
were therefore undertaken to study the decay of this level. - 
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: Figure 2. The y-ray energy spectra for the decay of various levels in 48F; (a) decay of 
0-930 mev level (prompt y-rays); (b) decay of 1-12 mev level (delayed y-rays); (c) 
decay of 1-08 mev level (prompt y-rays). The curves drawn through the crosses. 
indicate the background present in each run. 


A beam of 5 Mev #He ions was focused on to a quartz target about 40 x 10-*gcm~? 
thick. Protons from the reaction 1*O(*He, py)!8F emerging at 90° to the incident 
beam were analysed in a 180° double focusing magnet and detected in a CsI(T1) 
crystal. The protons leading to the states in !*F at 1 Mev excitation had an energy 

_of about 5 Mev and were observed with an energy resolution (full width at half 
height) of approximately 45kev. Gamma rays emerging in approximately the 
opposite direction to the protons were detected in a 1? in. diameter x 2 in. thick 
Nal (Tl) crystal situated 1 in. from the target. Preliminary experiments showed 
that the lifetime of the 1-12 Mev state was of the order of 0-1 x 10~® second. 
_ A y-ray pulse height spectrum, gated by coincidences between protons and 
y-rays which lost more than 800kev in the Nal crystal, could be displayed on a 
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100 channel kicksorter. The coincidence unit also gated the output from a time 
to pulse height converter (time sorter) which was fed by amplified and limited 
fast pulses from the two detectors. Coincidence resolving times of 0-1 and 
(0-2 x 10-8 second were used. Some of the y-ray pulse height spectra obtained 
when the magnet was set to observe the proton groups corresponding to the 
excitation of the various levels in 18F are shown in figure 2. Also shown are the 
background curves which were obtained by substituting a pulse generator for 
the proton counter. Curves 2 (a) and (6) show that 0-93 Mev y-rays are associated 
‘with the protons going to both the 0-93 mev and the 1-12 Mev levels. Curve 2 (d), 
showing the decay of the 1-12 Mev level, was obtained with a resolving time of 
0-1x 10-8 sec by selecting y-ray pulses delayed by 0-2 x10~® second. Other 
results taken at this magnet setting but with coincidence delays at the ‘ prompt’ 
setting showed no evidence for a y-ray of 1-12mMev. ‘There were, however, a 
few y-rays of 1-08 Mev due to overlapping of the proton groups, a consequence 
of the modest proton energy resolution used. Curve 2(c) shows the 1-08 Mev 
y-ray associated with the decay of the 1-08 Mev level; 1-04Mev y-rays were also 
observed in coincidence with protons leading to the 1-04 Mey level. 

A time sorter spectrum was obtained with each of the above curves. The 
time resolution was sufficient to show that the lifetimes of the 0-93 and 1-08 Mev 
levels are less than 10~® second. 

The best measurement of the lifetime of the 1-12 Mev level was obtained by 
‘comparing the ungated time sorter spectrum associated with the protons going 
to the 1-12Mev level with the ungated time spectrum obtained with protons 
feeding the 0-93 Mev level. In order to keep the random coincidence background 
‘within bounds for this run, the gain of the y-ray counter had to be reduced, and 
this resulted in a poorer prompt resolution curve. The results after subtracting 
background are shown in figure 1. The lifetime deduced from the slope of the 
curve for delays greater than 0-1 ysec is (0-190 + 0-045) x 10-* second. The early 
portion of the delay curve is complicated by the presence of prompt y-rays from 
the 1-08 Mev level which was not completely resolved from the 1:12 Mev level. 

These experiments show conclusively that the 1-:12Mev level decays by 
cascade through the 0-93 Mev level. ‘The measured lifetime is almost exactly 
equal to the value of 0-2 x 10-8 sec calculated by J. P. Elliott (private communica- 
tion) for a 190 kev E2 transition, assuming the same degree of enhancement as 
that required for the 200kev E2 transition in °F. It is therefore very likely 
that the ground state, 0-93 mev and 1-12 Mev levels form the 1+, 3+, 5+ sequence 
predicted theoretically. ; 
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LETTERS TO THE EDITOR 
Paramagnetic Resonance of Yb*+ in Yttrium Gallium Garnet 


‘ We have observed the paramagnetic resonance of approximately 1% Yb*+ 
in crystals of Y,Ga;O,,. Since the structure of this compound is very eaiiae 
to that of the rare earth iron garnets (Keith and Roy 1954, Bertaut and Forrat 
1956, Geller and Gilleo 1957), the results are of interest in connection with the 
magnetic properties of Yb;Ga;O,,, Yb;Fe;O,., and the effects of rare earth 
impurities in Y;Fe;O,, (Dillon and Nielsen 1959). These are discussed further 
in the subsequent letter (Wolf 1959). 

The crystals were grown from a PbO flux using the method of Nielsen (1958) 
and they were oriented by optical and x-ray methods. Measurements were made 
at 9 Ge/s, using a standard video spectrometer, at temperatures of 4°, 20° and 
90°K. No appreciable difference was observed between the spectra at 4° and 
20°K, but above 20°xK the lines began to broaden, indicating that the spin-lattice 
relaxation time was becoming comparable with 10-" sec at about 90°x. Below 
20°K the line width was constant at about 35 gauss, indicating that even with 
only a 1% concentration of Yb there was still some residual interaction 
broadening. 


2-40 


e Experimental points 


Ares (kilogauss) 
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40 60 
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: Variation of resonance field with angle in a (110) plane at 9-677 Gc/s. Full lines: curves 
calculated from g values given in text; chain line: field corresponding to g=3A. 


When a magnetic field was applied in a general direction relative to the crystal 
axes six main lines were clearly resolved, together with a large number of smaller 
lines which were later identified as the hyperfine structure due to Yb and 
17Ypb. In order to simplify the interpretation of the spectrum, a crystal was 
_ mounted with the [110] direction normal to the magnetic field and measurements 
were made of the resonance field as a function of the angle between the [001] 
‘axis and the field. The results are shown in the figure. It can be seen that in 
general only four lines were now observed, which coalesced to two along the 
[001] and [111] axes and to three along [110]. It was found that the positions 
of the two lines which cross at [110] were extremely sensitive to slight mis- 
alignments of the crystal, a tilt of 4° producing splittings of the order of 100 gauss. 
hese could be removed by careful reorientation. 


—, 


~t-Note added in proof —From amore accurate re-determination we now find that 
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The energy levels of a Yb*+ ion in the garnet structure have been considered by 
Ayant and Thomas (1959). Making the approximation that the crystal field arising 
from the eight nearest O2~ ions has perfectly cubic symmetry, they predicted that 
the ground state would be a degenerate doublet well below the other states. 
In a magnetic field this splits like a spin of S= } with an isotropic g value equal 
to 3A, where A is the Landé factor which is equal to 8/7 for the ?F,). term of Yb?*. 
From the figure it is clear that the splitting is not quite isotropic but that the 
general order of magnitude is close to 3A. To allow for the effect of deviations 
from cubic symmetry we can introduce an empirical g tensor for each ion with 
principal values (g,,g,,g-) and from the spectrum determine the orientation 
of the axes relative to the crystal. Alternatively we can use the crystal structure 
to determine the relation between the 24c Yb-O, complexes which occur in each 
unit cell. Both methods show that there are six magnetically inequivalent rare 
earth ions in the unit cell whose g tensors are identical apart from orientation, 
and whose axes are given by (F 1/4/2, 1/4/2, 0); (F1/1/2, 1/+/2, 0); (0, 0, 1), 
together with cyclic permutations relative to the cubic axes. The points marked 
A, B and C in the figure therefore correspond to the principal g values which are: 

As g,223°85+ 0-05,  Biog, = 377 ler 0:05,. C2 g,=2-914-0-05.7, 
From these we can calculate the variation of Hyes with angle and obtain the solid 
curves shown in the figure. The small discrepancies between these curves and 
the experimental points are mainly due to some slight residual misalignment 
of the crystal. 

No attempt was made to analyse in detail the spectrum of subsidiary lines 
which from their intensity and general structure were ascribed to nuclear hyperfine 
structure effects. ‘This was confirmed by comparing approximate values of A/g 
with those found by Cooke and Park in ytterbium acetate. An exact evaluation 
of the hyperfine interaction constants would require a high order perturbation 
calculation since at 9 Gc/s hv is not very much larger than the hyperfine structure. 

Similar experiments are now in progress with other rare earths diluted in 
Y;Ga,;O,, and it is hoped to present the results in the near future. 


This work was carried out during the tenure by one of us (W. P. W.) of an 
I.C.I. Research Fellowship, and it was partially supported by the United States 
Air Force Cambridge Research Centre through the European Office of Research 
and Development Command. A grant from the General Electric Company 
is gratefully acknowledged. We should also like to thank Mr. E. Daintree for 
help with some of the experiments. 


The Clarendon Laboratory, D. BoaKEs; — 
Oxford. G. Garton. | 
10th July 1959. D. Ryan. 
W. P. WoL 


8x = 3°739+ 0-010, 2,=3-60;+0-010, g,=2-85,40-015, 
in excellent wed bet with the values found independently by Carson and Whi 
(Conference on Magnetism and Magnetic Materials, Detroit, November 1959), who use 
a frequency of 34Gc/s. We are grateful to these authors for drawing our attenGee 
the previous small discrepancy, which was due to a systematic error in our measurem 
and not to any intrinsic difference in higher order effects at the two frequencies. 
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Magnetic Properties of Rare Earth Ions in Garnets 


In the previous letter (Boakes et al. 1959) paramagnetic resonance experiments. 
were reported on Yb?* ions diluted in yttrium gallium garnet. In this letter we 
shall discuss some of the implications of these results on the magnetic properties 
of isostructural Yb;Ga;O,., Yb,Fe;O,. and Y;Fe;O,, with small impurities of 
rare earths. 

From the measured g-values we can calculate directly the susceptibility and 
saturation magnetization to be expected in pure Yb,Ga;O,,._ Assuming that the 
Yb-—Yb interaction is small (Pauthenet 1959) and that dilution does not alter the 
crystal field appreciably, we find that the susceptibility. 

7 R2 . 
Xu = SE (a? Sy Hae, 


is in reasonable agreement with the Curie constant 1-07 reported by Cohen and. 
Ducloz (1959). 

The saturation magnetization in large magnetic fields Ms is more difficult to. 
estimate since, even though the crystals have overall cubic symmetry, Mg will not 
be isotropic on account of deviations from cubic symmetry at the magnetic ions. 
So far this effect has not been observed since magnetic moment measurements are 
nearly always made on polycrystalline samples. We can estimate an order of, 
magnitude for the anisotropy to be expected by calculating Ms for two principal. 
directions [100] and [111]. For [100] 


Ms=4NB[V2(¢,2+8,2)+22]=1:699NB wee (1) 
while for [111] 


Ms= ME (epee) a (5) =1-708NB. ....-. (2) 


With the g-values as found for Yb?+ the anistropy is therefore rather small 

and M approximately follows the same Brillouin function in all directions. 

~ However, other rare earth ions may have much more anisotropic g-values and Ms 

could then vary by as much as a factor of two. This effect should be readily 

observable even in a powder since M would then deviate considerably from the 
Brillouin function. 

One class of ions for which the deviation in g from cubic symmetry should be 
‘more pronounced than for Yb*+ are those for which the predominantly cubic 
crystal field leads to a fourfold degenerate I, ground state (Bleaney 1959). The 

ial and rhombic distortions which remove this degeneracy then give rise to an. 
admixture of the states in first order, rather than in second order as for Yb?*.. 
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The anomalous magnetization curves reported by Pauthenet (1959) for erbium 
and dysprosium gallium garnets may be due to this effect. 

When rare earth ions are included in ferrimagnetic iron garnets they are sub- 
jected to relatively strong exchange effects from the Fe*+ ions and these will give 
rise to an anisotropy in the magnetic moment similar to that described above. 
However, in contrast to an applied magnetic field, the magnitude of the effective 
exchange field will not be independent of the direction of the Fe?* sub-lattices. 
If the exchange interaction is small compared with the crystal field and we con- 
sider only low temperatures so that the Fe*+ sub-lattices are completely aligned by 
their strong mutual interactions, the problem is reduced to the sum of interactions 
of effective spins s = } with ions in a non degenerate state | S=5/2, S,=5/2), where 
z denotes the direction of the Fe?+ magnetization. Corresponding to the usual 
molecular field approximation of isotropic exchange, but allowing for the fact that 
the exchange will be different for different orbital states, this interaction may be 
expressed formally as 


He= > He-G-s 
all ions 

where He is an isotropic exchange field in the direction of z, and G is an anisotropic 
tensor which in most cases has the same axes as the magnetic g tensor. In an 
applied field H the direction of z can be found by minimizing the free energy which 
comprises the magnetic interaction of both the Fe** and rare earth sub-lattices with 
H plus the anisotropic part of (3). However, if the total contribution to the 
anisotropy energy from (3) is not too large, we can assume that z will be approxi- 
mately parallel to H. We can then find a closed expression for the contribution 
to the saturation magnetic moment from the rare earthions. Thus at T=0°K 


“a NiB l?G 2. HF m?Gygy ii ni*G.g, 

MM, =o: Dus Somat ck eG Asis eect a (4) 
where the summation runs over all sets of magnetically inequivalent ions, Nj is the 
number of ions in each set and (J; mj ;) are the direction cosines of z relative to the 
axes of each G. If G is proportional to g, equation (4) reduces to the normal 
paramagnetic case, as illustrated in equations (1) and (2). 

In the case of Yb**, for which g is not very anisotropic, it is likely that G will 
also be relatively isotropic so that Ms in any direction will be close to the average 
value of }N6(g)=1-697 NB. ‘This value is consistent with the small magnetic 
moment (0:25 NB) of Yb,Fe;O,, at low temperatures (Pauthenet 1958), which 
indicates that the moment of 3Yb*+ ions is almost equal to that of (3—2) antiparallel 
Fe** ions. Since the magnetic moment of the Fe*+ ions is isotropic we might _ 
therefore expect that the net magnetization of a single crystal of Yb,Fe,O,, would 
‘show up any small anisotropy in the magnetic moment of the rare earthions. How- 
ever, in practice this type of magnetic moment anisotropy may be difficult to observe _ 
directly, since equation (3) also implies a large anisotropy in the energy. This 
‘would make it hard to achieve technical saturation without using very large mag- 
netic fields. 


From equation (3) the anisotropy energy at T=0°k is given by 
F=— ¥ $He (IPG? + mPG,? +n2G,2)2, bl ott Gia 


ions 


If we assume, as suggested by the values of g, that G is approximately axially 


Se 


‘ 
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symmetric about one of the three cubic axes and that the anisotropy in G is small 
this reduces to 


Fle NH.G, y (1 . Gi? : Ge )" 


6 a=l,m,n Cae 
NH.GT,_1/AG\?_, 
=— [1 = AZ) (4+ m*+n*)+..... | PENG (6) 


where AG=G,—G,=G,—G,. The last term may be identified with a con- 
ventional cubic anisotropy term K, if 
% NH.G/AG\? AG\? 
ea Dd MED ind yoann Wy (ated —3 
1 6 (=) 10°(=)ergem 2 
taking the exchange energy per rare earth ion to be of the order of 50k. This 
expression shows why rare earth ions can have a profound effect on the anisotropy 
since even if AG/G is as small as 0-1, K, is still of order 108 erg cm-3. 
For certain rare earth ions we may have G,>G, or G,, and the expansion in 


equation (6) is then not valid. However, in that case we can use (5) directly and 
find 


= NA,G, 
6 


Such an anisotropy would be extremely large and it could not be expressed in 
terms of the usual expansion in K, and K,. The striking anisotropy results 
recently found by Dillon and Nielsen (1959) for small rare earth impurities in 
yttrium iron garnet may be due to a term of this kind. 

Throughout this analysis we have assumed that crystal field splittings are large 
compared with exchange effects and that each rare earth ion is in a doublet ground 
state. If there are other low-lying levels we may expect more complex effects. 


F= (\Z|+|m|+|n|)~ —108ergcm-. 


The author wishes to thank Dr. J. F. Dillon, Jr, and Dr. J. W. Nielsen for 
making available to him the results of their experiments prior to publication. 
This work was carried out during the tenure of an I.C.I. Research Fellowship. 
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Oxford. 
10th July 1959. 
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The Absorption Edge of Arsenic-Sulphur-Selenium Mixtures 


Arsenic trisulphide (Frerichs 1953), a stable glass at room temperature, is 
a well-known infra-red optical material transmitting to beyond 43 microns. 
Its absorption edge has been studied by Rekalova (1952), using thin single — 


668 Letters to the Editor 


crystals, and by Doyle (1956) and Schlosser (1957), using evaporated layers. 
The triselenide is similar to the trisulphide in many respects. Dewulf (1954) 
has investigated the infra-red optical properties of the pentasulphide and penta- 
selenide, and shown that these might be still more satisfactory than As,S, for 
infra-red components. 

We have found that all four compounds can be evaporated without appreciable 
decomposition. ‘The transmission of As,S3, As,Se, and As,S, layers about one 
micron thick on glass substrates is shown in figure 1, and compared with that 
of a layer of amorphous selenium. The oscillations in transmission are due to 
interference. The absorption edges of As,Se, and As,Se, almost coincide and 
for clarity the As,Se, curve is omitted from figure 1. The results for As,S. 
agree with those previously reported. 

Mixtures of As,Se, and As,S, were also prepared and evaporated. ‘The two 
compounds appeared miscible in all proportions, and the absorption edge moved 
progressively towards the red as the proportion of the selenide was increased. 


(figure 2). Similar results were obtained with mixtures of As,Se,; and As,S; 
(figure 3). 
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Figure 1. Transmission of arsenic sulphides Figure 2. ‘Transmission of mixtures. 
and selenides compared with selenium. of arsenic trisulphide and triselenide. 
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Figure 3, Transmission of mixtures of arsenic pentasulphide and_pentaselenide. : 

The stability of all layers was good when they were kept at room temperature | 
but the As,S,-As,Se, layers showed a slight tendency to crystallize when heated 
to 40°c and exposed to a powerful source of light. The As,S,—As,Se, layers. 
showed no change after this test. Stable optical filters with a cut-off anywhere 
between the yellow and the deep red can therefore be made using these material 


\ 
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ments, and to the Admiralty for permission to publish. 
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The Control of Resistivity in Pulled Silicon Crystals 


The control of the impurity concentration along pulled crystals is important 
where material within certain closely defined resistivity limits is required. The 
impurity distribution along a crystal is determined by the effective segregation 
coefficients of the impurities present, loss by evaporation and by contamination 
from the crucible material and surroundings. With the high purity quartz 
available and careful design of the apparatus, contamination can be reduced to 
negligible limits for silicon with resistivity below about 200Qcm. Thus the 
impurity distribution is determined by the other two factors. Boron can be used 
to make uniform p-type material. The segregation coefficient is near unity, and 
crystals with a near uniform resistivity distribution can be readily grown. For 
n-type material the commonly used donor impurities, arsenic and phosphorous, 
have segregation coefficients of 0-3 and 0-35 respectively. ‘This leads to con- 
siderable variation in resistivity over the useful region of the crystal. ‘The loss by 
evaporation for crystals pulled in an atmospheric pressure of inert gas is small. 

Bradshaw and Mlavsky (1956) have shown how the evaporation of impurities 
in vacuum can be used to control the resistivity and produce p—n junctions. In 
this laboratory we have controlled the resistivity by pulling crystals in a reduced 
pressure of ambient gas such that the segregation of impurity from the solid to the 
liquid is balanced by the evaporation of impurity from the surface of the melt. 

Consider a crystal pulling system with the following characteristics : 


diameter of crucible D, diameter of growing crystal d, impurity concentration in 


Zz 


: 


melt after volume v has grown C, pressure of ambient gas p, segregation coefficient 

of impurity k, growth rate x, rate of evaporation of impurity from melt surface 7. 

Suppose that in time At an amount Av is grown, then the concentration in this 

volume is kC, and an amount kCAv of impurity is removed from the melt by segre- 
gation. eS ae 

The amount of impurity evaporating from the surface of the melt in this time is 

dym(D?— d?)At. 
For the concentration in the melt to remain constant a quantity CAv must be 


removed, hence 
CAv=kCAv-+ }ar(D? — d?)At. 
(1—k)Cx 


Now Av = 4nd? Atx, hence r= D/a@—1 . 
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It will be seen from this result that (a) if a value of r can be obtained which 
satisfies this condition a constant impurity concentration will result, (b) the 
important control parameters are the ratio of crucible diameter to crystal diameter, 
the desired impurity concentration, the rate of growth of the crystal and the 
pressure of the ambient gas (controlling r). 

A more general analysis, and the assumption that the rate of evaporation is 
controlled by diffusion of the impurity through a thin surface layer, leads to a 
modification of the normal freezing equation 


C=khC,(1—g)* 


res C=kC,(1—g)*+444 
: ey hes Ave 
where Ame = & 1) =e 


C is the concentration after a fraction g of the crystal has grown, C, is the initial 
concentration in the melt, D, the diffusion coefficient of impurity through a boun- 
dary layer, and a the thickness of boundary layer. Putting in the condition for a 
uniform concentration we find 


r=f(p)= De = (1—k)xC 


a D2/d—1° 


Experimentally a value of pressure for a particular set of conditions was found 
by varying the ambient pressure and measuring the resultant resistivity variation. 
For low pressures the impurity is removed and the resistivity increases along the 
crystal; for high pressures a segregation approaching normal is obtained. Ata 
certain pressure a near uniform distribution results. The melting, seeding and 
initial crystal growth are carried out at atmospheric pressure of argon. When the 
required crystal diameter is achieved, the pressure is reduced and maintained 
constant during the run. Pressure control is not very critical. The ratio D/d 
is more significant and it is important to maintain the crystal diameter constant. 
The effect of small changes in crystal diameter can be reduced by increasing the 
crucible diameter. 

Typical values for an arsenic doped crystal to give a resistivity of 3-0 + 0-3 Qem 


over the useful part of the crystal are: D=5cm, d=2 cm, p=4cm Hg, x=10cm 
hr=1,; 


The authors wish to thank the Directors of Mullard Limited, for permission 


to publish this note. We also wish to thank Dr. M. Smollett for helpful 
discussions. 


Research Department, A. TRAINOR. 
Mullard Southampton Works, P. 'T. Harris. 
Southampton. > 


25th June 1959. 


(London : Physical Society), p. 21. 
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Low Temperature Resistivity of Plutonium and Neptunium 


A specimen of plutonium metal and one of neptunium have been cooled to: 
0-75°K and their electrical resistivities measured. Neither showed super- 
conductivity at this temperature, the residual resistance of the plutonium sample 
being 14x 10-* and that of the neptunium sample being 3-1 x 10-* of the room 
temperature value. Details of this work will be published later. 


Atomic Energy Research Establishment, i) A> LE. 
Harwell, Berks. 

Clarendon Laboratory, G. T. MEADEN. 
Oxford. K. MENDELSSOHN.. 


20th July 1959. 


CORRIGENDUM 


The B-decay of **°Np, by R. D. Connor and I. L. FarRWEATHER (Proc. Phys. 
Soc., 1959, 74, 161). 


Table 1: The errors given in the column headed ‘log,, ft’ in fact apply 
to the entries given in the previous column headed ‘ Relative intensity (°%) ’. 


REVIEWS OF BOOKS 


_ Ancillary Mathematics, by H. S. W. Massey and H. KesTetman. Pp. xvi+990.. 
(London : Sir Isaac Pitman and Sons, 1959.) 75s. 


It seems to be generally agreed nowadays that students of physics and 
chemistry need to learn a lot of mathematics, not only at school but also during 
their first two years at a university. However desirable a knowledge of mathe- 
matics may be in all other branches of physics it becomes essential in quantum 
mechanics, the teaching and application of which is occupying more and more 
of the honours syllabus. - So much of the quantum theory appears a deplorable 

_ fudge when taught in terms of simple physical pictures so-called, that the student 
with his wits about him rightly rejects it as absurd. On the other hand, the 

- amount of mathematics he needs in order to understand at least the principles 
of quantum mechanics is really not very great: certainly it is within his powers to 
learn it in two years. The present book sets out to supply the student of physics. 
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and chemistry with a basic knowledge of mathematics with the subsequent teach- 
ing of quantum mechanics as one of the principal objects in mind. The topics 
treated include the concept of number, the differential and integral calculus, 
series, analytic geometry, complex number, vector analysis, differential equations, 
Fourier series, and the calculus of variations ; and there isa much more systematic 
application to physical problems than is customary in such texts (which partly 
accounts for its length), or than would appear from the above list. One suspects 
that there may be fierce controversy about the choice of topics, partly occasioned 
by taste and prejudice, partly with an eye to future applications. ‘The present 
reviewer, with his eye mainly on the teaching of quantum mechanics to physicists, 
would have preferred to have seen a fuller discussion of eigenvalue problems 
instead of the substantial sections on analytic geometry; and he would have 
wanted a section on matrices (although he is at his wit’s end to suggest what this 
might displace). On the whole he would have preferred a somewhat broader 
syllabus treated with less emphasis on detail. But that is partly taste and 
partly, no doubt, prejudice. What he must admit is that, given the topics, they 
are treated with sufficient thoroughness to bring about understanding without at 
the same time producing the normal bewildered reaction of a physicist faced with 
the austere rigours of pure mathematics; that the text is admirably illustrated 
with examples both mathematical and physical; and that each chapter ends with 
an impressive and searching list of exercises for the serious student. He is also 
bound to admit that a physics or chemistry student who had mastered the 
content of this book by the end of his second year would be a much easier student 
to teach in his third year than one who had not. B. H. FLOWERS. 


Nuclear Explosions and their Effects, by D. S. KoTuart, with a Foreword by 
JAWAHARLAL NeuwRU. Pp. xvit+340. (Delhi: The Publication Division, 
Ministry of Information and Broadcasting, Government of India, 1958.) 
256. 


The second edition maintains the high standard set by the first edition. 
‘The book is complementary to The Effects of Nuclear Weapons prepared by 
S. Glasstone for the United States Department of Defence and Atomic 
Energy Commission. 

The two books, taken together, give a balanced and factual account of the 
physical effects of nuclear weapons, and a dispassionate account of some of the 
biological effects. ‘The American book is much more complete on the physical 
data. ‘These are based on direct physical measurement and therefore are 
unlikely to need revision at some future date. The Indian book has more on the 
biological side, but is written from the point of view of a physicist. Since there 
is a very large scientific effort all over the world on the medical side of radiation 
and fall-out problems, the Indian book, being later, has more data. . 

While the book does not present any new data, it does collect together a 
great deal of information which is presented logically, clearly and in good — 
grammatical style. ‘The authors have searched widely through the literature — 
and have made their selections without prejudice. The source of their informa- 
tion is given in footnotes, tigate with stig helpful comments ane brief 
explanations. _ 

For those interested in ae subject, this book and the American book are 
highly recommended. W. G. PENNEY. 
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‘igure 5. Details of secondary structure on platelets of deposits, 
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Figure 6 (a)-(e). -Interferograms of platelet surfaces of deposits. (f) Individual single 
platelets on specimen A. 
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A typical proton—proton event. 
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An X-ray Study of the Factors causing Variation in the Heats of 
Solution of Magnesium Oxide 


By D. K. THOMAS+ anp T. W. BAKER 


Atomic Energy Research Establishment, Harwell, Didcot, Berks. 
MS. received 6th November 1956, in final form 11th June 1959 


Abstract. Line breadths in the x-ray diffraction patterns of a series of magnesium 
oxide specimens prepared by dehydrating brucite at different temperatures, were 
determined using a Geiger counter diffractometer. Analysis showed that the 
broadening was primarily due to small crystallite size and permitted correlation 
of the differing heats of solution of various preparations of magnesium oxide 
with their mean crystallite sizes. 


§ 1. INTRODUCTION 
M fieseet oxide prepared by controlled dehydration of brucite has 


a heat of solution in aqueous hydrochloric acid which can vary by 
2kcal g mol and which depends upon the temperature and duration 
of dehydration. 

This fact has received considerable attention in the past, and two explanations 
have been put forward (Fricke and Lucke 1935, Kahler 1949, Taylor and Wells 
1938, Weissenbach 1951). One suggests that the increased energy content is 
due to micro-stresses set up in the magnesium oxide lattice during the dehydration 
process, and the other that it is a crystallite size effect. 

Both lattice strains and small crystallite size produce a broadening of the 
x-ray diffraction lines, and this broadening bears different theoretical relationships 
to the Bragg angle and wavelength of x-rays employed. 

The following relationships exist (Scherrer 1918, von Laue 1926, Bragg 1919, 
Peiser, Rooksby and Wilson 1955) between fp the particle size broadening, 
8; that due to lattice strain, 6 the Bragg angle and A the x-ray wavelength: 


Kx 
Bo= era oats (ft) 
€ Base Caty 0.5 SP eee wk ee a (2) 


K is a constant known as the ‘shape factor’, ¢ is the measure of particle size 
and 7 is the ‘strain function’. 


§ 2. MATERIALS 
The five samples of magnesium oxide used were obtained by dehydrating 
_ brucite at 1380°, 1000°, 700°, 500° and 380°c. ‘Their heats of solution in aqueous 
hydrochloric acid were determined calorimetrically (Livey 1957) and were 
quoted as 36-21, 36-45, 36-82, 37-42 and 37-47 kcal g mol respectively. 


§ 3. EXPERIMENTAL PROCEDURE 
The diffractometer measurements were made with a fully stabilized, rectified, 
nd smoothed Philips P.W.1010 x-ray generator. The radiation used was crystal 
| + Now at Research Association of British Rubber Manufacturers, Shawbury, Shrewsbury. 
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reflected and asymmetrically focused copper K,. The detector was a Mullard 
MK 118 Geiger counter connected to standard scaling units (Smallman 1957). 

Specimens were prepared by mixing the magnesium oxide powder with a 
weak solution of ‘ Durofix’ in amyl acetate until it was of paste-like consistency. 
The paste was then transferred to a metal specimen holder and allowed to dry 
out. Care was taken to ensure that the sample was well packed into the holder 
and that the surface was as smooth as possible and flush with the surface of the 
holder. 

Each diffraction line was scanned in detail, counts being taken every two 
minutes of arc over the background and at one minute intervals over the peaks. 
All specimens were spun during measurements. 


§ 4. EXPERIMENTAL RESULTS 


Table 1 gives the angular breadths of the diffraction lines in degrees measured 
at half-maximum intensity. The accuracy of measurement is of the order of 3%. 


Table 1 


‘Temperature of dehydration of 
samples (°c) 

line (ARI) 1380 1000 700 500 380 
ae 0-220 0-266 0-466 0-783 
200 0-240 0-271 0-383 0-540 0-803 
220 0-250 0-280 0-433 0-553 0-849 
311 0-308 0-317 0:500 0-633 0-883 
222 0-291=30°300570'5168- 0°62055 0-916 
400 0-320 0-366 0:555 0-733 


331 0-383 0-650 
420 0-388 0-696 0-850 1-41 
422 0-452 0.3505 130s 1-70 


§ 5. DiscussIon 
5.1. Correction for Instrumental Broadening 


To obtain the intrinsic broadening 8 from the experimentally observed line 
width B an allowance must be made for the instrumental broadening 6. 
Instrumental broadening is generally due to a number of factors, such as the 
widths of the slits defining the x-ray beam, the size and form of the specimen, 
the spectral distribution of the radiation, and the doublet nature of the K 
characteristic. The latter was avoided in this determination by using only K c 
It has become standard practice to take the instrumental breadth as that given 
by unstrained particles of quartz of a size greater than 10004. Birks and 
Friedmann (1946), when looking into the problem of allowing for instrumental 
broadening found that a specimen of magnesium oxide which had been prepared _ 
at 1000°c gave lines almost as sharp as those given by quartz powder of particle 
size above 10004. In view of this, and since the 1380°c sample gave an almost — 
normal heat of solution, it was employed in this investigation as the standard for 
instrumental broadening. This offered the additional advantage that the correction - 
is given at the Bragg angles concerned, thus avoiding the necessity for interpolation. 

Several theoretical relationships have been used for evaluating the intrinsic 
breadth from the experimentally observed line broadening. 


An X-ray Study of Magnesium Oxide 675 


Scherrer (1918) used 


ite shel > me tlh on (3) 
while Warren and Biscoe (1938) suggested 
I a ig re pei (4) 


Alexander (1954) used a graphical method derived by the convolution principle. 

Providing the intensity distribution were known, there would be no difficulty in 
approximating the proper relationship. Equation (3) assumes a Cauchy distri- 
bution. Jones (1938) showed that equation (4) was valid for a Gaussian 
distribution. Under the experimental conditions obtaining, the intensity 
distribution of the x-ray diffraction lines approximates more closely to the 
Cauchy than the Gaussian (Williamson and Smallman 1954).  Alexander’s 
method which applies specifically to diffractometers of modern design, gives 
results falling between the other two and lying more closely to the Scherrer 
formula. For this reason it is employed for evaluating the particle sizes. 

For differentiating between particle size and lattice strain the Scherrer 
relationship is used, but that of Warren and Biscoe could be applied equally well. 


5.2. Measurement of Line Breadths 


The two definitions of x-ray line breadths that have been widely used are 
(1) The half-breadth, which is the angle between the two positions at which 
the intensity is one-half the peak value. 
(11) The integral breadth given by 


intensity integrated with respect to angle 


intensity at peak 


The former is the most easily measured, whereas the latter is more completely 
identifiable with the mathematical theory. 

Visual examination of the profiles concerned in this investigation indicated 
that the broadening that took place was of a form that would be taken into account 
by measurement of half-breadths. If for example, the broadening was of a type 
that predominantly affected the base of the curve, then a half-breadth measurement 
would not give a proper indication of the change. In this case, however, the 

broadening appeared to affect the profile over its total height. 

| Tests were carried out using both methods of measurement on the 380°c 

and 1380°c specimens. These showed that the differences were within the 
experimental error. The areas for the integral breadths were measured by 
planimeter and gave a larger scatter of points on the (1/2 cos 9, sin @) plot (figure 1) 
than the half-breadths. For this reason, together with their comparative ease 
of measurement, half-breadths are used in this paper. 


5.3. Differentiating between the Effects 


A convenient graphical method of expressing the relationship shown in 

equations (1), (2) and (3), is to plot 8 cos @ against sin @, in which case a horizontal 

straight line is obtained if the specimen has a small crystallite size and no strain, 

whereas a straight line passing through the origin is obtained if there is strain but 

4 the crystallites are large. Mazur (1949) and Hall (1949) have previously employed 

‘ 2X2 
: 

4 
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a similar graphical method and state that departures from linearity are unlikely 
to be very marked, especially if the broadening were predominantly due to one 
factor. ‘Table 2 shows the results treated in this manner. 


Table 2 


cos 6 
Temperature of dehydration (°c) 
Line (hkl) 1000 700 500 380 sin 0 
it 0-0369 022;7ean 02527 03 173 


200 0:0372 0-142 0-287 0-532 0-3654 
220 0:0250 0-156 0-258 0:512 0:5187 


311 0-:0365 0-181 0-287 0-493 0-6074 
IY) 0:0170 0-183 0:264 0-494 0-6344 
400 0:0272 0-163 0-284 0-7320 
331 0-176 0-7976 
420 0-185 0:274 0-597 0-8178 
422 0-173 0-286 0-539 0-8961 


These are plotted in figure 1 and show that the best plot for each specimen is 
a horizontal line within the limits of experimental error. ‘Thus the line 
broadening in the x-ray powder diffraction pattern of the magnesium oxide 


Arp COS (e) 


Figure 1. 
specimens is predominantly due to small crystallite size. 
contribution to the broadening could be masked by the scatter of the points 
’ 


although the contribution can only be small, amounting to 20° of the total 
broadening in the most pronounced case, the 380°c specimen. 


A small strain 


5.4. Determination of Crystallite Size 


Measurements of the broadening of x-ray diffraction lines is regarded as one 
of the most accurate indirect methods of determining crystallite sizes of less than 
1000 A, and results thus obtained have been favourably compared with those 
determined by rates of solubility (Taylor and Wells 1938), sedimentation 
experiments (Taylor and Wells 1938), electron microscopy (Birks and Friedman 
1946) and nitrogen adsorption measurements (Zettlemoyer and Walker 1947) 

From the experimental point of view the accuracy of a crystallite siz 


determination is mainly de i 
pendent upon the certainty with whi : 
diffraction breadth B can be measured. no a 


, and this condition can be realized t tain 
. 7 oO a certain 
extent by the proper choice of the experimental conditions referred to abov 


As the particle size approaches 10004, the ratio of b to B inevitably i 
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into the unfavourable range above 0-50 in spite of the best possible adjustment 
of experimental conditions. At 380°c the mean value is 0:29 while at 500°c 
it becomes 0-45. For the specimens prepared at 700°c and 1000°c it falls well 
inside the unfavourable region and therefore the values obtained for the 
crystallite sizes would be expected to be less precise in these cases. 

Further uncertainty is introduced into the absolute crystallite sizes due to 
the degree of indeterminacy associated with the shape and size distribution 
factors in the specimen, i.e. the uncertainty in the value of K in equation (1). 

Two procedures are available for determining K depending upon whether 
the dimension « in the crystallite size equation is defined as the effective thickness 
of the crystallite in a direction perpendicular to the reflecting planes (e,,,), or 
as the cube root of the volume of the crystallite (ev). Defining « as ros and 
f as the angular width at half maximum intensity, Scherrer (1918), Bragg (1919), 
Murdock (1930), Warren (1938) and others obtained values of K in the 
neighbourhood of 0-90. Assuming the particles to be of spherical shape and 
cubic structure Patterson (1936) obtained a value of K=1-11; subsequently 
K=0-95 has been regarded as a satisfactory approximation of the true value 
(Klug and Alexander 1954, Zettlemoyer and Walker 1947). 

Using the value \(K,, )=1-5405 A the mean particle sizes were reckoned using the 
graphical method of Alexander as discussed above. The values obtained are 
shown in table 3. 


‘Lable.3 
Temperature of preparation (°c) 380 500 700 1000 


Mean particle size (A) 14445 267 +10 448 + 50 2350+ 150 


The errors cited are random only and are evaluated from a 3% uncertainty 
in the half-breadths. Absolute values would have to take account of the 
uncertaintiés in correcting for K and for instrumental broadening. ‘The systematic 
error in allowing for the latter is likely to be the greatest and a probable value 
is 20% for the smaller sizes increasing to 100% for the larger values. 


§ 6. PARTICLE SIZE AND ENERGY CONTENT 


The relationship between energy content and particle size in magnesium 
oxide has been treated in detail by Weissenbach (1951). He defines the surface 
energy as the difference in the energy content between a finely powdered substance 
and the same substance in the coarsely crystalline state. Calculation based on 
the assumption that the magnesium oxide powder consisted of cube-shaped 
particles of uniform size which were bounded by (100) faces yielded the 
following approximate formula relating energy content and particle size 


ag=111! +1035 £19444, +1350, kcal mol 

_n being the number of atomic diameters in the particle edge. i a 
The first term is the surface energy corresponding to the (100) face, whereas 

the second term can be considered on the basis of the factor 1/n® as the edge 

energy. The edge energy only becomes appreciable below »=40, and when 

n < 20 there is a ‘loosening’ of the lattice which can no longer be accounted for 
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by the edge and surface energies alone. A particle size of n= 50 (~ 100 A) would 
have an internal energy of about 2:6 kcal mol-1, but for smaller sizes the loosening 
of the lattice begins to be appreciable. 
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Figure 2. 


The values of AEF obtained on substituting the above crystallite sizes in the 
Weissenbach relationship are shown in figure 2 where they are plotted together 
with the experimentally determined calorimetric values, against temperature of 
preparation. Good agreement is obtained and on this basis the crystallite sizes 
as obtained from the line breadth measurements account satisfactorily for the 
variations in heat of solution exhibited by the magnesium oxide specimens. 


§ 7.. CONCLUSION 


The factors most likely to cause variation in the heats of solution of magnesium 
oxide are susceptible to differentiation by x-ray methods. Such methods show 
that the phenomenon is predominantly a crystallite size effect. The crystallite 
sizes obtained in this manner can be satisfactorily related to the differing heats 
of solution by means of the Weissenbach relationship. 
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Measurements of Atomic Velocity Distributions in Hg and HgO 
by the Nuclear Resonant Scattering of Gamma Rays 


By D. C. CHAMPENEY anp C. A. MILLER 


University of Birmingham 


Communicated by P. B. Moon; MS. received 2nd Fune 1959 


Abstract. With a technique based on the nuclear resonant scattering of gamma 
rays, the thermal velocity distributions of the mercury atoms in mercury at 296°K 
and in mercuric oxide at 77°K have been measured. In agreement with theoretical 
predictions, the distributions are found to be Maxwellian in shape but correspond- 
ing to a distribution appropriate to an effective temperature higher than the 
actual one. 


§ 1. INTRODUCTION 


HE conditions necessary for the observation of nuclear resonant scattering, 
and their dependence on the thermal motions of the nuclei in the source and 
scatterer, have been discussed by Moon (1951) on the assumptions that the 
nuclei recoil freely during emission or absorption of photons, and that the 
nuclear velocity distributions in source and scatterer are the same as in a gas 
(Maxwellian). He obtained the result that if a source, emitting gamma rays by 
de-excitation from nuclear levels of energy Ey, is moving bodily with a velocity 
Ucmsec™! towards a scatterer containing similar nuclei, then the amount of 
radiation resonantly scattered per unit solid angle through angle 6 may be repre- 
sented by an effective nuclear cross section 


S36 ea ge OE yee (2) Scie |ingstin-- 2 (2220> 
o(0) =3-6 x 10 tn EST gy AT exp} —3x10 T\—q Cy |. 
Pier (1) 


In this equation J is the isotopic abundance of the resonantly scattering isotope, A 
its atomic weight, ga and gp are the multiplicities of the excited and ground states 
respectively, 7’ is the mean of the temperatures of the source and scatterer in 
degrees k, f(@) is the angular distribution factor normalized so as to be equal to 
unity for isotropic scattering, I is the total width of the excited state, and I’, is 
the partial width for gamma decay to the ground state. E,, [ and’, are expressed 
in electron volts, o(@) in cm? sterad-, 

In principle, then, an experiment measuring o(@) as a function of U enables one 
to verify whether or not the velocity distributions are Maxwellian. 

This treatment relies on the fact that the nuclear resonance is very sharp, and 
that the energies lost or gained as a result of nuclear recoil at the emission and 
absorption of photons can be sufficient to throw the system off resonance. Con- 
siderations of energy and momentum conservation show, however, that if the nuclei 
have an initial relative approach velocity of Ey/mc (where m is the mass of the atom 
and c the velocity of light) then the losses balance the gains and the system is 
exactly on resonance. The experiment envisaged above thus measures a quantity 


ie. 
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proportional to the numbers of pairs of atoms which have relative approach 
velocities within a small range round the value Ey/me. 

In the present experiments a radioactive source of !%8Au emitting gamma rays 
from the de-excitation of the 412 kev level of 1°8Hg was used, set in motion by 
fixing it to the tips of a high speed rotor. Scatterers of mercury at room tempera- 
ture and mercuric oxide at 77°K were used. 

Descriptions of experiments of this type using the same source have been 
published by Davey and Moon (1953) and by Moon and Storruste (1953). The 
emphasis in these experiments was on the determination of I’ from the amount of 
scattering observed at the optimum rotor speed, equation (1) being assumed valid. 
With increase in accuracy of the technique it has become possible to measure the 
shape of the curve accurately enough to obtain from it information about the 
velocity distribution. Knapp’s results (1957) were the most accurate to date, and 
he pointed out that there appeared to be certain irregularities in the results obtained 
with a mercuric oxide scatterer which might be the result of a breakdown of 
equation (1) resulting from the nuclei being in a solid and not a gas. Knapp 
considered the effects to be on the verge of his experimental accuracy, and the 
experiments described here are an extension of his work. ‘To enhance any 
irregularities due to solid state effects, the oxide scatterer in the present experiments 
was cooled in liquid nitrogen. 


§ 2. APPARATUS 


Ascale plan of the apparatus is givenin figure 1. A is the rotor, initially having 
approximately 100 mc of !*Au on each tip. B is the scatterer of mercury or com- 
pressed mercuric oxide powder in the shape of an ellipse 7cm high in a Perspex 
holder. For the cold scatterer experiments this was immersed in liquid nitrogen C 
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held in a ‘Styrofoam’+ holder D designed to reduce the amount of unwanted 
Compton and Rayleigh scattering off the cooling system to a minimum. The 
mean scattering angle 6 was 100° so that the ratio of resonant to Rayleigh scattering 
wasamaximum. Ewasa 1:5 mm thick sheet of lead which preferentially absorbed 
the lower energy Compton scattered radiation. F was a Nal scintillation crystal 
and light guide used in conjunction with a pulse height analyser having one 
hundred half-volt channels. 

The amount of resonant scattering at any rotor speed was determined by 
measuring the numbers of counts within a fixed channel on either side of the 
412 kev peak of the spectrum, and subtracting from this the corresponding number 
of counts at low rotor speed when resonant scattering was negligible. The spec- 
trum was calibrated for each measurement using a 1%Au calibration source. 
Typical spectra are shown in figure 2. 

The counting circuit was gated so that it counted only whilst the rotor was 
within the angle ¢ of figure 1, d being 20°. This reduced the spread in component 
of source velocity towards the scatterer and also reduced the background counting 
rate. A correction of 1% in the speed was necessary to allow for the finite size of ¢ 
and for the angle subtended at the source by the scatterer. 


§ 3. RESULTS 


The resonant counting rate is plotted as a function of rotor speed in figure 3 
for the two different scatterers. In all 200 eight-minute counts weretaken. After 
correcting for the decay of the source (the results are quoted in terms of a total 
activity of 200mc) the readings have been grouped together within 50 rev/sec 
speed intervals and for each group a single point plotted at the mean speed and 
mean counting rate. ‘The errors given represent the root mean square deviations 
of the individual points within a group from the smooth curve. Since there were 
only about four points within each group these errors are somewhat arbitrary. 
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Figure 3. Comparison of the resonant counting rates with theoretical curves for 
(a) mercury, and (6) mercuric oxide scatterers. 


In comparing these points with a theoretical curve a knowledge of the rotor as 
well as the scatterer temperature is necessary. The rotor warmed due to induc- 
tion heating during the acceleration and then cooled by radiation during the 
subsequent gradual slow down. Experiments carried out with a clamped rotor 
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subjected to the drive indicated that at the maximum speed of about 1700 rev/sec 
the rotor would have been at about 60°c, and that it would have cooled to about 
40°c at 1500 rev/sec and about 30°c at 1200 rev/sec. ‘These figures are based on 
the assumption that the rate of warming is proportional to the square of the 
difference in angular speeds of the rotor and driving field. The theoretical 
curves referred to below have been calculated on this basis. The 1% correction 
due to the finite value of ¢ has also been included in the theoretical curves. Thus 
whereas for ideal geometry the peak should occur at 1548 rev/sec we expect the 
curves of figure 3 to have peaks at 1563 rev/sec. 


§ 4. DiscussIon 


A calculation more rigorous than that leading to equation (1) should take into 
account the fact that the atoms are bound in a crystal lattice. Calculations of this 
type have been made by Lamb (1939) for the analogous case of neutron resonance 
absorptioninasolid. ‘The nature of the results depends on the relative magnitudes 
of 2( Re)? + P and k@ where R is the recoil energy loss, € is the mean atomic thermal 
energy per vibrational degree of freedom of the crystal, I is the total half value 
width of the resonance level, Rk is Boltzmann’s constant and @ is the Debye tem- 
perature of the solid. For the case of gamma rays R is equal to E,2/2mce?. In the 
present case ]'~2-1 x 10-°ev and may be neglected in comparison with the other 
terms. 

If (Re)? = 2k6 then the result is given by the free atom approximation, except 
that the temperature used in equation (1) must be replaced by effective tem- 
peratures defined by RT,,=€. This effect may be regarded as arising from the 
zero-point motion of the atoms, and has been mentioned by Metzger (1956, 1958, 
1959) and by Moon, Shute and Sood (1958). 

If (Re)? < 4k0 then the recoil may not be regarded as free and equation (1) 
isnot valid. The extension of Lamb’s theory to the resonant absorption of gamma 
rays under these conditions with supporting experiments has been described by _ 
Méssbauer (1958 a, b, 1959) with further confirmatory experiments by Craig 
et al. (1959) and by Lee et al. (1959). Mdssbauer finds a resonance curve shape as 
given by the effective temperature concept together with a sharp line of width I 
occurring at zero speed, with height strongly dependent upon temperature. 

The Debye temperature of mercuric oxide as estimated by comparing its 
molecular heat at 100°K with the classical value of 6R is 350°xK. The specific 
heat does not vary with temperature as in the simple Debye theory so that this 
figure is only approximate, the corresponding figures deduced from the specific 
heats at 50°K and 300°K being 250°k and 450°K respectively. Assuming the value 
350°x for 6, then the effective temperature corresponding to a real temperature of 
77°K is 142°K. 

Using this figure, we find for the case of the oxide scatterer at 77°K that 
(Ré)12=2-5k0, so that we expect the effective temperature concept to be valid. 
Conditions in the source are such that its effective temperature should equal its 
real temperature. { 

The full and dotted lines in figure 3 are theoretical curves based on various 
values of effective temperature substituted into equation (1 ). The liquid mercury 
fits best onto the 300°K curve, showing its velocity distribution to be the same as in 
a gas at the same temperature to within say + 30°K. The mercuric oxide resalts 
are best represented by an effective temperature within the range 150°K + 50°K. 
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Within the experimental accuracy this is in agreement with the theoretical value. 
In further agreement with Lamb’s theory there seems to be no evidence for marked 
irregular structure. 
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The Radiative Capture Cross Section of *?Th for Neutrons in the 
Energy Range 300 to 1200 kev 


By J. F. BARRY, L. P.. O*CONNOR anp J. L. PERKIN 


Atomic Weapons Research Establishment, Aldermaston, Berks. 


Communicated by K. W. Allen; MS. received 10th June 1959, in final form 10th Fuly 1959 


Abstract. A redetermination of the (n,y) cross section of Th in the energy 
region 300 to 1200 kev has been made by an activation method. A discrepancy 
existed between the level structure of this nucleus obtained directly from inelastic 
scattering measurements and the level structure deduced by Lane and Lynn 
in their interpretation of radiative capture cross section measurements. The 
energy dependence of the radiative capture cross section used by Lane and 
Lynn showed a plateau extending between the neutron energies of 250 and 650 kev 
followed by a sharp drop. The present measurements show that this plateau 
actually extends up to about 900 kev so that the (n,y) cross section is no longer 
inconsistent with the level structure of 28?Th deduced from inelastic scattering 


measurements. 


§ 1. INTRODUCTION 


show the steady decrease with increasing neutron energy expected 

according to the orthodox statistical theory. Lane and Lynn (1957) 
have explained this anomalous behaviour in terms of the energy level structure 
of these two nuclides. At certain excitation energies, the density of low-lying 
levels available for inelastic scattering will decrease owing to the rotational 
nature of the levels. The radiative capture process is able to compete more 
effectively with inelastic scattering in such an energy region, so that the (n,y) 
cross section will level off or even increase with increasing neutron energy. 

At the time the calculations were made, the energy level structure of ?°?Th 
had not been determined experimentally. Lane and Lynn therefore postulated 
levels at 425 and 500 kev in order to explain the measurements of Hanna and Rose 
(1959). However, the recent work of Batchelor and Towle (1959), who studied 
the levels of 282Th by inelastic neutron scattering, did not reveal levels in the 
region of 400 to 500kev. In view of the excellent agreement obtained between 
theory and experiment for ?8°U, it was therefore felt worth while to redetermine 
the radiative capture cross section of ?°?Th in the energy region 300 to 1200 kev. 

After the work reported here had been completed more American data 
became available in the compilation of Hughes and Schwartz (1958). These 
data are in good agreement with our own measurements and are consistent with 
the energy levels of 82Th obtained by Batchelor and Towle. 


| radiative neutron capture cross sections of 78?Th and 735U do not 
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§ 2. METHOD 


233Th, the end product of the (n, y) reaction in 232 "h, emits 8 particles with 
a maximum energy of 1-23 Mev and has a half-life of 22-1 minutes. It was 
measured by counting the f-particles in an end window Geiger counter. 
Comparison of the activities produced at different neutron energies for the 
same neutron flux gives the relative values of the cross sections at these energies. 

The B-particle activity due to ?°°Th produced in the irradiations was some 
orders of magnitude smaller than that due to the natural daughters of thorium. 
Therefore the natural element was chemically purified to remove most of the 
daughters before each run. Lead, radium and actinium were removed from a 
solution of 400 mg of thorium by repeated precipitation of the hydroxy-peroxide 
of thorium in 0-4 M nitric acid solution after the prior removal of lead and 
bismuth by sulphide precipitation. Thorium was finally precipitated as oxalate 
and ignited to ThQ,. 

A known weight of this oxide was packed into a polystyrene container of 
internal dimensions 2cm diameter by 0-075 cm depth and irradiated with 
neutrons from the T(p,n)*He reaction at 0° to the proton beam. It was then 
counted through the 0-025 cm polystyrene wall in an end window Geiger counter 
with a geometry of about 30%. The activity was followed for about six half 
lives by which time only a background due to the grow-in of natural daughters 
remained. Several points on the grow-in curve were obtained throughout the 
day in between each irradiation. This was subtracted to obtain the *°°Th decay 
curves. 

After normalizing to a fixed count on the neutron monitor, the activities 
obtained after irradiation at different neutron energies were proportional to the 
cross sections at these energies. 

Neutrons were obtained by bombarding tritium gas at approximately 
atmospheric pressure in a 1 in. long cell with protons from the Aldermaston 
6Mev Van de Graaff generator. ‘The neutrons were monitored with a long 
counter (Hanson and McKibben 1947). Corrections were applied to the relative 
neutron flux measured during each irradiation for the variation of the long 
counter efficiency with energy and for the anisotropic output from the target. 
The lowest energy points were also corrected for displacement of the effective 
centre of the gas target resulting from the increased proton energy loss (54% 
correction at 300kev), and for the effects of the lower energy neutron group 
which is produced at bombarding energies close to the T(p,n)®He reaction 
threshold. ‘This low energy group is present when the velocity of the centre of 
mass in the laboratory system of coordinates is greater than the velocity of the 
emitted neutron in the centre-of-mass system. Thus neutrons emitted in a 
backward direction in the centre-of-mass system are actually emitted in a forward 
direction with reduced velocity in the laboratory system. 


§ 3. URANIUM CALIBRATION 
To fix the absolute scale of the cross-section curve, use was made of the well- 
established cross section for radiative capture in *8U in this energy region 
(Hughes and Schwartz 1958). 58U contained in a sample of identical size and 
weight to the *8?’h sample was irradiated in the same neutron flux and the 239U 
produced was counted in the same experimental arrangement. The maximum 
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B-particle energy and half-life of -23°U have similar values to those of 233Th. 
Thus the ratio of the radiative capture cross sections of 232T'h and 233U is, after 
small corrections, given by the ratio of their activities after irradiation. 

It was necessary to use metal depleted in 235U because of B-particle activity 
produced by fission of this isotope during the irradiation. Uranium containing 
about 0-02% by weight of *8°U was obtained from the Atomic Energy Research 
Establishment, Harwell. The activity obtained after neutron irradiation decayed 
with the half-life of *8°U and there was no indication of fission product activity 
from the small amount of **°U present. 

Chemical purification was again required to remove the natural daughters 
of the uranium. Thorium and protoactinium were removed daily to the extent 
of more than 99:9% from about 400 mg of uranium. This was done by the 
chromatographic separation of uranyl nitrate on a cellulose column from a 1% 
nitric acid—ether solution, a technique introduced by Burstall and Wells (1951). 
The bulk of the fission products of 7°°U were also removed by this method. The 
purified nitrate was ignited to U;O,, which was used in the irradiations. 

In each irradiation the thorium was nearer to the neutron source than was the 
uranium so that a correction, calculated at 4-5°% had to be applied. This value 
was confirmed experimentally by means of a second irradiation with the thorium 
and uranium sample positions reversed. 

The effect of f-particle absorption and scattering in the two samples was 
checked by impregnating the original weights of the recently purified oxides 
with known activities of 7!°Bi (maximum f-particle energy 1-15mev). For 
the thorium sample this was done by co-precipitation of the oxalates and for the 
uranium by mixed slurrying. The specific count rates of the sources were 
compared using the original counting geometry and were found to agree within 
the experimental error of 5%. 


§ 4. RESULTS AND CONCLUSIONS 
The thorium cross section values are shown in the table and are plotted, 
together with all the other available data, in the figure. The absolute values 
were obtained by comparison of the activities of thorium and uranium from the 
600 kev irradiation and by using a value of 132 mbn for the uranium (n, y) cross 
section at that energy. 


Cross Section of the Reaction *°?Th(n, y)?32Th 


Neutron Energy, Fn (kev) 300 400 500 600 700 800 900 1000 1100 1200 
Spread in En (kev) 00 eE SON ee 75 me ei3 et 6. Oemet One OOM 0 Sumuet=/0-aee-E OD 
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The errors shown include possible errors in the neutron flux corrections as 
well as counting statistics. ‘The neutron energy limits shown are the maximum 
and minimum energies effective in any given irradiation, 

The points agree with those obtained in America and imply that the 
measurements of Hanna and Rose are probably in error above 650 kev. The 
flat portion of the curve continues up to 800 or 900kev before falling off, 
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confirming the position of the levels found by Batchelor and Towle at 760, 820 


and 1090 kev, with no indication of levels about 450 kev. 
This group of levels corresponds to the levels found by Cranberg and Levin 


(1958) and Batchelor and Towle (1959) at 730, 980 and 1060 kev in 7°8U. 
As 22.Th and 238U are both even—even nuclei far removed from a closed shell 


this similarity between their level structures is to be expected. 
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Cross-section values for the reaction 22T h(n, y)**°Th. The arrows indicate 
the positions of the levels found by Batchelor and Towle. 
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Isotope Shift in the CdI Intercombination Resonance Line 2 3261 A 


By F. M. KELLY anp E. TOMCHUK 
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Abstract. 'The isotope shifts in the intercombination resonance line of CdI have 
been measured. The line was excited in an atomic beam by electron bombard- 
ment and the high resolution obtained with a Fabry—Perot interferometer. ‘The 
shifts between even isotopes decrease with increasing neutron number and the odd 
isotopes lie close to the next lighter even isotope showing a pronounced odd-even 
staggering. ‘The relative shifts are in agreement with those of other Cd lines. 


§ 1. INTRODUCTION 


ADMIUM has six stable even isotopes and two stable odd isotopes so that it 
is ideal for isotope shift studies. The relative abundances of the 
naturally occurring isotopes (Bainbridge and Nier 1950) are given in 


table 1. 

Table 1 
Tsotope 106 108 110 111 112 als 114 116 
Abundance (°% 1:22 0-88 12-4. 12-8241 12-3 28-8 7-6 


Isotope shifts in the intercombination resonance line A3261 (5s? 4S) —5s5p ?P,) 
were first measured by Brix and Steudel (1950) who used the absorption of six 
atomic beams in series. ‘They measured the relative separations of isotopes 110, 
112 and 114. 

In this experiment an atomic beam was excited by electron bombardment and 
43261 was observed in emission. The isotope shifts between 106, 110, 111, 112, 
113, 114 and 116 were observed. 

Isotope shifts for cadmium have also been measured by several authors in the 
~ spark line 4416 (4d1° 5p ?P3).—4d®5s??D;/). The most recent measurements 
are those of Kuhn and Ramsden (1956) who used enriched isotopic samples and a 
hollow cathode cooled with liquid hydrogen. They measured the shifts between 
all of the stable isotopes. 

In the heavy elements the isotope shifts can be explained by the field or volume 
effect. For the light elements isotope shifts arise from the two mass effects. ‘The 
normal mass effect can be accounted for by a reduced mass calculation. ‘The 

_ specific mass effect which arises from the interaction between the electrons is 
difficult to calculate. Both mass effects decrease with increasing mass number but 
~ it is not certain where the specific effect becomes negligible. The shifts reported 
here were measured to redetermine the ratios of Kuhn and Ramsden using a 
_ different line to check the possible influence of a residual specific mass effect. 

The spins of both the odd isotopes are known to be 3 and the nuclear mag- 
' moments are negative (Strominger, Hollander and Seaborg 1958). Then 
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each odd isotope gives rise to two components in 3261 A. ‘The weaker component 
has the higher wave number. 


§ 2, EXPERIMENTAL ARRANGEMENT 


An atomic beam light source essentially similar to that described by Crawford 
et al. (1950) was constructed. The beam of cadmium atoms was produced by 
evaporating cadmium from a wire wound iron furnace heated by an electrical 
current. The collimation of the beam was 14, so that the source line width was 
0-002 cmis*s 

The beam was excited by electron bombardment with low speed electrons. 
The line 3261 was isolated with a Hilger medium quartz spectrograph and the 
high resolution was supplied by a quartz Fabry—Perot interferometer mounted 
externally to the spectrograph. Spacers of 3 and 5 cm were used. 

The interferometer plates were coated with aluminium films each of which had 
a transmission coefficient of about 0-03 in the visible region. ‘This corresponds to 
a reflection coefficient of about 0-85 at a wavelength of 3200A (Burridge, Kuhn 
and Pery 1953). Eastman 103aO plates were used. ‘The exposure times varied 
between ten minutes and one hour. 


§ 3. RESULTS 


The 5 cm etalon gave good resolution for the four most abundant even isotopes. 
The four components to be expected for the odd isotopes were thrown in the inter- 
order space and three components were observed. One of these three was due to 
a superposition of two components. ‘The components are named according to 
the mass number of the isotope of origin. ‘The two components from each of the 
odd isotopes are designated as s or w to indicate the strong and weak components. 

With the 5 cm spacer the components 113w and 111s were not resolved. With 
a 3cm spacer the components 111s and 113s were well separated and could be 
easily measured. However the resolution was not as high, and, there was inter- 
ference between the two weak components of the odd isotopes and the even 
components, so that measurements of the even components from these plates were 


not used in the calculations. ‘The results of the measurements are summarized in 
table 2. 


Table 2 
Isotope No. of fringes Etalon Separation 
pair measured spacer (cm) (x 10-3 cm-) 

114, 116 81 5 9:340:3 

112, 114 301 5 13-5404 

110, 112 98 5 16-3+40:5 

112, 113s 88 5 26:1 40-4 

112, 111w 69 5 515404 . 
112, 113w+111s 69 5 44-0 40-4 

112, 106 24 3 51-741-7 

113s, 111s 164 3 19-8 +0-3 

shonoge1 abies bo satin oe oned seals Es agh ots gi hy 6c a 


Theoretical intensity curves were plotted to estimate the displacement of the 
peak of 116 due to the presence of the much stronger component due to 114. The 
correction was estimated to be 0-0002cm-! and has been included in table 2. 
Similar corrections were applied to other components which were close together 
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in the observed patterns. The efrors quoted in table 2 are probable errors 
obtained by multiplying the average deviations from the means by 0-68. Some 
twenty exposures with each spacer were measured five times by each of two 
observers with acomparator. The number of fringes measured is given in table 2, 

The shifts between the various even isotopes are given directly by table 2. 
However, the centres of gravity of the components due to the odd isotopes must 
be calculated before the relative isotope shifts can be estimated. 

From table 2, Av(112, 11lw)=151:5. 111w is overlapped one order in the 
pattern. Also from table 2, Av(112, 113s)=100-0—26-1=73-9. From the 
3cm etalon measurements Av(113s, 111s)=19-8 so that Av(112, 111s)=54-1. 
The total magnetic hyperfine structure splitting for 111 is the sum of Av(112, 111w) 
and Av(112, 111s) and is 205-6. 

For isotope 113, Av(112, 113s) is measured directly from the 5 cm patterns and 
is 73-9. ‘The direct measurements also give Av(112, 113w+111s)=44-0. From 
the information concerning isotope 111, 111s lies 1-9 to the higher frequency side 
of the measured centre of gravity of 113w and 111s in the 5cm patterns. Then, 
weighting 111s and 113w according to known relative abundances and statistical 
weights, 113w lies 3-9 to the low-frequency side of the centre of gravity of 113w 
and 111s. Thus, in the 5cm pattern 113w is 40-1 to the high-frequency side of 
112 and Av(112, 113w)=140-1. Then, the magnetic hyperfine structure for 113 
is 73-9+ 140-1=214-0. The unit in these separations is 10-3cm7}. 

A check on the accuracy of these results can be made by a comparison with the 
ratio of the nuclear magnetic moments from other determinations. From our 
measurements 

plist 4 0 

wlll = 205-6 
This agrees well with the nuclear induction measurements of Proctor and Yu 
(1950) which give a ratio of 1-046 for these two nuclear moments. 


From the above measurements the centres of gravity of the odd isotopes can 
be placed relative to the even ones and we find 


Av(112, 113) =2-4+1:3 x 10cm 
Av(110, 111) =1-8 + 1-6 x 10cm 


= 1-041. 


<j] 
v (i0-3cm) 


Isotope shifts in CdI A 3261. 


The order of the isotopes is regular. A summary of our observed shifts is 


given in the figure. 
| 2Y2 
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§ 4. ISOTOPE SHIFT 
The observed isotope mae in \3261 need to be adjusted for the normal mass 


shift. ‘Table 3 gives the values of the shifts when the normal mass effect has been 
taken into account. 


Table 3 
Isotope pair 114, 116 112,114 LOM 2 106, 110 Val es bails 
Isotope shift 
(Omen a) 11:3 + 0-4 16E 04, 19:0+0°5 40:8+2:-1 1 bite 2a 


Following Kuhn and Ramsden the relative shifts between the various isotopes 
are calculated using Av(110, 112)=1-00. In table 4 the results are compared. 


Table 4 
Relative shift 

Isotopes ‘This paper Kuhn and Ramsden 
(106, 110) 1:07 1:04 

108, 110 = 1-00 

11 Ostet 1-00 1-00 

1 Leh, 1-03 1-03 

112, 114 0-85 0-93 

114, 116 0-62 0-65 


These ratios agree within experimental error with those of Kuhn and Ramsden 
(1956) except for the ratio (112, 114). In this case the observed difference is 9% 
whereas the sum of the experimental errors is 7°94. However we have made visual 
measurement only so that there may be a small and unknown systematic error in 
our results. ‘To this extent the results of Kuhn and Ramsden are confirmed. 


§ 5. Macnetic MOMENT 

The measurement of the magnetic hyperfine structure of the odd isotopes 
enables a calculation of the nuclear magnetic moments. From the formula for 
intermediate coupling (Breit and Wills 1933) we obtain u(113)= —0-55 n.m. and 
(111)=—0-52n.m. ‘These values are about 12°% lower than the results from 
nuclear induction (Proctor and Yu 1950). 

The spectroscopic values calculated in this way may be expected to be low for 
we have used the value of a,, determined from data for Cd whereas in fact the 
5s electron is screened by the 5p electron. A reduction of a,, by 10% to allow 
for the screening to the 5p will bring the two values into agreement. 


ACKNOWLEDGMENTS 
The research reported here was supported by a grant from the National 
Research Council of Canada. One of us (E.T.) is indebted to the Northern 
Electric Company of Canada for a research scholarship. 


REFERENCES 
Barnsripce, K, 'T., and Nier, A. O., 1950, Nuclear Science Series, Preliminary Report No. 9 _ 
~~ NBC... S. A. 
Breit, G., and WILLS, L. A., 1933, Phys. Rev., 44, 470. 
Brix, P., and STEUDEL, A., 1950, Z. Phys., 128, 260. 
BURRIDGE, Jets Kun, He and Prry, A., 1953, Proc. Phys. Soc. B, 66, 963. 


‘CRAWFORD, M. Bo ScHAWLOw, A. i KELLY, F. M., and Gray, W. M., 1950, Canad. 
ah PHT A, 28, 558. 


Kuan, H. G., and RaMsDEN, S. A., 1956, Proc. Roy. Soc. A, 237, 485. 
Proctor, W. Gs and Yu, F. C., 1950, Bes. Rev., 76, 1728. 


STROMINGER, D. , Houanpen, J. M., and SEABORG, G. T., 1958, Rev. Mod. Pegs 30, 585. 


: 


693 


The Decay of Arsenic 80 
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Abstract. Arsenic 80 has been produced by the ®°Se (n, p)8°As reaction induced 
by 14Mev neutron irradiation of natural Se and enriched ®Se samples. ‘The 
B~ decay to “Se (tyj9=15-3sec) has been investigated by scintillation spectro- 
metry using S~y and y~y coincidence techniques. The y-ray spectra are inter- 
preted in terms of levels in *Se at 0-66, 1-44, 1-52, 1-77, 1-88, 2:30, 2:50 and 3-01 
Mey. ‘The f-transitions to the ground and first excited states of ®°Se (log ft values 
5:8 and 5-9 respectively) are probably allowed, giving spin 1+ for the ground state 
of As. 


§ 1. INTRODUCTION 


N activity probably due to the decay of ®°As was first observed by Ythier and 

JN Hermann (1954), using chemical separation techniques following fast 

neutron irradiation of Se. ‘They found an activity of half-life < 1 minute, 

which was assigned to *°As produced by the ®°Se(n, p)8°As reaction. The 2+ 

first excited state of the daughter nucleus ®°Se has been observed at 0-65 Mev in 
Coulomb excitation using 6 Mev «-particles (Temmer and Heydenburg 1956). 


§ 2. EXPERIMENTAL METHODS 


In the present work *°As was again produced by the °°Se (n, p)*°As reaction, 
samples of natural Se and enriched *°Se being irradiated with 14 Mev neutrons 
from 400 kev deuteron bombardment of a thick titanium tritide target. ‘The 
target was water cooled, permitting deuteron beams up to 200 wa without unduly 
rapid target deterioration. In order to avoid inducing activities in the scintilla- 
- tion counters due to the high neutron flux in the vicinity of the target, they had to 
_ be placed some distance away, and a pneumatic transit tube 40 feet in length was 
employed to convey the samples, in polythene cells, between the target and 
counters. The transit time was 3 seconds. 

y-ray measurements were made using two 4in. x 4in. cylindrical NaI (Tl) 
crystals, supplied by the Harshaw Chemical Company, mounted on E.M.I. 
type 6099 A photomultipliers. The ungated spectra from one of the crystals 
were displayed by a Hutchinson-Scarrott type 75-channel pulse-height analyser. 
For the coincidence work, spectra from the same crystal coincident with a gating 
- pulse were similarly displayed. The gating pulse was generated when a coin- 
cidence with 0-2 psec resolution occurred between the two counters, together with 
the further requirement that the height of the pulse from the second counter lay 
within limits defined by a single channel pulse height analyser. This enabled the 
spectra of y-rays in coincidence with another y-ray of defined energy to be 


- examined. 
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For the y-ray measurements a sample irradiation time of 30 seconds followed 
by an equal counting period was employed. ‘The cycle was automatically con- 
trolled using a rotary selector switch operated by pulses at 1 sec intervals obtained 
from a clock. 

Spectra of B-particles were observed using a ‘Nuclear Enterprises’ type 
NE 102 2in. x 2in. plastic phosphor mounted on an E.M.I. type 6097 A photo- 
multiplier. The B-sources were made by mixing selenium powder to a paste with 
polystyrene and benzene, and mounting a layer 2mm thick on the end of a poly- 
styrene holder suitable for use in the transit tube. ‘The shortness of the half-life 
and the poor counting rates obtainable precluded the use of sources sufficiently 
thin to measure the actual shape of the 8 spectrum so that the measurements were 
confined to the determination of end points. For calibration purposes, similar 
sources were made using other materials. 


§ 3. RESULTS 
3.1. Assignment of Activity 


By far the most intense short-lived activity produced by fast neutron irradia- 
tion of selenium is due to the decay of the isomeric state at 0-16 Mev in “Se (half- 
life 17-5sec). There is also a group of y-rays due to an activity of much longer 
half-life which correspond in energy to those observed by Schram et al. (1957, 
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Figure 1. Half-life measurement on ®8°As decay. This was made on the 0-66 Mev y-ray, 
using a time-pulse height convertor in conjunction with the 75 channel analyser. A 
background subtraction (as for figure 2) was carried out. 


unpublished data, see Strominger, et al. 1958, van Lieshout 1958, private 
communication) in the decay of “8As. In addition to these there are a number 
of y-rays corresponding to another activity of short half-life which are 
assigned to the decay of levels in *°Se populated by ®As B-decay. The most 
_ intense of these has an energy of 0-66 Mev, in reasonable agreement with Temmer 
and Heydenburg (1956) for the first excited state of ®°Se. Half-life measure- 
ments made with this y-ray indicate a value of 15-3+40-2sec for ®As decay 
(figure 1). The use of a 98% enriched ®°Se sample (1-8g, supplied by the 
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Harwell Electromagnetic Separator Group) confirms that this activity is produced 


. ‘lake : 
from Se, as the other activities mentioned are greatly reduced in intensity when 
the enriched sample is used. 


3.2. y-ray Spectra 

We now summarize the results of the y-ray measurements. It was essential 
to use the enriched ®°Se sample here, to avoid confusion due to y-rays from other 
activities. y-rays of energies 0-66+0-01, 1-22+0-01, 1-64+0-01, 1:77 +0-03, 
and 2-35 +0-03 Mev were observed in the ungated spectra (figure 2) together 
with a broad peak at 0-8 Mev which consists of more than one Eotaponene. The 
relative intensities of these y-rays were calculated by comparing them with 
standard y-ray spectra and by the use of tables (Miller et al. 1958, Wolicki et al. 


1956) of total efficiencies and photofractions for the sodium iodide crystals 
employed. 
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Figure 2. Ungated y-ray spectrum. A background correction was made from a second 
run with an empty sample holder in the transit tube. 


In making y-y coincidence measurements it was necessary to show that 
coincidences observed were not merely due to bremsstrahlung. For example, 
in determining what y-rays were in coincidence with the 0-66 Mev line, three 
spectra were taken, with the energy window set to accept radiation of 0-57, 0-66 
and 0-73 + 0-02 Mev respectively. The results were normalized to a fixed count 
in a neutron monitor. (BF, counter in paraffin.) The neutron flux was 
maintained at a constant level during eachrun. This meant that the total activity 
observed was the same in each case. The count rate in the 0-8 Mev region and 
for the peaks at 1-22, 1-64 and 2-35 Mev was much greater when the window was 
set at 0-66Mmev than when it was displaced to either side of the peak. The 
spectrum in coincidence with 0-66 Mev also showed a weak peak at 1-84 + 0-03 Mev 
which was not resolved in the ungated spectrum. A repeat spectrum confirmed 
the presence of this peak (figure 3). 

The results confirm that these y-rays are truly in coincidence with the 
_ 0-66 Mev y-ray, as coincidences with the bremsstrahlung would merely show an 
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increase in rate as the energy setting of the window is reduced. The y-ray at 
1-77 mev is not coincident with 0-66 Mev radiation. The relative intensities of the 
y-rays in coincidence with the 0-66 Mev line is substantially the same as in the 
ungated spectrum, except that the 2-35 Mev peak is reduced to about half its 
previous intensity. This could be explained by assuming that half the counts in the 
ungated 2:35 mev peak were due to the decay of the proposed level at 2-30 Mev 
direct to the ground state. 


COUNTS PER 
CHANNEL 


122 


1-64 GAMMA-RAY SPECTRUM 
COINCIDENT WITH 
O66 MEV 


512 


20 30 40 50 60 70 
CHANNEL 


Figure 3. y-ray spectrum coincident with 0-66 Mev radiation. 


A number of other coincidence spectra were taken, with the window set at 
0-78, 0-86, 1-22, 1-64 and 2:35mev. The results for 1:22, 1:64 and 2:35 Mev 
show only the 0-66 Mev y-ray, indicating that none of these y-rays form part of 
a triple cascade, but that they go direct to the 0-66 Mev level. ‘This shows the 
presence of levels at 1-88, 2:30 and 3-01 Mev, as shown on the level scheme. 
‘The 1-84 Mev y-ray is attributed to the decay of a level at 2:50 Mev, but owing to its 
weakness, and proximity to the strong 1-64 Mev peak, it was not possible to confirm 
this. ‘The broad peak at 0-8 Mev was further examined by obtaining a spectrum 
in coincidence with 0-66Mev with improved statistics and a narrower energy 
coverage (figure 4). ‘This, together with the spectra in coincidence with 0-78 
and ()-84 Mev, is consistent with its being made up of a doublet with about these 
latter two energies, both in coincidence with 0-66 Mev but not mutually coincident. 
If these were in coincidence with each other, (forming a triple cascade from 
the 2-30 Mev level through a level at about 1-5 Mev) there would be a considerable 
enhancement of the 0-78 Mev peak when the window was set to 0:86 Mev, and 


vice versa, and the intensity of the enhanced peak would be the same as that of 


the 0-66Mev y-ray, neglecting spurious coincidences. No such enhancement 
was found. ‘The small number of counts present in these peaks can be attributed 
to coincidences with the high energy tail of the 0-66 Mev y-ray appearing in the 
window, and with bremsstrahlung. The y-rays were attributed to the decay 
of levels at 1-44 and 1-52 Mev. 
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Figure 4. y-ray spectrum coincident with 0-66 Mev radiation. This gives the region 
below 1-4 Mev in greater expansion, showing the shape of the peak at 0-8 mev. 
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3.3. B-ray Measurements 


Measurements on the f-spectrum gave an end-point of 6-0+0-2mey. Cali- 
bration sources were made by neutron irradiation of oxalic acid (1®O(n, p)'®N, 
Emax=10-4Mev) and polytetrafluorethylene ('°F(n,p)?O, Emax = 4-5 Mev) 
samples. ‘The 11-5 Mev B-rays from ™B(n, p)"'Be were used as an additional check 
on the linearity of the counter up to the 10 Mev region. The spectrum of f-rays in 
coincidence with 0-66 Mev y-radiation shows a displacement corresponding to the 
difference in energy of the transitions to the ground state and to the first excited 
state in ®°Se, indicating that the highest energy 8 branch goes to the ground state. 
The B branching ratios to the various excited states in ®°Se could be calculated from 
the y-ray results, assuming that the upper levels are independently excited in the 
B-decay and not by y-cascades, but it was necessary to make further measurements 
to determine the proportion of B-radiation going to the ground state. ‘To obtain 
this, the total count of B-particles with energy greater than 2-5 Mev was compared 
with the simultaneous count, using the same energy discrimination, of 8-particles 
coincident with the photopeak of the 0-66 Mev y-ray in a fixed counter geometry 
with a calculable y-detection efficiency. From the ratio of these two quantities 
the required ground state fraction of the total 8 counts could be deduced if the 
relative efficiencies of the 8 counter for particles in the various branches was 
also known. These efficiencies were deduced from standard f-spectra by 
calculating the fraction of the total count above the 2-5 Mev bias setting. 

The calculated efficiency of the y-counter and the expected coincident rate 
were checked using the double y-cascade in the decay of ®°Co with a source of 
calibrated strength. 

The 6 branching ratios and log ft values for all the observed transitions are 
shown in figure 5. 


§ 4. Discussion 


The measured log ft values of 5-8 and 5-9 for the 8-transitions to the ground 
and first excited states of ®°Se suggest that these are allowed transitions. This 
would establish the ground state spin of As as 1+. The corresponding transition 
in the decay of 90 min 78As to the ground state of ’8Se has a much higher log ft 
value of 7-6 (Steinberg and Engelkemeir 1950). This latter transition is unique 
first forbidden and gives a spin 2~ for the ground state of *8As. The ground 
state spins of the other odd—odd As isotopes of lower mass number than 78 have 
also been shown to be 2~. ‘This corresponds to a shell model configuration with 
2Ps/2 proton shell complete and a single additional proton if the 1f,/, state. This 


couples, with an odd neutron in the 1gg/. state, which is being filled as N increases, © 


- spin 2~ in accordance with Nordheim’s ‘ strong’ coupling rule (Nordheim 
In order to obtain a spin 1+ for *°As a configuration may be assumed in which 
the protons in the 1f,/. shell tend to pair leaving a hole in the 2p. state. Similar 
pairing of 1go. neutrons leaves a hole in the 2p, state. Coupling of the 2psj. 
_ hole with the 2p,). hole would giveaspin1+. Another, less probable, configuration 
would leave the odd proton and the odd neutron in the 2p, shell. The presence 
of both nucleons in the same shell could have the effect of depressing its energy 
relative to that of the 1f,), shell which is normally below it. 
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; Several other nuclei in this region have similar configurations, for example 
“Br, *°Brand®Rb. In the first two of these a state with the alternative configura- 
tion (spin 2~) has been observed at low excitation (Way et al. 1955, Strominger 
et al. 1958). In addition there are several cases known of even—odd nuclei, e.g. 
‘Se having a ground state 1/2- corresponding to a 2p,/. neutron and a low-lying 
metastable level of spin 7/2+ due to the coupling of 1g,, neutrons. In the case 
of “°Se the situation is reversed, the ground state having a spin 7/2+ and the first 
excited state, spin 1/2-. 
; The second excited state of 8°Se occurs at an energy the ratio of which to the 
first excited state energy is approximately 2-2, corresponding well to the expected 
value for the second vibrational state of an even—even nucleus in this region 
(Scharff-Goldhaber and Weneser 1955). The observed doublet at about 
1-5 Mev may correspond to the 0+ and 2+ components of the expected 0+ 2+ 4+ 
triplet. In the 8-decay from a 1+ state one would not expect to see the 4+ state 
but would expect the 0+ and 2+ states to be populated with comparable pro- 
babilities. ‘The fact that no ground state y-transition from these levels is observed 
agrees with the suggestion that they arise from a two-phonon excitation. 
Angular correlation measurements on y-cascades through the 0-66 Mev level 
were impractical owing to poor counting rates, so that information on the spins 
of the higher states of 8°Se could not be obtained. 
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Abstract. A simple theory of the trapping of gas in a ‘fast-pinch ’ gas discharge 
is given. In the early stages of a gas discharge, a sheet of current flows near the 
walls of the discharge tube. This sheet subsequently collapses on to the cold gas 
inside it, with the consequent compression of the gas. It is shown that the 
efficiency of the trapping of the cold gas within the sheet during the collapse stage 
increases with the initial gas density. 


§ 1. INTRODUCTION 
M UCH interest is centred around the possibility of producing high tempera- 


ture conditions in gases by means of the pinch effect. This effect is due 
to the confinement of the gas by the interaction of the current flowing 
through the gas with its associated magnetic field. 

Most experiments take the form of discharges through cylindrical tubes of gas 
at low pressure. If the gas is initially pre-ionized to some extent, then the electric 
field will at first be confined to a thin skin at the surface of the gas. The free elec- 
trons from the pre-ionization will then be accelerated in the field and collide with 
neutral atoms. At this point the free electrons will ionize some of the neutrals by 
impact and the surface of the gas may be made highly conducting before there is 
appreciable penetration of the surrounding magnetic field into the gas. This 
highly conducting sheet then experiences forces due to the interaction of the current 
and the magnetic field and collapses with the result that the gas within is com- 
pressed. The gas inside will be mainly composed of cold neutral atoms and it is 
our purpose to find out whether these atoms leak through the sheet as it collapses. 

The theory predicts that the temperature of the electrons in the sheet and the 


initial gas density are important factors in determining the efficiency of the 
trapping process. 


§ 2. "THE COLLAPSE STAGE OF THE DISCHARGE 
‘The model of the collapse which we shall consider is that of a cold gas minced 


by the collapsing current sheet. We shall assume that in the early stages of the. 


discharge most of the matter at the inner surface of the current sheet is un-ionized. 
An atom which passes into the current sheet will suffer interactions with the ions 
and electrons in the sheet and it is these interactions which determine whether or 
not the atom is held by the sheet or passes out through the sheet. 

The sheet itself is composed of ionized matter and if this ionization is to be 
maintained then the temperature of the charged particles in the sheet must be 


OLE 2 ow ~ 


sufficiently high. ‘Thus the most important event which occurs when a neutral _ 


atom passes into the sheet must be the ionization of this neutral. Of course the 
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atom may first be excited before being ionized, but for simplicity, we shall assume 
that when an atom passes into the sheet then it is either ionized before any other 
event takes place or suffers no serious disturbance of its original motion. If the 
atom is ionized, it will be held in the sheet by the combination of electric and mag- 
netic fields. Itis not clear that the charged products of the ionization process would 
be reflected back into the middle of the discharge. It seems more plausible that 
the electron formed, subsequently contributes to the current and remains in the 
sheet and that the ion is held by electrostatic forces. Thus the thickness of the 
current sheet should increase as more material is stuck to it. 

Let us suppose that the sheet is moving with a speed which is much greater than 
the thermal speeds of the cold atoms. This is the so called ‘fast-pinch’ model. 
Following the model of Rosenbluth (1956) we can describe the collapse process in 
the following manner. 

The sheet collapses on to the particles which are sitting there and sweeps them 
up. No shock wave will be transmitted into the gas if the atoms are stuck to the 
sheet after ionization. In the initial stages of the discharge, we can assume that 
the radius of curvature of the sheet is so large that we can consider the sheet locally 
as a plane and transforming to a suitable coordinate system, bring it to rest. 

From momentum balance we then have the relation 


B?/82=nm(i')2P Lage Rees (2.1) 


where # is the sheet velocity, B the confining magnetic field, the number density 
of neutrals, m the mass of the neutral and P the probability that a given neutral is 


held by the sheet. 


§ 3. THE BEHAVIOUR OF NEUTRAL ATOMS IN THE SHEET 
A section of the sheet is shown in the figure. Let the sheet have thickness d 
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where g is some quantity dependent on the particle velocity and « is a coordinate 
measured from the inner surface of the sheet normally outwards. 


We then define 


(Fs (gq) n(x) dx 
hae a keete ealaee (3.2) 


<9 0,0 Tid taet aie 
iF n(x) dx ; 


where 
n(w) = | FICE eee ee (3.3) 


The probability that an incoming atom suffers an interaction after a displacement ; 
dx into the sheet is then 


Sela) conden Yortri(s)Cinkadel arses (3.4) 


where dea and oja are the electron—atom and ion—atom interaction cross sections 
and £ea, Zia are the corresponding relative speeds before impact. 

If interactions result in ionization and not serious deflection of the neutral 
before ionization, then if maj atoms are incident on the inner surface of the sheet, 
the number of these which reach the neighbourhood of a point x within the sheet 
without ionization is 


pens ep bs if Mesa hA ES (CPT Hee ENT tia). a ae (3.5) 


Thus the probability of escape of atoms from the outer surface of the sheet is 
exp(—II), where 


l= -{'% iid ine(+) aca gea)e-tm(¥) agin )el vsises 6.6) 


The sheet itself though certainly not electrically neutral at all points aithie it mu: st 
be neutral overall so that 


has = = ae ; ie G2) 


Thus we may write 
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When the magnetic field is due to an axial flow of current we have the relation 
ae 
ES te whetea! Beinn dum wt Vids ear (3.11) 


7 
and when the probability P is close to unity we can write from equation (2.1) 


r . 
4,222 7 (4) meres Hela, Vil Bote (3.12) 


Thus in the case in which the neutrals are securely held by the current sheet, we 
have from equations (3.10) and (3.12) 


1, cif p\'a 
n=<(£) Be ae ae tae (3.13) 
where 
y= Watiedect teres tals 


‘Thus the condition for good trapping, i.e. I1>1, shows us that the efficiency of 
trapping increases with the gas density. 

In most circumstances, the electron drift velocity will be much greater than the 
relative speeds of atoms and ions. Furthermore, in order to avoid runaway 
electrons, we must keep the electron drift speed below the electron thermal speed 
in the sheet. ‘The generalized cross section illustrates that the effect of runaway 
electrons is such as to lower II through the dependence of the electron—atom 
ionization cross section on the electron velocity. Thus runaway electrons whilst 
enhancing the pinch effect, increase the porosity of the sheet. 

The electron velocity ve may be written in the form 


Ve=VedtVet) Vead= COM) ss po air (3e85’) 
where Veg is the drift velocity and ve; is the thermal velocity. The relative speed 
of the electrons and atoms is 

Zea=Ve—lr~Ve, 
since in general an individual electron moves much faster than the sheet. Thus in 
the non-runaway condition we may write approximately 


) | 
qr <Zearet dn xf (fy. eit (3.16) 


(vez)o2@ \27 

To calculate IT numerically, we need to know the electron velocity distribution 
in the sheet. However, certain general deductions can be made from the formula 
(3.16). Firstly, we can only really increase II by increasing p for a given gas. 
Secondly, the difference between a light gas which is difficult to ionize such as 
helium and an easily ionized relatively heavy gas such as argon should be easily 
detectable by experiment. A rough numerical estimate of the density required to 
make exp (—II) about 1% has been made taking v,,=vet approximately and o 
to be the ionization cross section by electron impact at 50 ev in argon, hydrogen and 


helium. Values of o were obtained from Massey and Burhop (1952). The 
required densities are given in the table below: 


pgcm™ 
A ior STK? 
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Hi, 32510 
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Wesee that the difference between helium and argon is very appreciable. In fact, 
due to the difference between (vet) and (v,,), the value of p required to effect 
this efficiency will be reduced in the ratio ({v,,)/{vet))? and the figures given 
above are somewhat too large. 

Finally, we note that if the collapse velocity is sufficiently large, it may be 
possible to bring the ions into play via the term (aja Zia ) in U. 


§ 4. CONCLUSION 


We have considered a special model of the collapsing fast-pinch discharge in 
which a particular type of trapping mechanism is proposed. Heavy gases which 
ionize easily are the best to use from the trapping point of view. 

It should be possible to check the theory roughly by experimental measurement 
in say helium and argon. 

A more refined treatment of the problem must contain the effect of the slowing 
down of neutrals in the sheet before ionization. ‘The present treatment is simply 
meant to illustrate the main physical processes involved. 
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Abstract. A polarized proton beam has been obtained by inserting an internal 
graphite target in the cyclotron and using the polarization properties of the 
reaction *C(d,p)8C. By scattering this beam from an ice target, the elastic 
scattering polarization from oxygen was determined at a number of angles. The 
results show some similarity to the predictions of the optical model but there 
is evidence of a rapid variation of the polarization with energy. 


§ 1. INTRODUCTION 


LASTIC proton scattering cross sections are usually fitted by optical model 
BK calculations. The agreement between experiment and the model has 
been steadily improved by adding more parameters to the complex potential. 
The edge of the well has been rounded (Woods and Saxon 1954) and a spin-orbit 
potential has been added, usually as a surface term (Feshbach 1958). When the 
parameters associated with these modifications are suitably chosen, it is possible 
to reproduce fairly accurately the differential cross sections, at least away from 
backward angles. However, with so many variables, some of which only affect 
the differential cross section slightly, a range of solutions is often possible. 

A further source of experimental information for determining optical 
parameters is to measure the polarization produced by scattering. In contrast 
to the cross section, the polarization depends sensitively on the spin dependent 
part of the potential and it seems from the work of Erickson and Cheston (1958) 
that the real and imaginary parts of the spin-orbit potential usually produce 
very different effects on the angular distribution of the polarization. It may 
therefore be possible to determine each of them uniquely. The radial dependence 
of the spin-orbit term, on the other hand, seems to have little influence. 

This paper describes measurements of the polarization produced in the elastic 
scattering of protons by oxygen, the first results of an experimental technique 
developed to measure polarization angular distributions in the 10 Mev energy 
region. 

§ 2. EXPERIMENTAL ARRANGEMENT 


A polarized proton beam was obtained using the deuteron stripping reaction 
12C(d,p)8C. The polarization of the ground state group is known to reach 
~ nearly 50% at an angle of about 45° (Bokhari e¢ al. 1958). ‘The polarized protons 
obtained in this way were scattered from a second target where the left-right 
asymmetry was measured with counter telescopes. ap ae 

In all the polarizations we use the sign convention that the direction 
(Kin x Kout) is positive, where Kin and Kout are the wave vectors of the incident 
and emitted particles respectively. 
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§ 3. THE PoLarizED PROTON BEAM 


To obtain the maximum proton yield, the internal circulating deuteron beam 
of the 37 in. cyclotron was used, a graphite target being placed inside one of the 
dees of the cyclotron (figure 1). This target was supported on an arm which 
projected through a hole cut in the dee edge and was attached in such a way that 
it could be pivoted about a point near the hole. A wide range of target positions 
was therefore possible. Adjustments in the target position could be made from 
outside the cyclotron tank by pushing on the arm with a retractable rod. 

The hole in the dee acted also as the first slit in the proton selecting system. 
The ground state group protons emitted at about 45° emerged through it and 
were focused by the fringe field of the cyclotron and an external wedge magnet 
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scattering at 40°. Measured in this way the polarization varied from one target 
to another but was always between — 40°% and —50 “% in agreement with previous 
results. 

The helium elastic scattering polarization was calculated from the phase 
shifts given by Putnam, Brolley and Rosen (1956) at an energy of 9-48 Mev and 
a value of —33-5% was obtained. Since it is difficult to estimate the accuracy 
of these calculated polarizations, we have not included this source of error in 
our resultst. 

It was found that there was considerable deuteron contamination of the 
proton beam. Since the energy selection and focusing are by magnetic fields, 
deuterons of half the proton energy, which are scattered from the target, are also 
focused on to the second target. Measurements with this experimental arrange- 
ment must therefore be confined to targets where there is a clear energy separation 
of elastic scattered protons from those produced by stripping in the second target. 
In the case of oxygen, the '*O(d, p)!’O reaction Q value is low enough to exclude 
this process completely from the counter pulse height distributions. 


§ 4. MEASUREMENT OF THE SCATTERING ASYMMETRY 


Protons scattered left and scattered right at the same angle were recorded 
simultaneously. Each counter telescope consisted of a thin CsI scintillator 
mounted behind an argon filled proportional counter. The scintillation pulses 
coincident with pulses in the proportional counter were recorded on a 50-channel 
pulse height analyser. With this arrangement, the background was confined to 
small pulse heights, so that the short runs, without the second target, were 
sufficient in making the background correction. The energy threshold of each 
counter system for the detection of proton coincidences was about 6Mev, of 
which 1 Mev represented the energy lost in the proportional counter. Energy 
resolution was sufficiently good for the scattered proton peak to be accounted for 
by the spread in the incident beam energy and by the target thickness. The 
angular resolution of each counter was +1-5°. 

The two counter systems, the target chamber and the beam defining slits 
were all mounted on a frame which enabled the entire system to be rotated about 
the incident proton direction. Half the running time was spent with the frame 
upside down. By taking the product of the two ratios of counts left to counts 

right, which were obtained with the frame in the two positions, the scattering 
asymmetry is obtained independent of the counter efficiencies, and with first 
order errors in the geometry eliminated. ‘To minimize the effects of drifts in 
the counting system, the system was turned over each hour throughout the run. 


§5. THe Ice ‘TARGET 


A solid oxygen target was prepared in the form of ice; protons scattered 
from the hydrogen having too small an energy to be detected by the counters at 
any of the angles of measurement. A thin flake of ice was obtained by surface 
freezing a dish of distilled water and cutting out a suitable area. The flake was 
then attached to a metal frame cooled with solid CO. Thermal radiation to this 

target was reduced by having a large area of cooled metal inside the target chamber. 


+ This polarization is about 6% smaller than the value given graphically by Brockman 


hy 


(1958). oe 
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The average target thickness prepared in this way was lmev. This arrangement 
meant unfortunately that protons emitted from one face of the flake could not 
reach the counters. Measurements near 90° scattering angle were therefore 
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Figure 2. The elastic scattering polarization of protons on oxygen. The hollow pa 
were measured with a polarized proton beam of energy (8-9 ape) —* 
polarization —41+8%. The solid points were measured with a tien be 

energy (8-7 + 0°5) mev and polarization —48+6%%. The line is a theoretical 
model calculation of Bjorklund and Fernbach for 10 Mev protons 
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where the radial shapes of the potentials have the forms 


p(r)= E +exp (“<= = =) | a 
a 
q(r)=exp — (==) p alld ge Py 


The polarization, measured at the two angles which are shown as solid circles, 
was obtained with a proton beam of average energy 8-7 Mev and a spread such 
that the beam fell to half intensity at +0-5mev. A change in the target position 
and focusing conditions later produced the same beam intensity but with less 
energy spread (8-9*('})mev. This beam was used to obtain the results shown 
as open circles. 


S (2) (3) (4) (5) 
I; R i R 

40° $95 557 574 394 588 —22:3+ 5-4 
50° " 406 346 242 246 + 75+ 66 
60° 330-—agi227, 197 179 424-34 7-7 
110° - 239.952 156 268 —30-7+ 8-6 
120° ik DFE 320 isles 307 —37-0+ 8:5 
130° a 270 ~—- 261 (Ds iG —54-2+ 10-0 
140° 3 236 = 213 149 222 254 293:3 
40° 8-7 +0°5 443 322 381 446 + 99+ 68 
50° re 257 166 276 ~©=—- 260 + 30-24 10-7 


(1) Angle in lab. system; (2) energy of bombarding protons (Mev); (3) number of 
counts with the frame upright; (4) number of counts with the frame inverted; 
(5) polarization (°%). 


§ 7, DIscussION 


The large change in the polarization, produced by a change in the energy 
spread of the beam, seems to indicate that the polarization, if measured with 
better energy resolution, would be a rapidly fluctuating function of the energy. 
This is clearly inconsistent with the shape scattering predictions of the optical 
model, but could be produced if considerable compound elastic scattering were 
present. The polarization would then be different from each of the compound 
levels which lies within the range of energies covered by the beam. In the present 

~ experiment the number of these levels must have been insufficient to give complete 

statistical averaging. For this particular target, considerable compound elastic 
scattering is to be expected, since the compound nucleus which is formed, !’F, 
is stable against neutron emission, and there are few other low lying levels in '°O to 
compete when it decays by proton emission. 

In view of the compound elastic contribution to the polarization, it seems 
somewhat surprising that, even at backward angles the shape of the angular 
distribution is consistent with the optical model prediction. 
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Abstract. On the assumption that the cubic field for V3+ is not strong enough 
to break down the Russell-Saunders (/-/) coupling, the magnetic susceptibility 
of V** has been calculated in a generalized way using Abragam and Pryce’s 
Hamiltonian and wave functions. The susceptibility expression contains four 
parameters «, «’ (the effective crystalline Landé factors), A (the trigonal field 
orbital parameter) and A (the crystalline spin-orbit coupling constant). An 
excellent agreement with the experimental results of Van den Handel and Siegert 
and Dutta Roy are obtained by taking «=1-10, «’=1-:35, A= —1390 cm, 
D=4-8cm-tandA=64cm-!. The reduction of A from its free ion value 104 cm! 
is due to the inclusion of the covalency factor. (f?=0-62, arising from overlap 
of the 3d-orbital wave functions of V+ with the o- and 7-wave functions of the 
surrounding oxygen.) ‘The values of «, «’ and A are consistent with reasonable 
values of the cubic and trigonal field parameters. 


§ 1. INTRODUCTION 


IEGERT (1937) deduced the theory of magnetic susceptibility of vanadium 
S ammonium alum under a crystal field having cubic symmetry with a 
small superimposed trigonal field (Lipson and Beevers 1935), assuming 
that the cubic field is so strong as to break down not only the L—S coupling but 
also the J coupling. To explain the experimental data of Van den Handel and 
Siegert (1937) on the basis of this theory Siegert assumed a splitting of the lowest 
two close-lying levels of about 4-8 cm and the trigonal field orbital separation 
of about 600 cm-, but then the calculated value of the temperature independent 
susceptibility Ke comes out as about twice the experimental value, and the 
_ spin-orbit coupling constant A has to be taken about 40% lower than the free 
ion value of +104cm~-!. Apparently, these two findings require explanation 
and it seems desirable to look more critically into the theory as also to check the 
experimental results. The break down of Russell-Saunders /-/ coupling does 
not seem to be well justified (Van Vleck 1939) since it is very probable that in 
these V3+ salts the binding is only partially covalent/in nature (Owen 1955). 
Moreover, Siegert neglected the contribution to magnetic moment from the uppe1 
orbital and spin levels. — . on 
We have, therefore, calculated the susceptibility of V°* salts, taking into 
consideration the admixture from upper orbital levels retaining /-/ coupling 
following a more general theory of Abragam and Pryce (1951). The advantage 
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of this theory is that in the susceptibility we can take into account the contribution 
of the orbital upper levels in a straightforward manner. ‘The ground state of 
a free V3+ ion is 3d23F. There is another term *P arising from the same 
configuration 3d? of the free ion about 9 300cm~ higher (Owen 1955). Besides 
these there is no term of sufficient importance lying in the neighbourhood. ‘The 
x-ray analysis of Al8+ and Cr3+ alums (Lipson and Beevers 1935, Klug 1940) 
shows that the field on the trivalent cation arises from a trigonally distorted 
octahedron of six water molecules surrounding the ion. ‘The trigonal axis of 
each ion coincides with one of the four body diagonals of the unit cube which 
contains four such ions. Then the predominant cubic field having a positive 
coefficient (Gorter 1932) splits up the ?F state into a degenerate orbital triplet [', 
lying lowest and another orbital triplet [; and an orbital singlet I, lying 
successively above it (Bethe 1929, Van Vleck 1932). The comparatively small 
trigonal field component now splits up each of the two triplets into a singlet and 
a doublet of which the singlet must be lower if the susceptibility is found to obey 
the Curie law with an approximate ‘spin only’ value of the moment (Van Vleck 
1939) which is actually the case. Further, the effect of the spin-orbit coupling 
on the orbital levels each with the three-fold spin degeneracy is to split them up 
into three non-degenerate and three doubly degenerate spin levels and to cause 
an admixture between them. We now proceed to find out the fine structure 
levels of the Stark pattern under the crystalline field in the following section. 


§ 2. 'THE FINE STRUCTURE 
The basic orbital triplet states given by Abragam and Pryce (1951) are 
[1) = —(Gx' +ipy')/V/2 
|0 d= $.' 
|—1)=(¢,' — ty’) /4/2 
and the appropriate effective Hamiltonian is 
HA =A(1—1,?)—aAl,’S,—a A(L,'S, +1,'S,) 
where A stands for the energy difference between ¢,’ (singlet) and ¢,.,’ doublet, 
a and «’ are effective Landé factors dependent on admixtures of excited 
orbitals in the axial and perpendicular directions of the V3+.6H,O group and 
A stands for the spin-orbit coupling constant of V+ in the crystal. 


The fine structure levels are classified by m (= +2, +1, 0), the eigenvalues 
of 1,’+ S,. The secular matrix for # breaks up into 


aA —a’r 0 
aA A ad | (m=0), 
0 —a'rX ar 
0 —a’r 
= 1 
| —a’'r A | es 
A —a'r 
=+ 
| BEG Nana Caan 
— ad (m= +2) 


weds 


Ww 
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The eigenvalues are, therefore, 


Fo = {A + oA — So} Ey = ar 
FE, = 3{A— 83} E,= — aa 
ce FE, = 3{A+ S,} E,={A+ar+£S)} 
So = [(A— aA)? + 8x22] 2, Sy = [A+ 40/2022, 


In the above expressions for the electronic energy levels in the basic orbital 
triplet, we have neglected the spin-spin interaction term because its effect is 
very small in the case of V*+, the value of the coefficient p of this term being 
0-24 + 0-05 (Pryce 1950). 
The corresponding eigenstates are thus, 
by) =al1, —1)+5]0,0)+a]—1,1), 
1=cl1,0)+d]0, 1), 

¢;' =c|—1,0)+d]0, —1), 

$,=<dl1,0)—c|0, 1), 

$y’ =d|—1,0)—c[0, -1), 


1 1 
$3 = vali. = 1 ay ek 
¢,=|1,1), 
¢,,=|—1,-1), 


1 1 
7 = Pll, SANS SANDS: coat De 


The number of independent coefficients in the above expressions are reduced to 
only four by virtue of the symmetry existing in the m=O states and of the 
orthogonality of the states, together with the normalizing conditions 2a? +6?=1, 
e+ d=1. 

It should be noticed here that only in the case when the sign of A is negative 
the lowest state is a singlet (m=0) and immediately above it a doublet (m= +1) 
the remaining levels being well separated above these. We then proceed to 
calculate the magnetic susceptibility considering only the lowest two levels 
m=(0 and m= +1. The contribution from the other levels will be negligible, 
since the next higher levels are of the order of 1300 cm above the lowest 


triplet, as will be seen later. 


§ 3. THE MAGNETIC SUSCEPTIBILITY 


The first order Zeeman terms can be obtained by finding (4% ,,|¢;) where 
pepe, 1 
When 7 =), 
: H = H+ B(—al,’ +2S,)H, 
and when 7¥4j, 


Hy =H Al -<HL_-$ HL, +H,S_ +H_S, | 


where #%, is the unperturbed Hamiltonian and f is the Bohr magneton. The 
second order Zeeman energy terms can be obtained from above by solving a 
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secular determinant for ¢) and #,,, in the usual way. Thus we arrive at the ¥ 
perturbation energy terms for the crystalline levels when the external field is 


present. 
If we now expand, the energy in powers of the field strength H, we get 


W,=W®+WOH+WH*+... 


where the first term is the unperturbed energy, the second and third terms are - 
the first order and second order Zeeman energy terms, respectively. 

Then, the paramagnetic gramme -ionic susceptibility is given by the well-known 
formula (Van Vleck 1932): 


Kan Lil RT) —2W J exp (= WRT) 
>,exp (— WP/kT) 
Performing the above calculations up to the second order we finally obtain for 


the mean gramme-ionic susceptibility K which is the same for the crystal per 
gramme-ion, x, 


ee 


vet (42/47) + (2B%R/D)lexp (D/RT)—1) x 


Ups oeueig) niet) 2-Lexp (DRT) 


where 
A? = (2d? — ac?)? 


Bt=(ac-bbd— 5 is Ter) 


D=}(S)—S,-2a) 


ates Keg is the susceptibility coming from the high frequency contributions. _ 
Actual calculation of Ke is shown in a later section. Figure 1 gives the variation 
of 10°-KT with Tr obtained Boracay by us using the values: . 


A?=3-842, B¥=0-810, D=4800cm—, and Ke=2482x10-, 


‘ ak é ba rie & ‘* SS 
i 22a net: ate 
Gop ve {fraz a ys 


a 
‘ 


Magnetic Susceptibility of Trivalent Vanadium Ion TIS 


though the fits might be made somew 
but in view of what has been said in §§ 
useful purpose for the present. 
Now by trial we choose such valu ‘ 
: es for a, «’, A and X as will give the above 
values for A?, B? and D. We find approximately that : 


hat better by a trial and error calculation, 
5 and 6, such labour would not serve very 


A=—1390 cm,  «=1-105, a’ =1-350, A= +64 cm, (Set I) 


It is very interesting to remark that, supporting Siegert’s finding, the value of A 
tuto to give a fit has to be taken 40° less than the ‘free ion’ value 
104 cm™ (Laporte 1928), the reason for which will be discussed in detail in 


a subsequent section. But the important difference is that A obtained here is 
more than twice the value given by Siegert. 


Figure 2. The energy level diagram for V** ion under the predominantly cubic with a 
small trigonal electric field and the effect of L—S coupling on the lowest ¢-orbital 


states. 


Figure 2 shows the diagrammatic position of the energy levels, for the above 
values of the parameters, with the approximate energies: 


$y —1400-15 cm— aq 5°39 Co 
aegis Aina seid Le ae 
of me 70-72 d; 80-87. 


We shall ae find out the theoretical expression for Ke the. high frequency. 
contribution to susceptibility and the g-values and evaluate them for the above 
choice of the parameters. ae? oe oe 
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§ 4. CALCULATION OF SUSCEPTIBILITY ARISING FROM HIGH FREQUENCY 
ELEMENTS (K,) 
In this calculation we consider the effect of the next four upper levels on the 
basic levels #) and ¢,, as a result of magnetic perturbation. Proceeding in a 
similar manner as in the case of susceptibility, we get 


T 2 = Ley A\2 22 (o 2 +1q)2 
mila =| Ese ja'd)® , 4d%(a+2)? | 4(c+44) 
3 [ 


K 


: E,—E, E,— Ey E,—E, 
1(2bc —4ad + 2ac— bd)? 
y E,—E, 
16(ad—be—ha'bd+ta'ac)?  4(a+2)?a) 
+ Ep 1 ing Kaela iE) | 
where 
1 


siiaea tek (DiRT) 

When the values of the coefficients are substituted, K;. takes the form 
_ NB? 0-004631 + (0-005041) exp (6-9/T) 

oo 2+exp (6:9/T) 
= 276-3 x 10-* 
since the terms of higher order than unity in the exponentials are too small for 
serious consideration. 

This value is in very good agreement with the value of Ke=248-2 x 10-* 


found from the experimental investigations of Van den Handel and Siegert 
(1937) and Dutta Roy (Thesis). 


Ke 


§ 5. ‘THE g-VALUES 


When the magnetic field is applied along the z direction (i.e. along the axis 
of symmetry) and x direction of the V*+ ion respectively, we have by definition 


8, = (bil — al +28.) ) 
8 =V 2G | oly +25 21h0)- 
Performing the calculation, we get 
&y = (2d? — ac?) 


a’ a! 
g, =2(ae-+bd- 5 Ue sad). 


For the specified values of the parameters, we get g, = 1:96, g , = 1-80, in complete 


agreement with Van den Handel and Siegert’s and Dutta Roy’s investigations. 


Resonance data on g, and g, are not yet available and hence a direct check on 
these values cannot be obtained. 


§ 6. A DiscussION ON THE CUBIC AND TRIGONAL ELECTRIC FIELD 
PARAMETERS IN V3+ 


We mentioned (1958) a set of probable values for these basic parameters «, «’, 
A and A which would fit the experimental susceptibility of V+ alum, as given ; 
below: ers 


A=—400cm—, «=1:25, «’=0-60, A=104em-, (Set IT) | 
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In addition to the fact that here A is exactly the free ion value, this set of values 
also fulfils our susceptibility requirements & = 1-98, g, =1-:82 and D=4-8 cm—. 
But on further investigations it was found that these values of « and «’ cannot 
be justified with any reasonable values for the anisotropic field parameters H 
and J (Abragam and Pryce 1951) with the cubic field parameter G'= 39000 cm7 
and *P-level parameter in crystal. E,, =9300 cm (obtained from the optical 
absorption data, Hartmann and Schlafer 1951). In the case of Co?+ under a 
cubic and a small tetragonal field Abragam and Pryce have given a probable set 
of values for H and J, namely H = 3600 cm-, J= 3400 cm— with G = 23 100 Cie.) 
E,=11500cm~'. ‘These values have been found out from an analysis of the 
g-values obtained from paramagnetic resonance experiments by means of trial 
and error. ‘These values of H, J, G and E, then fix the value of A (the energy 
difference between dy and ¢,’) and the admixtural coefficients ¢, 7, p, €’, 7’, o 
which are related to « and «’ by 

3 


a= $e2— y/S5ep— 4p? 7? 


a’ = Bee’ + $4/5e'p + 20p— 77’ 


for trigonal symmetry (Abragam and Pryce 1951), 

The theoretical expression for susceptibility in case of Co?* under a tetragonal 
field, taking the values for the parameters given by Abragam and Pryce («= 1-128, 
a’ = 1-503, A=1090 cm™, A= —180 cm“), calculated by us (unpublished) as 
well as by Uryu (1956) gives excellent agreement with the experimental 
susceptibility values given by Bose (1948) which shows that the values of H, I 
and A in Co?+ must be quite reasonable.t It should be remembered here that 
though the method indicated by Abragam and Pryce cannot decide uniquely and 
separately the magnitudes of H and J, it is adequate to give a fairly reasonable 
value of H+J in those cases where g-values are known from resonance measure- 
ments. But, unfortunately, no resonance data for the g-values in the case of V3+ 
alum are available yet. Since V** is trivalent and the 3d-electron radius relatively 
large because of small Zeg compared with divalent Co?* one would expect differ- 
ences in the field parameters. 

Let us now examine our present set of parameters (Set I) to see whether 
these are consistent with reasonable values of H and J, G and E, being given 
by optical absorption measurements (Hartmann and Schlafer 1951). CHG values 
of A, «and «’ for particular values of H and J have been calculated in the following 

anner. 
" For example, taking G=39000cm™", E,=9300 cm™, H=3500 em, 
I=3400cm-1, figure 2 gives diagrammatically the positions of the orbital 
energy levels with the following approximate values (cm™) x, ae 610; ay’ ,119305 
1 941)5503 thay’ 38123 chy S507 Pays BIS2105, Dy 14 5604p The 


Theses : 
perturbed wave functions ®,,,’ and ®,’ (given by Abragam and Pryce) are 


oO,’ a eh, Se Us oe py 
o,/ =e, — Tz + pity 
OFSe 0-7 i, 0x: 


+ The calculation in the trigonal case has not been made yet owing to lack of sufficient 
experimental data. 
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For the above eigenvalues for ®,,,’ and ®,’ the coefficients are given by 
e=2()'9335; =D 50, p=0-06027, 
e’ =0-9747, 7 =i)2225, o=0-0055/, 
From these values we finally get «= 1-10, «’ =1-35. ‘The table gives the variation 
of A for different sets of values for H and J along with known cubic field parameters 


G=39000 cm and E,, =9300 cm, given by optical absorption measurements 
(Hartmann and Schlafer 1951). We see from table 1 that though each 


Table 1 
Hem )A 7 (em=*) Ds) (en) ®,’ (cm) A (cm—) Oo a’ 
6000 5800 — 13090 — 15400 — 2310 0-925 1-39 
5000 3000 — 13490 — 14130 — 1640 1:05 1:351 
3500 3400 — 13210 — 14560 — 1350 1:10 1335 
3400 3100 — 13260 — 14430 — 1170 0-70 1-168 


set of A, «, «’ corresponds to reasonable values for H and J only the set shown 
in the calculation is the one which fits the experimental magnetic behaviours. 
Too much quantitative significance should not, however, be attached to the 
values for H and J, but these values do give an approximate idea regarding the 
magnitudes of « and «’ since a slight change of H and J though causing a relatively 
large change of A gives only a small variation in the values of « and «’, as will 
be seen from table 1. After these calculations were made we have been informed 
by Professor Pryce that our value of A agrees well with the value obtained 
directly by Pryce and Runciman (1958) for V+ in Al,O; which shows that our 
choice of H and J is quite reasonable. 


§ 7. THE SpIN—OrBIT CouPLING CONSTANT IN CRYSTAL 


The fact that in order to get agreement of the theory with the experimental 
values it is essential to use a value of A about 40% lower than its free ion value 
suggests that it may not be correct to treat the complex [V(H,O),]*+ on a purely 
ionic model. Such discrepancies between experiment and theory have been 
observed by Siegert (1937) in V3+, Abragam and Pryce (1951) in Cu2+ and 
Griffiths and Owen (1952) in Ni?+. Owen (1955) has shown that by postulating 
a certain amount of overlap of the 3d-wave functions of the paramagnetic ion 
with the o- and 7-wave functions of the attached oxygens, the above discrepancy 
can be accounted for. ‘The magnitude of the ‘covalency factor’ depends on the 
strength of bonding. For example, in Ni®+ salts (Griffiths and Owen 1952, 
Bose et al. 1958), A in the crystal is found to be smaller by about 10-20% from _ 
its free ion value, as against 40%, for V3+, so that the apparent reduction of A 
in the crystal is greater in the case of M?+ ions than for M2+ ions. Both theo- and 
m-types of bonding, corresponding to the overlap of dy-orbits of the central ion 
with %(c) orbits of the attached oxygen atoms and of de-orbits with the ¢b(7r)-orbits 
respectively are probably important in the case of V3+. From Owen’s discussion, 
it is probable that in V*+ as in Cr+, the total observed covalency factor 0-6 may 
be made up of the o-bonding factor approximately 0-75 and the m-bonding 
factor approximately 0-8 (Owen and Stevens 1953, Stevens 1953). 
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CONCLUSION 


Superiority of the present theory lies in better plausibility of the assumption 
regarding the (/-/) coupling, greater generality, better fit with susceptibility at 
all temperatures and agreement of the value of A with optical absorption spectra 
(Pryce and Runciman 1958). 
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APPENDIX 


In the case of V3+ we have taken the expressions for « and «’ given by Abragam 
and Pryce for Co?+ under cubic and a small trigonal symmetry since in both 
these cases the matrix elements for the crystal field are identical. 

In the case of Co?+ the appropriate matrix elements for the crystal field between 
different 4F and 4P orbital states are found out from those for a single electron 
in an f-state, by multiplying with appropriate conversion factors converting the 
charge densities (expanded in terms of spherical harmonics of iterent orders 
not greater than four) for a single electron 1n an f-state into those for Co?*. The 
conversion ratios are the same in both the cases (Co”+ and V**) for the second 
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and fourth order terms excepting the zeroth order which, fortunately, does not — 
appear in the secular determinants and hence we get the same expressions for « ‘ 
and «’ in our case also. The following table gives the conversion ratios calculated — 
by Abragam and Pryce and the present author for Co?+. From table 2 we notice, 
however, that the ratios calculated by us are opposite in sign to those obtained 
by Abragam and Pryce, excepting for the zeroth order terms. ‘This discrepancy, 
however, will not affect the results of Abragam and Pryce and hence ours since 
the secular determinants will remain unchanged, in these two special cases. 


Table 2 
Order of fa aes 
Spherical For f-state For p-state SAR eT vee i ene 
Harmonics couple 
: (1) (2) (1) (2) (1) (2) 

Zeroth 

Order es 3 3 3 ¥ % 
Second 3 3 ‘ 4 4 

Order ~ 7 Ts | 1 —1 Ta ete 
Fourth ih! <j 11 3 3 

Order we Sy ~ = eps + Ti 


(1) Abragam and Pryce’s results; (2) author’s results. 
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Geometrical Optical Calculation of Frequency Response for Systems 
with Coma 
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Abstract. ‘The usefulness of the geometrical optical treatment of frequency 
response is considered here for the case of coma, an aberration having odd 
symmetry. Calculations of frequency response and phase shift using this treat- 
ment have been made, for different orientations of incoherent line objects, in the 
presence of Seidel coma in different focal planes. Similar calculations have been 
made for higher order coma in the Gaussian focal plane. Results are also given 
according to a mixed treatment of frequency response. The results are compared 
with diffraction calculations made by Goodbody. It appears from these results 
that the mixed treatment leads to a smaller value of the response than that given 
by diffraction theory, and that the geometrical optical treatment will give errors 
less than about 5° when the wave-front aberration exceeds about 1-5 times the 
Strehl type of tolerance. 


§ 1. INTRODUCTION 


(in incoherent light) may be described as follows. The image of a self- 
luminous (or incoherently illuminated) object consisting of a sinusoidal 
variation of intensity is itself a sinusoidal distribution of intensity having a scale 
determined by the ordinary magnification. ‘The contrast in the image of such a 
sine-wave grating is less than that in the object, and the image may be displaced 
laterally from its ideal position. ‘The ratio of the contrast in the image to that 
in the object 7(R, ;) is the contrast modulation and the lateral shift (in angular 
measure) 6(R, ys) is a phase-shift. These terms are used by analogy with corres- 
ponding quantities occurring in the analysis of electrical circuits. ‘The variables 
- (R, i) specify the spatial frequency of the grating R and the angle } between the 
direction of the lines of the grating and the meridian plane of the optical system. 
~%=0 denotes, therefore, that these lines are in the radial direction from the 
axial point of the image plane. ‘The contrast modulation and the phase-shift 
may be combined into a single complex number, D(R, +) = T(R, ¢)exp[70(R, ¢)]; 
which is the frequency response of the system. 

The image quality at a given part of the image formed by an optical system 
may be represented by curves of the frequency response as a function of spatial 
frequency for different orientations % of the line objects. The computation of 

frequency response curves using diffraction theory is lengthy and, since many such 

curves are often required for a given lens system, it 1s desirable to have simpler 

approximate methods of obtaining them. A possibility of this kind is offered in 

the treatment of frequency response using the geometrical optical approximation 
+Now at Itek Corporation, Boston, Mass. 
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(Hopkins 1957). Bromilow (1958) has used this method to study the influence 
of spherical aberration on frequency response, and has made comparisons with 
results obtained from diffraction theory. A similar study is described here for 
the case of coma. 


§ 2. THE GEOMETRICAL OPTICAL TREATMENT OF FREQUENCY RESPONSE 


To. facilitate comparison between the geometrical and diffraction treatments 
it is convenient to express the frequency response in terms of a reduced spatial 
frequency s and reduced coordinates (x»,yo) in the exit pupil plane. These 
latter are given by x)= Xo/h, yp = Yo/h, in which (Xp, Yo) are ordinary coordinates 
and h is the radius of the aperture. If msin« is the numerical aperture of the 
optical system, measured in the image space, the reduced spatial frequency s is 
defined by s=AR/nsinw where R is the spatial frequency in the image. To 
calculate the frequency response for a structure having a direction ;; the aberrations 
of the system may be referred to a new set of axes (x, y) rotated through an angle 
ws from the old axes (x9, yo). If W(x, y) is the resulting wave-front aberration, 
the frequency response according to geometrical optics is given by the formulae 


_ &(5, 9) 
D(s, +) = 0, i} ORPLPOR Dinar she (1) 
g(s,0)= Hee [7(x, y) }* exp Ee sW,,(x, ¥) | PEEVE wate (2) 


The double integration extends over the whole area of the pupil, denoted here by 
A; 7(x, y) is the real amplitude at any point (x, y) in the pupil and W,(x, y) is 
the first derivative with respect to x of the wave-front aberration W(x, y). Apart 
from a constant factor, W,(x, y) is simply the component of the transverse ray 
aberration normal to the direction of the line structure. 

The calculation of frequency response according to diffraction theory requires 
the formula (Hopkins 1956) 


g(s, 0) = {| 7(x +45, y)r(x— 4s, y) exp Bac y; | dx dy 
s 


to be used in place of (2) above. Here the double integration is over the common 
area, denoted by S, of the two pupils centred at ($s,0) and (— $s, 0). The 
argument of the exponential function involves the quantity V(x, y; s), which 
is defined by 

5 s 


V(x, y; s)=W,(x, y)+ = (GF W(x, y) + a (5) “WY (x, y) ae 
estos (4). 


where W,,, W,,""",.. etc. denote successive derivatives of the wave-front aberration 
W(x, y), the series terminating at a point determined by the degree of the wave- 
front aberration function considered. ‘The geometrical optical treatment neglects 
all terms in the expression of V(x, y; s) except the first. From this it appears 
that the geometrical treatment should give closer approximation to diffraction 
theory at low frequencies, in which case the higher terms in V(x, y; s) become 
less significant and the areas A and S become less different. Also a better agree- 
ment is expected for pupils of uniform transparency, when 7(x, y)=1, so that 


T(x + 38, y)r(~— 4, ») = [7(x, y)P. 
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Only the lower frequencies have good image contrast in the presence of larger 
aberrations, so that the geometrical optical approximation is expected to be useful 
for such cases. On the other hand the slope of the geometrical optical response 
curve at s = Vis zero, but that given by diffraction theory is —2/7. The geometrical 
treatment will thus overestimate the response at low frequencies. Moreover, 
Dy(s, ys), the frequency response in the absence of aberration, is always equal to 
unity in the geometrical optical treatment, so that the relative response defined by 


ch Aa e D(s, $) 
IVAN Sere Gx) LCOS, ais) |e ee 
(5 Wexp Li0(s, dy)= He") (5) 
is identical with the response itself in this treatment. If D,(s, 4) is calculated 
according to the diffraction theory, M(s, +) according to the geometrical optical 
treatment, a value of D(s, ys) given by (Hopkins 1957 a) 


D(s, 4) = Dg(s, )M(s, &) exp [16(s, b)] ks ww ee (6) 
may be used. Results according to this mixed treatment of frequency response 
are given later for the case of coma. 


§ 3. METHOD OF INTEGRATION 


For the evaluation of the integral a numerical method suggested by Hopkins 
(1957b) was used. The (x, y) plane is divided into rectangles of sides 2c,, 2¢,. 
The rectangle (p, g) is centred at the point (x,, y,) with x, = (2p)e,, y, = (2q)e,. 
The argument of the exponential function in (2) is then replaced by the first 
terms in the Taylor series expansion about (x,, y,), and the mean value of the 
integrand over the given rectangle is found. ‘The contributions of all rectangles 
whose centres lie within the region of integration are then summed. ‘This leads 
to the following formula for the frequency response according to geometrical 
optics, (1) and (2) above, for the case of a pupil of uniform transparency, r(x, y)=1% 


4e€ jz sin X sin Y 


Se oo aay ca gi 


where 
Ze 2 SWo(2, yy; vee a yee ee (7) 
_ 2m iat m1 aw 
Y= > 5Ws, yi(#, Vey - Way'"(x,y) denotes aady ° 


_ the factor 4e,¢,/A is equal to 1/N, N being the number of rectangles whose centres 
lie in the pupil area. It is important to note that an error of 0-01 in obtaining 
the contribution of each elementary rectangle will give rise to a final error of 
only this amount in the value of D(s, ). The errors in the evaluation of the 
integral by this method will be due to neglecting higher terms in the Taylor 
expansion of the exponential function in (2) and in approximating the true 
boundary of the pupil by a zig-zag. Results obtained by Goodbody (1958) 
for different mesh sizes ‘suggest that a mesh size of 2e,=2e,=0-1 will seldom 
lead to errors in excess of 0:02. In the present work this size of mesh was used 
and the contribution of each rectangle was computed using five decimal places 
and the final result rounded off to three places. 

‘For Seidel coma and defect of focus the wave aberration in the unrotated axes. 
is given by 

Wo(2os Yo) = W20(%o? + Yo") + Msi (%0" +0") Vo- 
3A2 
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Rotation of the axes through an angle % transforms this expression to the form 
W(x, y) = Wyo (x? +?) + Way (x2 +y?)(wsin’+ycosy). ...... (8) 
Substitution from (8) in (7) gives for the quantities Z, X and Y occurring there: 


Z = 2n(sw51) [Bog - 2p + (3X7 +g") Sin + 2xpy_ cos #] | 

X =€,,27(sws1)[2Bo3 + 6%, sin fs + 2y, cos #] 

Y =€,,2n(sw3,)[2x, cosy +2y, sin p] | 
in which ws, is expressed in terms of the wavelength A as unit of length, and where 
Boz =Wo9/%3, is used to denote the plane of focus. Knowing these quantities 
the normalized frequency response is evaluated using the summation in (7). 

In the presence of higher order circular coma the aberration function (8) 


becomes 
W(x, V) = Woo (x? + y2) + W51(x? + y?)(x sin +y cos p) 
+ Ws, (x? + y?)?(x sin f+ cos i) 
and the parameters 
Et e9 d feat) 
Bos Wet and B35 Wea 
are then used to denote the amount of defocusing and the amount of primary 
coma respectively. Expressing w;, in terms of the wavelength A as unit of length, 
the quantities Z, X and Y take the following forms: 


Z = 27(sWs51)[2%pBo5 + Bgs{(3x,2 +,”) Sin f+ 2x_y¥_ Cos yb} 
+ (Xp? +Iq? )(S%p? + Yq") Sin yp + 4p Vq COS P5] 
X = €,21(sw51)[2Bo5 + Bg5{Ox, sin f + 2y, cos} 
+4{x,(5%,,7 + 3,”) sind + y,(3x,? +7) cos p}] 
Y =e ,,27(sws51)[P35{2y, sin b + 2x, cos p} 
+ 4{yq(3xp" +4") sin pb + Xp (%p? + 39,7) cos $}] 


these values being used as before in the summation in (7). 
The modulus of the response 7(s, ) =| D(s, %)| and the phase shift 


A(s, b) =arg {D(s, #)} 
were obtained from the real and imaginary parts of the double summation in 
(7). The lateral shift of the image of the spatial frequency component with 
respect to the ideal image is given by 
_ _ Os, $) 

ou 2as 
a formula which applies equally to the diffraction and geometrical optical } 
treatments. 

For the azimuth ;s=0 the direction of the line structure is parallel to the axis 
ofsymmetry of the coma pattern. In consequence the imaginary part isidentically — 
zero, so that the phase shift 6(s, ys) is zero for this case. Accordingly only the 
real part of the formula in (7) has to be computed over one quadrant. In all 
other cases it is necessary to compute both the real and imaginary parts of (7) 
over the first and fourth quadrants of the (x, y) plane. In obtaining these fre- 
quency response curves, according to the geometrical optical treatment, about 
nine values of the variables sw;, or sw;, were used in each case. 
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§ 4. RESULTS 


The comparison of the geometrical optical and diffraction treatments of 
frequency response given by Bromilow (1958) considered the case of spherical 
aberration, which is an aberration term having even symmetry in x and y. The 
present comparison is for coma, which is an aberration term having odd symmetry, 
and for which tolerance formulae give more severe tolerances. ‘The case of coma 
might therefore constitute a somewhat more severe test of the usefulness of the 
geometrical optical treatment of frequency response. 

The parameter 8,, was given successively the values zero, denoting the 
Gaussian plane of focus, and +1 corresponding to an amount of defocusing. 
The modulus 7(s, ) of the response is the same in planes of focus at equal dis- 
tances on either side of the Gaussian focal plane so that the case B,3=—1 need 
not be treated separately. For these two cases the frequency response D(s, 1b) 
has been calculated for the azimuths =0, 7/4, 7/2, using for each case values of 
the product sz, equal to 0-1, 0-2,...1-:2. The modulus of the frequency response 
so obtained, 7T(s, 4), was then plotted against szw,,. The advantage of plotting 
the response curves as a function of sw, in the geometrical treatment is that a 
single curve then applies to different values of the aberration coefficient w3, (in 
terms of wavelength A as the unit of length) merely by choosing the correct scale 
for s. 

The resulting frequency response curves are given in figures 1 and 3. In 
figure 1 the curve for 4=7/2, in which case the line structure is perpendicular 
to the axis of symmetry of the coma pattern, shows a lower response for all 
frequencies than the curve for %;=0; on the other hand the curve for p=7/4 
indicates a lower response than that for 4=0 for the low frequencies, but gives a 
higher response for the higher frequencies. When f.,;= +1, however, the 
curve for 4=7/2 starts below that for 4=0, but shows greater response for the 
higher frequencies. The broken curves are calculated by the mixed treatment 
of frequency response for the case w3,=1\. There would be a different response 
curve according to the mixed treatment for each different value of w3,. These 
are not shown in the figure to avoid confusion. These curves always lie below 
the corresponding curves of the purely geometrical optical treatment since 

Dé(s,36)\< 1 for gs 0- 

The curves of figures 1 and 3 are compared with those from diffraction theory 
obtained by Goodbody (private communication) in figures 2 (a), (b), (c) and 
4(a), (b) respectively. These show that the geometrical treatment does, in 
fact, overestimate the response for low frequencies: for higher frequencies the 
curves oscillate about those of the diffraction theory. The frequency response 
obtained according to the mixed treatment is in better agreement with diffraction 
theory for the low frequencies, and underestimates the response for higher 
frequencies. The Strehl type tolerance on Seidel coma is |75,|{ <0-63A. The 
curves of these figures show that when |2;,|> 1A, i.e. when the aberration exceeds 
about 1-5 times the Strehl type of tolerance, the mixed treatment always gives 
a lower result than diffraction theory, and that the geometrical treatment is in 
better agreement with diffraction theory. This is not the case for the curves 
corresponding to w,,=0-63A. This particular comparison was not made by 
Bromilow for spherical aberration, but it is of importance as showing that the 
mixed treatment errs on the safe side. The insets in these curves give the phase 
shift 6(s, )/27 as calculated using the geometrical treatment and from diffraction 


theory. 
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Figure 1. The geometrical optical response 7(s, x), for Seidel coma, is plotted as a function 
of (szvs;) in the Gaussian focal plane for the azimuths 4=0, 7/4 and 7/2. 
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Figure 3. The geometrical optical response T(s, ), for Seidel coma, is plotted as a function 
of (szvs;) in the focal plane determined by {,;= +1 for azimuths 4=0 and 7/2. 
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SW, 
Figure 4 (8). 
Figures 4 (a) and (4). Comparison of the geometrical and diffraction treatments,“in the 
focal plane determined by /.3= +1, for Seidel coma with azimuths 4=0 and 7/2, 
The phase shift 6(s, ys)/27 using the geometrical and diffraction treatments is plotted 
against (sws,), for comparison, in the inset of figure 4 (6). 
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Figure 5. The frequency response T(s, i), using the geometrical and diffraction treatments, 
is plotted against (sw;,) for a value of B35 = Ws1/%5,= —1°5 which will optimize the 


low-frequency response in the Gaussian focal plane. 
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4.1. Higher Order Coma (ws) 


In this case the frequency response D(s, 5) has been calculated in the Gaussian 
focal plane B,,=0 for the state of correction represented by B3;= — 1-5, which 
will optimize the low-frequency response according to the tolerance theory of 
Hopkins (1957a). Here sw;, was used as the variable and the response was 
calculated for the azimuth 7 =0 for sw;,=0-1, 0-2, ... 1-2 so that this single curve 
again serves for different values of the aberration w;, (in terms of wavelength A 
as the unit of length) by merely choosing the proper scale of s. "The comparison 
of the geometrical and mixed treatments with the diffraction theory is given 
in figure 5. There would, in fact, be a different response curve according to 
the mixed treatment for each different value of w;,. The results again show that 
the mixed treatment underestimates the response for higher frequencies. ‘The 
Strehl type tolerance for higher order circular coma is |w;,| < 2-6A, that is approxi- 
mately four times that of w3,. The curves of figure 5 show that when | w;,| > 4A, 
i.e. when the aberration exceeds about 1-5 times the Strehl type of tolerance, 
the mixed treatment gives a lower response than diffraction theory, and that the 
geometrical treatment is in better agreement. ‘This is not the case for the curve 
corresponding to w;,=2°6. 

These results support the findings of Bromilow, namely that the geometrical 
treatment is a useful approximation and will give errors less than + 0-05 when the 
wave aberration exceeds 1:5 times the Strehl type of tolerance. Considerably 
less computation is involved in the geometrical treatment than is required by the 
diffraction theory. It appears, therefore, that the geometrical treatment of 
frequency response will be useful for many studies of image quality. 
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Abstract. A differential equation is obtained for the shape of an aspherical lens 
which is aplanatic for an object at infinity. Numerical integration of this equation 
for a range of lenses shows the variation in the shape and properties of such a 
lens for a range of adjustable parameters. A differential equation is also derived 
for the shape of a lens which exactly corrects the spherical aberration and coma 
of an arbitrary optical system. 


§ 1. INTRODUCTION 


systems containing two aspherical mirrors such that the complete system 

is exactly aplanatic. In this paper the optical systems considered contain 
a lens with two aspherical surfaces such that the complete system is exactly 
aplanatic. The simplest system is just a lens which forms an image of an object 
at infinity; this is examined in §2. In §3 the general problem is analysed. 


1p two previous papers (Head 1957, 1958) an analysis has been given of optical 


Figure 1. 


§ 2. THe ApLANATIC LENS WITH ONE Focus aT INFINITY 


We consider an axially symmetric lens of refractive index m and ask what 
shapes the front and rear surfaces of the lens must be in order that: (a) a beam 
of parallel light along the axis of the lens is brought exactly to a point focus and 


_ (b) the sine condition is satisfied exactly implying that the lens is free from primary 


coma. Figure 1 shows an axial section of the lens and the path ABCI of a typical 
ray through the lens. The rear face is specified by polar coordinates (r,u) about 
the image point I and the front face by cartesian coordinates (x,y) about I as 
origin. The angles 1, j, p, g are measured from the normals to the faces. The 
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length of BC is denoted by / and the angle BC makes with the axis by k. The — 
four adjustable constants which specify the lens are its focal length f, refractive 
index n, the distance R from I to the pole of the rear face, and the axial thickness L. 
Then the lens is specified by the following equations: 


k=u—t4+7 =p 9," =a on) Oe) Perce (1) 

siig=7'sinj, ee or ee (2) 

Sift P= 7 S19, ge ee (3) @ 
[sink=V=7si) 1... oe er i ia (4) 
[cosh = % 51.008 Oy ele Sai eee 6). 

V=f sind or(sine condition eo ewer (6) 
r+nl—x=(n—1)L (optical path), ~~ ...... (7) 

1 dr ; : 

i setarrigere wl liga Soidew ssl erage 8 

sl tan 12, (8) 

i etal p. ae see (9) 


From these equations we find an expression for tanz which involves only r 
and u. Substituting this in (8) then gives a first-order differential equation 
between 7 and u which specifies the shape of the rear face of the lens. 

Eliminating x between (5) and (7) gives 


I(n—cosk)=(n—1)L—r(1—cosu) (10) 
and eliminating y between (4) and (6) gives J 
ioitk = fr) sinus honterees 4 ditt: saree (11) 
On dividing (11) by (10), / is eliminated giving 
sink (f—r)sinu S 
n—cosk (n—1)L—r(l—cosu) ~~ (12) 
Now the left-hand side of (12) is just tang so Y 
~ arctan) (f=r)sinu 
q arctan | he Sateen Lom 
ian From (1) = 
. edger hens , 
and substituting this in (2) gives = 
: sini=nsin(p—q—u+i) a . ~~ 
ae | =nsin(p—q—u)cosit+ncos(p—q—u)sini, 
a ive, =. ae | ane Yq 
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In a similar manner it can be shown that the differential equation for the 
front face is 


dx nsin(uw—i+/) 


Cis a Cosi(ee tj) oi 9 eos uy 
where 
eS ALCS) )y merllewek grep: lt choi) iaeany (17) 
P= ATOR SG), ee WS TI ho LE LR (18) 
x SIN U— y COS U 
= arctan = ee eee i 
, | GE Eo bass| oy 


These ditferential equations are of a complicated form and it has not been 
possible to solve them analytically. The only known solutions are for the very 
special case n= —1 when they reduce to the equations for the Schwarzschild— 
Chretien two-mirror telescope. However, the equations are very suitable for 
numerical integration by a digital computer and the following lenses were 
obtained using the computer csrrac. These results could have been 
obtained by the-methods of Wassermann and Wolf (1949) or Vaskas (1957). 
However, the computer programme would have been more complicated, involving 
the simultaneous integration of a pair of coupled differential equations. 

It is not necessary to integrate both the differential equations (15) and (16), 
and the equation (15) for the rear face was chosen as being the simpler to 
programme. When a point on the rear face had been found, the corresponding 
point on the front face was given by 


VEf SINT Mi ke Muth Veer one (6) 
x={rncosu—rcos(p—q)+(n—1)Lcos(p—q)}/{n—cos(p—q)} eee (20) 
the latter equation being obtained by eliminating / between (5) and (7). 


lo i 
Figure 2. (a) Martin’s lens: R=0-8, L=0-4, Va eds atk, 
(b) Burch’s lens: R=$(V/5—1), L=(V5—2), n=3(V5 +1), f=1. 


Martin (1944)"has computed some aplanatic lenses by expanding (1)-(9) 
as infinite series. One of the lenses he describes is given by R=0-8, L=0-4, 


—n=1-5, f=1. Our numerical integration of this lens is shown in figure 2 (a) 


which also illustrates the geometrical interpretation of the sine condition, that 


the point of intersection of the incident and emergent rays lies on a circle of 


: 
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radius f. The maximum aperture of this lens (w,,.=27°9") 1s reached when 
the emerging ray is tangential to the rear face. 

The lens R=3(4/5—-1), L=(4\/5-2), n= $(/5 +1), f=1 is shown in 
figure 2(5). Burch (1943) has shown that this lens, in the approximation of 
fourth power figuring, is not only aplanatic but also anastigmatic and with no 
curvature of field. The maximum aperture of this lens (u,,,,=13-6°) is seen 


to be limited by tangential incidence on the front face. ‘ 
: 
5 
‘ 
F is i : 
0 | 2 4 


Figure 3. Ten lenses with L=0-25, n=1-5, f=1 and various R. 


ie (degrees) 


0 ; 05 10 15 2-0 
R 


Figure 4. A. Variation of maximum aperture with R for L= = 0:25, m5 a7 ae 
B. As A but L=0-0625. 


A series of ten lenses is shown in figure 3. These lenses all have their focus 
at O, focal length f=1, refractive index n=1-5, and glass thickness L =0-25 
differ in their value of R. See cee ae ee 
_ for this series of lenses. It rill becteetanatsthe, m: 

by the front faos if Rip emnall-and f R 
between these two type : 
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is the aperture of this lens, the cusp having been drawn at the point for the lens 
R=0-8528. The computations indicate that the maximum aperture lens lies 
between R=0-8527 and R=0-8528, but it is possible that these limits are slightly 
in error. The reason is that at the point given by (21) both numerator and 


a : é : : a 1 


| 
. 2 


Figure 5. Six lenses with R=0-875, L=0-25, f=1 and various n. 


denominator of (13) are zero and so gq is indeterminate. Thus numerical 
integration in the neighbourhood of this point is of low accuracy. A similar 
series of lenses with f=1, n=1-5, L=0-0625 were computed and their apertures 
are given in curve B of figure 4 with the dot indicating the maximum possible 
aperture given by (21), this occurring in the neighbourhood of R=0-9626. 
The effect of varying the refractive index is shown in figure 5 where all lenses 
have R=0-875, L=0-25 and f=1. In this figure only the two lenses for n=1:-5 
and n=4 are shown in full, and for intermediate values only the limiting ray 
through the lens is shown. 


§ 3. THE GENERAL CASE 


The general case of an arbitrary optical system to which an aspherical lens is 
added so that the complete system is aplanatic, can be analysed in a similar 
manner to the simple lens of §2. If the arbitrary optical system is specified 
by the three functions 0(¢), X(¢), P(¢) (Head 1958), then the rear face of the 

_ lens is specified by the differential equation 


dr _ -nrsin(p—q—u—O) (22) 
du 1—ncos(p—q-—u-—#) 
where 
X(¢) sin @—rsin (@+u) | 
K—P(¢)—X(¢) cos @—r{1—cos (6 +u)} 
 p=arcsin(nsing), K=constant optical path length through complete system, 
and sin¢=msinu (sine condition). re a 
This differential equation is also of suitable form for numerical integration. 
Some of the simpler optical systems which it covers are: 
(i) An aplanatic lens working between finite foci. In the simple case of a 
lens of unit magnification, there are some obvious solutions where each face is 
a cartesian oval. These give some analytical solutions to (22) but appear to be 
_ very special cases and give no hint of how the general solution might be obtained. 


g=arctan 
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(ii) ‘The correction of the coma of a parabolic reflector by an aspherical lens, | 
(iii) ‘The aplanatic combination of a spherical reflector and an aspherical lens, — 

If the lens is before the reflector, then the lens is similar to a Schmidt plate but 


figured on both sides. 
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Radial Hydromagnetic Oscillations 
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Abstract. This paper discusses the radial hydromagnetic oscillations of a plasma 
confined by an axial magnetic field. Oscillations of this type have recently been 
observed experimentally in this laboratory and typical high speed streak photo- 
graphs are presented and analysed. On the assumption that the plasma is 
confined in a thin cylindrical annulus, the non-linear equation of motion can 
be integrated analytically. The calculated period of the oscillations is independent 
of amplitude and is found to be in good agreement with experimental results. 
Damping of the oscillations by diffusion of the magnetic field is discussed and 
reference made to the possible significance of the oscillations as a means of 
transferring energy irreversibly to the ions. 


§ 1. INTRODUCTION 


N recent years there has been considerable interest in the initial dynamic 
] processes occurring in the high current pinch effect. Several theoretical and 
experimental investigations have been reported on the initial collapse and 
subsequent oscillations of a gas column which carries a large axial current and 
which is compressed by the interaction between this current and its own azimuthal 
magnetic field (Cousins and Ware 1951, Rosenbluth 1954, Kurchatov 1956, 
Andrianoy e¢ al. 1956, Leontovich and Osovets 1956, Burkhardt and Lovberg 
1958). In the course of similar experiments using an azimuthal gas current and 
external axial magnetic field to compress the plasma (Niblett 1959) high 
frequency oscillations have been observed which are believed to be radial 
hydromagnetic oscillations of a cylindrical annulus of plasma trapped between 
external and internal magnetic fields. The purpose of this paper is to describe 
the experimental observation of these oscillations, to discuss their characteristics, 


and to point to their possible significance as a means of putting energy into the 


i at ee 


ions of the plasma by means of a cyclic relaxation process (magnetic pumping). 


§ 2. EXPERIMENTAL ARRANGEMENT 


The experimental arrangement is shown schematically in figure 1. A wide 
single-turn coil encircles a quartz tube containing gas at a pressure of about a 
hundred microns weakly ionized by means of a low power radio-frequency 
system. The coil is connected to a low inductance condenser bank by means of 
a switch. When this switch is closed the rising current in the coil induces an 
azimuthal current in the gas and the magnetohydrodynamic interaction between 
the external field and the gas current results in rapid compression of the plasma. 
The oscillations have been observed by photographing the hot luminous plasma 
using a streak camera with a writing speed of up to twenty millimetres per 
microsecond which views the discharge axially through a narrow diametral slit. 
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PARALLEL PLATE TRANSMISSION 
LINE LEADING TO CONDENSER 
BANK AND SWITCH 


id QUARTZ DISCHARGE TUBE 
- CONTAINING GAS AT LOW 
/ PRESSURE 


™ TO VACUUM 
STREAK CAMERA SYSTEM 
LOOKING IN THIS — 


DIRECTION 


PRIMARY CURRENT 
IN EXTERNAL COIL 


GAS CURRENT 


Figure 1. Diagram showing experimental arrangement. 


Experiments have been performed on two different scales. On the larger 
scale a coil 50 cm long and 17 cm in diameter encircled a thick-walled quartz tube 
of internal bore 16cm. The discharge was produced by connecting the coil 
to the Atomic Weapons Research Establishment low inductance condenser bank 
maGcI (Fitch and McCormick 1959) which provides 45000 joules of electrical 
energy at 30kv and uses 200 spark gap switches in parallel. The total circuit 
inductance was 60mpH of which the bank (including switches) contributed 
about 5mpH. On the smaller scale a discharge was produced using a coil 10 cm 
wide wrapped around a tube 4cm in diameter and connected to a small bank 
supplying 4500 joules also at 30kv. The total inductance was 65 muwH of which 
the bank and single switch contributed 40 myH. 

Typical streak photographs of the oscillations are shown in figure 2 (Plate) 
in which (a) is a photograph taken with the large coil using deuterium at an 
initial pressure of 80 microns and (bd) is a photograph with the small coil using 
deuterium at 120 microns. ‘The time scale is shown beneath each photograph 
and the mean period of the oscillations differs in the two experiments by a factor 
of about five. The profile of the oscillations clearly differs from a sine wave 
being much sharper at the turning point near the axis than away from the axis. 


§ 3. MopDEL OF THE OSCILLATIONS 


The streak photographs suggest the model of the oscillations shown in figure 3 
in which a thin cylindrical annulus of plasma is confined between axial magnetic 
fields. During the initial growth of the gas current the field from the external 
coil is able to penetrate the weakly ionized gas and as the conductivity rises this 
field is trapped and subsequently compressed by the implosion of the current 
sheath. ‘The imploding plasma overshoots the radius re at which the external 
field and the trapped field are equal and oscillates about this equilibrium position. — 

The assumption that the plasma is confined in a thin shell enables the 
oscillations to be analysed by means of elementary dynamics. The model assumes ; 
that the plasma is highly conducting and hence that there is no significant diffusion - 
of the field into the plasma. The collection of the gas in a shell is predicted by the 

‘snow-plough’ model of the implosion process (Rosenbluth 1954) in which the 
gas particles are assumed to adhere to the current-carrying sheath and travel in 
with it. The gas in the centre of the tube will be sufficiently highly conducting 
to travel with the compressed lines of force and so will not experience ay E field 


—=—s ee 
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to further ionize or heat it. There will of course be a gradual mutual diffusion of 
plasma and magnetic field and under these conditions (‘Tuck 1958) the period of 
the oscillations will be dependent on the plasma characteristics 


. 


OUTER CONDUCTOR 
EXTERNAL AXIAL 
MAGIJETIC FIELD 


To RADIUS OF OUTER CONDUCTOR 


Tyax MAXIMUM RADIUS OF OSCILLATIONS 


Te EQUILIBRIUM RADIUS 
Twin MINIMUM RADIUS OF OSCILLATIONS 
r=0 


TRAPPED AXIAL CYLINDRICAL 


MAGNETIC FIELD 2,7 PLASMA ANNULUS 


Figure 3. Cross section of model of radial hydromagnetic oscillations. For perfect field 
trapping H;,,=AH(r/r,)*. 


On the assumption of high electrical conductivity the annulus of plasma 
carries two azimuthal currents: a current in its outer surface in the opposite 
sense to the current in the external coil; and a current on the inner surface which 
varies with the trapped field and which flows in a direction determined by this 
field. In general the oscillations occur at high compression and with an amplitude 
small enough to make wall effects negligible so that the oscillations do not 
themselves modify significantly the external magnetic field. 


§ 4. EQUATION OF MOTION 


On the assumptions that all the particles are trapped within a thin annular 
shell as shown in figure 3 and that the external magnetic field H is constant 
during the period of one oscillation, the equation of motion can be written 


d dr H? Hint? 
ON rare Vee ey ee Ory a el ete TI, 1 
di (im 4 | 2m leo | (1) 


where Hint is the internal magnetic field, 7 is the radius of the annulus and N is 
the line density of ions of mass mj in the annulus. At the equilibrium position, 


_ r=Fre, the internal field is equal to the external field and if trapping is perfect 


then 
(Hint)?r* = Hr, sterol oles (2) 


1.6; 
(Am)? =H*p 4 be eeee (3) 
where B=r/re. The equation of motion then becomes 
a2 2 a 
ce. 5 a1-8 1) cs aI dene (4) 


where «2=H?/Nm;. Equation (4) is the equation of a non-linear radial 
oscillation remarkable in that the period is independent of amplitude. Integration 


gives 


Bake + (kt 1)Msinat; >I ow en 
where k is a constant of integration which determines the amplitude of the 
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oscillations: ‘The period 7 is — 


It is easily shown that k=[4(Bmax?+Pmin?)]!2 where Bmax and Bmin are the 
maximum and minimum radial excursions of the annulus from the axis of the 
tube and are related by the expression 


(Bmax)” (Bmin)?= i. Pitot (7) 
Equation (5) is plotted in figure 4 to show the wave profile for k values of 
1:05, 1-60 and 3-00. As k approaches 1 the profile approaches that of a simple 
harmonic oscillation about the equilibrium radius. As k gets larger the profile _ 
becomes increasingly different from a sine wave and the annulus spends an 
increasing proportion of its period at radii greater than the equilibrium radius. 
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; It is found experimentally that the period varies inversely with the magnetic 
field as predicted by equation (6) and is consistent with the assumption that all 
the gas is collected in the annulus by the imploding current sheath. The analysis 
of the oscillation of figure 2 (a) is shown in figure 5 in which the curve (a) shows 
the time-variation of the external field and (b) exhibits the variation of + with 
time. Curve (c) shows that the product H7 is constant and the corresponding 
value of Nm; agrees to within 10° with the total mass of gas per unit length 
originally within the tube. 


§ 5. DAMPING By FIELD DIFFUSION 

Figure 6 (Plate) is a streak photograph of a discharge in air at an initial pressure 
of 120 microns taken with the small scale system at 10kv. Under these conditions 
the plasma temperature is much lower than for the discharges in deuterium shown 
in figure 2 and it is believed that the absence of oscillations is determined by 
resistive losses which are accompanied by diffusion of the magnetic field through 
the plasma. The peak field for this discharge is 1-110! oersteds and the 
corresponding period calculated from equation (6) is about one microsecond. 

Figure 6 is interpreted as follows. On the first half-cycle the external field 
penetrates the weakly ionized gas before the gas current has fully developed and 
this field is subsequently trapped by the advancing current sheath and compressed 
until the internal magnetic pressure is equal to the external pressure. Since the 
plasma temperature is low the oscillations are damped by resistive effects and the 
photograph suggests that the field diffuses through the plasma in about two 
microseconds. On the second half-cycle the current grows more rapidly in the 
now highly ionized gas; hence no field is trapped and the imploding plasma 
proceeds unimpeded to the centre of the tube. 

An estimate of the plasma temperature can be made from the implosion 
velocity if it is assumed that conventional hydrodynamic shocks exist. At the 
temperatures and densities of figure 6 this assumption is reasonable since the 
collision mean free path is about 10-* cm, much less than the dimensions of the 
apparatus. The velocity of the leading edge of the light trace is approximately 
2:5 centimetres per microsecond and the corresponding equilibrium temperature 
behind a shock moving at that velocity into undisturbed air at a pressure of 
_ 120 microns is about 30000°k and the shocked air will have on average roughly 

one free electron per atom. It is therefore of interest to estimate the time for 
field diffusion through plasma at this temperature. . : 

The diffusion problem is conveniently treated in one dimension though this 
approximation is strictly valid only when the distance the magnetic field diffuses 
is small compared with the radius of the plasma surface. In cylindrical geometry 
diffusion occurs more rapidly so that the one-dimensional treatment will over- 
estimate the diffusion time. From Maxwell’s equations, neglecting the 
displacement terms, the diffusion is described by the differential equation 


a 2k a OH tgunss i 
ot 4nou ax? rep $4 on 
where x is distance perpendicular to an infinite plane surface of conductivity o 


and permeability ». Equation (8) may be solved to give the skin depth » for 
diffusion of field through a conductor as a function of time when a field is suddenly 
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applied to the boundary of the conductor at time t=0. Using as a criterion of 
skin depth the distance over which magnetic pressure, proportional to H”, changes 


by a factor of two, gives 
x=0-15 Ji reas (9) 
oO 


where the permeability of the plasma is taken to be unity. 
The conductivity of a plasma is given as a function of temperature by 
(Spitzer 1956): 
1:53 <10= 252 


CF ae ee (10) 


where Z, the degree of ionization (number of free electrons per nucleus), is 
greater or equal to one, and In A is a slowly varying function of the plasma density 
and temperature. ‘Taking In A to be 10 and substituting for o in equation (9) 
gives 
wile 2b 10° een great: (119 

Equation (11) expresses the skin depth » as a function of time and temperature. 
The estimated thickness of the plasma annulus in figure 6 is 0-5 cm and assuming 
the temperature to be 30000°K gives one microsecond as the diffusion time, 
i.e. the diffusion time is about equal to the calculated period of the oscillations. 
These figures are all approximate; but the evidence tends to sustain the hypothesis 
that figure 6 is a photograph of an oscillation damped by the diffusion of magnetic 
field. Since significant diffusion takes place in a time equal to one period, the 
damping is not far from critical. 


§ 6. MAGNETIC PUMPING 


The oscillations are accompanied by a cyclic magnetic compression of the 
plasma and thus could represent.a form of magnetic pumping. By pumping with 
a period of the order of, or shorter than, the ion—ion self-collision time, i.e. the 
characteristic time for an ensemble of ions with a non-Maxwellian velocity 
distribution to relax towards a Maxwellian, it is possible to transfer energy 
irreversibly to the ions. ‘This process can of course only contribute the energy 
stored in the oscillatory motion unless some means of re-exciting the oscillations 
can be found. The mechanism might be termed variable-y heating as it depends 
on the variation of the plasma specific heat ratio during the compression cycle. 

Schliiter (1957) has considered a particular form of variable-y heating in 
which an oscillatory magnetic field within the plasma is used to transfer energy 
to the ions. By calculating the e-folding time as a function of field amplitude 
and the frequency of ion-ion collisions Schliiter demonstrates that the process » 
is an efficient one. His analysis shows that the e-folding time is sensitive to the 
amplitude of the magnetic field variations and is independent of the frequency of 
the oscillations provided this is greater than the ion collision frequency. 

The radial oscillations provide a simple means of achieving a large amplitude 
of field variation; for example with k= 1-05 (a modest value) the internal field 
varies by a factor greater than two. The ion-ion self-collision time fe for 
deuterium ions is (Spitzer 1956), 

LCi 
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where T is the temperature in °K, ” is the ion density and In A is again ten. 
For T=108°k and n=10!8 the collision frequency is 6x 10%sec-!. It should 
not be difficult to produce a discharge in which « (= (H?/Nmj)?) reaches this 
value; in recent experiments at the Atomic Weapons Research Establishment 
values of « of 3 x 108sec~! have been obtained. It is therefore considered that 
radial hydromagnetic oscillations of this type can provide a sufficient field 
variation and can be generated at sufficiently high frequency to contribute 
effectively to the heating of the ions. 


§ 7. CONCLUSION 


Experimental observations of radial oscillations have been presented and 
shown to give agreement with simple theory on the assumption that all the gas 
is collected by the collapsing current sheath. This result suggests that the 
oscillations may be used for diagnostic purposes; measurement of the period 
can be combined with measurement of the current in the coil to calculate the mass 
of gas contributing to the oscillations. 

Photographs taken under conditions such that a low temperature plasma is 
produced suggest that resistive effects damp the oscillations and this hypothesis 
is supported by an estimate of the diffusion time and of the plasma temperature 
from the implosion velocity. 

Finally, it is suggested that excitation of these oscillations at a frequency of 
the order of the ion-ion collision frequency might heat the plasma ions by a form 
of magnetic pumping. 

The experimental study of these oscillations is continuing at the Atomic 
Weapons Research Establishment, Aldermaston. 
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Abstract. Reasons for the discordant results obtained by different workers on 
the ice-nucleating properties of chemical aerosols are discussed and, in an attempt 
to resolve these differences, the ability of a variety of pure, inorganic crystals to 
nucleate supercooled water clouds in both diffusion- and mixing-cloud chambers, 
and also large drops of highly purified water, has been carefully investigated. For 
a finely dispersed, insoluble substance, closely similar threshold nucleation 
temperatures were obtained with all three techniques. ‘The results for finely 
powdered metallic oxides were less reproducible and were peculiar in that the 
activity of the particles, always slight, did not increase markedly as the tempera- 
ture was lowered below the threshold value. Also, their potency was reduced 
by wetting of their surfaces. 

A number of substances, e.g. CdI,, NH,F and I,, normally inactive in a water 
cloud because of their solubility, initiate ice-crystal formation in an atmosphere 
sub-saturated relative to water but supersaturated relative to ice. Insoluble 
nuclei may act as either ‘freezing’ or ‘sublimation’ nuclei depending on the 
temperature. Thus silver iodide nuclei act between —4°c and —12°c only 
if the air surpasses water saturation but, at lower temperatures, they act as sub- 
limation nuclei provided the supersaturation relative to ice exceeds 12%; lead 
iodide shows a similar behaviour but requires a critical supersaturation of 15% 
below —15°c. The efficiency of ice-forming nuclei may be interpreted partly, 
but not wholly, in terms of the particles possessing low-index crystal faces in 
which the atomic spacings differ from those in either the basal or prism faces of 
ice by not more than a few per cent. ‘That such geometrical considerations alone 
are insufficient becomes apparent from experiments in which epitaxial deposits 
of ice crystals have been formed on large, single crystals of seven different sub- 
stances. 


§ 1. INTRODUCTION 
I: recent years a number of papers have appeared from several different 


laboratories reporting on the ice-nucleating ability of a wide variety of 


chemical compounds introduced either as smokes, sprays, or as fine dusts _ 


into supercooled clouds formed in expansion-, diffusion-, or mixing-cloud 
chambers. Except in the case of silver iodide, which is generally agreed to be 
the most effective of the substances tested so far, the results obtained by the 
different workers are very conflicting; for example, substances reported as 
highly effective by one laboratory are found to be inactive by another. — 

_ After some very careful experiments, performed in very clean apparatus and 
using highly pure air and chemicals, Mason and Hallett (1956, 1957) concluded 
that some of the earlier results must have been spurious because of the presence, 
in the air or the chemicals, of small traces of silver or free iodine, leading to the 
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formation of silver iodide; if all such trace impurities were removed many of 
the substances hitherto claimed as highly efficient nucleators were then found to 
be inactive. ‘The same authors also pointed out the dangers of the conventional 
method of inferring the onset of ice-crystal formation solely from the appearance 
in the cloud of twinkling particles because crystalline particles of the seeding 
agent itself may glitter and be optically indistinguishable from ice crystals. 
Furthermore, no reliance could be placed on the results of tests on unstable 
compounds, such as some of the iodides, which may decompose either at room 
temperature or during the dispersion process to produce free iodine. 

Mason and Hallett tested a considerable number of substances which had been 
reported effective by other workers but found only AgI (—5°c), CuS (—6°c), Pbl, 
(—7°c), Cugl, (—15°c), V,0; (— 15°c) to be definitely active, about one particle 
in 10* forming an ice crystal at the temperatures indicated when introduced into 
a supercooled water cloud in both a diffusion- and a mixing-cloud chamber. 
The inactivity of small particles of a wide range of highly soluble salts was 
attributed to their going into solution. In fact it was demonstrated that, while 
ice sublimed directly on to iodine crystals at temperatures below —14°c in an 
atmosphere supersaturated relative to ice but sub-saturated relative to water, on 
entering a water cloud, the minute iodine crystals quickly dissolved and lost their 
ice-nucleating ability. 

In order to investigate, in more detail, the degree to which the nucleating ability 
of chemical aerosols may be influenced by the environmental humidity, and to 
search for other relevant factors which may also account for the discrepancies 
in the results of different workers, the experiments now to be described were 
carried out. 


§ 2. NUCLEATING PROPERTIES OF INSOLUBLE INORGANIC COMPOUNDS 


Tests were carried out in both a mixing- and a diffusion-cloud chamber. 
The mixing-cloud chamber consisted of a sealed glass vessel immersed in a 
thermostatically controlled refrigerator, this system being preferred to the usual 
open-top cold chamber because it could be kept scrupulously clean and free from 
contamination by atmospheric aerosols. A 5-litre ‘Pyrex’ flask, after being 
carefully cleaned, is placed in the refrigerator, flushed with clean, filtered air 
until cooled to the required temperature, and then sealed. After the air in the 
- flask has reached a steady temperature as indicated by suitably disposed thermo- 
couples, the material under test is introduced as a fine aerosol through a side tube, 
and a supercooled cloud is formed by evaporation from electrically heated, 
water-soaked gauze. The appearance of ice crystals can be detected by their 
glittering in a light beam traversing the chamber, but it proved much more 
convenient and reliable to use the supercooled-film technique described by Mason 
and Hallett (1957). > 

A film stretched across a wire hoop, about 2 in. in diameter, made by dipping 
the latter into a 50/50 mixture of ‘ Stergene’ and water, is suspended inside the 
test flask. When tiny ice crystals fall on the supercooled film they grow quite 
rapidly and produce much larger crystals which are easily seen and counted. In 
order to detect large numbers (about a hundred) of crystals on a single film, it 
was necessary to retard the rate of ice-crystal growth. Very suitable films for’ 
this purpose were made from equal parts of ‘Stergene’, sucrose, and water, 
and remained stable for several hours. ‘The films can be used successfully down 
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to temperatures of —18°c but, at appreciably lower temperatures, they soon 
become nucleated by the metal supporting ring. An estimate of the concen- 
tration of ice crystals in the cloud may be made from the rate of appearance of 
crystals on the film; one crystal appearing every 5 seconds corresponds to a 
concentration of about 10 per litre under the particular conditions of this 
experiment. 

Most of the insoluble substances to be tested, having been ground in a pestle 
and mortar, were stored in polythene bottles fitted with outlet tubes through 
which they were dispersed into the test chamber by squeezing the bottle after 
shaking. By waiting a few minutes between shaking the bottle and dispersing 
the powder, the larger particles were allowed to settle out and the great majority 
of particles entering the flask were between 0-2 and 1p radius. ‘The experimental 
procedure was to determine the highest temperature at which ten crystals appeared 
on the film within 50 seconds of introducing the nucleant. With a total particle 
concentration of about 100/cm® in the flask, this threshold temperature corres- 
ponded to that at which about one particle in 10* became an active nucleus. 

The results for a number of stable, insoluble or only very slightly soluble 
substances having threshold temperatures of —15°c or above, are shown in 
table 1. The threshold temperatures at which a similar level of activity appears 
in a diffusion-cloud chamber of the type described by Mason and Hallett (1956) 
are also shown in this table. In all cases, the threshold temperatures obtained 
in the mixing- and diffusion-cloud chambers are in close agreement. 

To determine whether or not these powdered materials would nucleate bulk 
water at the same temperatures at which they produce ice crystals in a supercooled 
cloud, aqueous suspensions containing 1% by weight of the material were made 
using highly purified water, one-millimetre drops of which could be readily 
supercooled to —20°c. Mi£illimetre drops of such a suspension, hanging from a 
fine thermocouple, were placed in a small cooling chamber, cooled at the rate of 
1-5°c min“, and their freezing temperatures determined. The standard 
deviation of the freezing temperatures of 20 drops of a particular suspension was 
rarely greater than 1°c, the mean temperature (see row 11 of table 1) agreeing 
very well with the threshold temperature at which the substance nucleated a 
droplet cloud in the mixing-cloud and diffusion-cloud chambers. 


$3. THE BEHAVIOUR OF METALLIC OxIDES 


The results of tests on the nucleating ability of a number of metallic oxides 
were, in all cases except that of Ag,O, less clear-cut and reproducible than for the 
substances listed in table 1. ; 

All the oxides shown in table 2, dispersed in finely powdered form, were active 
to the extent that one particle in 104 or 10° produced an ice crystal in both mixing- ~ 
and diffusion-cloud chambers at temperatures above —15°c, but showed no 
appreciable increase in activity at temperatures below the quoted threshold value. 
In the diffusion chamber, an insignificant number of ice crystals appeared at 
temperatures above —40°c unless very heavy concentrations (> 105 particles/cm?) 
of powder were introduced; under these conditions about 1 crystal per cm? 
appeared at the temperatures shown in table 2. The failure to observe, with 
less than one-tenth of these concentrations of aerosol, more than an occasional 
ice crystal, led Mason and Hallett (1956) to report SnO, MnO, and NiO of only 
‘general purpose’ quality as probably inactive. In their experiments, a very 
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Table 2. Nucleating Properties of Metallic Oxides 


Substance AlcOn 2 CdO CuO Cu,0 Mn,0O, NiO SnO, 
Threshold nucleation temp. (°C): 
Mixing chamber— 


soap film (1 in 10‘) —12 <-—16t — 7 — 6 —10 <-—16f — 7 
Diffusion chamber (1 in 10°) — 8 — 9 — 7 — 6 — 8 —11 — 8 
In aqueous suspension <-—15 —10 —14 <-17 < —16 
On surface of water drops — 6 — 9 — 6 — 7 ——h/) —10 — 7 


+Very slight activity, about 1 in 10°, at —10°c. 


slight degree of activity may have been due to impurities, but these have been 
practically eliminated in the present work by using spectroscopically pure oxides, 
the specifications of which are shown in table 3. 


Table 3. Purity of Nucleating Materials 


The following spectroscopically pure materials were supplied by Johnson Matthey & 
Co. Ltd., who quote the impurity content in parts per million as follows: 


Al,O3 Nil NiO Fe 6, Si 8, Al 2, Na 2 
CdO Pb 7, Na2, Zni2 SnO, Na 3, Bi 2 
CuO Si 2 V0; Fe 3, Si 3 
Mn;0, Mg 7, Si 3 Ag,O Fe 2, Si 3 


The concentrations of other impurities did not exceed 1 part/10°. 

AglI was produced by sparking of ‘ spec-pure’ silver (Fe 3, Al 1, Pb 1; Cd, Cu, Li, 
Mg, Mn all <1) in iodine vapour. I, crystals were produced by sublimation from the 
vapour. CuS was specially prepared and ground and contained less than 1 part/10® of Ag 
and Pb. 

The remaining nucleating substances, which showed a high and reproducible degree 
of activity and for which expitaxial growth of ice was directly observed, at the same threshold 
temperature, on single crystals of the substance, were of ‘ Analar’ quality. 


It appears that the nucleating ability of these ‘ spec-pure ’ oxides is lowered 
if they first become centres of condensation in the highly-supersaturated atmos- 
phere of the diffusion chamber, and that only when the supersaturation is reduced 
by the introduction of high concentrations of particles do they appear to be as 
effective as in the mixing chamber where the air is barely water-saturated. 

Evidence that nucleation efficiency of the oxide particles is reduced on being 
immersed in bulk water is also provided by the fact that millimetre size drops 
of aqueous suspensions of the oxides, each containing about 10° particles, froze 
at considerably lower temperatures than the corresponding threshold tem- 
peratures observed in cloud chambers—in contradistinction to the results obtained 
for the insoluble substances of table 1. On the other hand, if roughly the same 
number of oxide particles was sprayed on the surface of the water drop, instead — 
of being immersed in it, the freezing temperatures were several degrees higher > 
(see table 2) and very similar to the threshold temperatures recorded for the 
diffusion chamber. 

The reasons for the rather peculiar behaviour of metallic oxides is not clear. 
Certainly only a very small fraction of the particles which, under the microscope, 
are of irregular shape with few well-defined crystal faces, act as effective ice nuclei 
—perhaps only those which have a face for which the epitaxial misfit is small 
(see table 4), and which have especially favourable sites for nucleation. Their 
loss of potency after immersion in bulk water may, perhaps, be associated with 
their tendency to form hydration compounds. 
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§ 4. THE BEHAVIOUR OF SOLUBLE NUCLEI 

The discovery by Mason and Hallett (1957) that sub-microscopic iodine 
crystals initiate the sublimation of ice in an ice-Supersaturated atmosphere at 
temperatures below — 14°c, but lose this property when introduced into a water- 
supersaturated atmosphere by going into solution, suggested that a number of 
other salts found to be inactive in the water-supersaturated environment of a 
diffusion chamber should be tested under sub-water-saturated conditions. 

The tests were carried out in much the same way as for the insoluble nuclei 
but the particles were introduced into the flask by atomizing saturated solutions, 
allowing the droplets to fall through relatively dry air in which the majority 
crystallized before entering the test flask (which now contained no visible cloud), 
and allowing the crystals to fall on the soap film. Again the highest temperature 
at which about one particle in 10+ nucleated the film was determined. The 
results are shown separately in table 1 and will be discussed later. 


§ 5. Epiraxy oF IcE ON NUCLEOGENIC CRYSTALS 


The most direct evidence of a particular crystal acting as an ice nucleus is 
afforded by the direct observation of epitaxial growth of ice on its surfaces. The 
growth of ice on those substances for which reasonably good crystal faces of 
sufficient size may be obtained has therefore been studied. 

Oriented deposits of ice crystals have been observed on the basal (0001) 
faces of hexagonal AgI (—4°c), PbI, (—6°c), Cdl, (—12°c) and CuS (—6°c) 
on the (010) face of orthorhombic Hgl,, on the (100) face of V,O, (—12°c) and 
on the (001) face of orthorhombic iodine. On the other hand, only randomly 
oriented ice crystals have been observed on the basal face of hexagonal Cd5 in 
which the atomic spacing differs by only 10°% from that of ice. 

A detailed account of these experiments will appear elsewhere; the results 
are quoted here only in confirmation of the nucleation tests. 


§ 6. DiscussION OF NUCLEATION EXPERIMENTS 

The observed ice-nucleating ability of a particular aerosol will be determined 
not only by the properties of the particles themselves but also by the experimental 
conditions under which they are tested. Discrepancies between the results 
obtained by different workers may arise from differences in one or more of the 

- following factors: Sled dys 

(i) The criterion adopted for the onset of nucleation in terms of the fraction 
of particles which become activated, and the reliability of the technique used 
for ice-crystal detection. ' 

(ii) The concentrations and size of the nuclei; these will govern the number 
of particles which enter the observational space and the time for which they 


remain there. : 
(iii) The volume of the test space and hence the total number of nuclei observed 


during a test. Small volumes will fail to detect low ice-crystal concentrations 


at the threshold of activity. v2 
(iv) The time for which the particles are subjected to the prevailing tem- 


perature and supersaturation before disappearing from view. For example, 
nuclei requiring a few seconds to produce ice crystals of detectable size would 
appear inactive in a rapid expansion chamber having a sensitive time of only a 
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(v) The magnitude of the prevailing supersaturation which may determine 
the time-lag for nucleation and whether or not the nuclei act as centres of con- 
densation before reaching sub-freezing temperatures. 

(vi) The solubility and rate of solution of the nuclei in water. 

(vii) The crystalline and surface structure of the particles; it is currently 
believed that the nucleating ability of a particle is determined largely by the 
similarity of the atomic arrangement in its surface layers to that of ice, and that 
the presence of steps or other favourable sites is necessary to allow nucleation 
at low supersaturations. ‘The proportion of particles having suitable faces may 
well be governed by their method of preparation. Furthermore, as we have seen, 
discordant results may arise from the presence of trace impurities, the decompo- 
sition of the substance under test, or the use of inadequate detection methods. 

Bearing in mind that discrepancies may arise for one or more of the above 
reasons, we shall now compare the threshold nucleation temperatures obtained 
in our experiments with those of other workers. 

Silver iodide. 

There is substantial agreement among all investigators on the activity of this 
substance. Threshold temperatures ranging from —3°c to —6°c, with a 
preference for —4°c, have been quoted, the lower values having been obtained 
with expansion chambers having small observational volumes and small sensitive 
times. 

Cupric sulphide. 

There is general agreement that the threshold temperature lies between —4°c 

and —7°c with a preference for —6°c. 


Mercuric todide. 

Using a powder, our three different techniques all yield threshold temperatures 
of —7°c or —8°c, which are considerably higher than those reported by Hosler 
(—18°c), Pruppacher and Sanger (—13°c), Mossop (—17°c), and Fukuta 
(—12°c). This rather large discrepancy may have arisen because three of 
these authors produced their aerosol by vaporizing the compound from a heated 
wire whereby partial decomposition and transformation to the orthorhombic 
yellow form may have occurred. Birstein and Anderson (1955) and Mason and 
Hallett (1956) found similarly produced smokes to be inactive above —20°c. 
Silver sulphide and silver oxide. 

We find these substances to be initially active at about —8°c and —11°c 
respectively—at rather lower temperatures than the range —4°c to —7°c reported | 
by Fukuta and Pruppacher and Singer. It seems that the differences are too 
large to be attributed to differences in observation and technique; perhaps small 
traces of iodine, leading to the formation of silver iodide, may have been responsible | 
for the high activity observed by these authors. 


Oxides of aluminium, cadmium, copper, manganese and tin. 

These oxides all show a similar behaviour in that a small fraction of the par- 
ticles become effective ice nuclei at temperatures between —6°c and —12°c, 
but their activity does not increase appreciably thereafter with falling temperature. 
The threshold temperatures quoted in table 2 are in reasonable agreement with 
those reported by Pruppacher and Singer and by Fukuta except that we find 
SnO, to be rather more effective than did Fukuta and CuO to be active at —7°¢ 
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rather than —12°c (Pruppacher and Sanger) or —4°c (Fukuta). The slight 
degree of activity shown by ‘general purpose’ quality MnO, and SnO may be 
due to traces of Mn,O, and SnO, respectively. 

Soluble nuclei. 


As far as the soluble compounds are concerned, Mason and Hallett’s discovery 
that crystalline iodine will behave as a sublimation nucleus at temperatures 
below —14°c is confirmed and epitaxial deposits of ice crystals at special sites 
on the (001) face have been observed at —12°c. Crystals of highly soluble 
ammonium fluoride and cadmium iodide act as sublimation nuclei below —9°c 
and —12°c respectively, these temperatures being in fair agreement with those 
reported by Fukuta. The results obtained with evaporated sprays of alkali 
iodides were not clearcut. Sodium iodide was found to be inactive at temperatures 
down to —16°c in disagreement with several other workers who have quoted 
threshold temperatures as high as —12°c. Potassium iodide and ammonium 
iodide caused nucleation of the soap-film detector below — 13°c, but perhaps by 
the release of free iodine which, in the case of NH,I, was clearly demonstrated 
by the simultaneous introduction of a silver aerosol when copious numbers of 
ice crystals were produced at — 6°c through the production of silver iodide. 
Lead iodide. 

The nucleation efficiency of very small lead iodide particles depends to what 
extent they become previously involved in condensation and dissolution. Our 
experiments confirm those of Schaefer (1954) in showing that if a lead iodide 
smoke is introduced into a sub-water-saturated environment so that condensation 
and dissolution is avoided, ice crystals appear at temperatures below —6°c or 
—7°c. On the other hand, if they have to spend some 30 sec or so in traversing 
the highly-supersaturated region of a diffusion chamber before reaching the 
supercooled region, their nucleating ability is destroyed. 

Most authors quote a threshold temperature between —5°c and —7°c, the 
exception being Fukuta who claims —1:3°c. We are unable to confirm this 
last figure, and suggest that Fukuta may have been misled by the fact that lead 
iodide aerosol glitters very much like an ice-crystal cloud in a sub-water-saturated 
environment, even at positive temperatures. 

Vanadium pentoxide. a 

Dispersed as a fine powder, this substance shows very slight activity at about 
—10°c and thereafter no appreciable increase until the temperature falls below 
—15°c. The existence of these two threshold temperatures appears to be 
associated with the orientation of the prism plane of ice on the (100) face of 
V,O; at the higher temperature, and the orientation of the basal ice plane on 
the (001) face at the lower temperature. 


In attempting to relate the nucleating ability to some physical property of 
the particles, it is natural to compare their crystal structures with that of ice. In 
previous discussions, considerable emphasis has been laid on the fact that the 
most effective nucleators, e.g. silver iodide, lead iodide, and cupric sulphide, are 
all hexagonal crystals with atomic spacings in the basal plane very similar to 
those in ice. 

The present work shows that a number of non-hexagonal crystals are also potent 
nucleators but for all those active at temperatures above —15°c it is possible to 
find a low index face on which the atomic spacings differ from those of ice by not 
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more than a few per cent. If, in calculating the minimum misht, one permits the 
matching of atomic rows in the ice and substrate lattices in ratios of up to 3: 1, 
the values shown in heavy type in table 4 are the misfits in the two most favoured 
of the three mutually perpendicular directions, (1210), (1010), (0001), of the ice 
lattice. Although epitaxy is usually discussed in terms of the misfit in only the 
most favourable direction, it seerns reasonable to regard the formation of two 
dimensional nuclei in terms of the misfits in two mutually perpendicular direc- 
tions in the manner of Pashley (1956). And, because the nucleation of ice crystals 
usually occurs at steps on the substrate surface (Bryant, Hallett and Mason 1960), 
the misfit in the third mutually perpendicular direction may also be relevant 
and therefore all three misfits are listed in table 4. In the case of the simple 
inorganic structures, a reasonable correlation appears to exist between the 
threshold nucleation temperature (which enters explicitly into the expression 
for the critical radius of the ice nucleus) and the sum of the misfits in the three 
mutually perpendicular directions. A much poorer correlation obtains for 
the metallic oxides. Thus it appears that ice-nucleating ability of a crystalline 
substrate is only partly determined by geometrical factors. 


§ 7, EFFECT OF SUPERSATURATION ON THE ACTIVITY OF ICE NUCLEI 


It has long been argued whether nuclei can form ice crystals by the direct 
deposition (sublimation) of ice from the vapour phase or whether the vapour 
condenses first as a liquid which subsequently freezes. In order to avoid the 
difficulties of drawing a sharp theoretical distinction between these two possibilities 
when an adsorbed water layer, perhaps only a few molecules thick, is initially 
involved, it has become the practice to define, empirically, a sublimation nucleus 
as one which produces an ice crystal in an atmosphere super-saturated relative 
to ice but sub-saturated relative to liquid water, and to designate it as a freezing 
nucleus if it becomes active only when the air is cooled below the dew point. 
But such a distinction is not entirely satisfactory because it may be sufficient for 
the liquid to exist either as a thin film, which the nucleus may acquire at relative 
humidities below 100 per cent if its surface is hygroscopic or otherwise suitable 
for multi-layer adsorption, or to form in the pores of the particle by capillary 
condensation. 

In any case, the few available experimental data on the supersaturation con- 
ditions necessary for nucleation are conflicting. While Fournier d’Albe (1949) 
and Mossop (1956) using expansion-cloud chambers, and Weickmann (1947) 
condensing water on to nuclei supported on a chilled metal plate, claimed that 
the great majority of ice nuclei act only if the air is cooled to the dew point and 
in the presence of liquid water, Schaefer (1954) reported that particles of silver 


and lead iodides act as ‘sublimation’ nuclei in a sub-water-saturated atmosphere 


at temperatures lower than about —5°c, and a similar behaviour was observed 
by Mason and Hallett (1957) for iodine at temperatures below —15°c. Further- 
more, Birstein (1954) claims to have observed ice crystals within one minute of 
introducing powdered silver iodide into a cold chamber with ice-coated walls 
and with no water cloud present. 

However, no detailed measurements have been made to determine, as a func- 


tion of temperature, the minimum supersaturations required to activate ice 


nuclei, and it was to fill this gap that the following experiments were performed. 
The nuclei were introduced into a diffusion-cloud chamber of the type described 
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by Hallett and Mason (1958). ‘The chamber, cooled at the bottom by dry ice and 
with its top at room temperature, encloses a thermally stratified, convectively 
stable atmosphere in which steady-state conditions are readily achieved. Inside 
the chamber are suspended two horizontal, plane-parallel sheets of ice facing 
one another. Water vapour from the upper, warmer plate diffuses downwards 
through the chamber towards the lower, colder plate, the supersaturation regime 
in between being largely determined by the temperatures of the source and sink, 
the position and vertical separation of which can be varied. If the chamber is 
sealed and left for some hours, the atmospheric aerosols, having become centres 
of condensation, are progressively removed by sedimentation, leaving clean 
particle-free air. Under these conditions the profile of water-vapour concen- 
tration between the plates can be computed knowing the temperatures of the 
source and sink; the temperature profile being measured with a thermocouple, 
the supersaturation of the air at any level can then be calculated (see Hallett and 
Mason 1958). 


30 


20 


Percentage supersaturation relative to ice 


—|© 
) 


Temperature °C 


The temperature and supersaturation conditions under which silver iodide smoke produces 
ice crystals in a diffusion-cloud chamber. The dots represent conditions under 
which ice crystals were observed. 


The chamber having reached equilibrium, with the temperatures of the two 
ice plates adjusted to produce the required temperature and supersaturation 


profiles, a small quantity of the silver-iodide smoke, produced by heating the pure | 


crystals on a nichrome wire in a dry nitrogen atmosphere, was introduced and 
allowed to enter the space between the ice plates through a small hole in the upper 
plate. ‘The level at which ice crystals were first observed glittering in an intense 
beam from a mercury arc lamp was noted and the temperature at this level 
measured. Similar observations were made for differing conditions between 
the plates and the results plotted on a temperature-supersaturation diagram, as 
shown in the figure, where the indicated temperatures are in error by not moe 
than + 34°C and the corresponding error in supersaturation is not more than + 29, ! 

These data show clearly that, at temperatures below —12°c, silver iodial 
can initiate ice-crystal formation in an atmosphere subsaturated relative to 
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liquid water provided that the supersaturation with respect to ice exceeds a critical 
value of 12%. At temperatures between —5°c and —12°c, however, the air 
has to become water saturated before ice crystals appear ; this may be a consequence 
of the fact that, at temperatures above — 12°¢, the critical supersaturation of 12°% 
cannot be reached without passing water saturation as indicated by the dashed 
line in the figure. The fact that ice crystals appear in the absence of visible water 
droplets suggests that, for the silver iodide nuclei to act, it is not necessary for 
them to enter, or to be captured by, pre-existing supercooled droplets but rather 
that the adsorption of a thin film of water (<0-1,) is sufficient. An aerosol of 
lead iodide showed a very similar behaviour but with a critical supersaturation 
of 15% being required at temperatures below —15°c. 

Very similar results have also been obtained by Bryant, Hallett and Mason 
(1960) from measurements on the critical supersaturations and temperatures 
required to produce the growth of oriented ice crystals on single crystals of silver 
iodide, cupric sulphide, lead iodide and cadmium iodide, for which the critical 
supersaturations are 12, 13, 15 and 22% occurring at — 12, —13, —15 and —21°c 
respectively. 

Thus, at temperatures below the critical, the particles just mentioned may 
be said to act as sublimation nuclei while, at higher temperatures, they apparently 
first become centres of condensation and act by initiating the freezing of the 
supercooled water. 

The failure to observe nucleation in rapid cloud chamber expansions before 
reaching water saturation may be attributed to the crystals having insufficient 
time to grow to visible size during the very short sensitive times of the chambers. 
Indeed it is interesting to recall that Findeisen (1942), by making a very slow 
expansion, did observe some atmospheric ice nuclei to become operative before 
water-saturation was reached. 
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_ specimen whilst it is inside a massive copper container which can be maintained 


using an Ekco 1709 c vibrating reed electrometer having a current sensitivity of 
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Absiract. Conductivity has been measured as a function of temperature for 
evaporated hydrocarbon films and for hermetically sealed single crystal specimens. 
A model is proposed which explains why the activation energy for conduction 
corresponds to a spectral region of low absorption. ‘The model is consistent with 
the exciton theory of fluorescence and photoconductivity. ‘The conduction 
levels are pictured as being localized in polarized regions of the lattice. 


§ 1. INTRODUCTION 
A LTHOUGH there is now a considerable body of results on conduction in 


hydrocarbons, the physical processes involved remain obscure. One 

important feature which makes interpretation difficult is the unexpectedly 
large variation in conductivity between one specimen and another and between 
different methods of measurement. Many specimens also exhibit long term 
drifts in current and non-linear characteristics which might be either real physical 
properties of the materials, or merely products of the experimental method. 
The results presented here may be divided into two groups. Firstly, evaporated 
films are used to determine the characteristics of some of the higher molecular 
weight hydrocarbons; they exhibit many of the undesirable characteristics 
mentioned above. ‘The other measurements use single crystal specimens grown 
from the melt in contact with the electrode system. These are far better behaved 
than anything previously reported. Although comparatively few compounds 


can be treated in this way the results are valuable in showing what features of 
other methods are significant. 


4 


§ 2. EXPERIMENTAL 


Evaporated films carrying evaporated metal electrodes may be prepared b 
the method described by Northrop and Simpson (1956a). Figure 1 isa diagram > 
of the specimen geometry. By placing the upper electrode entirely on the 
hydrocarbon and earthing the lower electrode it is possible to eliminate both bulk 
and surface currents in the Pyrex substrate. Electrical contact is made to the 


at any temperature between 15°c and 150°c by electrical heating. A thermocouple 
junction in the enclosure measures the specimen temperature. An average 
specimen is about 10 microns thick, so that a 1-5 volt dry battery produces < 
field of the order 108 volts cm-!. The resulting conduction current is measured 


10-5 amp. 
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‘These specimens exhibit current drifts which may continue for many hours. 
On applying the field, for example, a period of 24 hours is often required before 
an equilibrium current is established. A change in specimen temperature of 10°c 
necessitates waiting about an hour before the current settles down again. ‘There 
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Figure 1. The evaporated con- Figure 2. Conductivity of evaporated violan- 
ductivity specimen. A, lower threne. 


electrode; B, Pyrex disc; C, 
hydrocarbon film; D, upper 
electrode. 


is also a permanent change in conductivity on heating the specimen, which is 
probably due to annealing. Provided each specimen is first cycled to a temperature 
higher than the maximum used in the measurements, then results are reproducible 
on successive runs. A typical current-temperature plot is that for violanthrene 
shown in figure 2. Experimental scatter is low, and the points fit accurately 


to an equation of the form 
o=a,exp | — Ro a ee (1) 
PN A 


where o is the specific conductivity at absolute temperature 7, k is Boltzmann’s 
constant, and o, and F are characteristic parameters of the hydrocarbon. Values 
of E, calculated from the slope of the graph are well reproduced from one specimen 
to another, lying within the expected experimental error +5%. ‘The same is 
not true of o) however; currents through apparently identical specimens may 
differ by as much as two orders of magnitude. Possible reasons for this variation 
will be given later. It is evident however that this method is not a good one for 
determining co). In table 1 are listed the values of # found for a number of 
hydrocarbons and compares with 1£, the first singlet excitation energy of the 
free molecule taken from the absorption spectra of Clar (1952). Differences 
between these quantities are tabulated for future reference. ‘The most important 
feature of the results is the smallness of the values of E. In all cases they are 
much lower than the energy of the first allowed optical transition, corresponding 
to spectral regions of low absorption. ‘This behaviour is by no means similar 
to the inorganic intrinsic semiconductors to which the hydrocarbons have 
sometimes been compared, and requires an entirely new outlook on the conduction 


mechanism. 
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Table 1 

Hydrocarbon E 1F, 1h,—-E 
Coronene 2°55 3:60 1-05 
Ovalene 2:0 2°80 0-8 
Violanthrene 1:18 2°48 1-30 
Iso-violanthrene 1:20 2°49 1-29 
Pyranthrene Nei 2°67 0-96 
Dinaphthopyrene 1-60 2°70 1-10 
Hexacene 1:3 = —~ 


The current drifts and lack of reproducibility of o) values, together with the 
non-ohmic behaviour observed by some workers (cf. Mette and Pick 1953) 
raise serious doubts about the interpretation of these experimental data. For 
this reason a further set of experiments has been undertaken using a different 
kind of specimen. This consists of a thin film of hydrocarbon crystallized 
from the melt between two Pyrex or silica flats, each of which carries a trans- 
parent (Nesa) electrode. The practical details of their preparation is given by 
Northrop and Simpson (1958). Figure 3 is an exploded view showing the 
specimen geometry. Comparatively few compounds can be treated in this way; 
in fact specimens have been successfully prepared in only five cases, but this is 
adequate to show what features of the earlier work are true bulk properties 
of the hydrocarbons. 


Figure 3. Exploded view of single crystal conductivity specimen. A, upper Pyrex flat 
with Nesa electrode facing down; B, lower Pyrex flat with Nesa electrode facing up; 
C, hydrocarbon film. 


The general behaviour of the specimens is far more satisfactory. Equilibrium — 
currents are quickly established on changing the temperature or the applied . 
electric field, and moreover the currents are reproducible from one specimen to 
another. Conduction is strictly ohmic up to fields of about 10° volts cm-, as 
is illustrated by the current-voltage plot for anthracene shown in figure 4. The 
detailed results for the five compounds are shown in figure 5, from which it is 
immediately obvious that equation (1) is obeyed. Table 2 is an analysis of these 
curves. ‘The deduced values of E and oy are compared with those determined 
earlier for evaporated films of the same materials (Northrop and Simpson 1956a). 
Also given are the molecular singlet energy 1£, and the difference between this 
and activation energy E. 
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Figure 4. Current voltage characteristic Figure 5. Conductivity of single 
for anthracene; single crystal specimen. crystal films. 
Table 2. Comparison between Evaporated and Single Crystal Films 
Compound Evaporated films Single crystal films 
E (ev) opfohm-! cm) £E (ev) oo(ohm—t cm-*) 1B (ev) 1£,—E (ev) 
Anthracene 1-93 2A 052 1:95 1-6 3-30 1:35 
Anthanthrene 1-60 ec Ors 1:58 0-5 2:85 ie9)7/ 
Chrysene 2:20 4x10 2-04 13-0 3:87 1:83 
Naphthacene 1-70 Sea 1:64 0-2 2:61 0:97 
Pyrene 2-02 1 2-06 69 3-70 1:64 


The obvious deductions to be made at this stage are (i) the normal behaviour 
of hydrocarbon crystals is ohmic with short electrical time constants; (ii) the 
activation energies derived for evaporated films are in close agreement with those 
found for single crystal films. Both are presumably physically significant ; 
(iii) specific conductivities determined for evaporated films are too low. Since 
those of single crystal films are reproducible within experimental error it is 
assumed they are correct. 

Discussion of the experimental results is based on these three conclusions. 

It is suggested that the main practical difficulty is one of making contact to 
the specimen. The evaporated lead electrodes may have an effective area of 
contact much smaller than their apparent dimensions. This would lead to low 
values of the specific conductivity if the apparent dimensions were used. Results 
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would not be reproducible because the actual dimensions do not bear a fixed 
relation to the apparent ones. A second consequence of low contact areas would 
be high local current densities. ‘The long time necessary to establish a steady 
current could therefore be due to an ageing process of some kind. Single crystal 
films apparently give a good area contact. 


§ 3. THE CONDUCTION MODEL 


The conductivity of the hydrocarbons has been observed under equilibrium 
conditions and has been shown to be ohmic, so that the parameter EF derived 
from these data using equation (1) must be the energy gap between the ground 
state and the conduction state of the crystal. Figure 6 is a schematic energy level 
diagram showing the conduction level in relation to the lowest optical excited 


Ej lonization potential 


Fi, Electron affinity 


|St optically excited state 
(non-conducting) 


E Conduction level 


Is. Ground state 


Figure 6. Energy level diagram. 


state 1#, and the ionization potential E; of a hydrocarbon molecule in the 
environment of its crystal lattice. As would be expected for a weakly bound 
molecular crystal the optically excited levels of the crystal are similar to those of 
the constituent molecules, being only slightly perturbed by the crystal bonding 
energy. Hj and 1F, have exact counterparts in the molecular energy level scheme, 
but the conduction level E does not derive in any obvious way from this scheme. 
In addition the first optical transition 1£, has been shown to lead to a non- 
conducting exciton state (Northrop and Simpson 1956b, Simpson 1956). Any 
successful model of the dark-conduction process must therefore be capable of 
explaining (a) how the conduction state is related to the optically excited states 
of the crystal, (6) why the exciton state 1£, does not decay to the conduction 
state H by a monomolecular process: the transition is clearly possible 
energetically. The following is an attempt to derive such a model from general 
consideration of the (one-electron) energy states E; and 1£,, and the properties 
of the lattice. 

The energy required to remove an electron from one neutral molecule in 
the ground state and to place it on another some distance away is Ei— Eg, 
where Ey is the electron affinity. The lattice around the positive and negative 
ions so produced will now relax to a new minimum energy configuration and in 
so doing will lower the total energy of the system by Ep. If the charges are 
now supposed free to move the activation energy for conduction is given by 


E=E,\—E,— Ep. eer & 


It can be seen from figure 6 that the ionization potential, the electron affinity 
and the first optical excitation energy are related by the equation 


- 


j 
; 
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Combining equations (2) and (3) gives 
Ep =1,—E. ecceee (4) 

This is the quantity tabulated in the final columns of tables 1 and 2 which takes 
a range of values between about 1 and 2 electron volts for the hydrocarbons under 
investigation. The polarizability of a hydrocarbon crystal is expected to be 
quite large (Pople 1957, private communication) so that the experimental values 
for Ep are not unreasonable. ‘The charge carriers are therefore polarons; under 
the action of an externally applied field both positive and negative charges can 
move, each taking its polarization with it. Low mobilities are to be expected, 
and this is borne out by the estimate of 5 x 10-cm?volt-!sec-! made from 
observations of photoconductivity (Northrop and Simpson 1958). 

Because of the lattice polarization associated with each charge carrier, direct 
optical excitation to such a conducting state is unlikely. Monomolecular decay 
of the optically excited levels such as '£, to the conducting state is equally 
unlikely, because the lifetime of the optical states (~10-* second) is not large 
enough to allow the required degree of polarization to be built up thermally. 
There is in fact a potential barrier between the two levels which is much greater 
than RT. 

Northrop and Simpson (1958) showed that although the first excited state 1£, 
is a non-conducting absorption in the fundamental band, it is nevertheless 
accompanied by weak photoconductivity. They also proved quantitatively 
that this is consistent with random encounters between mobile excitons resulting 
in ionization. In other words the energy made available by one excited molecule 
is sufficient to release an electron over the potential barrier around a second 
excited molecule. 

No attempt has been made to include in this description the behaviour of 
impurities in influencing conductivity. ‘The above model does not lead one to 
expect any correlation between activation energies for conduction and any energy 
gap in the hydrocarbon molecule. Earlier work has shown however that the 
energy required to liberate charge carriers from impurity molecules is closely 
correlated with the lowest triplet excited state of these molecules (Northrop 
and Simpson 1956a). This is not entirely surprising since impurity molecules 
are known to behave in many ways like isolated centres in a neutral matrix. It 
is not clear how the impurity triplet level couples to the lattice to produce free 
charge carriers, although ionization of the triplet state is more probable than that 
of the singlet because of its much longer lifetime. 
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Abstract. The angular distribution of five proton groups from the reaction 
16Q(®He, p)!8F have been measured at incident energies of 5-9 and 9-16 Mev. 
An attempt has been made to explain the observations by a double stripping 
process and some tentative spin and parity assignments have been made. 


§ 1. INTRODUCTION 


CONSIDERABLE amount of experimental work has been directed at *F 

ye since the publication of the independent particle model calculations of 

Elliott and Flowers (1955) and the collective model calculations of 
Redlich (1958). 

The energy levels of 18F are now well established. The energies of the first 
twelve excited states have been determined by Rao, Young, Spencer, Beckner 
and Phillips (1959) from the magnetic analysis of the protons from the 
16Q(®He, p)8F reaction. More recently Hinds and Middleton (1959a), also 
using magnetic analysis, have measured the energies of 40 states from the reactions 
16Q(3He, p)!8F and F(?He, «)!8F. These values have been used in the present 
paper and are slightly different from the preliminary values communicated to 
Ajzenberg-Selove and Lauritsen (1959). 

Until recently, little was known of the properties of the states, primarily 
because there are few convenient reactions from which they could be determined. 
There is no convenient deuteron stripping reaction leading to SF from which 
at least parities could be deduced. However, there are two inverse stripping 
reactions which might prove useful, namely 1°F(p, d)!8F and 1°F(d,t)!8F. These 
have been investigated by Bennett (1958) and El-Bedewi and Hussein (1957) 
respectively, but in neither case was it possible to resolve the multiplet of states 
occurring at about I Mev. 

The Ne(d,«)!*F reaction is also of particular interest since as only T=0 
levels will be strongly excited, the 7 =1 levels may be deduced by comparing the 


energy spectrum with that from the 'O(?He, p)!8F reaction. However, the 
necessity for using a gas target has prevented high resolution studies and Middleton 


and ‘Tai (1951) report only one group of «-particles corresponding to a state 
at 1-05 + 0-03 Mev. 

The most useful data concerning the low-lying states of 18F have come from 
measurements made on the y-rays from the reactions “N(a,y)!8F and 
*O(?He, py)'*F (Kuehner, Almqvist and Bromley 1958, Allen, Eccleshall and 
Yates 1959). A summary of these results is presented in figure 3. 

In this communication are reported the results of angular distribution 
measurements made on five proton groups from the reaction O(sHe, p)8F 


ee OS Ge 
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at incident energies of 5-9 and 9-16mey. Following the course of a previous 
communication on the *Be(*He, p)"B reaction (Hinds and Middleton 1959 D); 
an attempt has been made to interpret the results on the basis of a double stripping 
reaction mechanism. Spin and parity assignments have been made and although 
these remain consistent with the theoretical predictions of Elliott and Flowers, 
they are at slight variance with the results of Kuehner et al. 


§ 2. EXPERIMENTAL PROCEDURE 

The Aldermaston Van de Graaff generator has been used on several occasions 
to accelerate singly charged *He particles to energies of about 6 Mey. Recently 
the yield of doubly charged particles has been considerably increased by inserting 
a gas stripper a short way down the accelerating tube. With this arrangement, 
which will be described in detail at a later date, analysed beams of about 0:5 1A 
at energies up to 10-2Mev have been obtained. The results reported in this 
communication at an incident energy of 9-16 Mev were obtained using the doubly 
charged beam from the gas stripper. 

The targets were prepared by evaporating pure silica and consisted of self- 
supporting films of about 30 to 40ugcm-*. To prevent the accumulation of 
electrostatic charge on the target, a thin film of gold was evaporated on one surface 
to provide a conducting layer. The proton energy spectra were measured with 
the broad-range magnetic spectrograph described in a previous article (Hinds 
and Middleton 1959b). Several exposures were made at angles ranging from 74° 
to 118° at bombarding energies of 5-9 and 9-16 Mev, the target remaining fixed 
and inclined at an angle of 45° to the incident beam. Relative exposure strengths 
were measured by integrating the total beam passing through the target and into 
a Faraday cup. A check was maintained on the stability of the target during 
bombardment by counting with a scintillation counter the protons emitted at 90° 
from the *O(*He, p)!*F reaction. Exposure strengths were adjusted according 
to target thickness and were within the range 100 to 500 microcoulombs. 


§ 3. RESULTS 

The angular distributions of four proton groups from the O(*He, p)*F 
reaction measured at incident energies of 5-9 and 9-16 Mev are shown in figure 1. 
All angular distributions at a given bombarding energy are correctly normalized, 
but relative magnitudes at different energies are not preserved. Similar 
measurements have also been made by the authors at an incident energy of 
5-7 Mev but extending only to an angle of 70°. These results were very similar 
to those obtained at 5-9 Mev and were briefly reported at the Paris Nuclear Physics 
Conference 1958. 

The proton group corresponding to the 1-076 Mev state was very weak and 
it was difficult to distinguish it from spurious groups from the **Si(#He, p)?°P 
reaction. However, tentative angular distributions were obtained and are shown 
in figure 2. The arbitrary units of cross section are similar to those used in figure 1. 

The curves shown in figure 1 were calculated from an approximate expression 
for a double stripping process derived by H. C. Newns (to be published, see also 
Hinds and Middleton 1959 b) viz. 
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The exponential factor depends upon the internal motion of the *He particle and 
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is analogous to the G(K) factor encountered in deuteron stripping. It has little 
effect on the shape of the angular distribution which is mainly determined by the 
spherical Bessel function j,(ka). Unlike deuteron stripping, for a zero spin 
initial nucleus, two values of L are allowed by the selection rules. However, the 


contribution from one value is generally negligible, but this depends upon the 
configuration of the final state. 
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Figure 2. ‘The angular distribution of the proton group corresponding to the 1:076 mev 
excited state of 18F, measured at bombarding energies of 5-9 and 9-16 Mev. 


The radius of interaction a was chosen to give best agreement and except 
where otherwise indicated was equal to 4:8 fermi, which is the Gamow radius, 
i.e. 1-7 +1-22A'? fermi. It will be noticed that slightly increased radii had to be 
used to fit the L =4 curves to the 1-119 Mev state angular distributions. Although 
agreement could be obtained with L =3 and a smaller radius, the former L-value 
is preferred since there is evidence that the 1-119 Mev state has even parity. 
Allen, Eccleshall and Yates (1959) have observed an E2 y-ray transition between 
the 1-119 and 0-934 mev states and there is evidence that the latter has even parity 
(Kuehner et al. 1958). 


§ 4. DiIscussION 


The L-value assignments obtained on the assumption of a double stripping 
process are shown in figure 3, together with the parities and possible spins, J,“. 
It may be noted that since the ground state of 18F is known to have spin 1*, 
L =2 is allowed by the selection rules in addition to L=0. At 5-9 Mev the ground 
state angular distribution exhibits a strong secondary maximum at about 70° 
which can be fitted with an L=2 component, although a small radius must be 
used. However, calculations by Newns (private communication) using the 
Elliott and Flowers wave function for the ground state of 1*F indicate that the 
intensity of the L=2 component should be negligible and probably undetectable. 
This is consistent with our observations at 9-16 Mev, where there is little evidence 
of a secondary maximum. A possible explanation of the secondary maximum 
observed at 5-9 Mev is that it arises from interference between the direct and com- 
pound nucleus contributions. This might be expected to occur ina *He reaction 
with oxygen since the binding energy of the *He particle in the compound nucleus 
19Ne is 8 Mev, which is unusually low. 
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In figure 3 the possible spins of the 0-934 Mev states are shown as 1, 2 or 3°. 
It may be reasoned that since no L=0 component was observed, the 1* assignment 
is inadmissible. Since an L=0 transition is intrinsically much stronger than an 
L=2 transition, this is a more sensitive test than the case of the ground state. 
Similar reasoning can be used to exclude the 3+ assignment for the 1-119 Mev 
state. 
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Figure 3. Energy levels of 8F. JZ orbital angular momentum from double stripping, 
Jy* spin and parity predictions from double stripping, J,” spins and parities from 
Kuehner et al., T® isotopic spin from Kuehner e¢ al. 


The spins, parities and isotopic spins obtained by Kuehner et al. from an 
investigation of the y-rays accompanying the 4*O(#He, p)!*F and N + « reactions 
are shown in columns J,” and 7° of figure 3. It is apparent that there is 
disagreement concerning the parity of the 1-038 Mev state. Also, since the 0+ 
state may be identified with the first T7=1 state, the present investigation would 
indicate that the 1-038Mev state has T=1 rather than the 1-076Mev state 
reported by Kuehner et al. 

The extremely weak transition to the 1-076 Mev state observed in the present 
investigation is consistent with this state having odd parity and probably arises 
from excitation of the *O core. Such a configuration cannot be excited by a 
stripping process and consequently the transition to it would be expected to be 
very weak. It is not particularly surprising for such a configuration to occur at 
1 Mev excitation in 1*F since a state of similar configuration is thought to occur 
in }9F at 112kev (Elliott and Flowers 1955). 

The available evidence concerning the low-lying even parity state of 18F, 
indicates that the 3+ and 5+ states predicted by Elliott and Flowers are those 
at 0-934 Mev and 1-119 Mev excitations respectively. The identification of the 0+, 
T=1 state is in doubt but it is certainly either the 1-038 Mev or 1-076 Mev excited 
states. ‘This uncertainty may be resolved from an investigation of the °Ne(d, «)!8F 
reaction which will strongly excite only the T=0 states. 
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The Sintering of Bismuth Telluride 
By W. R. GEORGE, R. SHARPLES anp J. E. THOMPSON 
Nelson Research Laboratories, English Electric Co., Stafford 
MS. received 19th May 1959, in revised form 29th Fune 1959 


en 


discussed by a number of authors. Wright et al. (1958) have obtained — 
a cooling drop of 65°c using p- and n-type bismuth telluride. 

Zone refined material is somewhat fragile, and from the point of view of 
commercial applications it is preferable to have a more robust bar. One way 
that has been considered to overcome this difficulty is to use sintered material, 
and this note records some changes in type that have occurred with p-type 
bismuth telluride. Changes of type on sintering have been reported already 
by Birkholz (1958) on certain doped compounds of Bi,'Tes. 

p-type zone refined bismuth telluride was made from bismuth and tellurium 
(purity 1 in 10%), with iodine doping, by melting the stoichiometric proportions 
in a closed evacuated tube and subsequent zone refining. ‘The material was 
crushed to 100-mesh size and the resulting powder compacted at various 
pressures. ‘The samples were sintered at temperatures up to the melting point. 

The results of the sintering experiments are shown in the figure, where the 
value of de/dT (the thermoelectric power) is plotted against the sintering 
temperature. The sintering time was constant at 16 hr. The parameter de/dT 
is representative of the basic properties of the sintered bismuth telluride, si m2) 


Te use of bismuth telluride and its alloys for refrigeration has been ; 
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it is uninfluenced by porosity andthe area of contact between the sintered 
particles, as is the case with thermal conductivity and electrical resistivity. 
The first noteworthy point is that the results obtained were repeatable and the 
second that there is a continuous change in de/dT. Some slight dependence 
on the compacting pressure can be observed. 

The change of type could not be attributed to loss of one or other component 
or contaminant pick-up from the gas stream, since the samples were vacuum 
sealed in quartz tubes before heat treatment. Moreover, the samples were 
gradually slit down in thickness and the measured values were constant 
throughout the bar. This is not always the case, when sintering in a gas stream 
such behaviour can be noted sometimes. 

A tentative explanation of the changes in sign can be given. The first change 
from p-type to n-type on crushing and pressing at room temperature is due to 
the effects of strain and an increase in dislocation density, which disappears as 
the sintering temperature is raised. However, before the recovery is complete 
the sintering process begins to take place at about 150°c. This sintering process 
is complex, though one possible mechanism of sintering that has been proposed 
is of spherical particles in contact being united gradually by diffusion of lattice 
vacancies from this contact area into the material, and atomic diffusion in the 
reverse direction to form a bridge joining the particles. ‘The vacancy concen- 
tration will be in excess of that due to thermal excitation alone. Cabrera (1950) 
has considered a similar process in detail and a critical discussion is given on 
sintering by Bernard (1959). Such an increase in vacancy concentration will 
result in the material becoming n-type, since the vacancies are thought to act 
as hole traps. Evidence has been presented by Crawford and Cleland (1954) 
that in indium antimonide antimony vacancies act as hole traps, whereas an 
indium vacancy acts as a hole trap in p-material and an electron trap in n-material. 
At higher temperatures, the sintering process is more complete and vacancies 
become more mobile and can be eliminated at the surface of the bar or at grain 
boundaries—as proposed by da Silva (1951) and Barnes (1952). ‘Thus, at 
higher temperatures, the properties of the sintered material will revert to those 
of the original refined bismuth telluride, and indeed on melting the reversion 
is complete. As can be seen from the figure, this later stage only takes place 
at temperatures close to the melting temperature. 

Further work is proceeding on the explanation given here of the change of 

type by measurements of the variation with temperature of thermoelectric power, 
thermal conductivity, electrical resistivity and Hall coefficient for the sintered 
samples. Measurements are also being made on fast neutron irradiated samples 
from BEPO to determine the energy levels of any vacancy traps and this will be 


reported in due course. 
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Heat Transfer by Forced Convection 


By D. V. GOGATE anp H. S. DESAI 
Physics Department, M.S. University of Baroda 


MS. received 10th March 1959 


§ 1. INTRODUCTION 


body (metal sphere) and a moving fluid. It is an extension to higher 

Reynolds numbers of the work described in a previous paper (Gogate, 
Patil and Desai 1956). The main point that emerges from the present study is 
that the rate of heat exchange undergoes a relatively sudden change in the 
region of (Re) = 10°, this being the region where the nature of the flow undergoes 
a change. 

In §2 a brief description of the apparatus is given and the results are described 
in§3. After giving the relation between heat transfer, friction-drag force and the 
drag coefficient, the values of drag coefficient are exhibited for different Reynolds 
numbers. ‘The nature of the change of flow for Reynolds numbers in the region 
of 10° is briefly described and its relation to the experimental results described in 
this note is then discussed in § 4. 


ck: note is concerned with the study of heat interchange between a solid 


| . 
§ 2. EXPERIMENTAL ARRANGEMENT 
The apparatus used in this investigation was a slight modification of that a 
in the previous experiments (Kapadnis and Gogate 1952, Gogate, Patil and Desai 
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after allowing it to pass through a wire grid G situated at a distance of about 9cm 
from the fan. The wind tunnel consisted of a rectangular wooden case 165 cm 
long with a square cross section 38cm x 38cm and open at both ends. The top 
of the vessel was closed with a lid having two holesinit. Through one hole passed 
a sensitive thermometer 'T and through the other a stirrer was kept working up and 
down by means of a string connected to an eccentric arrangement attached to the 
shaft of a low speed electric motor. The speed of the air stream could be varied 
by changing the strength of the current in the circuit of the d.c. fan F and the air 
velocity was measured by means of a sensitive three cup anemometer. The latter 
was placed exactly in the place of the vessel V before and after every set of observa- 
tions for the rate of cooling of the vessel. Special care was taken to avoid reflected 
air streams from the front wall by using tilted screens at different angles. These 
screens helped in diffusing and directing upwards the oncoming air streams. The 
temperature of the water in the vessel was measured by focusing a small telescope S 
on the vertical thermometer T passing through the lid of the vessel. This pro- 
cedure eliminated the possibility of affecting the temperature of the vessel by the 
breath of the observer. ‘The usual precautions were taken to minimize the heat 
losses due to conduction, radiation and evaporation. Losses due to natural 
convection were determined separately in still air and all subsequent observations 
were corrected accordingly. 


§ 3. RESULTS 
A number of cooling curves were obtained for the vessel using different values 
of air velocity and the rates of fall of temperature d0/dt for different mean temper- 


atures 6 were calculated. ‘These values of d6/dt were used to calculate the total 
heat losses by the vessel at different temperatures and air velocities. 


Diameter of spherical vessel 
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Figure 2. 


To study the relation between heat transfer and the velocity of the air stream, a 
graph was plotted (figure 2) between the dimensionless quantity H1/RA@ known as 
the Nusselt number (Nu) and another dimensionless variable pV1/j. known as the 
Reynolds number (Re) where H is the total heat loss due to forced convection, l 
‘the linear dimension of the vessel used, & the thermal conductivity of air, Aé the 


temperature difference between the vessel and the surroundings, p the density and 
3D2 
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yu the viscosity of air at the temperature of the experiment. It is clear from 
figure 2 that for values of (Re) up to nearly 8 x 104, the curve is concave to the (Re) 
axis but as we approach the value of (Re) near about 10°, the curve changes its 
form and becomes convex towards the (Re) axis. This change from concavity 
to convexity towards the (Re) axis of the curve giving the relation between (Nu) 
and (Re) has been confirmed by experiments with spheres of different sizes as is 
evident from the two curves in figure 2. "This shows that the convective process of 
heat exchange undergoes a relatively sudden change near (Re) = 10°. 


§ 4. DIscussION 


We know that the skin drag-coefficient Cy which is defined in aerodynamics as 
2F/pV? is given by (Fishendon and Saunders 1952) 


ber tle a2 Ve 

pV? CO pV 
where H represents the amount of heat-transfer per second, F is the friction drag 
force, 6 the temperature difference between the surface of the vessel and the main 
fluid stream, C the specific heat of the fluid at constant pressure, V the velocity 
of the fluid stream and p its density at the temperature of the experiment. In 
figure 3, we have plotted Cy against the Reynolds number (Re). It will be 
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observed that the value of C; goes on decreasing rather rapidly with increasing (Re), 
attains a minimum value for (Re) ~ 10° and then it begins to increase again with 
increasing (Re). ‘This behaviour of Cy as a function of (Re) is associated, as is 
well known (Goldstein 1938), with a change in the nature of the flow pattern as Re 
approaches its critical value which is, in general, of the order of 10°; by the critical — 
value of (Re) we refer to the value for which Cris minimum. For low Reynolds : 
numbers the flow in the boundary layer is laminar and it changes into turbulent 
flow when the Reynolds number exceeds the critical value. This value depends, 
to some extent, on the shape of the body and also on the nature of the surface, i.e. 
whether it is smooth or rough. Experiments on the direct determination of the 
drag coefficient of a sphere placed in wind tunnels have shown (Goldstein 1938) 


that in the case of a sphere the critical Reynolds number is comparable with 
(2-5) x 105. 
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We thus find, as is to be expected from the correspondence between the 
mechanisms of drag and convective heat loss, that the phenomenon of critical (Re) 
also finds expression in heat exchange through the process of convection. It would 
be of interest to extend the experiments described in this note to the case of heat 
exchange between a solid body and a flowing liquid. 
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The Effect of the Direction of a Transverse Magnetic Field on the 
Electronic Component of Ultrasonic Absorption in a Lead Single 
Crystal 


By L. MACKINNON, A. MYERS anp M. T. TAYLOR 
Department of Physics, The University, Leeds 


MS. received 29th Fune 1959 


HIS note reports briefly some observations on ultrasonic absorption in a 

| lead single crystal at 4-2°K when a magnetic field was applied perpendicular 

to the direction of propagation of the ultrasound. Such absorption is 

electronic in origin and from the results of experimental investigations into it, 

additional information may be derivable about the electrons in the metal; it is 
for this reason that the study was undertaken. 

Longitudinal and shear sound waves at frequencies between 10 and 70 Mc/s 

have been propagated in a [100] direction through a lead crystal. Lead has a 
face-centred cubic structure. Magnetic fields of up to 4690 oersteds have been 
applied transverse to the direction of the sound, and their orientation relative to 
the other crystal axes has been varied. 

The lead single crystal was grown from spectroscopically standardized lead 
rods (Johnson, Matthey and Co., Laboratory No. 10596, Catalogue No. J.M.560) 
of purity greater than 99-995% lead. The orientation was determined by back- 
reflection Laue x-ray photographs with an accuracy to +2°. The technique 
of ultrasonic observation was substantially that described in an earlier paper 
(Mackinnon and Myers 1959), differing only in that an improvement in supply 
voltage stability allowed working without a comparison pulse. 

X and Y cut quartz plates, of 4 in. diameter and 10 Mc/s fundamental 
frequency, were used throughout and operated on odd harmonics as required. 
In the case of shear waves, the shear vibration direction relative to the lead crystal 
axes has been varied, the axes of vibration of transmitting and receiving quartz 
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plates always being parallel to one another. The path distance in the lead crystal 
was 2:5 cm, longitudinal waves taking 11-3 usec and shear waves 19-0 psec to 
travel this distance. 

A representative set of results is shown in the figure ; the caption gives the 
necessary details. Measurements were taken at 10° intervals as the magnet 
was rotated; there was no evidence of any finer detail in the anisotropy which 
would have necessitated smaller intervals. Further measurements have been 
carried out at other frequencies and at lower temperatures (down to 1-2°K). 
It was found that, in general, the anisotropy becomes less pronounced at lower 
frequencies and slightly more pronounced at lower temperatures. Changes 
in the form of the anisotropy have been noted and are consistent with the product 
of sound wavelength and magnetic field being the relevant variable. These 
changes include, for example, the appearance of slight minima at magnetic fields 
lower than those illustrated in the direction of the principal maxima of curves (c), 
and other similar effects. 


(a) 
' 


------ Crystal axes <— Shear vibration direction 


The relative attenuation for an ultrasonic wave plotted radially in the direction of an applied. 


transverse magnetic field for fields of A=4690 Oe, B=4030 Oe, C=3060 O«¢; 
D=4315 Oe and E=3560 Oe. (a) longitudinal waves at 69 Mc/s, (d), (c), (d) shear 
waves at 49 Mc/s. The angles between the shear vibration and cube axes are OF 
37° and 45° for (b), (c) and (d) respectively. The attenuation units (indicated on the 

~ horizontal axes) are 2 dB over 2:3 cm path. A 69 Mc/s longitudinal wave has the 
same wavelength as a 41 Mc/s shear wave. 


The magnetic fields are always greater than the critical field for the super- 
conducting transition. Ideally, the absorption in the superconducting state 


could be taken as a reference level, but it has not yet been possible to obtain this 


in every case owing to the effect of frozen-in moments. 
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When the variation of absorption with magnetic field strength was studied, 
the absorption in the normal state decreased monotonically for all magnet settings 
with increasing magnetic field, the absence of oscillations indicating that the 
electron mean free path could not be much greater than the sound wavelength 
(Kjeldaas and Holstein 1959). Therefore the anisotropy observed here corre- 
sponds to conditions different from those in the observations reported recently 
by Morse and Gavenda (1959) on longitudinal waves in copper where the electron 
mean free path was relatively long. 

It may be noted that (a) the observed anisotropy is rather more marked in 
all cases when the absorption is low (i.e. in the higher fields), and (6) in the case 
of shear waves there would appear to be two factors controlling the absorption, 
namely the direction of the magnetic field relative (i) to the crystal axes and 
(ii) to the shear vibration. 

The lack of the expected symmetry in some of these curves is most probably 
due to slight misalignment in orientation. It is not yet known if there is any 
rotation of the plane of polarization of the shear waves. 

Until the general theory of these effects has been developed more fully, any 
suggestion as to the kind of information which may be obtainable from these 
results would be of little value. However, the observations which have so far 
been made appear to be sufficiently new and striking to make it desirable to place 
them on record. 
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Some Angular Distribution Measurements on the Reactions 
16Q(3He, d)!7F and '°O(?He, «)'°O 


By S. HINDS anp R. MIDDLETON 


Atomic Weapons Research Establishment, Aldermaston, Berks. 


Communicated by K. W. Allen; MS. received 10ih Fune 1959 


§ 1. INTRODUCTION 


and 9-16mev, evidence was obtained favouring the direct reaction 

process. On this basis it would also be expected that the *O(*He, d)""F 
and the 1*O(%He, «)°O reactions proceed predominantly via a direct process, 
particularly since only one particle is involved in the transfer as opposed to two 
in the former reaction. In this communication are presented the results of some 
angular distribution measurements of the a-particles and deuterons from the 
bombardment of oxygen with 5-70, 5-89 and 9-16 ev *He particles. 


ID URING a recent study of the 1*O(?He, p)!8F reaction at energies of 5-9 
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The !O(8He, «)5O reaction has previously been investigated by Bromley, 
Kuehner and Almqvist (1959) at incident energies up to 3-1 Mev. ‘The excitation 
function of the ground state «-particle group, measured at 90°, exhibits pro- 
nounced resonances and the angular distributions observed below 2:6 Mev are 
approximately symmetrical about 90°. At slightly higher energies a marked 
asymmetry appears in the angular distributions which suggests that the direct 
reaction mechanism is a rapidly increasing competitive process. his con- 
clusion appears to be confirmed by the measurements made by Holmgren (1957) 
on the 8C(He, «)!#C reaction at incident energies of 2:0 and 4-5 Mey. 

Few investigations of the (#He, d) reaction have been reported, but the 
inverse reaction and particularly the related (d, t) reactions, have been studied. 
Since the majority of the latter results are consistent with an inverse stripping 
reaction mechanism (Newns 1952), there is good reason for believing that stripping 
plays a major role in the (#He, d) process. This is confirmed by measurements 
made by the authors (Hinds and Middleton 1959 a) on the *Be(?He, d)'°B 
reaction at an incident energy of 5-7 Mev. 

The results presented in this communication were obtained from the nuclear 
plates previously used to study the *O(?He, p)!*F reactions and a description of 
the experimental procedure has been reported by Hinds and Middleton (1959 b, c). 
The angular distributions of the ground state «-particle group have been measured 
at incident energies of 5-70, 5-89 and 9-16 Mev and of the first and second excited 
states at 9-16 Mev. Measurements of the latter at the lower energies were com- 
plicated by the presence of a number of strong elastically scattered *He groups. 
Tentative angular distributions of the first and second excited states have been 
obtained at 5-70 Mev and were reported at the Paris Nuclear Physics Conference, 
1959. ‘These are similar to those obtained at 9-16 Mev and since they extended 
only to 70°, are not presented here. 


§ 2. RESULTS AND Discussions 
2.1. The *O(?He, «)%O Reaction 


The «-particle angular distributions measured at an incident energy of 9:16Mev 
are shown in figure 1. Although the unit of cross section is arbitrary, it is the 
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Figure 1. The angular distributions of the «-particle groups corresponding to the ground, 
first and second excited states of !5O from the O(?He, «)!®O reaction measured at an 


incident energy of 9:16 Mev. The curves were calculated from Born approximation 
pick-up theory. 


same as that used in a previous communication (Hinds and Middleton. 1959 b) 
on the 1°O(°He, p)!8F reaction at the same energy. ‘The curves shown in the 


Research Notes VAG 


figure were calculated from a form of Born approximation pick-up theory reported 
by Newns (1952, also private communication). In all cases the radius of inter- 
action was the same and equal to 4:8 fermi, the Gamow radius. 

On the basis of a simple pick-up process the /=1 transition observed leading 
to the ground state of #O is consistent with this state having a predominant con- 
figuration of s*p!!, assuming !°O to bestp!?. Similarly, the configuration of the 
first excited state may be inferred to be predominantly s*p!2. The second 
excited state does not appear to be formed by a pick-up process and must there- 
fore have a configuration containing particles in states other than the s and p 
present in '*O. A possible configuration would be s*p1¢d. 

The above assignments are consistent with the observations of Sharp and 
Sperduto (1955) on the 4N(d, p)!°N reaction leading to the mirror nucleus N, 
if it is assumed that the closely spaced first and second excited states are inverted. 
These authors report that the first excited state is formed by stripping and the 
angular distribution is of the /=2 type. This is consistent with the state having 
the same configuration as the second excited state of ®O, namely s‘p!’d. The 
angular distribution of the group leading to the second excited state, however, did 
not show stripping, which is consistent with a configuration of s*p!” similar to that 
of the first excited state of O. 

Theoretical treatment of the mass 15 system (Elliott and Flowers 1957, 
Halbert and French 1957) indicate that a low-lying state with a predominant 
configuration of s*p!°d is expected. A state is also expected of configuration 
s*p! or stp!s or of a mixture of both. The former is preferred since the s*p™s 
configuration cannot be directly formed from '*O by a simple pick-up process. 
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Figure 2. In the left-hand figure are shown the angular distributions of the ground state 
a-particle group from the *O(He, «)"O reaction measured at energies of 5-70 and 
5-89 mey. On the right-hand side is shown the excitation function observed at 15°. 


The ground state angular distributions measured at energies of 5-70 and 
5-89 Mev are shown in figure 2 together with the excitation function measured at 
15°. The unit of cross section is the same as that of the protons from the 
16 (He, p)'*F reaction measured at 5:9 Mev (Hinds and Middleton 1959b). 
It will be noticed that the excitation function shows resonance effects and that the 
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angular distributions measured at 5-70 and 5-89 Mev are very different. ‘This 
suggests that at energies up to 6 Mev, compound nucleus formation still competes 
strongly with the direct process. ‘The strong energy dependence of the angular 
distribution is probably due to interference. This is particularly likely since the 
excitation energy of the compound nucleus 1°Ne is unusually low. 

The present results suggest that at 9 Mev the *O(*He, «)!O reaction proceeds 
predominantly via a direct process and that tentative spin and parity assignments 
can be made from the angular distributions. At 6 Mev, however, this is not the 
case. This is perhaps surprising since measurements made of the protons from 
the 16O(?He, p)F reaction at this energy appeared to be consistent with a pre- 
dominantly direct process. | 


7 
2.2. The *%O(*He, d)"F Reaction | 
The angular distribution of the deuteron group leading to the gound state of 
17F is shown in figure 3. This was measured at an incident energy of 9-16 Mev 
and is plotted using the same units of cross section as figure 1. The experimental 
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Figure 3. The angular distribution of the ground state deuterons group from the 
16Q(®He, d)!’F reaction observed at an incident energy of 9:16 Mev. The curve 
calculated from Born approximation stripping theory. 


points have been fitted with a Born approximation stripping curve calculatec 
from the theory of Newns (1952). Best agreement was obtained with ]=2 and 
a radius of 5-8 fermi, which is equal to the Gamow radius plus one fermi. _ 
J=2 assignment is consistent with the known spin and parity of !7F 


nsisten 
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The Energy Levels of 71Ne 


By S. HINDS anp R. MIDDLETON 


Atomic Weapons Research Establishment, Aldermaston, Berks. 


Communicated by K. W. Allen; MS. received 11th Fune 1959 


excitation energy by Sperduto (1951) and Ahnlund (1954a,b). In both cases 

magnetic analysis was used and the reactions investigated were?*Na(d, «)?4Ne 
-and °Ne(d, p)?4Ne respectively. Low resolution measurements have also been 
made up to an excitation energy of 6:72 Mev by Middleton and Tai (1951) and 
Burrows et al. (1956). In the present communication the positions of 67 levels 
-are reported from an investigation of the ®F(?He, p)?4Ne reaction. 

Singly charged *He was accelerated in the Aldermaston Van de Graaff generator 
‘to an energy of 5-87 Mev and used to bombard a thin target containing #F. ‘The 
target was prepared by evaporating a thin layer of calcium fluoride on a thin backing 
-of carbon and gold. Proton energy spectra were measured at angles of observa- 
tion of 15°, 30° and 45° with the broad-range magnetic spectrograph previously 
-described by Hinds and Middleton (1959). 

A typical proton energy spectrum, obtained at an angle of 15° and with a 
field strength of 11039 gauss is shown in the figure. Groups arising from the 
19F(3He, p)#4Ne reaction are labelled numerically and were identified from the 
impurity groups by their characteristic variation of energy with angle. Groups 
arising from target impurities are labelled by the symbol for the residual nucleus, 
the subscript referring to the appropriate excited state. At this particular angle, 
group 1 was obscured by a very intense group of elastically scattered singly charged 
3He particles which prevented it from being measured in the normal way. How- 
ever, it was possible, by using a high-power objective, to count some of the tracks, 
enabling its position to be accurately determined but not its relative intensity. 
The result of these measurements is shown in the inset figure. 

A separate exposure was made at 90° to determine the energies of the elasti- 
cally scattered He particles from gold, calcium, fluorine and carbon. From these 
the mean beam energy was calculated to be 5-870 + 0-010 Mev which leads to a 
‘Q-value for the F(?He, p)*4Ne reaction of 11-902 + 0-015 Mev. This agrees 


T= energy levels of #4Ne have previously been measured up to 3 Mev 
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with the value of 11-907 Mev expected from the mass defects listed by Ajzenberg 
and Lauritsen (1955). 

In column (1) of the table are listed the energy levels measured during the 
present investigation; the experimental error is + 10kev except for the levels 
quoted to only two decimal places and for these an error of + 20 kev is possible. 
In columns (2)-(5) are listed the levels determined from other investigations. 
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*tNe Level Energy (Mev) 


Group 
Number (1) (2) (3) (4) (5) 
0 0 0 0 0 0 
1 0-352 0:35 0-33 0-349 0-343 
2 1-736 1-73 1:68 17/5) 
3 2-789 2:78 2:79 2:788 
4 2:864 2-852 
5: 3-664 
6 $*733 3°73 
7 3-883 
8 4-433 
9 4-525 4:58 
10 4-681 | 4-71 
11 4-727 4-81 
12 5-334 
13 5-427 5-43 5-44 
14 5-541 
15 5-624 5°63 
16 5-683 
| 17 5-770 5-78 melt 
) 18 5-813 5:89 
; 19 5-986 
20 6:029 6-10 
ot 6:170 
| 22 6-259 
23 6-446 
24 6°543 
25 6:°597 
26 6-633 
27 6°743 6:72 6:66 
28 (6°85) - 
29 6898 ———_______— 
30 7-002 Group 
31 7:039 Number (1) (6) 
S52) 7104 50 8-275 


33 7:148+ Fy 8-345¢ 8-356. 
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investigation, only relatively narrow levels have been observed and many of the 
broad states reported by Cohn and Fowler (1958) determined from neutron 
resonance scattering were not detected. In column (6) of the table are listed the 
levels reported by Cohn and Fowler having a width less than 10 kev. ‘These agree 
surprisingly well with the present results particularly since the masses of Ne 
and 2!Ne are involved in the calculation of the latter. It is surprising that a 
level at 7-622 Mev and width of 14kev reported by Cohn and Fowler was not 


detected. 
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Comments on Farago’s Treatment of Spin Precession in Crossed. 
Magnetic and Electric Fieldst 


By V. L. TELEGDI anp R. WINSTON 


The Enrico Fermi Institute of Nuclear Studies, The University of Chicago, Chicago, 
Illinois 


Communicated by N. Kemmer; MS. received 14th May 1959, in final form 17th August 195% 


from longitudinal to transverse (or vice versa) when moving on a circular 

orbit in a magnetic field. The rate of this change in polarization, Q, is given. 
in terms of the orbital angular velocity w by Q/w=y(v)(4g—1), where 
y(v)= (1—v)-¥?, v being the velocity of the particle. 

Faragé has recently proposed (Faragé 1958t) to measure the anomaly 
a=(3g—1) by observing the change of polarization when the particle moves in. 
the laboratory on a trochoidal orbit in crossed magnetic and electric fields. 
To derive Q/w for this case, or rather the fractional change in polarization per 
loop of the trochoid, he appeals to the fact that there exists a frame in which the- 
motion takes place in a circle, i.e. in which the electric field has been transformed. 

t Research supported by a joint programme of the Office of Naval Research and the- 
United States Atomic Energy Commission. 

} In terms of Farago’s notation, our Q= w;—qw ; while his frame S’ corresponds to our 
frame S°. We put #=1 and c=1, whereas Faragé retains these constants. 


ii is well known that a Dirac particle with g 4 2 gradually changes its polarization. 
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away. In that frame, as noted above, the answer is known; Farag6é applies 
certain arguments involving clocks in relativity to derive the result in the 
laboratory frame. 

It is a straightforward matter to derive Q for Farag6’s experiment formally 
from first principles (cf. Bargmann, Michel and Telegdi 1959). One finds, in 
the notation of this reference, 


2 : Ev 
Q= = =i.) 
| a(H Ev,)+ 0 | sophie (1) 


It is easy to verify that Farag6’s contention that Q/w (w = orbital angular velocity ) 
is an invariant, i.e. has the same numerical value as in the (primed) frame where 
the field is purely magnetic, is incorrect. In fact this ratio, like w itself, varies 
along the loops of the trochoidal orbit. 

Statements about the change in polarization per trochoidal loop can readily 
be made by integrating equation (1) over an orbital period. It is, however, 
illuminating to examine Faragdé’s slightly incorrect reasoning more closelyt. 
One finds that an argument running along very similar lines to his, but using 
legitimate relativistic concepts, leads to a correct result in agreement with the 
integration of equation (1). This argument is given here. 

We shall admit as a ‘clock’ into special relativity any observable that is 
periodic in time, provided the periodicity occurs at the same space point in some 
inertial frame (the proper frame of the clock in question). We consider the 
motion of a charged particle endowed with spin through homogeneous electro- 
magnetic fields; let this motion be confined to a plane and periodic in the sense 
that v(t+ 7)=v(t) for allt. The question thenis: what clocks can be constructed 
out of the dynamical variables involved, and which are their respective proper 
frames ? 


(a) Orbit clock: periodicity of the velocity. 
There exists a unique inertial frame S°, of velocity 


1 t+T7 
= i v(t) dt, 
t 


in which the periodic orbit appears closed. Since v is to be measured at the 
particle’s instantaneous position, S° is the proper frame of this orbit clock. Let 
its period in S° be denoted by 7°. 


(b) Polarization clock: periodicity of the polarization. 

Q, the rate of change from longitudinal to transverse polarization, is a function 
of the velocity and field vectors only, and may be written as Q= dd/dt, 
¢ being an angle variable connected with the decomposition into longitudinal 
and transverse polarization (Bargmann, Michel and Telegdi 1959). Periodicity 
of the polarization means that the particle, at fixed velocity v, 1s observed in the 
same state of polarization at times ¢ and ¢+T7y. In the test frame of the 
polarization clock—if such a clock exists—these two observations must be made 
at the same space point. Hence this frame must again be S°, where the orbit 
is a closed one. To meet our definition of a clock, the polarization must at a 
point on the orbit in S° come back to itself with a period 7>°. ‘Thus one has to 

+ One of the main objections to Faragé’s reasoning is that angular velocities cannot in 
general be used in legitimate relativistic clock arguments. 


~ 


_ To conclude, we compute A¢ by actually evaluating 


784 Research Notes 


have T°=NT° (N= positive integer) for the polarization clock to exist if we 
assume (as may be done without loss of generality) Tp®> To olf “suchiia 
degeneracy of the two periods indeed arises, then there exists a polarization clock, 
and T/Tp=1/N is a Lorentz invariant. From the periodicity of Q it follows 
that Ad, a quantity which measures essentially the change in polarization per 
loop of trajectory, is the same for each loop. Clearly, by continuity, Ad is 
independent of frame. 

If N were indeed an integer (which is generally not true in any situation of 
physical interest!), then Farag6’s argument could be phrased as follows in terms 
of the above considerations: 

In S°; T°/T,9=y(v')a, H°=H’, E°=E'=0, circular orbit, v° =v’. 

In S: T/Tp=y(v')a=1/N; E40, trochoidal orbit with velocity v dependent 
on position. With reference to any orbit point (regardless of v at that point) 
the change in polarization per loop Ad/27 is just y(v’ Ja. 

Even when N is not an integer, i.e. when there exists no polarization clock 
in our sense, it turns out that Ad is still the same per loop in any inertial frame. 
This interesting fact enables one to take over the above result, Ad/27=y(w’ Ja, 
for the situations of actual physical interest. Hence the conclusions of the 
present analysis do not affect Faragé’s implied evaluation of his experiment. 

This important property of Ad can be seen by appealing to the continuity of 
Lorentz transformations and to the fact that the statement ‘the particle has 
returned to the same state of polarization at a given velocity’ is independent of 
observer (although the state of polarization and the velocity are not). If N is 
an integer, then Ad¢®/27 (observed in S°) is given by (K/L)+ «, where « can be 
made arbitrarily small by observing the polarization through a sufficiently large 
number L of orbital turns (K is the nearest integer to LA¢°/27, the change in 
polarization per L orbital turns). In an inertial frame S, in which S°® moves 
with a velocity u, one may have only A¢/27=A¢°/27+/f(u). We wish to show 
that f(u)=0. If f(u) were equal to a constant, then this constant would have to 
be equal to zero, as f(0)=0. If f really depended on u, then one could find 
a u such that f(u) = —e, i.e. find an observer for whom A¢=(K/L)27. Thus for 
this observer the polarization would return precisely to its initial state periodically 
at some orbital point, in contrast to what happens in the frame S°. Thus one 
must have f(u)=0 for all u, and Ad is a Lorentz invariant. ; 

One can also verify the Lorentz invariance of A¢ in a more formal way by 
using the polarization four-vector s (Bargmann, Michel and Telegdi 1959). 
For plane motion, s can at all times ¢t be decomposed as 


s(t) = e,(t) cos d(t) + e,(t) sin d(t). Pee 
Since the motion is periodic in v with a period T one has a ‘periodic basis’, i.e. 


e(i+-T)aelt); a(f+T)=elt)i. oaks (3) 


Clearly 
s(t).s(t+ T)=cos [¢(T+t)—¢(t)]=cosAd —_......... (4) 


A¢= Lorentz invariant (mod 27). 


ag= |” DIGRESS" yo 8 2 Sel ce (5) 


where Q is given in (1), and T is the period of the trochoidal orbit. 
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The decomposition 


o= 4-9 +0,= <a(H— Hea oe 


a) + del ee (1’) 


is a natural one, inasmuch as Q, is independent of a. 


To see its significance, 
we next express (2, and Q, in terms of the (primed) variables of the frame S°. 
waa the notation 

y(2)=y, ye')=y', yu) =y(E/A) =P, y=Ty'(1+u2,') 
one has 


Quy = (e/m)H'ay' =o'y"a=O'y (7) 
so that (5) may be written as 


T 1" 
ve | dt’ Q! + | dt’ (Quyly')=Ad-+a. 
0 On , 


nage (8) 
As the integral « is independent of a, one could anticipate already at this state 
that « must be 0(mod2z) for all a. Using (6), 
Ya 2M = 3 asatlen Sees [Beets 
= i to dt’ 
i ip cf Tec pli Py (+uo,')+1 


Ty’(1+uv,’)-1 

5 (Oe cs) CO ee a eee ee (9) 
with the substitutions v,’+1v,'’=v'e'” =v'z, w' dt’ = —idz/z, Ty'uv'=26, we 
_ evaluate «, in equation (9) over |2|= 


—i { de(U ey’ fbet+ (Py 412 +8) 


=n | dsle tat) ett) £7) 


%ot= Beale Arte eR ot 
ms ore et ' ae 
Sal pe = ay =2e(Pty')/[P ty’. Po ae 
as eae Pia aia 
“ —z4 a 5 7 maa -— > 
oe ee Eee ; | 
ie x: et 


that Ap = Ag’ (mod2). pea Shee 


786 Research Notes 


Also 
H(R)=y(H— Bo,) 
w=(elmy)(H—Ev,/v?) ww eae (A2) 
so that 
e Ev, 
Q=u,-0= <| a(H—Be,)+ 7 |. worvac (A 3) 
; m y2—1 


which is the same as equation (1). 
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Domain Structures on Thin Sheets of Magnetoplumbite 


By £. D. ISAAC 
Department of Physics, University of Nottingham 


Communicated by L. F. Bates; MS. received 6th August 1959 


§ 1. INTRODUCTION 


HE domain structure of single crystals of the hexagonal iron oxide compound, 

| magnetoplumbite, PbFe,,O,,, has previously been reported by Bates e¢ al. 

(1959). It was shown to consist of 180° domains in the bulk of each crystal 

with complex patterns of undulatory walls and closed loops on the basal planes. 

The closed loops are presumed to mark the intersections of spikes of reverse 

magnetization with the surface. A typical pattern obtained on the basal plane 
of a large crystal is shown in figure 1 (Plate). 


(a) (b) (c) 
Figure 2. 


Simpler patterns of undulatory walls, termed ‘rick-rack’ patterns, were 
reported by Roberts and Bean (1954) on the basal plane surfaces of manganese 
bismuthide, and Goodenough (1956) made calculations of the various energy 
terms involved for several observed and predicted basal plane structures. He 
found that the simple 180° slab-domain model of Kittel, figure 2 (a), is energetically 
more favourable than the ‘rick-rack’ structure shown in figure 2(b). This led 
him to suggest that where such a ‘rick-rack’ structure exists, the amplitude 
of the ‘rick-rack’ waves decreases regularly with depth of penetration into the 
crystal as shown in figure 2(c). Here, he maintains that the decrease of energy 
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due to the smaller wall area more than compensates for the increase of energy 
due to the divergence of magnetization through the walls. 

In this manner, Goodenough has accounted for the observed rick-rack 
patterns and further, has shown that for specimens even thinner in the axial 
direction, the most stable configuration is that of simple 180° slab domains. 
Such a structure has been observed by Kooy (1958) in platelets of barium ferrite 
less than 1 » thick, using a polarized light technique. It is of interest to observe 
such patterns since direct measurement of the domain spacing and specimen 
thickness will then enable an estimate of the domain wall energy to be made. 

Kittel (1949) has calculated that for equally spaced parallel strips of magnetic 
poles of alternating sign, the magnetic energy om is given by om=0-8525/32D 
per unit area where /; is the spontaneous magnetization and D the width of a 
strip. The total energy W corresponding to unit surface area of the crystal 
(figure 2 (a)) is 

W=ow+om 


where cw is the wall energy per unit area of wall, ice. 


eae + 1-705 I,2D 


D 
and this is a minimum with respect to the domain width D when 
OW fowL os 
te (Fr) +1-7051,2=0 


or 
a owl 1/2 
= | aes | 


§ 2. EXPERIMENTAL PROCEDURE 


The single crystal of magnetoplumbite used in the present experiments was 
bounded by two plane parallel surfaces which were basal planes of the hexagonal 
structure. Four axial plane surfaces were obtained by cutting the crystal at 
right angles to the basal planes with a thin carborundum wheel. The resulting 
rectangular block measured approximately 0-5 cm x 0:6 cm x 0-7 cm. 

The saturation magnetization of magnetoplumbite at room temperature was 
found from an (I, H) curve measured on this crystal and was approximately 
345 €.m.u. 

One of the basal plane surfaces of the rectangular block was glued to the 
finely polished surface of a brass mount using cold-setting Araldite. The crystal 
was then cleaved leaving a section of magnetoplumbite, some 25 y thick, glued 
to the mount. Bitter figures were obtained using the dried-on films of a water- 
soluble colloid (Craik and Griffiths 1957), as this colloid had been found to give 
better resolution in this case than other well-known colloid solutions. 

Figure 3 (Plate) shows the domain structure in the basal plane of the 25» 
thick section. It consists of a rick-rack pattern of undulatory walls and is similar 
to that seen by Roberts and Bean. The specimen was ground on 4, diamond 
compound so that its thickness was gradually reduced. When the thickness 
of the specimen was estimated to be about 6, application of the colloid gave a 
pattern similar to that of figure 4 (Plate), i.e. straight 180° walls, as predicted by 
Goodenough. Each light and dark band in the picture represents the intersection 

3E2 
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of a domain with the basal plane surface. The domain wall spacing is approxi- 
mately 1:2, and substitution of this value in the above equation gives 
oe= Sere cm. 
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EET TERS® TO e THE EDITOR 
Light Beats as Indicators of Structure in Atomic Energy Levels 


Light emitted in the decay of atoms from different energy levels is incoherent. 
Suppose, however, that the atoms are subject to an oscillatory field capable of 
inducing transitions between a pair of excited energy eigenstates. The state of 
atoms initially excited to one or other of these eigenstates will become a coherent 
mixture of both. One might expect that this coherence would be reflected in 
coherence between radiations of different frequencies emitted when the excited 
atoms decay spontaneously. This would manifest itself as a modulation of the 
optical radiation (i.e. light beats) at the frequency of the oscillatory field. 

We have observed this modulation in the resonance radiation 2537 A emitted 
in the decay of level 6?P, in mercury. Ina magnetic field H the three eigenstates 
|m,;)=|1), |0), |—1) are separated in energy by two equal intervals, g;PH=hw. 
We refer to the even isotopes only, although natural mercury was used in the 
experiments. Under the simultaneous influence of H and a magnetic field H, 
oscillating in a plane perpendicular to H at a radio frequency wy near w, 
modulation frequencies wy) and 2w, are to be expected if the direction of 
observation is suitably chosen. 

The apparatus is similar to that used by Brossel and Bitter (1952) for observing 
“double resonance’ in the level 6°P,, except that the photoelectric current which 
records the intensity of the fluorescent radiation is applied to a narrow-band 
amplifier tuned to one of the harmonics of the oscillator frequency. Audio- 
frequency modulation of the magnetic field, and phase-sensitive detection are 
employed. Oscillators at a fixed frequency about 14 Mc/s are used, and the 
magnetic field varied through the various resonances. 

The components of the photoelectric current which are detected are those 
which arise from the light beats and those which form part of the noise spectrum. 
The former are proportional to the depth of modulation of the fluorescent radiation : 
the latter depend on its intensity, which varies with magnetic field to produce the 
double resonance intensity signal as observed by Brossel and Bitter. The two 
effects are distinguishable in the following ways: (i) the shapes of the resonance 
curves are different, (ii) the intensities of the two types of signal depend in different 
ways on the polarization of the exciting radiation and the direction of observation. 
When the two signals occur together, the modulation signal alone is obtained by 
normalization and subtraction. 

Resonance curves are obtained which are symmetrical (or anti-symmetrical) 
about H=H,=fe,/g,8, and about H=H,/2, where a, is the frequency of the 
oscillatory field. The observations, which to date are exploratory only, are 
summarized in the following table. - 

If the light beats are a consequence of coherence between the original eigen- 
states, one might expect the amplitude of the beats to be related to the cross 
products (a;*a) + 4,4," ), etc., where the coefficients a are defined in the expansion 
of the excited state, |)=a,(¢)|1) +4 (t)|0) +@_,(¢)|—1). These cross products 
have been evaluated, assuming that the states are subject to no perturbation 
other than the radio-frequency interaction, for initial conditions appropriate 
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(1) (2) (3) (4) (5) 


Wo H,/2 L See footnote { 
Perpendicular to H Wo +No resonance detected at Hy 
2wo Fl, L |1) and |—1) 
Wo EDR L See footnote { 
Approximately Wo Hy D |)1 and |)0; 
tan-1/2 to H |0) and |—1) 
Parallel to H Wo +No beats detected 
2wW +No beats detected 


(1) Direction of observation; (2) detector tuning; (3) value of field at resonance; (4) line 
shape, the phase-sensitive method of detection displayed the derivative of L(Lorentz- 
type) and of D (dispersion-type) curves; (5) interpretation: coherent decay from the 
states. 


to the method of excitation of the atoms. The cross products contain terms 
which oscillate at frequencies w», 2», whose amplitudes, as functions of magnetic 
field, are broadly in agreement with the observations. In particular, the dispersion- 
type curve recorded in line 5 of the table is predicted. The absence of signal in 
those cases marked f is to be expected as a consequence of the orthogonality of 
the polarization vectors. 

Unexpected resonances occur at fields H,/2 both in the unmodulated 
component of the fluorescent light, and in the component modulated at 
frequency wy (see footnote f). 

We wish to distinguish the light beats observed here from those observed by 
Forrester, Gudmundsen and Johnson (1955). In that experiment, each atom 
was radiating a sharp frequency (to the extent that we can assume incoherent 
excitation in the light source, and also, very long lifetimes), and the beat 
frequency between pairs of atoms could range over the combined Doppler widths 
of two spectral lines. In our experiments, sharp beat frequencies are present in 
the radiation from each atom, and these appear in the ensemble with a much more 
favourable ratio of signal to noise. 

Modulation of light has also been observed by Bell and Bloom (1957). The 
phenomenon depended on radio-frequency mixing in the ground states. The 
modulation was observed in absorption. 

The coherence exhibited in our experiments is that which is exhibited in an 
entirely different way in the experiments of Guiochon, Blamont and Brossel 


(1957) and of Barrat and Brossel (1958) on the multiple diffusion of resonance 
radiation. 


Clarendon Laboratory, J. N. Dopp§ 
Oxford. WN... Foxe 
8th June 1959. G. W. SERIES. 
M. J. TAyLor 


{ Note added in proof.—Since the manuscript was submitted it has been confirmed that 
_the resonances at H,/2 occur only when the atoms are excited by a coherent mixture of ¢ 
and 7 radiation, produced by setting a polarizer at 45° to the magnetic field. The 
occurrence of these resonances, together with that of the others, can now be understood 
in terms of a theory of the light beats which is being prepared for publication. 

§ On leave of absence from the University of Otago, New Zealand. 
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Dipolar Ferromagnetism in Dysprosium Ethyl Sulphate 


Measurements of the magnetic properties of dysprosium ethyl sulphate 
at temperatures below 1°K show that this substance undergoes a transition at 
0-13,+0-01°K, below which the magnetic susceptibility is independent of 
temperature. We attribute this transition to the onset of ferromagnetism 
produced by the very strong magnetic dipole-dipole coupling between the 
Dy** ions. 

Experiments reported earlier (Cooke, Edmonds, McKim and Wolf 1959) 
have shown that in the helium range of temperatures the Dy** ions occupy a 
doublet state having g-values 10-8 parallel to the crystal axis and approximately 
zero perpendicular to it. Because of the very high value of g,, magnetic dipole 
interaction is particularly strong in this salt, and accounts for the observed 
departure of the susceptibility from Curie’s law and for the magnetic specific 
heat anomaly, other effects such as exchange interaction and nuclear hyperfine 
splitting being small in comparison. Four types of experiment have been made 
below 1°xK. The susceptibility-temperature relation has been found using the 
susceptibility of a cerium magnesium nitrate crystal in thermal contact with the 
specimen to measure the temperature. The susceptibility—entropy relation has 
been found by a series of demagnetizations from known initial conditions. ‘The 
specific heat has been measured using electrical heating and also relaxation and 
gamma-ray heating. Finally, relaxation effects have been studied above and 
below the Curie point by measuring the susceptibility ballistically and in 
alternating fields of different frequencies. 

The crystal structure of the rare earth ethyl sulphates is such that the main 
magnetic dipole interaction is between ions which lie in lines parallel to the 
crystal axis. Because of the very small value of g, in the dysprosium salt, the 
magnetic ions can be considered to have their moments always along the crystal 
axis, without any moment perpendicular to the axis, exactly as in the classical 
Ising model. This fact is important when considering possible ordered 
configurations and also greatly simplifies calculations of interaction effects. 
It is found that the variation of the entropy and the magnetic susceptibility down 
to the Curie point can be accounted for by an exact calculation of the interaction 
of nearest neighbours along the crystal axis (Kramers and Wannier 1941) 
together with approximate calculations of the interaction of more distant 
neighbours. 

To arrive at a model of the ordered state below the transition, we first 
postulate that the ions are ordered in chains parallel to the axis, since the coupling 
between nearest neighbours in such chains is over seven times greater than the 
interaction with any other class of neighbour. Viewed perpendicular to the crystal 
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axis, the chains form a hexagonal array, each chain having three nearest 
neighbours. A molecular field calculation for a very long ellipsoid (70:1 axial 
ratio) showed that at any ion the molecular field due to a nearest neighbour 
chain is overwhelmingly larger (some 100 times) than that due to any more 
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Magnetic entropy of specimen of dysprosium ethyl sulphate plotted against magnetic 
susceptibility, as measured by ballistic galvanometer method (yq,.), and against 
in-phase and out-of-phase components of magnetic susceptibility at 175 c/s. 
(y/175 and x/175): 


distant chain, and is in a direction to favour parallel (i.e. ferromagnetic) ordering 
of the chains. We conclude then that the ordered state is ferromagnetic. This 
conclusion will also hold for a short specimen, save that it will break up into 
domains (Kittel 1951). Calculation shows that the energy of the domain walls 
is small and is not particularly sensitive to the type of domain formed. For our 
specimens the thickness of a domain will be approximately 10-+ cm. Application 
of a small magnetic field will give a resultant magnetic moment, the volume 
susceptibility of a specimen being 1/N, where N is the demagnetizing factor 
of the specimen. Because the domains are so thin, the surface energy is small, 
and it is found that this value of susceptibility should hold independent of 
temperature and magnetic field up to the saturating field, H;=NM,. Here Mg 
is the spontaneous magnetization of the domains, which tends to 84 gauss cm-3 
at 0°K. 

These conclusions are in excellent agreement with the experimental results. 
Measurements have been made on two specimens, a sphere (demagnetizing 
factor 4:18) and an ellipsoid of demagnetizing factor 2:78. The inverse 
susceptibilities observed at the transition points were 4:1, and 2°7,. The results 
for the ellipsoidal specimen are shown in the diagram, in which the magnetic 
susceptibility, as measured by a ballistic galvanometer method, is plotted against 
entropy remaining after demagnetization. Within an error of 0-3% the 
susceptibility was constant below the transition point. No retina was 
_ detected. The susceptibility as measured by an alternating field method showed 
a considerable frequency dependence below the transition point and also a large 
out-of-phase component (see diagram). These effects are ascribed mainly to 
relaxation processes connected with domain wall movements, but the non-zero 
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value of the out-of-phase susceptibility above the transition indicates that short 
range ordering processes may also be important. 


We wish to thank Dr. R. J. Elliott, Mr. B. R. Heap and Mr. P. J. Armstrong 
for their help with some of the theoretical problems. ‘The molecular field 
calculation was made at the University Computing Laboratory by courtesy of 
the Director, Dr. H.° Li Fox: We’ wish to thank Din ihe. S. Rollett and 
Dr. L. J. Challis for their guidance with the programming. 
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Oxford. D. T. Epmonps. 
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14th July 1959. W. P. Wotr. 
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The Electrical Resistivity of Oxygen Deficient Nickel Ferrite 


In a recent publication one of us (Parker 1958) has pointed out that semi- 
conducting materials which have ordered magnetic spin arrangements below 
the Curie temperature may be divided into two main groups from the point of 
view of their electrical conduction.. Materials in the first group exhibit no 
anomalies in their electrical resistivity p at the Curie temperature. The tem- 
perature dependence of resistivity of such materials may be described by the 
usual semiconductor equation. 


ES Ren ee Ct A oe ee EN Or ee (1) 


with A and « constant for a given material over a temperature range which includes 
the magnetic transformation temperature. This behaviour has been termed 
‘type I’ by Parker. Materials of the second group obey equation (1) only above 
the Curie point and exhibit quasi-metallic conduction (with positive values of 
dp/dT) in the temperature range in which they are spontaneously magnetized. 
This has been referred to as ‘type III’ conduction. Materials in this latter 
group exhibit therefore large anomalies in resistivity in the temperature range 
around the Curie point. 

It was further pointed out by Parker that the great volume of published data 
conforms to the following empirical rule. Type I conduction is generally 
associated with materials with Curie point resistivities p, greater than about 
40cm, type III with materials where pc is less than 0-60 cm. Materials with 
4Q.cm>pc>0:6Qcm show either type of conduction or they may have a 
resistance-temperature curve which corresponds to a transition from type I to 
type III and this has been termed ‘type II’ conduction. ah2 A 
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The theoretical aspects of conduction of electricity in transition metal oxides 
have been considered recently by Parker and Tredgold and the results of this 
investigation will be reported later. The most important conclusion reached 
in this study is that exceptions should be found to the empirical rule of Parker 
(1958) by a careful choice of material. In particular it is predicted by Parker and 
Tredgold that low resistivity nickel ferrite (NiFe,O,) and cobalt ferrite (CoFe,O,) 
should always conform to type I conduction. In order to test this prediction we 
have prepared specimens of nickel ferrite with very low resistivities by firing 
them under low pressure conditions. It is well known (Snoek 1947) that under 
such conditions a loss of about 0-1°% of oxygen occurs and that the consequential 
creation of Fe2+ ions in the ferrite lattice causes a drop in resistivity of several 
orders of magnitude. 
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We have prepared a nickel ferrite by firing a mixture of NiO and Fe,O, at 
1220°c for 12 hours under pressure of about 0-1mm of oxygen. The resulting 
ferrite has a high density (5-15gcm7) and a Curie point resistivity of only 
0:3Qcm, as compared with about 100Q cm for the corresponding stoichiometric 
compound (Parker 1958). 

As pg=0-3Qcm is well below the value for which type III conduction might 
have been expected from the empirical rule, the material is very suitable for a 
test of the theory of Parker and Tredgold. Careful resistivity measurements 
were made by a four-terminal method at d.c. and a bridge method at a.c. No 
dispersion in resistivity was found and the material may therefore be assumed to 
be homogeneous (Koops 1951). The measurements were extended over a 
temperature range to include the Curie point, 585°c. The results obtained are 
shown in the figure. It will be noted that there is a slight change in the slope of 
the graph at a point corresponding approximately to a temperature of 140°c. 
This is a commonly observed behaviour in ferrites (see for example van Uitert 
1956) and has not yet been explained. Equation (1) is obeyed with A ~0-02 and 
0-09 Qem, and «=0-18 and 0-15 ev respectively above and below 140°c. There 
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is no anomaly at the Curie point and the material therefore exhibits type I con- 
duction as predicted by Parker and Tredgold. 

It is perhaps of interest to point out that our values for A and e correspond 
very closely to those reported recently by Jonker (1959) for iron-rich cobalt 
ferrites. Such agreement is not unexpected as the two materials have the same 
crystal structure and the high conductivity in each case derives from the presence 
in the crystal lattice of a number of divalent iron ions. 


The authors which to acknowledge the facilities and encouragement given to 
them by Professor E. R. Andrew and Dr. D. Wooller. 
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Bangor. 
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CORRIGENDUM 


A Simple Method of Calculating Moiré Patterns, by G. L. Rocers (Proc. Phys. 
woest959,73;.142). 

The author’s attention has been drawn to prior work by a number of Australian 
physicists. In a much more thorough examination they develop the moiré 
pattern from a superlattice calculated in exactly the same way as the difference 
vector. References to their work are : 


Cow ey, J. M., and Ress, A. L. G., 1958, Rep. Progr. Phys. 21, 165 (London: 


Physical Society) 
Dowe tt, E. C. T., Farrant, J. L., and Rees, A. L. G., Proceedings of Inter- 
national Conference on Electron Microscopy, London, July 1954, p. 279. 
—— First Regional Conference, Tokyo, 1956, p. 320. 
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The Physical Metallurgy of Magnesium and its Alloys, by G. V. RaYNor. Pp. 
ix+531. (London, New York, Paris, Los Angeles: Pergamon Press, 1959.) 
PAK 


This book is a most excellent account of what is known of the metal 
magnesium and its alloys. Professor Raynor’s special grasp of the significance 
of the electronic structure and its interaction with crystal structure gives a 
unifying approach to his subject which is most welcome. The whole book will 
therefore appeal to physicists who want to find out either what magnesium does 
in some circumstance, and why, or what physical metallurgists do, and why. 
It will obviously become the standard book on magnesium, and it is a great relief 
to find such a book equipped with an index which really is adequate to its task 
of guiding one through 500 pages on the physical, mechanical and alloying 
properties of magnesium. The book is pleasantly printed and illustrated with 
many well thought out diagrams. W. M. LOMER. 


Basic Physics of Atoms and Molecules, by U. FANo and L. Fano. Pp. xv+414. 
(New York : Wiley; London : Chapman and Hall, 1959.) 80s. 


The aim of this book is surely unattainable. It sets out to present a clear 
concept of quantum mechanics without previous knowledge of physical theory 
or mathematics. ‘This is attempted by presenting a set of key experiments which 
display the quantum nature of matter on the atomic scale, and arguing induc- 
tively to the formulation of quantum laws and the uncertainty principle. On 
p. 168 at last we reach the Schrédinger equation and the explanation of the 
meaning of a partial derivative. The remainder of the book introduces ina 
similar way the notions of electron spin, the exclusion principle, molecular bond- 
ing and metallic bonds. The short section on crystals and plasticity is very 
badly out of date and misleading. 

The reviewer finds it difficult to believe that a book like this is as simple to 
learn from as one which rests on deductive reasoning from accepted axioms 
justified a posteriori. However, Dr. Fano believes it will be of value to biologists 
and others whose science has included little mathematics. I hope he is right, 
for the need on purely cultural and educational grounds is great. |W. M. LOMER. 


‘The Growth and Perfection of Crystals, edited by R. H. Doremus, B. N. ROBERTS 
and D. TuRNBULL. Pp. xvii+609. (London: Chapman and Hall; 
New York: John Wiley, 1959.) 100s. 


In August 1958, an international conference was held at Cooperstown, New : 
York, sponsored jointly by the U.S. Air Force Office of Scientific Research, and 
the General Electric Research Laboratory. This volume represents the pro- 
ceedings of the conference, which was attended by about sixty scientists, includ- 
ing fifteen from overseas. | 


Following an introductory lecture, given, most appropriately, by F. @ 
_ Frank, the proceedings of the conference fall into five sections. Each section 
begins with a review article which summarizes the present state of knowledge 
on the appropriate topic, and this is followed by a group of papers, numbering 
between five and ten, presenting the results of new or recent work. 
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The first section on ‘ The growth of whiskers’ is introduced Dye N 
Nabarro and P. J. Jackson with an exhaustive review covering not only what 
they call * proper whiskers ’—those grown direct from a massive solid phase— 
but also many other forms of filamentary growth. The treatment is compre- 
hensive and, as far as possible in a rapidly developing subject, critical, covering 
both experimental and theoretical work. The second review by S. S. Brenner, 
is on * The properties of whiskers and crystal imperfections’ and about half 
of it is concerned with their mechanical properties. This is to be expected in 
view of the fact that the current interest in the subject springs largely from the 
demonstration, in 1952, of the very great mechanical strength of some whiskers. 
The review covers very thoroughly the work done since this observation was 
made and includes some unpublished work by the author. 

The topic of ‘ The growth of crystals of pure materials and of the solvents 
of solutions’ is dealt with by B. Chalmers. His account consists essentially 
of a summary of his own extensive contributions to this subject and it is unfor- 
tunate that the reproduction of a wrong diagram (figure 6) makes it needlessly 
difficult to follow the argument. The discussion which took place at the 
conference is reproduced, with a minimum of editing, after each paper. This 
practice certainly enlivens the printed volume, and the discussion on Chalmers 
contribution, by Frank and others, is particularly illuminating. 

The complementary section on ‘ The growth of crystals from solution’ is 
introduced by N. Cabrera and D. A. Vermilyea. Like its predecessor, this is 
not a comprehensive review of present knowledge on the subject but a coherent 
account of the authors’ own approach to the theoretical problem, linked to the 
experimental observations at appropriate points. 

The final section, on the Crystallization of polymers, is introduced by two 
reviews, the first by L. Mandelkern dealing with ‘ Crystallization kinetics in 
polymeric systems’ and the second by A. Keller on ‘The morphology of crystal- 
line polymers’. In style, these fall somewhere between the opposite tendencies 
of the first two pairs. Both are restricted rather than widespread in their scope: 
but both represent a critical survey of the whole field they set out to cover. 

It is impossible in a short notice even to mention the 35 papers on more 
specialized subjects which constitute the remainder of the volume, and it would 
be invidious to single out any few. Most of them are, by their very nature, 
more specialized in their appeal than the introductory reviews and are the kind 
- of publication one would expect to find in any learned periodical. The value 
of a volume such as the one under review is that it collects them all within one 
cover. In the present instance an even more important point is that the book 
was published within five months of the date of the conference. This truly 
remarkable achievement on the part of the editors was made possible by the 
use of a photo-offset reproduction process from typed copies of the papers. 
The resulting clarity of text and quality of reproduction of the numerous photo- 
graphs leaves nothing to be desired. The volume is one which no active worker 
in the field which it covers can afford to be without, and which is likely to be 
the standard work on its subject for some years to come. It weighs more than 
two kilogrammes. eee 


Extensive Air Showers, by W. GavsraitH. Pp. xvit211. (London: Butter- 
-worths Scientific Publications, 1958.) 40s. 

During the last two decades cosmic-ray physicists have made many detailed 
studies of the interaction in the earth’s atmosphere of the ultra-high-energy 
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proton component of cosmic radiation. In their own jargon the results of these 
very high-energy interactions are known as extensive air showers. The study of 
these showers, which are mainly, but not entirely, huge electron—photon cascades, 
is of interest for two main reasons. 

The showers are produced by primary particles of very great energy, up to 
1019 ev or possibly even greater energies. ‘The primary particles make nuclear 
collisions in the upper layers of the atmosphere and mesons are produced. 
The electron—photon cascades arise from the decay of the 7°-meson component 
of the secondary particles. The nuclear physicist can only study these ultra- 
high-energy collisions using the cosmic radiations, the energies are far higher 
than those attainable using proton synchrotrons. 

From observations on the extensive air showers, information has been 
obtained on the energy spectrum of the primary cosmic rays. ‘This data is of 
great importance in understanding the astrophysical processes in which the 
cosmic rays are produced. ‘Thus the subject of Dr. Galbraith’s book is of interest 
to astrophysicists as well as nuclear physicists interested in ultra-high-energy 
phenomena. 

The first chapter is devoted to a theoretical account of the generation of air 
showers. Both the photon-electron and the nuclear cascades are discussed 
briefly and finally formulae for the lateral spread of extensive air showers are 
quoted. ‘The theory is not given in detail but rather a useful outline is provided 
which will be of considerable value to young research workers. 

The remaining chapters are mainly devoted to experimental results on the 
structure of the air showers, including the weak component of penetrating 
particles. Some discussion is included, however, on the search for time varia- 
tions in the rate of extensive air showers and a brief mention is made of theories 
of the origin of cosmic radiation. The last chapter is concerned with the 
properties of Cerenkov radiation produced by extensive air showers. 

This book will be of great value to experimental physicists starting research in 
cosmic-ray physics. In the view of the reviewer it is rather too specialized and 
includes too much experimental detail to be of great interest to the general 
reader. C. C. BUTLER. 


Progress in Nuclear Energy: Physics and Mathematics, Vol. 2, edited by D. J. 
Hucues, J. E. SAnpers and J. Horowitz. Pp. vii+375. (London, 
New York, Paris, Los Angeles: Pergamon Press, 1958.) 90s. 


The book contains eight articles, dealing with various experimental and 
theoretical topics in reactor physics. 
The first two chapters are concerned with the measurements of cross section 


data. The information on fast neutron data presented in the first article is still . 


incomplete for accurate calculations of some fast reactor systems. However, 
this chapter does contain a very good section on the measurement of fast neutron 
flux, the errors involved in the various types of measuring apparatus are 
thoroughly discussed. The second article gives an adequate review of the 
thermal and resonance energy cross section measurements of some heavy 
~ nuclei, other than °Pu, ?33U and 25U. There is a discussion of the formula 


to use for the fluctuations of the reduced neutron widths of levels. This is of 


interest in the calculations of resonance escape probability for the unresolved 
resonances and is discussed in a later article. 
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The third chapter deals with the measurement and theory of reactor spectra. 
The review of the experimental measurements is quite comprehensive and deals 
with thermal, intermediate and fast reactor assemblies. The theoretical section 
deals mainly with the calculation of spectra which are independent of position. 
There is only a qualitative discussion of such important problems as the energy 
distribution of thermal neutrons as a function of position. However, this is 
understandable as the methods of calculation are being developed at the present 
time. 

There is an article on the standardization of neutron sources, including a 
section on the intercomparison of the various standard neutron sources. 

The next chapter deals with diffusion measurements using pulsed neutron 
sources. It contains an excellent description of this recently developed technique 
for the measurement of the thermal neutron absorption cross sections and the 
diffusion coefficient in a scattering medium. A very clear account of the theory 
is given, including a description of the diffusion cooling phenomenon. 

The sixth chapter is concerned with the calculation of the resonance escape 
probability in thermal reactors. ‘This article is to be welcomed as it contains a 
discussion of the American and Russian work on this subject, and the differences 
in the empirical theories which became apparent at the 1955 Geneva Conference. 
The article includes a description of some analytical approaches which may 
result in an improvement of the theory. 

The seventh chapter deals with a number of topics. Various methods for 
the numerical solution of partial differential equations in (7,%) geometry are 
discussed, and a formal explanation of Kron’s method is given. Calculations 
of heterogeneous systems are then discussed. The application of these methods 
to a practical problem is discussed and the results compared with experiment. 
It is evident that the predictions using the methods described are not accurate 
enough to determine all the properties of the chosen reactor. 

The last chapter deals with Monte Carlo methods in transport problems. 
This article is intended for the mathematician. From a practical point of view 
other methods are probably better suited for the solution of some of the reactor 
problems described at the end of this article. ; 

This book reviews a wide cross section of reactor physics work. It contains 
excellent material and should be welcomed. Jeo toe TAIT. 


The Physics of Elementary Particles, Investigations in Physics No. 9, by J. D. 
Jackson. Pp. x+135. (Princeton: University Press; London: Oxford 
University Press, 1958.) 30s. 


This is an admirable addition to this already well-established series. aL he 
physics of elementary particles in the sense in which the term is used here is a 
subject that did not exist fifteen years ago except for the one chapter of 
‘classical’ B-decay. Today it has the place in physics occupied earlier by 
pre-fission nuclear physics—the vast, newly opened field of knowledge posing 
entirely unforeseen problems to the investigator and, apparently, leading far 
away from matters of practical applicability. Past experience makes one wonder 
‘how long this detachment from the rest of reality will last. . 

A book of the size of this one cannot do more than give a broad introduction 
to this, by now, vast field. To do this is the author's avowed intention and he 
accomplishes his task most satisfactorily with an approach that balances 
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experiment and theory in the manner we have learnt to expect from the best 
American expositors. The book is divided into the three parts: I. The inter- 
action of pions and nucleons, II. K-mesons and hyperons and III. Decay 
processes. ‘To anyone seeking his bearings within the field covered annually by 
the ‘ Rochester ’ Conferences the book will serve as an admirable introduction. 
References up to May 1958 are included. N. KEMMER. 


Introduction to Monopulse, by DoNaLD R. Ruopes. Pp. x+119. (New York, 
London, Toronto: McGraw-Hill Book Company, 1959.) 42s. 6d. 


Monopulse is a system of radar, first conceived almost at the same time as 
radar itself by various inventors. It is the method of locating an object by two 
or three simultaneous lobes instead of by sequentially emitted beams. During 
the War, for certain reasons, only the sequential method was developed, but 
since that time monopulse appears to have gained importance. Its great 
advantage is, of course, that it eliminates ‘jitter’ through scintillation of the 
target or by the rapid motion of the glint from one point of the target to another. 
This book is an excellent introduction to the subject, comprehensive to the point 
at which military secrecy prevents the publication of details. In particular the 
theoretical explanations are handled in an exemplary manner by the author, 
who is the Head of the Basic Research Department of an important American 
company. D. GABOR. 


Noise in Electron Devices, edited by L. D. SMULLIN and H. A. Haus. 
Pp. xvi+413. (Massachusetts: M.1I.T. Technology Press; New York: 
John Wiley; London: Chapman and Hall, 1959.) 96s. 


Based on a course given at M.I.T. in 1955, this book consists of seven articles 
by six authors. In the first article C. F. Quate gives, in 43 pages, a lucid account 
of our present knowledge of shot noise from thermionic cathodes. This article 
is a delight to read and fills a long standing gap in the literature. The second 
article by A. van der Ziel surveys flicker noise in vacuum tubes. ‘The less 
satisfactory state of the subject is to some extent reflected in the article whose 
31 pages are packed with valuable information but, as the author remarks, the 
exact mechanism of the noise has not yet been established. In 61 pages T. E. 
Talpey presents virtually everything the electronic engineer needs to know about 
noise in grid control tubes. This is a most informative and useful article. 

H. A. Haus (73 pages) and R. W. Peter (88 pages) discuss the general proper- 
ties of noise in electron beams and the design of low noise travelling wave tubes. 
These two competent and exhaustive articles alone will make the book a necessity 
for the microwave tube designer. 


In the final two chapters A. van der Ziel (31 pages) and W. H. Fonger (60 
pages) deal with noise in semiconductors and transistors. They provide a _ 


thorough discussion of the sources of semiconductor noise and the factors 
influencing the design of low noise transistor amplifiers. 

The editors are to be congratulated on having assembled such an excellent 
and thoroughly professional book on a subject not notably well served by the 
existing literature. The articles by Quate, Talpey and van der Ziel (flicker 
noise) will be valuable to anyone concerned with the design of low noise amplifiers 
using conventional tubes, while specialists in the appropriate fields will 


undoubtedly welcome the remaining articles. F. N. H. ROBINSON. © 
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Figure 2. Streak photographs of radial hydromagnetic oscillations in discharges in 
deuterium: (a) experiment in 15 cm bore tube; (4) experiment in 4 cm bore tube. 
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Figure 6. Streak photograph of a discharge in air using 4 cm bore tube. 
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Absorption edge of arsenic-sulphur—selenium mixtures (GL). 

Absorption of microwaves in ethyl chloride 

Absorption system in type I diamonds (R) 

Absorption, see also Ultrasonic 

Ageing effect in evaporated films of ZnS (R) 

Alloys, GaSb-InSb system, optical energy gap variation 

Alloys, iron—chromium, magnetic susceptibilities 

Alloys, Ni-Co, ie tronic specific heats : 

Alpha particles in water and water vapour, range—energy LEminante ani eOnine 
power 

Alpha particles, s acattering by heltura 

Angular distribution of (d, p) stripping reactions 

Angular distributions, see also Reactions 

Anisotropy and magnetic susceptibility of trivalent vanadium alum 

Antiferromagnetics, asymptotic behaviour of Mayer cluster series 

Arsenic 80, decay F 

Arsenic mixtures, absorption edee (L) ; 

Atomic velocity ciceubacons in Hg and HgO by neces: resonant Btenag a 
y—tays a 

Atmosphere, upper, see eee Eomeronere 

Band systems, application of r-centroid concept (R) 

Beryllium, bombardment by *He 

Beta decay, double, electron coincidence gents in : : : - 

Beta decay of *S°Np ! : : : : ’ : 161, corr. 

Binding, ionic, in cadmium celhurite Tee : : : : : 

Bismuth telluride, magnetic susceptibility 

Bismuth telluride, sintering (R) : 

Bombardment of *Be with 5:7 Mev *He, proeoue: dentcrons aa eritone fom, ‘ 

Bonding in cadmium telluride (L) 

Bosons, charged, vacuum polarization die to (R) 

Breakdown, and ionization and attachment coefficients in dry air 

Breakdown voltage of air gaps, influence of humidity . 

Cadmium telluride, bonding in (L) . 

Cadmium telluride, ionic binding in (L) 

Cavity, resonant, coupling of spin system to 
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